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Numerical methods based on rational Krylov spaces have become an indispensable
tool of scientific computing. In this thesis we study rational Krylov spaces by considering
rational Krylov decompositions; matrix relations which, under certain conditions,
are associated with these spaces. We investigate the algebraic properties of such
decompositions and present an implicit Q theorem for rational Krylov spaces.

We derive standard and harmonic Ritz extraction strategies for approximating
the eigenpairs of a matrix and for approximating the action of a matrix function
onto a vector. While these topics have been considered previously, our approach
does not require the last pole to be infinite, which makes the extraction procedure
computationally more efficient.

Typically, the computationally most expensive component of the rational Arnoldi
algorithm for computing a rational Krylov basis is the solution of a large linear system
of equations at each iteration. We explore the option of solving several linear systems
simultaneously, thus constructing the rational Krylov basis in parallel. If this is not
done carefully, the basis being orthogonalized may become poorly conditioned, leading
to numerical instabilities in the orthogonalization process. We introduce the new
concept of continuation pairs which gives rise to a near-optimal parallelization strategy
that allows to control the growth of the condition number of this nonorthogonal basis.
As a consequence we obtain a more accurate and reliable parallel rational Arnoldi
algorithm. The computational benefits are illustrated using our high performance C++
implementation.

We develop an iterative algorithm for solving nonlinear rational least squares
problems. The difficulty is in finding the poles of a rational function. For this purpose,
at each iteration a rational Krylov decomposition is constructed and a modified linear
problem is solved in order to relocate the poles to new ones. Our numerical results
indicate that the algorithm, called RKFIT, is well suited for model order reduction
of linear time invariant dynamical systems and for optimisation problems related to
exponential integration. Furthermore, we derive a strategy for the degree reduction of
the approximant obtained by RKFIT. The rational function obtained by RKFIT is
represented with the aid of a scalar rational Krylov decomposition and an additional
coefficient vector. A function represented in this form is called an RKFUN. We develop
efficient methods for the evaluation, pole and root finding, and for performing basic
arithmetic operations with RKFUNSs.

Lastly, we discuss RKToolbox, a rational Krylov toolbox for MATLAB, which
implements all our algorithms and is freely available from http://rktoolbox.org.
RKToolbox also features an extensive guide and a growing number of examples. In
particular, most of our numerical experiments are easily reproducible by downloading
the toolbox and running the corresponding example files in MATLAB.
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Introduction & background

1.1 Introduction

Published in 1984, Axel Ruhe’s paper “Rational Krylov sequence methods for eigenvalue
computation” presents “a new class of algorithms which is based on rational functions of
the matrix” [86]. In fact, what the author does is essentially to suggest replacing, within
iterative eigenvalues algorithms, the space span{b, Ab, ... ,Am_lb}, where A4 € CVN
and b € CV, with the more general space span{t;(A)b,15(A)b, ... ¥, (A)b}, where
Wy, Ys, ..., 1, are arbitrary functions. He soon realises that “besides polynomials,
which we have treated, the only feasible choice computationally is rational functions.”
The paper obtains almost no attention in the following decade, and this lack of interest
is probably due to two main factors. First, the paper reports no numerical experiments,
and, thus, competitiveness and reach of the method remain unclear. Moreover, adequate
guidance for choosing the best or at least good rational functions was not provided; this
second problem remains an active area of current (and future) research. Fortunately,
Ruhe himself reconsiders the method and his subsequent work [87, 88, 89] published in
1994 lay the foundation for the theory of rational Krylov methods as we know it today.
His initial investigation of the topic converges in the 1998 paper [90], and by that time
other researchers have started contributing to the theory and application of rational
Krylov methods; see, e.g., [24, 37, 73].

Originally devised for the solution of large sparse eigenvalue problems, these methods
have proved themselves a key tool for an increasing number of applications over the

last two decades. Examples of rational Krylov applications can be found in model
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26 CHAPTER 1. INTRODUCTION & BACKGROUND

order reduction [34, 37, 49, 51, 71], computation of the action of matrix functions
on vectors [7, 31, 33, 35, 40, 50], solution of matrix equations [8, 32, 75], nonlinear
eigenvalue problems [59, 67, 91, 109], and nonlinear rational least squares fitting [10, 11].
The use of rational functions is justified by their approximation properties, which are
often superior to linear schemes such as polynomial interpolation, in particular when
approximating functions near singularities or on unbounded regions of the complex
plane; see, e.g., [18, 105].

Computationally, the most costly part of rational Krylov methods is the solution of
shifted linear systems of the form (A — §;I)z; = b; for x;, for many indices j, where
the matrix A, and vectors b; are given (I denotes the identity matrix). The parameters
§; € C are called poles of the rational Krylov space, and the success of rational Krylov
methods heavily depends on their choice. If good poles are available, using just a few
of them may suffice to solve the problem at hand. Otherwise, the solution of a large
number of shifted linear systems may be needed, rendering the process computationally
unfeasible. Finding good pole parameters is highly non-trivial and problem-dependent.
Despite the large number of applications, rational Krylov methods are not yet fully
understood. One of our main contributions is the development of a new theory of
rational Arnoldi decompositions, which provides a better understanding of rational
Krylov spaces, and ultimately allows rational Krylov methods themselves to be used,
in an inverse manner, to find near-optimal pole parameters in certain applications.

The rational Arnoldi algorithm used to construct an orthonormal basis for a rational

Krylov space with a matrix A leads to a decomposition of the form
Avm—l-l& = Vm—l—l%a

called rational Arnoldi decomposition (RAD). The range R(V,,,1) of V,,,; spans the
rational Krylov space in question. We provide a better understanding of rational
Krylov spaces and the interplay of their defining parameters (starting vector b and
poles ;) by studying such, and related, decompositions. Specifically, in Chapter 2 we
describe the complete set of RADs associated with rational Krylov spaces, and present
a new rational implicit () theorem about the uniqueness of RADs. In practice, the
rational implicit @ theorem is useful as it allows for certain transformations of RADs
to be performed at a reduced computational cost. Such transformations consist of two

steps. First, the transformation is applied to the reduced pencil (%, &), instead
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of the operator A, and second, the RAD structure is recovered and reinterpreted.
Concrete examples and applications are discussed in Chapters 5—6. Furthermore, we
consider the variant of the rational Arnoldi algorithm for real-valued matrices with
complex-conjugate poles which constructs real-valued decompositions of a form similar
to RADs [87]. The presentation of [87] is extended and formalised and an implicit Q
theorem for the obtained quasi-RADs is proposed. Finally, we discuss decompositions
of the form AV, K,, = BV,, 1 H,, which correspond to rational Krylov spaces related
to a matrix pencil (A, B) instead of a single matrix A. In particular, we show how to
reduce them to RADs so that the established theory can be transferred directly. The

use of nonstandard inner products is included in Chapter 2 as well.

In Chapter 3 we review known strategies, based on projections, for extracting
information from RADs, and develop new ones, highlighting their potential benefit.
Specifically, for an RAD of the form AV,,.,K,, = V,,;1H,,, one can, for instance,
approximate some of the eigenvalues of A with some of the eigenvalues of the smaller
matrix VnT1+1AVm+1v while f(A)b may be approximated by Vm+1f(V,L+1AVm+1)Vnt+lb,
which requires the computation of the potentially much smaller matrix function
f(VI . AV,..1). Forming the projected matrix V| AV, ., at each iteration m of
the rational Arnoldi algorithm may, however, be computationally too expensive.
If V,, .1 is orthonormal and the mth pole , = oo is infinity, then the last row
of K,, is zero. Consequently, the RAD reduces to AV,,K,, = V,,,1H,,, and thus
VIAV, = VAV, = H,K,' which allows us to bypass the explicit projection
VI AV... As this is applicable only when the last, mth, pole is infinite, the authors in
[58] have considered adding and removing a temporary infinite pole after each iteration
of the rational Arnoldi algorithm. We suggest new formulas that do not depend in
such a manner on the poles. For instance, we show that f(A)b may be approximated

as (Vmﬂﬁ)f(@%)(va&)Tb, independently of any of the poles or their order

of appearance.

Rational functions can be decomposed into partial fractions, and this simple property
makes rational Krylov methods highly parallelisable; several basis vectors spanning the
rational Krylov space can be computed at once. Unfortunately, the basis constructed
in this way may easily become ill-conditioned [98, 99]. Chapter 4 is devoted to the

study of the influence of internal parameters when constructing an RAD in order to
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monitor the condition number of the basis. We also provide a high performance C++

implementation which shows the benefits of the parallelisation.

Finally, in Chapter 6 we consider the problem of approximating, in a least squares
sense, f(A)b as r(A)b, where r is a rational function. This is a nonlinear optimisation
problem, since the poles of r are unknown. We propose an iterative algorithm, called
rational Krylov fitting (RKFIT) for its solution. At each iteration an RAD is constructed
and a modified linear problem is solved in order to relocate the poles of r to new
(hopefully better) ones. The relocation of poles itself is studied in Chapter 5, and
it is based on the rational implicit Q theorem. This theoretical observations lead
to the notion of rational Krylov decompositions, which are a more general class of
decompositions than RADs, and, from a practical point of view, they allow us to
monitor the various transformation arising in the RKFIT algorithm. A distinct feature
of our RKFIT algorithm is the degree reduction strategy which allows for further fine
tuning once a solution r is obtained. We test RKFIT for model order reduction and
exponential integration problems and show that the new approach is superior to some
existing methods. The rational function r obtained by RKFIT is represented with the
aid of a scalar RAD and an additional coefficient vector. A function represented in
this form is called a rational Krylov function (RKFUN). In Chapter 7 we show how
to use RKFUNSs in order to, for instance, evaluate r(z) or perform basic arithmetic

operations.

Alongside our theoretical contribution, we discuss RKToolbox, a rational Krylov
toolbox for MATLAB, which implements all our algorithms and is freely available
for download from http://rktoolbox.org; see also [9]. The main features of the
toolbox are the rat _krylov and rkfit functions and the RKFUN class. The function
rat krylov, for instance, provides a flexible implementation of the rational Arnoldi
algorithm. There are 18 different ways to call rat krylov, and furthermore, several
parameters can be adjusted. Typing help rat krylov in MATLAB command line
provides all the details. RKToolbox also features a large collection of utility functions,
basic unit testing, an extensive guide and a growing number of examples. In particular,
most of our numerical experiments are easily reproducible by downloading the toolbox
and running the corresponding example files in MATLAB. The usage of the main

features of the toolbox is explained in the RKToolbox corner sections which conclude
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most of the forthcoming chapters.
In the remainder of the chapter we review standard results from (numerical) linear
algebra needed for our developments. General results are considered in Section 1.2,

while in Section 1.3 we focus on polynomial Krylov methods.

1.2 Background material

In this section we review some of the fundamental definitions and matrix properties
that we use through the thesis, others are introduced when needed. We stress that
this is a brief review, and refer the interested reader to [42, 60, 64, 100] for a thorough

discussion on these topics.

Matrices and vectors. We shall often denote matrices with uppercase Latin letters
while for their elements we shall use the corresponding lowercase Latin letters with

indices indicating the row and column they reside in. For instance,

aip Q12 a1n
a91 Aoy ... Q9N NN
any Qayno ... AGnNN

With AT we denote the transpose of A, i.e., the matrix whose element on the position
(¢,7) is the (j,7) element a;; of A. Analogously, with A™ = A" we denote the conjugate

transpose of A, where A denotes element-wise conjugation. With

1
Iy = ' = diag(1,1,...,1)

1

we denote the identity matriz. The subscript N may be removed if the dimension of
the matrix is clear from the context. The kth column of Iy is denoted by e, and
referred to as a canonical vector. With 0 we shall denote a zero matrix of any size,
while for vectors only we may also use 0.

We say that a square matrix A € CN is upper (lower) triangular if a; =0
(aj; = 0), whenever ¢ > j. A triangular matrix A is called strictly triangular if a;; = 0

for all 5. If A is both upper and lower triangular, we say that it is a diagonal matriz.
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On the other hand, we say that a rectangular matrix A € CNM s upper (lower)

trapezoidal if a;; = 0 (a;; = 0), whenever i > j.

Eigenvalues and eigenvectors. Let A € CV. If (A\,0 # &) € C x CV satisfies
Az = \z, (1.1)

then A is called an eigenvalue of A and x its corresponding eigenvector. Any matrix
A e CV" has N eigenvalues, not necessarily mutually distinct, and they are the zeros
of the characteristic polynomial x 4(z) = det(A — X) of A. Here, det : C"Y — C
denotes the determinant of the matrix; see, e.g., [64, p. 8]. We denote the set containing

all the eigenvalues of A by
A(A) = {z € C|det(A — \]) = 0}.
The matrix A can be expressed in the Jordan canonical form
ZVAZ = J =diag(Jy, Jo, ..., J;), with

A 1

A (1.2)

Jp = Jk()‘k) =

where Z is nonsingular, )\, are the eigenvalues of A, and n; +ny +...+n, = N. The
matrix .J, is called a Jordan block. The Jordan canonical form is typically useful from a
theoretical viewpoint. Since the Jordan form is not continuous and is thus numerically
unstable, when designing numerical algorithms one usually resorts to the so called
Schur form Q*AQ = T, where Q € CV'V is a unitary matriz and T is upper triangular.
A matrix Q@ € CMV is called unitary if QQ* = I. Note that A(A) = {tjj}?[:l, and Q

can be chosen so that the elements on the diagonal of T" appear in any order.
Generalised eigenvalues and eigenvectors. Let A, B € CV. The pair (A4, B) is
called a pencil. If (X, 0 # ) € C x CV satisfies the equation

Ax = \Bz, (1.3)

then X is called a generalised eigenvalue of (A, B) and @ its corresponding generalised

eigenvector. The set of all generalised eigenvalues of (A, B) is denoted by

A(A,B) = {z € C|det(A — zB) = 0}.
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Clearly, A(A,I) = A(A). The analogue of the Schur form for a matrix to pencils is
the generalised Schur form (T,S) = (Q"AZ,Q"BZ), where Q, Z € CMN are unitary
and T, S € CM are upper triangular. If for some 7, t;; and s;; are both zero, then
A(A, B) = C. Otherwise, we have A(A, B) = {t;;/s;;]s;; # 0}.

When A, B € RMY | the generalised real Schur form (T, S) = (Q*AZ, Q*BZ), where
Q,Z e RMY are orthogonal, T is upper quasi-triangular and S is upper triangular,
may be of interest instead of the generalised Schur form. A matrix Q € RV is said to
be orthogonal if QQ = I, while T = [T,] € R™" is said to be upper quasi-triangular
if it is block upper triangular and Tj; are either of size 1-by-1 or of size 2-by-2.

Functions of matrices. Let A € CV" have the Jordan canonical form (1.2). We

say that the function f is defined on the spectrum of A if the values
FON), 7=0,1,...,np—1, k=1,2...,¢
exist. If f is defined on the spectrum of A, then

fA) = Zf())Z7" = Zdiag(f(1), [(Ja), ... f(J))Z 7,

where
FOW F ) . o
o= T b e
o ()
()
There exist other, equivalent, definitions of f(A). For our purposes, we state the

definition of f(A) related to Hermite interpolation. Note that the minimal polynomial
of A is defined as the unique monic polynomial ¢ of lowest degree such that ¢(A) = 0.
By considering the Jordan canonical form (1.2) we can see that

S

v(z) =167, (1.4)

j=1
where Ay, Ay, ..., A are the distinct eigenvalues of A and v; is the dimension of the

largest Jordan block where A; appears. Finally, if f is defined on the spectrum of A,
and (1.4) is the minimal polynomial of A, then
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where p is the unique polynomial of degree less then deg such that
P20 =Y\, =01 -1, k=1,2,...,s

The polynomial p is called the Hermite interpolating polynomial. For a proof of

equivalence between the two definitions see, e.g., [60, Theorem 1.12].

LU factorisation. If zero is not an eigenvalue of A € C™" then A is said to be
nonsingular and there exists a unique matrix A~" € C™" such that AA™ = A 'A=1.
The matrix A" is called the inverse of A. A common task in numerical linear algebra
is to solve a linear system of equation Az = b, where A is nonsingular and b € CV
is a given vector. The sought-after vector & € CV is given by & = A™'b, and can
be computed by forming the LU factorisation A = LU of A, if it exists. Here, L is
a unit lower triangular matrix, i.e., it is lower triangular with all diagonal elements
being equal to one. The matrix U is upper triangular. In practise, the factorisation
PA = LU, where P is a permutation matrix, that is, an orthogonal matrix with
elements being equal to either zero or one, is more often used, since it always exists if
A is nonsingular, and, moreover, it enjoys better numerical properties. If PA = LU,
then = U '[L""(Pb)] can be formed by permuting the elements of b, followed by

forward substitution and then back substitution; see, e.g., [42, Section 3.1].

QR factorisation. Let A € C™". The factorisation A = QR, with unitary Q € C*V
and upper trapezoidal R € CN is called the QR factorisation of A. If N > M
and Q) = [Ql QQ} with @, € CMM | then Q, is called an orthonormal matrix. If,
furthermore, R = [RlT O}T with B, € CMM then A = Q,R, is called the thin QR

factorisation of A.

Singular value decomposition. Let A € CN¥M The decomposition
A=UXV", ¥ =diag(oy,09,...,0,) € RYM = min{N, M},

where U and V' are unitary and oy > 05 > ... > 0, > 0, is called the singular value
decomposition of A. The scalars o; are called the singular values of A. The columns of
U and V are the left and right singular vectors of A, respectively. The rank of A is
equal to the number r of nonzero singular values of A. The pseudoinverse A' of A is

defined as A" = V diag(oy ', 05", ...,0,1,0,0,...,0)U".
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1.3 Polynomial Krylov methods

We now provide a brief overview of polynomial Krylov methods, the predecessor of
rational Krylov methods. More detailed expositions can be found in, e.g., [76, 94, 95].
Let A € CM be a matrix and 0 # b € CV a nonzero starting vector. For any m € N,

the polynomial Krylov space of order m + 1 for (A, b) is defined as
Kpni1(A, b) ;= span{b, Ab, A’b,..., A"b}.
There exists a uniquely defined integer 1 < d = d(A, b) < N such that
Ki(A,b) CKy(Ab) C - CKy1(Ab) CKy(A,b) =Ky (A, b).

We call d(A, b) the invariance index for (A,b). We shall typically assume that
m < d(A,b), so that I, 1(A, b) is of full dimension m + 1 and is isomorphic to P,,,
i.e., any w € K,,.1(A, b) corresponds to a polynomial p € P, satisfying w = p(A)b,

and vice versa.

Polynomial Arnoldi algorithm. With the polynomial Arnoldi algorithm given in
Algorithm 1.1, one can compute an orthonormal basis {v;, v, ..., v, } for K, .1 (4, b).
The starting vector b is normalised to v; in line 1, and then a new direction Aw; is
added to the basis, cf. line 3. The Gram—Schmidt procedure is employed in lines 4-5
to orthonormalise the newly added vector. The process is repeated for j =1,2,...,m.

By introducing
Vi =[v1 v ... v, € cNm - and H,=[h h ... h,] € cmrtm,

where E = [hJT hjpi; 0 ... O}T, we obtain the decomposition AV, =V, .1 H,,.
Here, V,,,;1 is orthonormal while H,, is an unreduced upper Hessenberg matrix. Recall
that a matrix H,, € C™ ™ g called upper Hessenberg if all the elements below the
first subdiagonal are zero, i.e., if ¢ > j + 1 implies h;; = 0. Further, we say that H,, is

unreduced if none of the elements on the first subdiagonal are zero, i.e., hj ; # 0.

Implicit Q theorem. Let us now recall the implicit Q theorem (see, e.g., [42, 102])
which plays an important role for the practical application of the polynomial Arnoldi

algorithm.
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Algorithm 1.1 Polynomial Arnoldi algorithm.

Input: Ac CYY beC", and m < d(A,b).
Output: Decomposition AV,, =V, 1 H,,, with V1V, 1 = L4

1. Set v; :=b/|| b,

2. for j=1,2,...,mdo

3. Compute w;, := Av;.

4. Orthogonalize vy := w;; — V;h;, where h; := V; w; ;.
5. Normalize v; 1 := Vj1/h;i1 4, where b ;= [[Uj44]o.
6.

end for

Theorem 1.1. Let Q € CVY be a unitary matriz, and Q*AQ = H be an unreduced
upper Hessenberg matriz. Then the first column of Q) determines uniquely, up to

unimodular scaling, the other columns of Q).

One of the applications of the implicit Q theorem is the efficient implementation of
the shifted QR iteration (see, e.g., [42, 102]) for the decomposition AV, = V,,.1H,,,
which may accelerate the convergence of specific Ritz values. Instead of the shifted
QR iteration for A, the theorem allows for the shifted QR iteration to be applied on
the typically smaller matrix H,, in an implicit two-step process. First, we change the
leading vector V,,,,e; of V,,,,; by applying a suitable transformation Vm+1GG*1%,
and second, we recover the upper Hessenberg structure of Gil% without affecting
the leading column of V,, ;G. This is further discussed for the more general, rational,

case at the end of Section 5.1.

Gram—Schmidt procedure. The Gram-Schmidt procedure used in Algorithm 1.1 is
often referred to as classical Gram—Schmidt, and in finite precision arithmetic may cause
numerical instabilities. A more robust approach is that of the modified Gram—-Schmidt
procedure, where, instead of line 4, we have:
for k=1,2,...,j5 do
Compute hy; = vyw; 1, and update w; = w;,; — hy;v;.

end for
In this case line 5 reduces to:
Orthogonalize v; 1 := w;1/h; 1 j, where hj iy ;= ||0; 4.
Furthermore, it is common to perform the orthogonalization, with both methods, twice.

Interested discussions and analyses on this topic can be found in, e.g., [13, 14, 38, 39, 47].
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In our forthcoming discussions we shall keep the presentation as in Algorithm 1.1, but

one should be aware that a more sophisticated implementation is needed in practice.

Solving linear systems and eigenproblems. The polynomial Arnoldi algorithm
may be used for solving large and sparse or structured linear systems of equations. If
AV, =V, H,, and H,, = [Im O} H,,, then x,, := V., H,,' Vi b provides an approxi-
mation to A™'b, provided that A and H,, are nonsingular. This procedure is known
as the full orthogonalization method (FOM). An alternative is the generalised minimal
residual method (GMRES), where Vm+1H_JnV$b ~ A7'b is used instead. Moreover,
some of the eigenvalues of H,, may provide good approximations to eigenvalues of A.
In applications, these are typically the eigenvalues having larger module. Therefore,
by replacing A with (A — ¢I)™" in the polynomial Arnoldi method, one may obtain
good approximations to eigenvalues of A close to any ¢ € C. This is referred to
as the shift-and-invert Arnoldi algorithm, and the rational Krylov method of Ruhe
[86, 87, 88, 89, 90], which we cover in Chapter 2, generalises it by allowing the pa-
rameter £ to change from one iteration to the next. Because of this connection to
the polynomial Arnoldi algorithm, we shall refer to the rational Krylov method as the

rational Arnoldi algorithm.
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Rational Krylov spaces
and related decompositions

In this chapter we study various algebraic properties of rational Krylov spaces, using

as starting point a rational Arnoldi decomposition

N,N
cH

where A € is a given matrix and the matrices V,,,; € N and K, H, €

C™*1™ are of maximal column rank. The rational Arnoldi algorithm by Ruhe [39, 87,
90] naturally generates decompositions of the form (2.1) in which case it is known (by
construction) that the columns of V,, ., are an (orthonormal) basis of a rational Krylov
space. Different choices of the so called continuation combinations in the rational
Arnoldi algorithm give rise to different decompositions, but all of them correspond
to the same rational Krylov space. We answer the converse question of when a
decomposition (2.1) is associated with a rational Krylov space, and, furthermore,
discuss its uniqueness. The goal is to provide fundamental properties, important for
the developments of forthcoming chapters, of decompositions (2.1) related to rational
Krylov spaces.

The outline of this chapter is as follows: in Section 2.1 we review the rational Arnoldi
algorithm and derive the related decomposition (2.1). The notion of a rational Arnoldi
decomposition is formally introduced in Section 2.2. We relate these decompositions to
the poles and the starting vector of a rational Krylov space and establish some of their
properties. Section 2.3 provides a rational implicit Q theorem about the uniqueness
of such decompositions, while Section 2.4 is devoted to a variant of (2.1) with all the
matrices being real-valued. Rational Krylov spaces were initially proposed for the

purpose of solving large sparse generalised eigenvalue problems [86, 89, 87, 90]; in

37



38 CHAPTER 2. RATIONAL KRYLOV SPACES AND RADS

Section 2.5 we consider the possibility of working with a pencil (A4, B), with A, B € cv,
instead of A only. This leads to decompositions of the form AV,, 1 K,, = BV, 11 H,,,
and naturally opens the question of considering nonstandard inner products. Finally,
in Section 2.6 we show how to use the RKToolbox to construct decompositions of the
form (2.1), highlighting the flexibility and freedom the RKToolbox provides yet still

keeping the exposition concise.

2.1 The rational Arnoldi algorithm

Let A € CV be a matrix, 0 #+be CY a nonzero starting vector, and let ¢,, € P,, be
a nonzero polynomial that has no roots in A(A), with m € Ny. The rational Krylov

space of order m for (A, b,q,,) is defined as [36, 89
Qm—i—l (A7 ba Qm) = %n(A)illCm-i-l(Aa b) (22)

The roots of ¢, are the poles of Q,,.1(A,b,q,). Note that ¢,,(A) is nonsingular
since no root of ¢, is an eigenvalue of A and therefore Q,, (A4, b, q,,) is well defined.
Clearly, Q,,,1(A, b, q,,) is independent of nonzero scaling of b and/or ¢,,. Further, the
spaces Q,,41(4,b,q,,) and I, 1(A, b) are of the same dimension for all m. Therefore
Qni1(A, b, q,) is A-variant if and only if m + 1 < d(A, b). We shall often denote the
poles of a the rational Krylov space by {{;}/2; and thus may also use the notation
Qni1(A,0,{171) = Qny1(A b, q,,). If deg(q,,) < m, then m — deg(g,,) of the poles
are set to infinity. In this case we refer to infinity as a formal (multiple) root of
¢m- To handle both finite and infinite poles in a unifying way we may also use the
representation £ = u/v, for an adequate choice of scalars p, v € C.

The rational Arnoldi algorithm [89, 90] constructs an orthonormal basis V,,, ., for
(2.2) in a Gram—Schmidt fashion as described in Algorithm 2.2. In line 1 we normalise
the starting vector b. The main part of the algorithm consists of lines 2-11 where an
orthonormal basis for Q,,,,(A4, b, q,,) is constructed iteratively.

In line 3 we select a continuation pair (n;/p;, t;) which is used in line 4 to expand
the space R(V;).

Definition 2.1. We call (n;/p;, t; # 0) € C x C™ a continuation pair of order j. The

value 1;/p; is its continuation root, and t; its continuation vector.
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Algorithm 2.2 Rational Arnoldi algorithm. RKToolbox: rat krylov
Input: A€ CYY b e CY, poles {y,;/v;}7-, € C\ A(A), with m < d(A, b).
Output: Decomposition AV, K,,, =V, 11 H,,, with Vi 1V, = 1,44

1. Set 'U]_ = b/”b||2

2. for j=1,2,...,m do - .

3. Choose an admissible continuation pair (n;/p;,t;) € C x C.

5 Orthogonalize v, := w;; — V;¢;, where ¢; := V] w;, ;.

6. Normalize ,Uj-i-l = 7U\j+1/Cj+1’j, where Cj+1,j = H;U\j-‘rlHQ " c.

7. Set & = v;c; — pit; and & = pic; — 5t where t = [d], and ¢ = [Cj+]1,j]
8. end for

The notion of continuation vector has already been used in the literature, though
not consistently. For instance, in [90] the author refers to V;t; as the continuation
vector, while in [73] the term is used to denote (p;A —n;1)V;t;. The terminology of
“continuation combinations” is adopted in [10, 109, 90] for the vectors t;. With the
notion of continuation pair, we want to stress that the two components are equally
important; see Chapter 4.

The Mébius transformation (v;A — ;1) ™" (p; A — n,1) with fixed pole j;/v; and the
chosen (continuation) root 1;/p; # f;/v; is applied onto V;t; in order to produce w; .
The continuation pair must be such that w;,; & R(V;), as otherwise we cannot expand
the space. Such admissible continuation pairs exist as long as j < d(A, b); a thorough
discussion on the selection of continuation pairs is included in Chapter 4. For now it is
sufficient to add that (admissible) continuation pairs correspond to linear parameters
and do not affect the space (in exact arithmetic, at least). Lines 56 correspond to the
Gram—Schmidt process, where w,, is orthogonalised against vy, vy, ..., v; to produce

the unit 2-norm vector v; ;. From lines 4-6 we deduce

wi g =Vj¢ = (A - ;1) (p;A—mn;I)V;t;, and hence (2.3a)

J

Rearranging the terms with and without A we obtain
AVj+1(Vjﬁ - Pjﬁ) = Vj+1(/~¢jﬁ - Ujﬁ)a (24)
which justifies the notation

ki :=vje;—pjt;, and  hyi=pe; -, (2.5)
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used in line 7. Note that h;.; ; = p;cjyq; and ki j = vicipq 5, With ¢4 ; # 0. Hence,

h;i1/k;i1; is equal to the jth pole. Concatenating (2.4) for j = 1,2,...,m provides
AV Koy = Ve Hy, (2.6)

with the jth column of H,, € C™ "™ being [h_JT OT]T e C™*! and analogously for the
matrix K,,. It is convenient to consider (2.6) even if m = 0, in which case one can think
of the pencil (H,,, K,,) as being of size 1-by-0, and we only have the matrix A and the
normalised starting vector v;. This corresponds to the initial stage of Algorithm 2.2,

i.e., right after line 1.

The rational Arnoldi algorithm is a generalisation of the polynomial and shift-and-
invert Arnoldi algorithms, and the latter two can be recovered with a specific choice of

poles and continuation pairs, as the following two examples demonstrate.

Erample 2.2. Let p;/v; = 1/0, and (n;/p;, t;) = (0/ — 1, e;), for j =1,2,...,m. Then
in line 4 of Algorithm 2.2 we compute w;, = AV,e; = Av;. Furthermore, the formulas
for k; = e;, and h; = ¢; simplify. Overall, we retrieve AV, I, = AV, =V, ;1 H,,,

same as with the polynomial Arnoldi algorithm; cf. Section 1.3.

Ezample 2.3. Recall the shift-and-invert Arnoldi decomposition (A — oI)7'V,, =
Vins1Chn- By multiplying it from the left with (A — ol) and rearranging the terms
we obtain (2.6) with K,,, = C,,, and H,, = 0C,, + I,,. This can be obtained with
Algorithm 2.2 by setting u;/v; = o/1, and (n;/p;, t;) = (=1/0, e;), for all iterations

i=1,2,...,m.

The polynomial Arnoldi algorithm uses repeatedly a pole at infinity, while the
shift-and-invert Arnoldi algorithm uses a finite pole ¢ at each iteration. The rational
Arnoldi algorithm allows for poles to change from one iteration to the next. The
success of rational Krylov methods heavily depends on these parameters. If good
poles are available, only a few may suffice to solve the problem at hand. Otherwise,
the solution of a large number of shifted linear systems may be needed to construct
the space, thus rendering the process computationally unfeasible. Finding good pole
parameters is highly non-trivial and problem-depend. We discuss the selection of poles

in Chapters 4-6.
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2.2 Rational Arnoldi decompositions

In the following we aim to establish a correspondence between rational Krylov spaces
and matrix decompositions of the form (2.6). As a consequence, we are able to study
the algebraic properties of rational Krylov spaces using these decompositions.
Definition 2.4. Let K,,, H,, € C™ ™ be upper Hessenberg matrices. We say that
the pencil (H,,, K,,) is an unreduced upper Hessenberg pencil if |h;yq ;| + |1 ;] # 0
forallj =1,2,... m.

We are now ready to introduce the notion of a rational Arnoldi decomposition,

which is a generalisation of decompositions generated by Ruhe’s rational Arnoldi
algorithm [89, 90]. Although these decompositions have been considered before, ours
is the most general definition (cf. Theorem 2.10 below). Other approaches typically
exclude the possibility to have poles at both zero and infinity, by requiring H,, to be
unreduced; see, e.g., [24, 55, 90]. The introduction of unreduced pencils allows us to
bypass this restriction.
Definition 2.5. Let A € CV". A relation of the form (2.6) is called a rational
Arnoldi decomposition (RAD) of order m if V,,.1 € CV™ " is of full column rank,
(Hp, K,,) is an unreduced upper Hessenberg pencil of size (m + 1)-by-m, and none
of the quotients {h;y ;/k;i1;}j=1, called poles of the decomposition, is in A(A). The
columns of V,,, .1 are called the basis of the RAD and they span the space of the RAD.
If V.1 is orthonormal, we say that (2.6) is an orthonormal RAD.

The terminology of basis and space of an RAD is inspired by [101, 103] where
decompositions related to the polynomial Arnoldi algorithm are studied. It is notewor-
thy that both H,, and K,, in the RAD (2.6) are of full rank, which follows from the
following lemma (for § = 0 and o = 0, respectively).

Lemma 2.6. Let (2.6) be an RAD, and let o, f € C be such that |a| + |5 # 0. The
matriz aH,, — BK,, is of full column rank m.
Proof. Consider auxiliary scalars @ = 1 and any B € C such that ah;, ; — B\kﬂl,j # 0
for j =1,2,...,m. Multiplying the RAD (2.6) by & and subtracting BVmH& from
both sides gives

(@A - BI)VmH& = Vm+41 (&Ih - g&) (2.7)

The choice of & and B\ is such that &Iﬁ — 3& is an unreduced upper Hessenberg
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matrix, and as such of full column rank m. In particular, the right-hand side of (2.7) is
of full column rank m. Thus, the left-hand side, and in particular K,,, is of full column
rank. This proves the statement for the case a = 0. For the case a # 0, consider
a = « and B = B in (2.7). If aH,, — BK,, is unreduced, then it is of full column
rank and the statement follows. If, however, aH,, — K, is not unreduced, then
we have ah;.q; — ki1 ; = 0 for at least one index j € {1,2,...,m}. Equivalently,
B/o = hjiq j/kji15; that is, B/a equals the jth pole of (2.6) and hence oA — BI is
nonsingular. Finally, since V,,,; and K, are of full column rank, the left-hand side of
(2.7) is of full column rank. It follows that af,, — BK,, is of full column rank as well,
and the proof is complete. O

Furthermore, any RAD (2.6) can be transformed into an orthonormal RAD using
the thin QR factorization V,, | = Q1R 1. Setting XA/mH = Qi1 & = Ry 1 K,
and % = R,,11H,,, we obtain the decomposition

A‘/}m-i-ll?_ = ‘/}mﬁ-l]/—\ha (28)

~

satisfying R(V;;1) = R(V;11), and hjyq /K = /};j+1,j/7{5\j+1,j forall j =1,2,...,m.
Definition 2.7. The RADs (2.6) and (2.8) are called equivalent if they span the same
space and have the same poles.

Note that we do not impose equal ordering of the poles for two RADs to be
equivalent. Additionally, it follows from Lemma 2.8 below that equivalent RADs have
the same starting vector, up to nonzero scaling. We shall often assume, for convenience,
the RAD to be orthonormal. We now show that the poles of a rational Krylov space
are uniquely determined by the starting vector and vice versa.

Lemma 2.8. Let Q,,. (A, b,q,,) be a given A-variant rational Krylov space. Then the
poles of Q,,+1(A, b, q,,) are uniquely determined by R(b), or equivalently, the starting
vector of Q,,11(A, b, q,,) is uniquely, up to scaling, determined by the (formal) roots of
the polynomaial q,, .

Proof. We first show that for a given A-variant polynomial Krylov space K,, (A4, q),
all vectors w € K,,, (A4, q) that satisfy IC,,, .1 (A, q) = K,,,;1(A, w) are of the form w =
aq, for a nonzero scalar o € C. Assume, to the contrary, that there exists a polynomial
p; with 1 < deg(p;) = j < m such that w = p,;(4)q. Then A" € K, (A, w),
but for the same vector we have A™ ™ w = Am+1_jpj(A)q Z K,i1(A, q). Thisis a
contradiction to K,,,1(4, q) = K,,11 (A4, w).
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To show that the poles are uniquely determined by the starting vector b, assume
that Q,,41(4, b,q,,) = Qy1(A, b, G,). Using the definition of a rational Krylov space
(2.2), this is equivalent to K, 1(A, ¢n(A)7'0) = Kpi1(A, Gn(A)"'d). Multiplying
the latter with ¢,,(4)4,,(A) = ¢,(A)¢,(A) from the left provides the equivalent
K1 (A, 40 (A)b) = K1 (A, q,,(A)b). This space is A-variant, hence by the above
argument we know that ¢,,(A4)b = ag,,(A)b, for a nonzero scalar « € C. This vector
is an element of KC,,, (A, b) which is isomorphic to P,,. Therefore ¢,, = ag,, and
hence g,, and @, have identical roots. Similarly one shows that if Q,, (A, b, q,,) =
Qi1 (A, 5, 0m), then b = ab with o # 0. O

The rational Arnoldi algorithm generates RADs of the form (2.6), in which case it is
known (by construction) that R(V,

'ns1) Spans a rational Krylov space. In Theorem 2.10

below we show that the converse also holds; we show that for every rational Krylov space
Qmi1(A, b, q,) there exists an RAD (2.6) spanning Q,,, (4, b, ¢q,,) and conversely,
if such a decomposition exists it spans a rational Krylov space. In particular, this
shows that our Definition 2.5 indeed describes the complete set of RADs associated
with rational Krylov spaces. To proceed it is convenient to write the polynomial ¢,, in
factored form, and to label separately all the leading factors
J
q@(z) =1, and g¢;(z) = H (heyre = kesrez), J=1,2,...,m, (2.9)
=1

with some scalars {fhyy1 4, kei10toe1 C C such that & = hyq¢/kpq1, Since (2.2) is
independent of the scaling of ¢,, any choice of the scalars hy,,, and k., , is valid as
long as their ratio is §,. When we make use of (2.9) without specifying the order of
appearance of the poles, we mean any order. The fact that ¢; | ¢;;; gives rise to a
sequence of nested rational Krylov spaces, as we now show.
Proposition 2.9. Let Q,,. (A, b, q,,) be a rational Krylov space of order m, and let
(2.9) hold. Then

QCQC - CQuy,s (2.10)

where Q1 = Q;41(A,b,q;) for j =0,1,...,m.

Proof. Let ¢ € {0,1,...,m}. We need to show that Q, C Q,,,. Let v € Q, be
arbitrarily. By the definition of Q,, there exists a polynomial p, € P, such that
v = C]z(A)_lpz(A)b- Then, pgyq € Pyyq defined by peyq(2) = (hé+1,£ - k‘eﬂ,zz) pe(2) is
such that v = q4+1(A)_1pg+1(A)b, which shows that v € Q. O
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Finally, we are ready to establish the announced relation between rational Krylov
spaces and RADs.
Theorem 2.10. Let V,,., be a vector space of dimension m + 1. Then V,, .| is a
rational Krylov space with starting vector b € V,,,1 and poles &1,&,, ..., &, if and only
if there exists an RAD (2.6) with R(V,,41) = Vypy1, v = b, and poles &,&, ..., &,
Proof. Let (2.6) hold and define the polynomials {g;}}~ as in (2.9). These are nonzero

polynomials since the pencil (H,,, K,,,) is unreduced. We show by induction that

Vj+1 = Span {’Ul, 'U2, ey ’Uj+1} - q](A)_llC]+1(A, b)7 (211)

for 7 = 1,2,...,m, and with b = v;. In particular, for j = m we obtain V,,,; =
G (A) ' Ky (A, b). Consider j = 1. Reading (2.6) column-wise, first column only,

and rearranging the terms yields
1 (A)vy = (hoy ] — kg A) vy = (kA — hyyI) vy (2.12)

Therefore, vy = q;(A) ™" (k;14 — hy D) v, € q(A) 7 Ky(A, b) which together with the
fact v; € ¢1(A) " Ko(A, b) proves (2.11) for j = 1. Let us assume that (2.11) holds for
j=1,2,....,n—1<m. We now consider the case 7 = n. Comparing the nth column

on the left- and the right-hand side in (2.6) and rearranging the terms gives

n

(hn—i—l,n[ - kn—l—l,nA) Upt1 = Z (anA - hfn[) Uy, (213)
(=1

and hence qn<A)vn+1 = Z (kKnA - hﬁn[) Qn—1<A)v€' (214)
=1

By the induction hypothesis v, € q,_,(A4) 'K, (A, b), therefore
(kgnA — hppD) g1 (A)v, € K1 (AD), (=1,2,... n. (2.15)

It follows from (2.14) and (2.15) that v, 1 € ¢,(A) 'K,1(A,b). The induction
hypothesis asserts {v;, v, ..., v,} C ¢,(A) " K,.1(A, b) which concludes this direction.

Alternatively, let V,, . = Gm(A) 'K, +1(A, b) be a rational Krylov space with a
basis {vy, vy, ..., v,,,.1} satisfying (2.11). Thus for n = 1,2,..., m there holds

vn+1 € Qn(A)_lKn—H(Aa b) <~ (hn+1,n[ - kn—i—l,nA) vn—i—l € Qn—l(A>_1,Cn+1(A> b)

Since K,,11(A, b) = K, (A, b) U AK,(A, b) we have q,,_;(A) 'K, 1(A,b) = Q, U AQ,.
Consequently, there exist numbers {hy,, ks, }y—1 C C such that (2.13) holds. These
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(a) Upper Hessenberg structure. (b) Contribution from a minor.

Figure 2.1: Sketch illustrating the proof of Theorem 2.12. Part (a) shows the upper-Hessenberg
structure of the shifted pencil zK; — H;, for j = 6. The elements marked with numbers, like
® = zkyy — hoy, are those carrying the poles. The contribution of the element ® = zks5 — hyg
in the Laplace expansion of the determinant det(zKg — Hg) along the last column of the
matrix is (—1)*7%(zkyg — hyg) det(Myg). Here, Mg, is the minor of 2Kg — Hg resulting from
the removal of the 4th row and the last column, and is shown in part (b).

relations can be merged into matrix form to get (2.6) with the pencil (H,,, K,,) being
unreduced as a consequence of ¢, being a nonzero polynomial. O

Clearly, an RAD related to a rational Krylov space V,,,; with a given starting
vector and poles is not unique; not only can the poles be ordered arbitrarily, but also
the scalars {hg,, kp, }i2) can be chosen in a nonunique way. The different RADs are,
however, equivalent. We comment further on the uniqueness in Section 2.3. Let us
now introduce the following terminology.

Definition 2.11. We say that (2.6) is an RAD for Q,,.1(A, b,q,,) if (2.6) is an RAD
spanning Q,,1(A, b, q,,), with V,, e, being collinear to b, and if the poles of (2.6)
coincide with the poles of Q,,.1(A,b,q,,).

Elaborating further on the proof of the previous theorem, we retrieve an explicit
formula for the vectors v;, given in Theorem 2.12 below. This result appears to some
extent in [86, 89], stated up to a normalization factor and given without proof. We
stress that the result holds irrespectively of the RAD being orthonormal or not.
Theorem 2.12. Let (2.6) be an RAD. Then

vj+1 :p](A)q](A)_l'Ul, j = 1,2,...,m, (216)

where p;(z) = det (sz — Hj), and the polynomials q; are given by (2.9).
Proof. The proof goes by induction on j. For j =1, (2.16) follows from (2.12).
Assume (2.16) has been established for j = 1,2,...,n < m and insert it into (2.14),

giving rise to

3

qn(A)’Un+1 = (Ken A — Dy, I) Qn—l(A>p£—1(A)QZ—1(A)71v1' (2.17)
=1
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We obtain (2.16) for j = n+ 1 by noticing that the right-hand side of (2.17) represents
the Laplace expansion of det (zK,, — H,,) along the last column. Indeed

n

4 (A) V1 = Z(_1)€+n (kenA — gy 1) pe—1(A)(_l)n_g%—ﬂA)_lqnq(A)’U1-

See also Figure 2.1 for an illustration. O

We remark that p;(z) is the determinant of the upper j-by-j submatrix of z[& — ﬂ )
whilst (—1)7g;(z) is the determinant of its lower j-by-j submatrix. Clearly, the pencil
(H,,, K,,) implicitly defines the scalar rational functions p;/q;, and they satisfy a scalar
RAD (2.18) as we now show.
Theorem 2.13. Let (2.6) be an RAD for Q,,,1(A, b,q,,). Define r; := p;/q; where
the polynomials p;,q; € P; for j =1,2,...,m are as in (2.16), and ro = 1. Then for
any z € C such that q,,(z) # 0 there holds

zro(z) ri(z) o ra(2)] Ky o= [ro(z) rmi(z) ..o rn(2)] H (2.18)

Furthermore, for any z € C there holds

) A )] Ke = (B A )] e (219)
where pg-m] € P, are polynomials formally defined as pgm] =7iQm, for j=0,1,...,m.
Proof. Can be verified column-wise as in the proofs of Theorems 2.10 and 2.12. O

The scalar RAD indicates a way of evaluating the rational functions r; at arbitrary
points z € C, excluding the poles, using the information contained in the corresponding
scalar RAD. We remark that the scalar variant of an RAD is well known in the
polynomial case, see, e.g., [76, eq. (3.3.10)].

Theorem 2.14. Let (2.6) be an RAD for Q,,,1(A, b,q,,), and let the rational functions
r; for j=0,1,...,m be as in Theorem 2.13. Then for any w € C such that q,,(w) # 0
there holds .

dm+1€5+1

ri(w) =7, where v=

b

Ami1€1
with @11 being the last, i.e., (m + 1)st, column of the @ factor of the full QR
factorisation of H,, — wkK,,.

Proof. The scalar RAD (2.18) can be shifted to

(z—w) [ro(z) ri(2) ... 1(2)] Ky =[ro(2) m(z) ... ru(2)] (Hp —wkK,,),
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which shows, by setting z = w, that indeed g := [ro(w) ri(w) ... rm(w)]* #0is
a left null vector of H,, —wkK,,. (The vector q is nonzero since ro(w) = 1.) Since
H,, —wkK,, is of full column rank m by Lemma 2.6, the null vector g is unique up to
nonzero scaling. Therefore, ¢ = @,,41/gm+1€1, and the statement follows. d

In Chapter 7 we further discuss scalar RADs, based on which we propose a framework
to work with (scalar) rational functions numerically. The evaluation of rational functions
based on Theorem 2.14 requires the computation of a QR factorisation of a typically
rather small matrix. However, this may become costly if the evaluation in many points
is required, and in Chapter 7 we introduce, among others, a more efficient algorithm.

We remark that some of the roots of r,, can yield good approximations to some of
the eigenvalues of A, and in Section 3.1.4 we discuss this in more detail. We shall now

focus again on non-scalar RADs and in particular on the question of uniqueness.

2.3 A rational implicit Q theorem

We now return to the question of uniqueness of RADs for Q,,,,(A4, b,q,,). We need
to restrict ourselves to orthonormal RADs, and consider a fixed ordering of the poles.
This allows us to establish a generalisation of the implicit QQ theorem to the rational
case. The theorem asserts that any two orthonormal RADs for Q,,. (4, b, q,,), with
poles ordered in the same way, are essentially equal. Let us clarify what it means
for two RADs to be essentially unique. Apart from the column scaling of V,,,, in
the rational case the decomposition (2.6) is also invariant (in the sense that it spans
the same space, the poles remain unchanged, and the upper Hessenberg structure is
preserved) under right-multiplication by upper triangular nonsingular matrices 7,,,. We
make this precise.

Definition 2.15. The orthonormal RADs (2.6) and (2.8) are called essentially equal
if there exists a unitary diagonal matrix D, € C™ " and an upper triangular
nonsingular matriz T,, € C™™, such that ‘7m+1 = Vi1 D1, & = Dy 1,1, and

~

K, = D;, +1 KT, Essentially equal orthonormal RADs form an equivalence class

and we call any of its elements essentially unique.

Note that two orthonormal RADs may be equivalent but not essentially equal, as

the poles may be ordered differently. We are now ready to generalise the implicit Q
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theorem to the rational case. The proof is partly analogous to that of the polynomial
implicit Q theorem given in [102, pp. 116-117].

Theorem 2.16. Let (2.6) be an orthonormal RAD with poles & = h; 1y j/kj1 ;. For
every j = 1,2,...,m the orthonormal matriz V; | and the pencil (H;, K;) are essentially
uniquely determined by Vi e, and the poles &,y ... ,&;.

Proof. Let (2.8) be an orthonormal RAD with ‘A/mH e, =V, 16 and ?Ljﬂ,j/%jﬂd =
hjiyj/kjirjforall j =1,2,...,m. We show by induction that (2.8) is essentially equal
to (2.6). We assume, without loss of generality, that h;,,; # 0 for all j =1,2,...,m.
Otherwise, if h; ., ; = 0 for some j, then 0 = §; ¢ A(A) and we can consider V,,, 1 K,, =
Ailvmﬂ% at that step j, thus interchanging the roles of H,, and K, and using At
instead of A. Since (H,,, K,,,) is unreduced, k;,; ; # 0 if h;,; ; = 0. The relation (2.6)
can be shifted for all £ € C \ A(A) to provide

AOV, (L) = Vi1 Hy, (2.20)

where A®) .= (I — A/¢)™" A and @ = (K,, — H,,/§). We make frequent use of this

relation, reading it column-wise. It is worth noticing that the jth column of Lgﬁj :

(©
J

has

all but eventually the leading j components equal to zero, and that L3>’ is of full rank

for all j and &, by Lemma 2.6. Analogous results hold for (2.8). We are now ready to
prove the statement.

Define d, := 1, so that v; = d;v,. The first column in (2.20) for £ = £ yields
55611)14(51)’01 = h11v; + hoy vy (2.21)

Since v;v; = 1 and v; v, = 0, we have

h11 = 65611)1)1*14(61)'01. (222)

We then have

hoyvy = g&ﬁl)A(El)vl — hyy vy,

Uy = 4511) [A(gl)’vl - (UTA(&)’Ul)’Ul}/hm-
Since ||vy]ls = 1 and hyy # 0 by assumption, we have Eﬁl) # 0. Analogously

ﬁn = 2(1511)’01*14(51)'017 Uy = Z(1511) [A(gl)'vl - (UTA(&)Ul)Ul]/ﬁm; and Z(1511) # 0.
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Obviously, v, and v, are collinear and since they are both of unit 2-norm, there exists
a unimodular scalar dy € C such that v, = dyvy. Defining ¢, := 2(51 /Eﬁl ,and Dy :=
diag(d,, d,), and making use of Ay, — (v *A(él)vl)vl = 22162/2(1; = h2102/€§£11), we
obtain H; = D H,Ty. From K; = L\ + H, /& and K, = L™ + H, /¢, we see that
indeed ﬁ = D2£T1. This proves the statement for j = 1.

Suppose that, for j = 2,3,...,m, we have XA/ = V;D;, ]?I;l = D;H; ,T; ,, and

~

K;, | = DiK; 1T 1, for a diagonal unitary matrix D; = diag(d;,ds, . ..,d;) and upper

triangular nonsingular matrix 7;_,

The jth column in (2.20) for { = §; gives

v 7(6)
AV =V, by, (2.23)
Since vy, vy, ..., v;;; are orthonormal we have
(&)
h; =V ASV L (2.24)

Rearranging the two equations above we deduce

. (&)
_ &j (5;‘) * A& (ﬁj)
V.V )/ (&)

Expanding l;éj ) as lfj )=, L;gji z;_1 + gq;, where g; Léé i 0", gives

hivrgvn = (1= V;V)") AWV (Lf]i zZj1+ qJ)
= (1=VV)ASV LRz o+ (1= V1)) A9V,
— (I -V;V}) A&V g, (2.25)

To obtain the last equality we have used Ay, Lgéjl = V;H,_, which are the first

j — 1 columns in (2.20) with £ = &;. Note that since h;,;; # 0 the vector g; is also

nonzero. We label analogously /lﬁj L(gj Li%izj + g;, where q; L;fj = 0", and obtain
h — (I-VV) A9V g, I — 07,
J+1Lj J+1 vy 9> qJ -1
T — * ; -~ E]
hi 0 = (I = V;V)) ASVD;g;, 4 D;L, L7 =07,

where in the last equality above we have applied post-multiplication by Tf_ﬂ. Since

ngq e €771 is of full column rank, q; and D,g; are collinear, i.e., there exists a
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nonzero scalar 0 # v € C such that D;q; = vq;. As a consequence v;,; and v, are
collinear as well. Furthermore, as ||v;,1|s = ||;11]|]2 = 1, there exists a unimodular
scalar d;; € C such that v;,; = d;1v;,,. We also observe thJ = d;1vhji -

It remains to find such a ¢; € C’ that T; = [Tj—1 1] is nonsingular and that
additionally H D +1H T; and K D3 +1K 1. From D;q; = vq; we infer

] J—1%7— —j-1 1 J 1
£ &) = *x7(&; * (&5
5 = DJLE U (T2 = v0) D51 = DiLY;,
where t; = [Ti- 1Z I35 -1]. Finally, using the equation above, the relation ﬁj =

VrASDTTS) and again ADV,L9) = ViH,_,, we derive by = DiH;t;. With A, ; =

dji1vhjqj we get Ii = Dj+1IiTj. We can consider & similarly. O

A further comment for the case m = N — 1 is required. For the polynomial case, i.e.,
Ky_1 = Iy_1, we have AVy_ = VnHy_;. The vector hy = VAV ey is uniquely
defined by the starting vector and A and AV = Vy Hy holds. This last decomposition is
usually stated as the (polynomial) implicit QQ theorem and essential uniqueness of Hy is

claimed. Let us consider a more general RAD, namely, AVyKy_; = VyHy_;. Defining

hy = Vi AVyky for an arbitrary ky € C we see that AVyKy = VyHy. Therefore
we cannot say that (H Ny K N) is essentially unique. In fact, essential uniqueness is
related to both V,,,; and the pencil (Ih , &) concurrently.

In practice, the (rational) implicit Q theorem is useful as it allows for certain
transformations of RADs to be performed at a reduced computational cost. Such
transformations consist of two steps. First, the transformation is applied to the reduced
pencil (instead of the operator A), and second, the RAD structure is recovered and
reinterpreted using our Theorem 2.16.

As already mentioned, a polynomial Krylov space K,,, (A, b) with orthonormal

basis V,,, is related to a decomposition of the form
AV, = Vs Hyy = Vi Hyy + o1 U1 €0, (2.26)

where H,, is upper Hessenberg. For a rational Krylov space we have an RAD (2.6)
with an upper Hessenberg pencil (H,,, K,,,) rather than a single upper Hessenberg
matrix H,,. It has been shown, for example in [36, 77, 107, 111], that decompositions

of the form (2.26) with H,, being semiseparable plus diagonal (have a particular rank
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structure, see the aforementioned references) are related to rational Krylov spaces in
the same way as RADs are. Corresponding implicit () theorems have been developed.
The semiseparable structure can be used to develop (short) recurrences related to
rational Krylov spaces, see for instance [66, 83]. In this thesis we do not dwell upon

these considerations here.

2.4 Complex poles for real-valued matrices

RYY and a real-valued starting vector

When working with a real-valued matrix A €
b ¢ RY, it may be beneficial to consider real-valued RADs. For instance, if A € C\ R
is an eigenvalue of A, then so is A. By enforcing (2.6) to be real-valued, we preserve
this structure and can obtain approximate eigenvalues from (2.6) that also appear in
complex-conjugate pairs. We discuss the extraction of approximate eigenpairs from (2.6)
in Section 3.1. Clearly, if p;,v;,n;,p; € R, and t; € R’, then Algorithm 2.2 produces
a real-valued RAD. However, even with complex-valued poles it is possible to obtain
real-valued decomposition of the form (2.6), provided that the poles appear in complex-
conjugate pairs. This was introduced in [87], and we now review it. Our approach is,

however, slightly more general; it incorporates continuation roots 7;/p;, and further,

we allow for complex-valued continuation vectors ¢;, and not only real-valued as in [87].

2.4.1. Real-valued rational Arnoldi algorithm. We wish to extend a real-valued
decomposition of the form

A‘/;Kjfl - ‘6ij17 (227)

with j — 1 < d(A, b) — 1, with the pole §; := z € C\ A(A). If & is actually real-valued
or infinity, we can proceed as in Algorithm 2.2 in order to obtain a decomposition of
order j. Otherwise, we simultaneously extend (2.27) from order j — 1 to order j + 1
adding the pole §; and its complex-conjugate §;;; := Z, as we now explain. To this
end, let

p,m; € Covyp; € R satisfy  pip; #vmy, and  p;/v; =& & A(A), (2.28)

and let t; € C’. Define the vector
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and note that (w/},)" = (A — ;1) (p;A — 7;1)V;(t])*. One can verify that

1 . 1 "

R(wjy1) = 5 | Wit + ('ij+1) , and S(wjy) = % [wj—f—l - (ij+1) ] , (230
and hence span{w; 1, (w/,;)"} = span{R(wj,;), S(w,,;)}. Therefore, we can add the
real-valued vectors $(w;, ) and (w,4) to the basis V;, instead of the complex-valued
wjyy and ('ijJrl)*. Consequently, let (w; ;) =: +1Cj) and S(w;;q) = Vjjacii,

with VoV = I;5. From (2.29) we arrive at

(VA = il ) Vi (ﬁ +iej) = (p;A = n;D)Vjt, (2.31)
where ¢; 1= [ch 0]”. Rearanging the terms with and without A we have
AVjia (ng +iv;€jq1 — sz) = Vit (Mjg i€ — 7732)7 (2.32)
T

where 5 =t 0 O]T. Finally, we add separately the real part and the imaginary

part of (2.32) as two real-valued columns to (2.27):

AV [B Bia| = Vi [By B, (2.33)
where, under the abbreviations ™ = R(x) and =~ = J(z),
RS RS RS
By ] = %H Hy %] -4 th , %] (2.35)

Here h; := [@T 0]", and analogously for k;. It follows from (2.34)—(2.35) that

hoin = Rra s [ S
J+1,5 "i+1,5+1 J+1,5 Mi+1,5+1

([hﬂz,j hjt2,541 L1 kjt2,j+1 ]) cquals

RS y
<|:Cj+1,j Cj+1,j+1} [ . Mg{e} |:Cj+1,j Cj+1,j+1} [ j }) (2.36)
R ) y .
Citaj1] =15 W Cjt2,5+1 Y
. Cij41,5 Cj+1,5+1 . . . e . .
with [ c/y711 ] being nonsingular if ¢, 4 , # 0 for £ = 4, j + 1, which is indeed the

case if no breakdown occurs during the rational Arnoldi algorithm. Consequently, the

, [kHl’j Fjti+1 ]) are ¢; and 5

41,5 Pit1,541 ]
Kjt24+1

42,5 Pit2,i4+1

eigenvalues of the 2-by-2 pencil ([Z
The rational Arnoldi algorithm with possibly complex-valued poles for real-valued

matrices is presented in Algorithm 2.3.
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Algorithm 2.3 Real-valued rational Arnoldi algorithm. RKToolbox: rat krylov

Input: A€ RV b e R", aset of poles {1;/v;}7; C C\ A(A) closed under complex-
conjugation, with complex-conjugate pairs of poles labelled with successive indices,
and such that {v;}7*; C R, and p; € Rif v; =0, for j = 1,2,...,m < d(A, b).

Output: Decomposition AV, K, =V, H,,, with Vi1Vinsr = L

1. Set v; := b/||bl|5, and let j = 1.

2. while 57 < m do

3. if p; € R then Choose admissible (n;/p;, t;)

eR xR/, with p; € R.

4. else Choose admissible (1;/p;, t;) € C x €/, with p; € R. end if
5. Compute w, ;== (v;A — ;1) (p;A —n;I)V;t,.

6. if u; € R then

7. Orthogonalize v, := w; 1 — Vj¢;, where ¢; := V; w; 4

8. Normalize 'vj+1 =7 +1/cj+1j, where ¢; ;1= H Vjiql2-

9.

t; ¢
Set, k; :=v; ¢ t and h = ;€ — 77]-5, where 5 = [d}, ¢ = [Cjﬁl,j].
10. Update ] = j + 1

11. else

12. Orthogonalize v Vi1 1= R(w; 1) — Vje;, where ¢; :== V;"R(w; ).

13. Normalize v; 1 := v;11/¢;j41,;, where ¢ ;1 ; 1= H HHQ

14. Orthogonalize '/l)\j+2 = %(’wﬁ_l) — ‘/}+1Cj+1, Where Cj+1 = V+1\S( j+1>‘
15. Normalize 'Uj+2 = aj+2/c‘7‘+27j+1, where Cj-‘r?,j-‘rl = ||;U\‘7+2H2 c

16 Define ky, and hy, for £ = j, j + 1, as in (2.34)~(2.35), where ¢, = [%@1 Z].
17. Update j :=j + 2. ’
18.  end if

19. end while

2.4.2. Quasi-RADs and the related implicit Q theorem. The real-valued
decomposition (2.6) Algorithm 2.3 produces has a specific structure; it is such that
the pencil (H_,,, K_,,) is in generalised real Schur form, that is, H_,, € R™" is upper
quasi-triangular, while K_,, € R™™ is upper triangular. This is why we insist on
v; € R, since if v; were complex-valued, K_,, would be upper quasi-triangular as well.
Imposing this canonical form allows us to use well established algorithms from the

literature. Hence, if we denote

_Hll H12 [N ng ng_ _Kll KIQ T Klé Klf_
H21 H22 [ HQZ HQ@ K21 K22 te KQZ KQE
Hsyy ... Hsy H Ky ... Ky K
% _ 32 . '3z '34 7 & _ 32 . .3£ .34 7 (2. 37)
HZZ HM KZZ KN
i Hgg_ L Kl%_

with /:= ¢ —1, and {:=10+ 1, then the real-valued pencils (Hy;, Kj;), with j:= j + 1,

Ji»

are either 1-by-1 or 2-by-2, while all the blocks H;; and K;; have one row only. We
call RKDs having this structure quasi-RADs.
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axn] s
BExx| | B | {a0p0.a([EE). B8] A (. )
(a) Nonzer(>)< I>)<attern of (Hm7>< K,,). (b) Poles of the quasi-RAD.

Figure 2.2: Nonzero pattern of (H,,, K,,) from a quasi-RAD, with m = 5. The quasi-RAD
has one real-valued and four complex-valued poles (two complex-conjugate pairs). The
poles are the generalized eigenvalues of the 1-by-1 or 2-by-2 matrix pencils from the (block)
subdiagonal of (H,,, K,,)-

Definition 2.17. Let A € R™", and let (2.6) hold. If V,,,1, K,, and H,, are real-
valued, and (H_,,, K_,,) is a reqular pencil in generalised real Schur form, then we call
(2.6) a quasi-RAD of order m.

Note that requiring for the pencil (H_,,, K_,,) to be regular is the natural generali-
sation of (H,,, K,,) being unreduced in case of RADs. Indeed, if the pencil (H_,,, K_,,)
is regular and in generalised Schur form, then and only then is (H,,, K,,) unreduced.
The notions of (orthonormal) basis, space and equivalent decompositions are analogous
to those for RADs. A possible structure of the reduced pencil (H,,, K,,) is depicted
graphically for m = 5 in Figure 2.2. The following generalisation of Lemma 2.6 holds.
Corollary 2.18. Let (2.6) be a (quasi-)RAD, and let o, 3 € C be such that |a]+|S| # 0.
The matriz aH,, — BK,, is of full column rank m.

Proof. Follows from Corollary 5.5 which we discuss later. 0

When referring to the block structure of a quasi-RAD (2.6), we mean the block

structure (2.37) of (H,,, K,,), H,,, or H_,,, depending on the context. Let us now
generalise the notion of essential uniqueness.
Definition 2.19. Let (2.6) and (2.8) be two orthonormal quasi-RADs with the same
block structure. The two quasi-RADs are called essentially equal if there exist an or-
thogonal block-diagonal matriz D,, ., = blkdiag(d;, D,,) € R™™ ! with D,, € R™"
having the same block structure as (2.6), and an upper quasi-triangular nonsingular
matrixz T,, € R™"™ with the same block structure as (2.6), such that ‘A/mﬂ =Vii1Dpi1,
& =D, H,T,,, and IQ = Dy, 1K, T,,,. Essentially equal orthonormal quasi-RADs
form an equivalence class and we call any of its elements essentially unique.

Let us clarify the block ordering of the poles of a quasi-RAD (2.6) with block
structure (2.37). We refer to A(H;;, Kj;) as the jth block pole of (2.6), for j = 1,2,..., (.

We can now formulate the corresponding rational implicit Q theorem.
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Theorem 2.20. Let (2.6) be an orthonormal quasi-RAD. The orthonormal matric
Vins1 and the pencil (H,,, K,,) are essentially uniquely determined by V,, 1€, and the
block ordering of the poles of (2.6).

Proof. Let (2.8) be an orthonormal quasi-RAD with equal block structure (2.37) and
equal block ordering of the poles as (2.6), and with starting vector colinear to that

of (2. 6) Let unitary @, jJ,Qﬂ, and Z be such that (Q;H and

Ji ]J’Q]] Ji ]J)

(Qﬂ 31 %35 Qﬂ 24 JJ) are in generalised Schur form, with generalised eigenvalues or-
dered in the same way, for j = 1,2,...,¢. Define D,,,, := blkdiag(1, Qo1, Qs2, - .., Q;,),
and T,, := blkdiag(Zyy, Zss, ..., Z;). Let lA)mH and fm be defined analogously. By
Theorem 2.16 the complex-valued orthonormal RAD

A(VerleJrl) (D:Hl&Tm) = (Vm+1Dm+1) (D:»LH%Tm)

is essentially equal to the complex-valued orthonormal RAD

AVins1 Do) (D K Ton) = (Vs Do) (D Hi T )
Therefore, there exist unitary D € C™™*! and nonsingular upper triangular 7' €
C™™ such that Vmﬂﬁmﬂ =Vy1Dpin D, ﬁan&fm = D*D;, 1 H,,T,,T, and anal-
ogously for & Consequently, \7m 1 =VuD,, +1DZA);L 15

Hy = Dy DDy By T, TT,Y and - Ky = Dy DDy K, T, 1T

In particular, D,, HDIA); =V +1‘A/m 11 € R™ hag the required block structure.
Furthermore, since & and K, are both real-valued, we have that T, T ﬁ;l e R™™,

and it is upper quasi-triangular with the desired block structure. O

2.5 Matrix pencils and nonstandard inner products

So far we have been working with a single matrix A, however, rational Krylov spaces
were initially proposed for the purpose of solving large sparse generalised eigenvalue
problems Az = ABz, with A, B € C™"; see [86, 89, 87, 90]. We now comment on
the possibility of using a pencil (A, B), instead of A only. In applications, a pencil
(A, B) may arise, for instance, after the discretisation of certain partial differential

equations, in which case it may also be convenient to use a nonstandard inner product;
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see [40, Section 6.3] for an example. Our goal is to provide a simple way to reinterpret
the related RADs with (A, B) as RADs of the form (2.6), which in turn allows to
use the theory developed so far. This viewpoint, presented in Section 2.5.1, as well
as the neat definition, cf. (2.40) below, of the corresponding rational Krylov space

Qmi1(A, B, b, q,,) is new. In Section 2.5.2 we focus on nonstandard inner products.

2.5.1. Matrix pencils. The rational Arnoldi algorithm can easily be adapted to
handle N-by-N matrix pencils (A, B) instead of a single matrix A. It is enough to
replace (l/jA—ujI)fl(ij—nj]) at line 4 of Algorithm 2.2, or at line 5 of Algorithm 2.3,
with (v;4 — ujB)_l(ij —n,;B), where the poles p;/v; satisfy p;/v; € A(A, B). The
(quasi-)RAD (2.6) takes the form

AV Ky = BVy1 Hyy, (2.38)

and we say that is is a (quasi-)RAD of order m, provided that the requirements
analogous to those for (2.6) are fulfilled. Furthermore, the notion of (orthonormal)
basis, space, equivalent and essentially unique decomposition is the same as for RADs

and quasi-RADs of the form (2.6). Let
w,v,m,p € C satisfy pup#nv, and p/v & A(A,B). (2.39)

Introduce formally M(a, 8) = (va — pu3) " (por — ). Thus, for matrices A, B € CM
we have M(A, B) = (vA — uB) ' (pA — nB). We can now define the rational Krylov
space R(V},,1) spanned by (2.38) as

Qm+1(A7 B, b7 Qm) = Qm-‘rl (M(Aa B)7 b7 {M(/’Lj7 Vj)};nzl) ) (240)

where {y1;/v;}7%, are the formal roots of g,,. To show that Q,,,,(A, B, b, q,,) is well
defined, we need to show that the right-hand side of (2.40) is well defined, and that it
is independent of the choice for M. To this end, from (2.38) we obtain

(pPA = 0B)Vyi1 (VHy, — pK,y,) = WA = pB)Vi1 (pHy, — 1K), (2.41)
and since VA — B is nonsingular, as /v € A(A, B), we have

M(A, B)Vir(WHy, — nK) = Vina (pHy, — 0Ky (2.42)
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Note that (2.42) is an RAD for Q,,,1(M(A, B), b, {M(u;,v;)}jy), if (2.38) is an
RAD, and not a quasi-RAD (we return to quasi-RADs later).

Indeed, V4, is of full column rank, and (pH,,, —nK,,, vH,, — 1k,,) is an unreduced
upper Hessenberg pencil, since (H,,, K,,) is, and pup # nv. To show the latter, assume,
to the contrary, that [ph;,i; —nk;i1 ;| + [Vhji1; — pk;q ;] = 0 for at least one index
j€{1,2,...,m}. Then ph;,; —nkjy1,; = vh;i1; — pk;1; = 0, and in particular
vhjyr; = pkjy ;. Using the latter in, firstly, ph;.q ; — nk;4;; = 0 multiplied by v,
and, secondly, ph; ., ; — nk;;1; = 0 multiplied by p, gives k; 4 ;(pp — vn) = 0, and
hji1j(pp — vn) = 0, respectively. Since pup # nv we have k; 1 ; = 0 and h;,; = 0,
which is in contradiction with (H,,, K,,) being unreduced.

Lastly, since p;/v; € A(A, B) if and only if M(u;,v;) € A(M(A, B)), the poles of

(2.42) are allowed. Further, (2.42) spans the same space as (2.38) independently of M.
The terminology of is an RAD for transfers analogously from RADs of the form (2.6)
to those of the form (2.38). Lastly, we can define d(A, B, b) := d(M(A, B), b). Let us
summarise these observations.
Proposition 2.21. Let A, B € CM be complez-valued matrices, and p,v,n,p € C
scalars such that up # nv, and p/v ¢ A(A, B). Let M(a, B) = (pa —nB)/(va — pf).
The decomposition (2.38) is an RAD for Q,,.1 (A, B, b,{u;/v;}j=1) if and only if
(2.42) is an RAD for Q,, .1 (M(A, B), b, {M(p;,v;)}}1).

Let us now return to quasi-RADs (2.38). The corresponding (2.42) may fail to
be a quasi-RAD if the decomposition is not real-valued, or if vH,,, — puK,, has 2-by-2
blocks on the subdiagonal. The first problem is easily solved by considering only
1, v,n, p € R. Regarding the structure, it can be recovered by bringing (H_,,, K_,,)
into the generalised real Schur form. Thus (2.42) can be transformed into the equivalent

quasi-RAD

M(A B)var f(_ Um+lﬁha (243)
where
Vit = Vi1 Qs Qi1 = blkdiag(1, Q,,),
+1 +1%¢m+1 +1 (2.44)

Ky = Qs (WHyy — pKy) 2, and Hyy o= Qs (PHo = 1K) Zon,

with orthogonal matrices @Q,,, Z,, € R™"™ being such that (H - K K_,,) is in generalised

real Schur form. The analogue to Proposition 2.21 can now be easily established.
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Proposition 2.22. Let A, B € R™" be real-valued matrices, and w,v,m, p € R scalars
such that pp # nv, and p/v € A(A,B). Let M(a, ) = (pa —nB)/(va — upB). The
decomposition (2.38) is a quasi-RAD for Q,,.4 (A,B, b,{,uj/l/j};q’:l) if and only if
(2.43) is a quasi-RAD for Q.11 (M(A, B), b, {M (i, v;)}j=1) such that (2.44) holds.

2.5.2. Nonstandard inner products. A nonstandard inner product (-|-) : CV x
CY — C may easily be employed for the Gram-Schmidt process. For convenience, we
introduce the notation (-,-) : C¥* x CV"™ — C™*, for varying k,n € N, by defining
e (Xi,Yo)e; = (Xye|Y,e), fori=1,2,...,n,and j = 1,2,..., k. Simply replacing
v, == b/||b]l, by v := b/y/(b,b) in line 1 of Algorithm 2.2, ¢; := V;'w;,; by

¢ = <w'+1> V;

l 7) in line 5, and ¢4 := [[vj41]l2 by ¢j41; = /(W)41, w;4q) in line 6,

j j
incorporates the desired inner product within the rational Arnoldi algorithm. We
shall call (-,-) an inner product, even though strictly speaking only (-|-) is an inner
product. We may refer to the RAD (2.38) with V,,; satistying (V,, .1, Vini1) = Lntt
as an (-, -)-orthonormal, while V,,, ,; is said to be (-, -)-orthonormal.

The rational implicit Q theorem holds for (quasi-)RADs in this more general
form, and the proof is analogous to that of Theorem 2.16. Apart from working with
the pencil (A, B) instead of just A, we additionally have to account for the inner
product (-,-). Specifically, we have to take the inner product (-, v;) in (2.21) to obtain
hy = <£§£11)A(§1)'v1, v;) instead of (2.22), and analogously with (2.23)—(2.24).
Theorem 2.23. Let (2.38) be an (-, -)-orthonormal (quasi-) RAD. The (-, -)-orthonormal
matriz V., and the pencil (H,,, K,,) are essentially uniquely determined by V,, ;e
and the (block) ordering of the poles of (2.38).

For simplicity, we shall mainly work with a single matrix A instead of a pencil
(A, B). Propositions 2.21-2.22 and Theorem 2.23 can be used to transfer results from
(quasi-)RADs with B = I to those with B # I.

2.6 RKToolbox corner

We conclude the chapter with a few short MATLAB code examples showing how to
use the RKToolbox for the algorithms discussed so far.

The rational Arnoldi algorithm (Algorithms 2.2 and 2.3) is implemented as rat_krylov,
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[V, K, H] = rat_krylov(A, b, xi);

C.multiply= @(eta, rho, x) rho*A*xx - eta*x;
C.solve = @(mu, nu, x) (nu*xA - muxspeye(size(A)))\x;

[V, K, H] = rat_krylov(C, b, xi);

[V, K, H] = rat_krylov(A, B, b, xi, ’real’);
param.orth = 2CGS’;

param.reorth = 1;

param. inner_product = Q@(x, y) y’*(Bx*x);

[V, K, H] = rat_krylov(A, b, xi, param);

RKToolbox Example 2.1: Constructing RADs.

[V, K, H]
[V, K, H]

rat_krylov(A, b, xil);
rat_krylov (A, V, K, H, xi2);

RKToolbox Example 2.2: Generating and extending an RAD.

and RKToolbox Example 2.1 shows four possible calls to rat krylov in order to gen-
erate a (quasi-)RAD. Currently, there are 18 different ways to call rat_krylov, and
typing help rat krylov in MATLAB command line provides all the details. Here we
provide a brief overview of some of them to give a flavour of the supported features
and show the flexibility the function provides. Perhaps the most basic way of calling
the function is the one given at line 1, where it is assumed that A is an N-by-N
matrix, b an N-by-1 vector, and xi a 1-by-m row-vector of poles. The matrix (or
pencil) can also be passed implicitly by providing a structure with fields multiply
and solve, which are handles to functions implementing (7, p, ) — (pA — nl)x and
(g, v, 2) — (VA — puI) "'z, respectively. Thus, the call on line 5 is equivalent to the
one on line 1. That on line 7 shows how to construct a quasi-RAD for the real-valued
pencil (A, B) and real-valued starting vector b. In this case the poles have to be either
real-valued or appear in complex-conjugate pairs. Finally, on line 12 we show the usage
of the param structure, which provides several options. We specify a non-standard
inner product (in this case param.inner_product would be an inner product, if B is a
symmetric positive definite matrix), and run the rational Arnoldi algorithm using the

classical Gram—Schmidt algorithm with reorthogonalization.

RKToolbox Example 2.2 shows another feature of rat_krylov, namely, that an

RAD can be extended. The two calls are equivalent to just calling [V, K, H] =
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A = gallery(’wathen’, 10, 12); b = ones(length(A), 1);
[V, K, H] = rat_krylov(A, b, inf(1, 4));
H2 = H/K(1:end-1, :);

disp(norm(A*V(:, 1:end-1)-V*H2))

2.9684e-14

RKToolbox Example 2.3: Polynomial Arnoldi algorithm.

rat krylov(A, b, [xil xi2]) if the second set of poles xi2 is known right from the
start, which is not necessarily the case.

We now consider RKToolbox Example 2.3, which consists of two blocks; the first
contains a fragment of MATLAB code, while the second contains the corresponding
output. Through the thesis the computations were performed using the double-precision
data type according to the IEEE standard. The lines in the output are labelled according
to the related input line that produces the result. By setting all the m poles xi to
infinity, as is done in RKToolbox Example 2.3, line 2, we compute an orthonormal basis
V of a polynomial Krylov space using rat_krylov. In this case K is upper trapezoidal
(because of the poles) and its upper m-by-m submatrix K(1:end-1, :) is nonsingular,
by Lemma 2.6. Therefore, H2=H/K(1:end-1, :) is an unreduced upper Hessenberg
matrix, and we obtain a decomposition as with the polynomial Arnoldi algorithm,
cf. line 5. For this reason, the RKToolbox does not contain a dedicated function for

Algorithm 1.1.



Rational Krylov
subspace extraction

In this chapter we focus on extracting information out of a given (m + 1)-dimensional

rational Krylov space Q,,.1(4, b, ¢,,), related to a corresponding (quasi-)RAD

of order m. We start by considering the approximation of a few of the eigenvalues of A
in Section 3.1. Applications include, e.g., structural engineering [48], the computation
of specific eigenvalues, also referred to as dominant poles (of the transfer function),
of the state space matrix of a dynamical system [84, 85], and the stability analysis
of dynamical systems, where computing the eigenvalues with largest real part is of
interest [78]. The general strategy [6, 24, 42, 73, 90, 102] is to obtain a surrogate
matrix A, € C** with ¢ < N, say £ = m or £ = m+ 1, such that A(4,), at least partly,
provides a good approximation to some of the eigenvalues of A.

These developments form the basis for tackling the problem of approximating f(A)b;
the action of a function of a matrix f(A) onto a vector b, which we cover in Section 3.2.
Computing or approximating f(A)b for large and sparse or structured matrices A
arises, e.g., with f(z) = exp(z) and related functions within exponential integrators
for solving differential equations [17, 40, 61, 62], while the function f(z) = /z is of
interest for stochastic differential equations [2]. The difficulty is that computing f(A)
for large A may be computationally too expensive or even unfeasible, due to memory
requirements, since f(A) typically does not preserve the (sparsity) structure of A.
Approximating f(A)b directly is, however, possible [31, 55, 56, 58, 93].

The main goal of the chapter is to show how the rational Arnoldi algorithm can be

used for the aforementioned tasks. We review some known strategies and propose new

61
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ones, highlighting their potential benefit and deriving some of their basic properties.
Our theoretical developments are complemented by small scale examples for which we
can compute the exact solution for testing purposes. More advanced techniques, like
implicit filtering for eigenvalue approximations, are discussed in Chapter 5. Further
numerical examples, including large-scale problems from applications, are included in

Chapters 4-6.

3.1 Approximate eigenpairs

We now review some of the most common approaches for approximating eigenpairs from
a Krylov space available in the literature (see, e.g., [23, 24, 59, 73, 89, 90, 108, 109]), and
provide new insights. These references consider RADs only (typically just a particular
subset of RADs), but the results hold for, or can be extended to, general RADs as well
as quasi-RADs, and we consider only the most general case. Four different extraction
strategies are discussed: explicit projection, the standard Ritz approach, the harmonic
Ritz approach and its generalisations, and finally, an extraction procedure based on
roots of orthogonal rational functions. The section is concluded with a few (numerical)

examples.

3.1.1. Explicit projection. We first address the situation when we can obtain ezact
eigenpairs of A from (3.1). The following result asserts that if there is one eigenvector
of Ain R(V,,41), then the whole space R(V},, ) is A-invariant. This is a consequence
of the special structure of the space. The reverse, clearly, holds as well.

Proposition 3.1. Let (3.1) be an orthonormal (quasi-)RAD. The space R(V,,,1) is
A-invariant if and only if there exists an eigenpair of A of the form (9,V,,.1y).
Proof. Let us assume that AV, ,y = 9V, 1y, with y # 0. We can extend (3.1) into

AV K Y] = Vi [H Yy (3.2)

Under the assumption that [K,, y] is nonsingular, equation (3.2) implies AV, ., =

Vinit[Hy 9Y][K,, y]', which shows that R(V,,.) is A-invariant.

It follows from Corollary 2.18 that K, is of full column rank m. Therefore, it

suffices to show that y & R(K,,). Let us assume, to the contrary, that y = K,, 2z, for
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some nonzero vector z € C™. As (9, V,,,,y) is an eigenpair of A, using (3.1) we obtain
Avm—&—l&z = ﬁvm—l—l&’z = Vm—&—ljv{_mz?

and hence VK,,z = H,,z. This implies that H,, — JK,, is not of full column rank,
which is in contradiction with Corollary 2.18. O

Note that R(V,,,1) is A-invariant if and only if m = d(A4, b) — 1, and d(A, b) may
be as large as N. It may thus be impractical to construct RADs of order d(A, b) — 1,
and, indeed, that is typically not done in practice. However, we might obtain good
approximations to some of the eigenpairs of A from (3.1), even if R(V,,,;) is not

A-invariant. A standard approach is to project A onto R(V,,,1), that is, to form
Ay =V AV, e CmHbmHL (3.3)
and then consider the approximate eigenpairs
(W, =V, ,1y), where A, y="7y. (3.4)

In this regard the problem is reduced to the (typically) lower dimensional problem of
finding the eigenpairs of A,,,;, which can be done with a direct method. We remark
that VJIH = V41 if (3.1) is orthonormal. The relative residual norm

|Az — Jz|,
[Allol|2 |2 + [9]]|2]]»

(3.5)

can be used to assess the quality of the (approximate) eigenpair (¥, ). We report,
for the interested reader, that the convergence of A(A4,,,,) towards eigenvalues of A is
studied for Hermitian matrices A in [6], within a potential-theoretic setup. We do not
dwell upon these considerations here.

An undesirable property of the approach just described is that both computing
the reduced matrix A,,,;, and forming the residuals (3.5), involve computations with
vectors of size N. This problem can be overcome by considering approximate eigenpairs

from an m-dimensional subspace of R(V,

'ms1). The remaining dimension can be used

to efficiently estimate the quality of the approximation.

3.1.2. Standard Ritz pairs. We say that a pair (¢, # 0) € C x V, where V is

a subspace of CV, is a (standard) Ritz pair for A with respect to V if the condition
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Ax —Jx LV is satisfied; see, e.g., [42, 102]. If, for instance, (1, ) is an eigenpair of A,
then it clearly is a Ritz pair, since Ax —Jax = 0 L V. We can consider Ritz pairs with
respect to any space V. For instance, the approximate eigenpairs related to (3.3)—(3.4)

are standard Ritz pairs for A with respect to R(V,

ma1)- We now specialise this general

definition to (quasi-)RADs.

Definition 3.2. Let (3.1) be a (quasi-)RAD. An approximate eigenpair (V,x =
Vins1 Ky # 0) for A is called a (standard) Ritz pair for A with respect to R(V,,,41K,,)
if the condition Az —dx L R(V,,11K,,) is satisfied. We call 9 a Ritz value, and x a
corresponding Ritz vector.

The choice R(V},11K,,) is natural when working with (3.1), as it allows to construct
efficiently (without need of additional explicit projection) a reduced eigenproblem of
order m, as we show in Proposition 3.4 below. It is interesting that R(V,,.1K,,)
equals the space K,,(A, ¢,,(A)"'d). Indeed, by Corollary 2.18, K,, is of full column
rank m, and, thus, so is V,,,,K,,. Consequently, R(V,, +1%) is an m-dimensional
subspace of Q,,11(A, b,q,,), as is AR(V,,41K,,), by (3.1) and again Corollary 2.18.
It follows, by (3.1), that R(V,,41K,,) is the space of all vectors r,,_; ,,(A)b, where
To—1m = Pm—1/m € Pm—1/qm is a rational function of type at most (m — 1, m), with
fixed denominator g,,. A more general statement follows.

Proposition 3.3. Let (3.1) be a (quasi-)RAD for Q,,,1(A, b,q,,), and let o, B € C be
such that |a| 4+ |8] # 0. Then

((YZ B B)pmfl(z)
G (2)
is the m-dimensional subspace of Q,,,1(A,b,q,,) containing all vectors r(A)b with

R (avm-‘rl}h - vaﬂ-l&) = {T(A)b‘T(Z) = 1 Pm—1 € 7Dm—l} ’

rational functions r of type at most (m, m), having a fized denominator q,,, and a fized
(formal) root /.
Proof. Follows from Corollary 2.18 and (2.7) with & = «, and B = f. 0

For the case o = 0 in Proposition 3.3 we get R(V},,41K,,), and the rational function
r of type at most (m,m) is said to have a formal root fixed at infinity, i.e., it is
of type at most (m — 1,m). For the space R(V,,41H,,), for example, the fixed root
is at zero. Part (i) of the following result can be found in [23, Lemma 2.4}, or [73,
Theorem 2.1]. Analogous results to (ii)—(iv) are derived for the explicit projection (3.3)
in [55, Lemma 4.5]. (The choice of the notation y,, that we employ becomes clear in

the following subsection.)
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Proposition 3.4. Let (3.1) be an orthonormal (quasi-)RAD, and let x,, be the char-
acteristic polynomial of K_In% Then the following holds.

(i) The pair (9, V1 K,y) is a Ritz pair of A with respect to R(V,,41K,,) if and
only if (¥,y) is an eigenpair of the m-by-m matrix K_;%

(ii) The matriz [L;Hm is nonderogatory.

(1) X2 (A)a(A) B L KA, 40 (4) D) = R(Vyyr Ko
(iv) The characteristic polynomial x50 minimizes ||py,(A)gn(A) " blly over all polyno-
mials p,, € Py, of the form p,,(z) = 2" + p,_1(2), with p,,_1 € Pp_;.
Proof. Let us consider (i). The pair (9, V,,41K,,y) is a Ritz pair for A with respect to
R(Vini1 K,y if
K_:nvntHAVmHﬁy - ﬁK_;V;LHVmHﬁy =0.

Using (3.1) and V,,, .1 V,,01 = I,,41, we arrive at K, H,,y — 0K, K,,y = 0. Finally, as

K, is of full rank by Corollary 2.18, the matrix ﬁ% is nonsingular. This gives
(K;',}Km)_1 K H,y = vy, or, equivalently, K_,Tn%y = Jy.
To show statement (i), introduce q := ¢,,,(A)"'b, and W, := [q Aq ... Amflq] .

Note that the companion matriz (see, e.g., [12, Section 7.4.6])

1 Qaq
WhLAW,, = . S (3.6)

m—2
1 am—l_

for some {o;_1}72; C C, is an unreduced upper Hessenberg matrix, and, therefore,
nonderogatory (see, e.g., [60, Problem 13.3]). It follows from Proposition 3.3 that the
matrix K_jn% is similar to W)l AW, since R(Vint1K,) = R(W,,), which concludes
the proof.

We now consider the statement (iii). It follows from (3.6) that x,,(z) = 2™ —

m—1 J
> i—o a;2’. Therefore,

m—1
W Wi (A)g = W, WiA™ g = Y W, Wa;A’q

J=0

m—1
=W, WHA"q - > a;A7q =0
j=0
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Finally, let us consider (iv). Let Xm_1(2) := xm(2) — 2™ € P,,_1, and p,,(2) =
2™ + pp_1(z). Note that

12 (A) g (A) 71015 = [Ixom (A) g — X (A) g + po(A) gl
=[x (A) g = Xom-1(A)q + pr1(A) g3

=[x (A)glls + lpm-1(A) g — X1 (A) a3,

where the last equality follows from (iii). Clearly, ||p,,(A)gn(A)""b]5 is minimised by
taking p,,—1 = Xon_1- 0

We note that K_:n% can be constructed without explicitly forming K_Jn, by con-
sidering m least squares problems K,,x; = H,,e; for x;, j = 1,2,...,m. The rational
implicit Q theorems (cf. Theorem 2.16 and Theorem 2.20) state that orthonormal
RADs and quasi-RADs are essentially uniquely determined by the starting vector and
the ordering of the poles. The following remark shows that this implies they have the

same standard Ritz pairs.

Remark 3.5. Essentially equal (quasi-)RADs have the same set of Ritz pairs. Indeed,
let AV, 1Ky, = Vs Hyp, with V,y =V, 1D, K, = D7'K,, T, and H,, = D"'H,T,
be essentially equal to (3.1). Then, @& = T_IK_L%T is similar to K_jn%, and if
(9, ) is an eigenpair of IL;%, then (¢, T 'z) is an eigenpair of @& The corre-
sponding Ritz pairs (9, V1 KT '2) = (9, Vyy DD K, TT ) = (0, Vi1 K )

coincide.

Rational implicit Q theorems thus guarantee that, for instance, independent on
how we choose the admissible continuation pairs in Algorithm 2.2, we obtain the same
eigenvalue approximations. Also, we can transform the (quasi-)RAD obtained by Algo-
rithm 2.2 into an essentially equal (quasi-)RAD which might have some advantageous

properties; see, e.g., Remark 3.6 below, which appears to be new.

Remark 3.6 (orthonormal K,,). If A is Hermitian (symmetric), it is desired for @%
to be Hermitian (symmetric) as well. Let K,, =: Q,,R,, be a thin QR factorisation of

K,,. Then (3.1) can be replaced with AV, ,1Q,, R,, = V,, 41 H,,, or, equivalently,
AV @ = m-H%R’;ml' (3.7)

In this case K_,TnHm is replaced by Q_,*TL%R;}, which is Hermitian (symmetric) if A

is. Indeed, multiplying (3.7) with (V,,4,Q,,)" from the left we have Q_;IER,? =
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Q_an,:LHAVmH%, and the observation follows. Hence, if needed, we may assume,
without loss of generality, that K, in the orthonormal (quasi-)RAD (3.1) is orthonormal,
as otherwise (3.1) may be replaced by the equivalent (3.7).

Let (4,V,11K,,y) be a Ritz pair for A. From (3.1) we have AV, K,y —
W1 Ky = Vinga (% — 19%) y. Therefore, the norm

| Hny — 9Kyl (3.8)

provides a cheap estimate of the accuracy for the Ritz pair. If this norm is small

compared to || Al|y, the Ritz pair (9, V)11 K,,y) is an eigenpair of a nearby matrix [102].

3.1.3. Harmonic Ritz pairs. Let us now discuss an alternative extraction process,
considered also in [23, 90] for the rational Arnoldi algorithm.
Definition 3.7. Let (3.1) be a (quasi-)RAD. An approzimate eigenpair (¥, =
Vins1 K,y # 0) for A is called a harmonic Ritz pair for A with respect to R(V,,,11/4,,)
if the condition Az —Jx L R(AV,, 1 K,,) = R(Vins1H,,) is satisfied. We call ¥ a
harmonic Ritz value, and x a corresponding harmonic Ritz vector.

Same as with standard Ritz pairs, an eigenpair is a harmonic Ritz pair. Part (i) of
the following result can be found in [23, Lemma 2.4].
Proposition 3.8. Let (3.1) be an orthonormal (quasi-) RAD, with A and H_Jn& being
nonsingular, and let x°, be the characteristic polynomial of I—L;& Then the following
holds.

(i) The pair (977, Vins1Km¥) is a harmonic Ritz pairs for A with respect to R(V,,,11K,,,)

if and only if (9,y) is an eigenpair of the matriz H_;&

(ii) The matriz @Km is nonderogatory.

(i) Xom (A)am (A) 0 L K (A, gy (A)710) = R(Vy1 ).

(iv) The rescaled characteristic polynomial vx., where v € C is such that for some
X1 € Py we have yxon(2) = 2xo_1(2) — 1, minimizes ||pym(A)gm(A) ' b]|y over all
polynomials p,, € P, of the form p,,(2) = zp,,_1(2) — 1, with p,,_; € Pp_1.

Proof. The derivation for H_fnlﬁ is analogous to that in Proposition 3.4. To show that

H_;anm is nonderogatory, we can consider the RKD Ailvmﬂ% = Vi1 Ky as we

considered (3.1) in Proposition 3.4; see also the discussion after Proposition 2.21. The

remaining two properties can be established analogously to those in Proposition 3.4.
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We only remark that x2, can be rescaled to obtain the form x>, (2) = zxo_1(2) — 1,
as H_L& is nonsingular and hence zero is not a root of yo,. 0

Analogous remarks to those for I&Iﬁ hold for H_;Km; the matrix H_Jn& can be

constructed without explicitly forming H_:n . Essentially equal (quasi-)RADs have the
same set of harmonic Ritz pairs, and it might be beneficial to consider orthonormal

H,,, in which case K, cannot, in general, be orthonormal as well.

Remark 3.9 (orthonormal H,,). If needed, we may assume, without loss of generality,
that H,, in the orthonormal (quasi-)RAD (3.1), is orthonormal, as otherwise (3.1) may
be replaced by the equivalent AV, H&anl = Vin41@m, where H,, =: Q,, R,, is a
thin QR factorisation of H,,. If H,, is orthonormal and A is Hermitian then H_,Tn& is

Hermitian as well.

We state for reference that the residual analogous to (3.8) for the harmonic Ritz
pair (97", Vi1 Kny) is

|Hny — 07 K yllo. (3.9)

Harmonic Ritz pairs are sometimes referred to as harmonic Ritz pairs with target
7 =0, and any other finite 7 € C\ A(A) may be considered; see [102]. We shall use
the notion 7-harmonic instead.
Definition 3.10. Let (3.1) be a (quasi-)RAD, and let T € C\ A(A) be a scalar. An
approzimate eigenpair (V+71,x = V,, 11 K,,y # 0) for A is called a T-harmonic Ritz pair
for A with respect to R(V,,,11K,,,) if the condition Az —(0+7)x L R([A—TI]V,,11K,,)
is satisfied. We call 9 a T-harmonic Ritz value, and x a corresponding T-harmonic
Ritz vector.

Equivalently, 7-harmonic Ritz pairs for A can be defined through harmonic Ritz
pairs for A — 71, as the following lemma shows.
Lemma 3.11. Let A€ CNVY, 7 € C\ A(A), and let V be a subspace of CV. The pair
(9 +71,2) € C xV is a T-harmonic Ritz pair for A with respect to V if and only if
(9, &) is a harmonic Ritz pair for A — 71 with respect to V.
Proof. The statement follows from the definition of 7-harmonic Ritz pairs. 0

If (3.1) is an RAD for Q,,1(4, b,{;}jL1), by Proposition 2.21,

(A= TV 1Ko = Vi (Hyy — 7K) (3.10)
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is an RAD for Q,,1(A—71,b,{§ — 7}};). If 7 € R, by Proposition 2.22, this also
holds for quasi-RADs. In these cases, Proposition 3.8 is applicable to (3.10), and by
Lemma 3.11 it indicates how to obtain 7-harmonic Ritz pairs for A. We adopt the
notation xy, for the characteristic polynomial of (H,, — Tﬁ)Tﬂ , whose roots {9},
provide 7-harmonic Ritz values {19;1 + 7}721, provided that all 9; # 0.

We can also use the representation 7 = (/a, in which case H,, — 7K,, is replaced
by aH,, — BK,,. From here we see, by continuity, that standard Ritz values may be

considered as oco-harmonic Ritz values.

3.1.4. Roots of orthogonal rational functions. Instead of standard or harmonic
Ritz pairs, in, e.g., [24, 59, 89, 108, 109], approximate eigenpairs related to roots of
orthogonal rational functions are used (and are nonetheless often referred to as Ritz
pairs). Let us clarify what is meant by roots of orthogonal rational functions. By
Theorem 2.12 we know that the basis vectors v;,; can be expressed as v, = r;(A)vy,
where 7; = p;/q; is a rational function. We refer to the (formal) roots of p; € P; as
roots of orthogonal rational functions; orthogonal because typically the corresponding
RAD (3.1) is orthonormal. Since p; is of degree at most j it has at most j roots. If
deg(p;) < j, then we say that p; has j — deg(p;) formal roots at infinity. Therefore,
we can say that p; has (formally) j roots. We may refer to these roots as the roots
of vjyq, for j =1,2,...,m. Hence, by Theorem 2.12, the generalized eigenpairs of the

m-by-m pencil (H,,, K,,) are used to construct approximate eigenpairs
(0, Viny1Kny), where H,y=19K,y. (3.11)
The corresponding residual for an orthonormal (quasi-)RAD is derived from

AV Ky — 9K,y = Vi (Hyy — 9K, y)

= [hm—l—l,m—l(egr;—ly) + (hm—‘rl,m - ﬁkm—l—l,m)(enj;y)]vm—&—l?
with the right-hand side of the last equation being nonzero unless V,, . is A-invariant;

cf. Proposition 3.1. Therefore, for RADs, where h,, 1 ,,_1 = 0, the quantity

’(hm+1,m - ﬁkm—i—l,m)(e'nj;y)" (312)

provides a cheap estimate of the quality of the eigenpair. For quasi-RADs (3.12) can
be replaced by

‘h‘m-l—l,m—l(erz;—ly) + (hng1,m — ﬁkmﬂ,m)(eﬁy)l- (3.13)
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The choice (3.11) appears to be motivated by the polynomial Arnoldi algorithm,
where K,,, = I,,, and standard Ritz values with respect to R(V,,11K,,) = R(V,,) are
computed from H,,, the leading m-by-m submatrix of H,,. Thus, for the polynomial
Arnoldi algorithm, standard Ritz values coincide with roots of orthogonal polynomials,
but in the rational case this is not necessarily true. Standard Ritz values of order m
coincide with the m roots of the (m + 1)st orthogonal basis function if the mth pole
&, = 00 is at infinity (which is always true in the polynomial case) and, hence, produces
K, with last row being 0”. In the rational case in general, however, standard and
harmonic Ritz values, roots of orthogonal rational functions, and explicit projection all

provide different sets of approximants.

Harmonic Ritz values appear to be better suited for approximating interior eigenval-
ues than standard Ritz pairs, although this is still not yet fully understood. Interesting
discussions can be found in [90] for rational Krylov spaces, and in [415, 82] for polynomial
Krylov spaces. An insightful discussion is contained in [102, pp. 292-294] for general
spaces, and further extensions to rational harmonic Ritz values are investigated in [63].
Standard and harmonic Ritz values provide, in a precise sense, optimal bounds on the
eigenvalues of a Hermitian positive definite matrix; see, e.g., [5]. In the polynomial case
this transfers over to roots of orthogonal polynomials, as they coincide with standard
Ritz values, but in the general rational case this is not guaranteed, as the following

examples show.

3.1.5. Numerical example. We consider A = diag(5,6,...,55,—5,—6,...,—55),
which is clearly symmetric. For b we use the vector with all components equal to 1.
The two distinct poles §; =& = ... =&y =305and & =&y = ... = & = —15.5
are employed multiple times. The purpose of this example is to highlight some of the
differences of various extraction procedures. In Figure 3.1 we plot the approximate
eigenvalues per iteration with the four distinct extraction strategies discussed in
Section 3.1. It follows from the interlacing property (see, e.g., [42, Theorem 8.1.7]) that
standard Ritz values are guaranteed to be contained in the spectral interval of A. On
the other hand, harmonic Ritz values approximate the eigenvalues from the outside
(and some are outside the plotted range), but any interval containing zero and free of

eigenvalues of A is guaranteed not to contain harmonic Ritz values [82]. Interestingly,
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approximate eigenvalues
approximate eigenvalues

11 21 31 41 51 61 71 81 '1 11 21 31 41 51 61 71 81
(a) Standard Ritz values.

approximate eigenvalues
approximate eigenvalues

1 lll 211 SIl 411 SI] 611 711 81 1 lll 2I1 SIl 4I1 5I1 6I1 7I1 81

(c¢) Standard Ritz values by explicit projection. (d) Roots of orthogonal rational functions.
Figure 3.1: We visualise approximate eigenvalues for the example from Section 3.1.5, extracted
from an RAD as the iteration progresses, according to the extraction strategies discussed
in Section 3.1. At iteration j there are j approximate eigenvalues and they are represented
with a small x symbol. Different colours are used to indicate the quality of the corresponding
eigenpair. Green is used for eigenpairs with relative residual (3.5) above 10_3; yellow if
(3.5) is between 10~% and 10~%; blue for the range between 10~? and 107%; black for the
range between 107*% and 10_9; and red for eigenpairs with relative residual below 10712 As
expected, the eigenvalues closest to the two poles, 30.5 and —15.5, used repeatedly, converged
first.

unlike the polynomial case, in the rational case some of the roots of orthogonal rational
functions are also outside the spectral interval of A. For instance, for j = 1, the vector

v, is collinear with
Uy = (A—&I) "oy —yv,, where v =b/10, and ~:=v/(A-&I1) v, (3.14)

If 4 # 0, then By = —y(A — &1) ' [(A— & 1)v; — '], and the corresponding root of
vy is & +~ 71 If v =0, then 9, = (A — & 1) v, and the corresponding formal root is
infinite. In our case v = 225:6 T?'__Ogll + —%0—161’ yielding the root & 4+~ ' &~ —84.3, which

is not included in Figure 3.1 as it does not fit in the range. In the next example we

show that one can indeed obtain v = 0. We consider a symmetric positive definite
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matrix A, and a pole within the spectral interval of A which, is a reasonable choice
when approximating eigenvalues.

Ezample 3.12. Let A = diag(1,2,4,5), & = 3, and b = [1 11 1}T. Then (A —
&1 = diag(—27", —1,1,27") and, therefore, the scalar v from (3.14) equals zero.
This means that the vector ¥, = (A — & 1) 'v, is already orthogonal to b and the

(formal) root of v, is infinity. Clearly,

vy 0
Co = |~ =
R [T B e

Using v; =1, u; =&, p; = 0,m; = —1 and t=e € R? with j =1 in (2.5) we obtain

0 1
Ky = [ﬁ] , and  Hy = 3ﬁ] ,
2V/2 2v/2

and indeed A(H,, K;) = {oo}. Interestingly, since ﬁ = [0 %ﬁ] , we have [ﬁﬂ =3,
thus, the standard Ritz value equals the pole & that is used! For completeness, the

harmonic Ritz value is approximately 3.533.

Example 3.12 is of theoretical interest and one should not be discouraged by it, but,
rather, aware of it. In practice all extraction strategies can provide good approximations,

in particular for larger m.

3.2 Functions of matrices times a vector

We now consider the problem of approximating f(A)b. The approach related to the
explicit projection of A onto the rational Krylov space R(V,,;) is briefly discussed in
Section 3.2.1; more details can be found, e.g., in [7, 31, 55, 56, 58, 93]. As we explain,
the efficient evaluation of such an approximation relies on the fact that the mth pole is
infinity. This restriction may be disadvantageous when m is not know a priori, and the
quality of the approximation needs to be assessed as the iteration progresses. For this
purpose, we introduce new approximants, related to standard and harmonic Ritz values,
in Section 3.2.2 and Section 3.2.3, respectively. We establish some basic properties of
these new approximants analogously to what has been done for polynomial and other
rational Arnoldi approaches in, e.g., [7, 31, 55, 56, 58, 93]. To conclude the section we

report the results of a few numerical experiments, comparing the various approximation
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strategies and showing the potential benefit of using general rational Krylov spaces

over polynomial Krylov spaces.

3.2.1. Rational Arnoldi approximation to f(A )b by explicit projection. Let
us consider an orthonormal (quasi-)RAD, say AV Ky = =V Hm 1, for the moment
of order m — 1 instead of m. The corresponding rational Arnoldi approximation to
f(A)b is defined as

for =V f(VEAV, VD, (3.15)

provided that f (XA/TfLAXA/m) is defined [7, 55, 56, 58]. In order to avoid the explicit
projection V%A‘A/m, we can extend the (quasi-)RAD of order m — 1 to order m with a
single infinite pole &, = 0o, thus obtaining Aﬁmﬂg = A\A/mf{m m+1H which
provides \A/n’;A‘A/m = ﬁmf(;f. The authors in [58] develop a version of the rational
Arnoldi algorithm for the approximation of f(A)b as indicated by (3.15) and at every
iteration the pole at infinity is added temporarily to obtain the approximate f,,. A
more efficient, but also more complicated, strategy which uses an additional vector that
is being temporarily added and removed from the RAD is proposed in [55, Section 6.1].
We propose a simple solution for avoiding the explicit projection: the use of the
matrices KLHm, whose eigenvalues are the standard Ritz values, or (H K K, )_1, whose
eigenvalues are the harmonic Ritz values. These are the strategies that we now formally

introduce.

3.2.2. Standard rational Arnoldi approximation to f(A)b. We start by con-
sidering rational Arnoldi approximations to f(A)b related to standard Ritz values.
Definition 3.13. Let (3.1) be a (quasi-)RAD for Q,,.1(A,b,q,,), and f a function
such that f(A) is defined. If f(@%) is defined, we call

£ = (Vi Ko) FES H,) (Vi1 K0 1D, (3.16)

the (standard) rational Arnoldi approximation to f(A)b with respect to (3.1).

If (3.1) is orthonormal, then (Vmﬂl&)T = K_JnVntH since V,,,; is orthonormal
and, therefore, (Vmﬂ&)Tb = BK_,LLel, where the scalar 5 = v,'b satisfies |3] = || b]|,.
Hence, (3.16) reads

I = (Vm-&-l&)f(K;_m)_jn(ﬁel) B =wvb. (3.17)
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In the following we identify functions f for which the rational Arnoldi approximation is
exact in general. The results and, partly, the proofs are analogous to those in [55, 93]
for approximations of the form (3.15). We start with a technical lemma.

Lemma 3.14. Let (3.1) be a (quasi-)RAD for Q,,.1(A,b,q,,). If qm(K_L%) is
nonsingular, then ¢,,(A)~"b = (Vmﬂ&)qm(l(_ll%)fl(VmHI&)Tb.

Proof. To simplify the notation, let us label W, :=V,,, ;1 K,,,, and q := qm(A)flb. From
(3.1) we have K_In% = W AW, , and by Proposition 3.3 we have RW,,) =K,,(A, q).
We first show (by induction) that

W, WA q =W, (K}H,W\q, j=01,...m (3.18)
If 5 =0, eq. (3.18) holds true. Assume that (3.18) holds for j = 0,1,...,k < m. Then

W, Wi A7 g =W, Wi AW, Wi Alq
= W, W} AW, (K}, H,, YW} q

= W (KL Hn) ' Wa.
By linearity we have, for ¢, € P,,, that
W Whb = W Wi (A) g = Wt (K5 Ha) Wha.
Multiplying with W,,q,,, (K_L%)*W,L from the left we obtain
WG (K H,,) ' Wb = W,, W/ q.

Finally, as W, W/ q = q = ¢m(A)"'b we obtain the result. O
Theorem 3.15. Let (3.1) be a (quasi-)RAD for Q,,,1(A, b, q,,) such that qm(@%)

is nonsingular. If v, 1, € Poo1/@m, and 1y, 0 € Pp/am, then
(1) T (A)b = (Vo1 K )T 1. (K Ho) (Vi1 K )T, and
(i) (Vo1 Kon) (Vi1 K)o (A) b = (Vo i1 K )T (B Hy ) (Vi 11 K T

Proof. We consider the exactness (i) of the representation for r,, ;,(A)b first, and
then that of the projection (ii) of r,,,,(A)b onto R(V,,;1K,,). Let thus W, and q be

as in the proof of Lemma 3.14. It is enough to show that

A (Ao = W (K] H, Y g (K H,) 7 Wb, (3.19)
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for j=0,1,...,m—1. If j =0, eq. (3.19) reduces to Lemma 3.14. Let us now assume

that (3.19) holds for 7 =0,1,...,k <m — 1. For j + 1 we have

A, (A) T = W, WA g, (A) " b
= W W AW, (K Hon ) @ (K Ho) W B

= W, (K} H, ) g (K H,,) T WD,

where the first equality follows from A’"'q, (A)™'b € R(W,,) = Kpn(A, ¢ (A)"'b),
and in the second we use the inductive hypothesis. To prove (ii), it only remains to
show that

W W A™ g = W, (K Hyn)" (K Ho) WD,

which follows by rewriting A™ = AA™ !, and using A™ 'q = W,, W, A™ q. 0
Therefore, the standard rational Arnoldi approximation to f(A)b with respect to
(3.1) is exact for all rational functions r,,_;,, such that r,,_,,,(4)b € R(V,,411K,,)
resides in the space the approximation is extracted from. The same holds for the
approximation (3.15); see, e.g., [55, 56]. In fact, as both approximants are independent
from the choice of the basis, but depend solely on the space, the two approximants
coincide if R(V,,41K,,,) = R(?m) By Proposition 3.3, these two spaces are equal if
R(V,) = Q(A, b, Gnr) and R(Vyi1) = Qi (A, b, Gus), that is, if they have the
same poles, with Q,, . 1(A, b, q,,_1) having an additional pole at infinity. The position of
the infinite pole in the pole sequence is, however, irrelevant; it may well be included as
the first pole and left once and for all! The following result provides a characterisation
for general functions through standard Ritz values.
Theorem 3.16. Let (3.1) be a (quasi-)RAD for Q,,,1(A, b,q,,) such that qm(K_fn%)
is nonsingular, and f([LLHm) is defined. Then

(Vi1 Ko ) f (K L) (Vi K)o =11, (A) B,

where Ty, 1 m = Pm—1/4m € Pm—1/@m 5 the unique rational function of type at most
(m — 1,m), with fized denominator q,,, such that r,, ,,, interpolates f in rational
Hermite sense, i.e., p,,_, interpolates fq,, in Hermite sense, on A(K_jn%)

Proof. By Proposition 3.4, the matrix }L;fn% is nonderogatory. Consequently, its

minimal polynomial is its characteristic polynomial and has degree m, which im-

plies the existence and uniqueness of p,,_; such that (fqm)(K_Jn%) = pm_l(@%).
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Multiplying the last relation with qm(K_,TnIh)_l on the right, gives

(faum) (K Hy ) o (B H) ™ = FOESH) = 71 (KL H,),

where the first equality follows from [60, Theorem 1.15]. Therefore,

Vit Ko ) f (K, ) (Vi1 K)o = (Vi K )T 4 (B H ) (Vi 1 K,) D
= 7,m—l,m<f4) b7

where the last equality follows from Theorem 3.15. O

Let us return to Example 3.12, and let us assume that f (IL;r H,) is defined. Then,
since b L R(V,K), we have fi° = 0. In this case it is advantageous to replace the
search space R(V,,11K,,) with another space of the form R(onmH% — BVmH&),
with || 4 |5] # 0. It is clear from Proposition 3.3 that any two distinct such subspaces
of R(Vyi1) = Qmsi(A4, b, q,,) provide Q,,.1(A, b, q,,) in their union, which implies
that b # 0 can be orthogonal to one of them only. Furthermore, it follows from
Proposition 3.3 that safe options in this regard are o, § € C such that 3/a = &; for
some j =1,2,...,m. Indeed if 5/« is a pole of Q,,.1(A, b, q,,), then R(avmﬂ% —
BVmH%) = Q,.(A,b,G,_1), where q,,_; € P,,_; is such that, formally, ¢,,_,(z) =
qm(2)/(az — B), and, clearly, b € Q,,(A, b,q,,_1). In particular, if infinity is a pole,
then the standard rational Arnoldi approximation does not exhibit this problem. These

considerations bring us back to 7-harmonic Ritz values.

3.2.3. Harmonic rational Arnoldi approximation to f(A)b. We now introduce
the harmonic approximants similarly to the way we introduced the standard ones.
Definition 3.17. Let (3.1) be a (quasi-)RAD for Q,,.1(A, b,q,,), and [ a function
such that f(A) is defined. If f([H_;&]_l) is defined, we call

fo = (Vi Hy) FHL K™ (Vi H, )0, (3.20)

the harmonic rational Arnoldi approximation to f(A)b with respect to (3.1).
If (3.1) is orthonormal, then (Vm+1%)Tb = BH_,Tnel, where the scalar § = v/'b
satisfies |3| = ||b]|, and hence (3.20) reads

.f791 = (Vm+1%)f([H_L@]_1)H_L(561)a B =v'b. (3-21)
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If A is nonsingular, then the harmonic Arnoldi approximation to f(A)b equals the
standard Arnoldi approximation to [fo (z — 2)](A™")b. This fact is key to transferring
results from the standard to the harmonic case.

Theorem 3.18. Let (3.1) be a (quasi-)RAD for Q,,,1(A, b,q,,) such that A, H_fnﬁ
and qm([l-]_:n&]*l) are nonsingular. If T,y ,(2) = 2rp_1,(2), with rp_y,, €

Pr-1/Am, and 1y, € P/, then
(i) Pt (A)b = (Vipos Ho )Pt ([ K ) (Vi i1 Hy ) B, and

(i) (Vi1 Ho) (Vin 1 Hyn) i (A) b = (Vi1 H )P ((H Ko )™ ) (Vi1 o).

Proof. Since T, (2)],_, =1

-1 .. . o
m-1m(2)|,_ 4 = Tim—1,m(2 )’Z:Afl, it is useful to introduce 7, 1,,(2) :=

?m_lvm(zfl), so that 7,1 ,,(A)b = ?m_l,m(Afl)b. It can be shown, for instance by
considering the partial fraction form of 7,,_;,,, that 7,1 ,, € P,_1/¢,, where the
formal roots of ¢, are {&; 1};-”:1, that is, the inverses of the formal roots {{;}/2; of g,,.
Multiplying (3.1) from the left with A" we arrive at A_1Vm+1lh = V41K, which
is an RAD for Q,, 1(A™", b, {,); see also the discussion following (2.42). The standard

Ritz approximation with this RAD is exact for ,,_; ,, by Theorem 3.15, hence

?m—l,m(A) b= hn—l,m(Ail) b
= (Vo1 Hyp ) o1 (L K ) (Vi1 H,) T

= (Visr Ho) ot (LK) ) (Vi H,) D,

and (i) follows. Statement (ii) follows analogously. O

Finally, we establish the connection of the harmonic rational Arnoldi approximation
with rational interpolation.
Theorem 3.19. Let (3.1) be a (quasi-)RAD for Q,,,1(A, b,q,,) such that A, H_,Tn%
and qm([H_:n&]fl) are nonsingular, and f([H_Jn&]fl) is defined. Then

Visr o) F (YK ) ) (Vi Hy ) b = 71 (A)D,

where 7,1 (2) = 2Dm-1(2)/@m(2), with p,,_1 € P,,_1, is the unique rational function
of type at most (m, m), with fized denominator q,,, and a fized root at zero, such that
Pm_1 interpolates z v— f(2)qn(2)/z, in Hermite sense, on A([H_Jn&]*l)

Proof. By Proposition 3.8, the matrix H_jn& is nonderogatory. Since for every Jordan

block J(A) in H_;& there is a Jordan block J(A™") of the same size in (}L;%)_l,
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cf. [60, Theorem 1.36 with f(z) = 2z7']), the matrix (H_;&)_l is nonderogatory as
well. The uniqueness of p,,_; € P,,_; such that (z — f(z)qm(z)/z)([li_;&]fl) =

pm,l([H_L&]_l) follows. The later equality provides the relation

FUHLEL™) = P (HL KLY,

which finalizes the proof with the use of Theorem 3.18. O

Theorem 3.19 is stated as is in order to highlight the fixed target 7 = 0. It, however,
does imply that z — 2zp,, 1(2) interpolates z — f(2)q,,(2), and, therefore, that 7,, 1,
interpolates f. The standard and harmonic rational Arnoldi approximations are

generalisations, of polynomial Arnoldi approximations with f(z) = 27! to rational

Arnoldi for “any” function f, of FOM and GMRES, respectively.

Remark 3.20. Let AV, =V, H,, be a polynomial RAD with A nonsingular, and let
b=1V,,,e. Then, the standard rational Arnoldi approximation to A 'bis V,,H, e,
which is the FOM approximation. Similarly, the harmonic rational Arnoldi approxi-
mation to A™'b equals the GMRES approximation. An interesting discussion on the
convergence of FOM and GMRES based on standard and harmonic Ritz values can be

found in [45].

From (3.10) we see how to define the more general T-harmonic approximants, for
which generalisations of Theorems 3.18-3.19 may be established; see also Lemma 3.11.
Definition 3.21. Let (3.1) be a (quasi-)RAD for Q,,,1(A, b,q,,), and f a function such
that f(A) is defined, and let T € C\A(A). Iff([[/_ln&]fl—FTIm), with Ly, == Hy,—7K,,,

s defined, we call

fr = Vor L) FILL K]+ 71,) (Vi L)', (3.22)

the T-harmonic rational Arnoldi approximation to f(A)b with respect to (3.1).
As discussed at the end of Section 3.2.2, attractive choices for 7 include the poles
of the rational Krylov space in question. We conclude this section with an example

similar to [56, Example 3.5].

3.2.4. Rational Arnoldi approximation of f(A)b for Markov functions f. We
now briefly summarise the automated pole selection strategy designed in [57, 58] for

the rational Arnoldi approximation of f(A)b for Markov functions f, i.e., functions of
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Algorithm 3.4 Rational Arnoldi with automated pole selection for f(A)b. [57, 58]

Input: A e CYY, b e C", aset = C C for selecting the poles to approximate f(A)b,

and the maximal number of iterations m < d(A, b).
Output: Orthonormal RAD AV, K, =V, H, of order £ < m.

1. Set vy := b/||bl|5, and & = oo.

2. for j=1,2,....,m do

3. Choose scalars p1;,v; € C such that pu;/v; = ¢&;.

Choose an admissible continuation pair (1,/p;, t;) € C x C/.
Compute wjy = (;A — ;1) (p; A — ;1) Vit;.
Orthogonalize v, := w; 1 — Vj¢;, where ¢; := V] w;;.
Normalize v; 1 := V;11/¢;j41;, where ¢ 11 = [|0;11]|2.

. C;
Set k; :=v;c; — p;t; and h; = p;e; —n;t;, where ¢ = | {1, and ¢; = [Cj+]1,j]'

© ® oo

Compute f;g% f(A)b, and stop if a good approximation is obtained.
10.  Let {4y = argmingz [s;(§)], where s; = x°/q;-
11. end for

the form f(2) = [, dZT(?, with a (complex) measure y supported on a prescribed closed
set I' € C. For examples and applications we refer to [57, 58].

To obtain a rational Arnoldi approximation to f(A)b, we need to construct a
rational Krylov space and then extract the approximation, perhaps using an extraction
procedure just discussed. For the latter part let us focus on standard rational Arnoldi
approximants with one pole at infinity. In this way we obtain the same extraction
procedure as in [57, 58], although implemented differently. In [57, 58] the authors use
explicit projection by adding and removing a pole at infinity at every iteration of the
rational Arnoldi algorithm, as we already discussed in Section 3.2.1. Regarding the
construction of the rational Krylov space, the main question is how to determine the
(other) poles. For the first pole we use {; = co. Let us now assume that we have
computed an RAD AV, K,, = V,, 41 H,,, of order m for Q,,,1(A, b,q,,), and we wish
to extend it to an RAD of order m + 1. To this end, let x;, be the characteristic
polynomial of K_fn%, same as in Proposition 3.4, and recall that Theorem 3.16 asserts
that the standard rational Arnoldi approximation f.° = r(A)b for f(A)b is such
that r interpolates f in rational Hermite sense on A([L:n%) Finally, it is suggested

in [57, 58] to use &, such that

|$m<£m+1>’ = Iznelgl ]sm(z)],

where

Xm (2) (3.23)

Sm(z) =
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Figure 3.2: Relative approximation error ||f; — A7 bl|2/||A2 b||5 of the standard (blue solid

1
lines) and 7-harmonic (red dashed lines) polynomial Arnoldi approximations ij to A b,
with 7 = —1 and the three matrices A, for £ = 1,2, 3 specified in Section 3.2.5.

as the next pole. For more details see [58, Section 3|. The pseudoce of the algorithm is
given in Algorithm 3.4. A discussion of possible stopping criteria is contained in [58,
Section 4]. In RKToolbox Example 7.3 we provide a simple RKToolbox implemenation

of Algorithm 3.4.

3.2.5. Numerical example. We compare the various approximation strategies with
three different symmetric positive definite matrices 4, € R™Y, with N = 729, a unit
2-norm random starting vector b, and with the principal square root function f(z) = P
Let
T, = o € R™,
o

-1 2
and, further, /21\1 =Ty, 1% = Ty T,9. The matrices A; and A, are obtained by shifting
and scaling A\l and A\Q, respectively, so that their spectral interval becomes [0.01, 100].
For A5 we take a diagonal matrix with eigenvalues equispaced in the same interval. We
consider the approximation from a polynomial Krylov space (i.e., a rational Krylov
space with all poles at infinity), a rational Krylov space with the pole £ = —1 used
repeatedly, and the adaptive approach from Section 3.2.4. In Figures 3.2-3.4 we

If;—~/Acbll

report the relative error of the 7-harmonic rational Arnoldi approximations
v/ Acbll2
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Figure 3.3: Relative approximation error ||f; — A7 blls/[|A2 b||s of the standard (blue solid

1
lines) and 7-harmonic (red dashed lines) rational Arnoldi approximations f;; to A7 b, with
7 = —1 and the matrices A, for £ = 1,2, 3 specified in Section 3.2.5

to v/Ayb as the iteration j progresses. We consider 7 = oo, yielding the standard
rational Arnoldi approximations, and 7 = &. While both extraction procedures struggle
with the polynomial Arnoldi space, cf. Figure 3.2, the rational Krylov space approach
converges sooner; see Figure 3.3. Interestingly, the harmonic approximants substantially
outperform the standard ones in the rational case for this example. Furthermore, we
can observe that the Algorithm 3.4 converges (much) faster than when poles as in
Figures 3.2-3.3 are used. Furthermore, harmonic rational Arnoldi approximants

outperform the standard rational Arnoldi approximants for all three matrices A,.
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Figure 3.4: Relative approximation error ||f; ; — A7 bl|2/||A7 b|5 of the standard (blue solid

1
lines) and harmonic (red dashed lines) adaptive rational Arnoldi approximations f; ; to A} b,
with the matrices A, for £ = 1,2, 3 specified in Section 3.2.5.



Continuation pairs
and parallelisation

An interesting feature of the rational Arnoldi algorithm is that, under certain condi-
tions, basis vectors can be computed in parallel. Take, for example, m distinct poles

1,60, ...,&, € C\ A(A). Then
span{b, (A — §1)"'b, (A= &I)7'b, ... (A= &, 1) "' b}

is the rational Krylov space Q,,.1(A, b, ¢,) with ¢,(z) = [[}2,(z — ), and clearly
all the basis vectors can be computed simultaneously from b. This is particularly
attractive in the typical case when solving the linear systems (A — §;I)x; = b is the
dominant computational cost in the rational Arnoldi algorithm.

Unfortunately, this naive parallelisation approach may quickly lead to numerical
instabilities. An instructive example is that of a diagonal matrix A = diag(/\i)f\il, for

which the basis vectors x; = (A — ;1 )b are the columns of a Cauchy-like matrix

T
b
X:[:zzl T ... a:m}ECN’m with xij::eiTXej: % .
Ai =&
Hence, X satisfies the Sylvester equation AX — X B = (' with rank-1 right-hand side
C=bd [1 1 ... 1} and B = diag(§;)j;. If the eigenvalues of A and B are well

separated, e.g., by a straight line, the singular values of X decay exponentially as m
increases (see [46]). Thus the matrix X will be exponentially ill-conditioned, which may
cause problems during the Gram—Schmidt orthogonalization process. Available round-
ing error analyses of the modified Gram—Schmidt procedure (with reorthogonalization)
typically assume that the basis X to be orthogonalized is numerically nonsingular, i.e.,
g(m)r(X)e < 1, where k(X) is a condition number of X, € is the machine precision,

and ¢ is a slowly growing function in m (see, e.g., [38, 47]). Without this condition

83



84 CHAPTER 4. CONTINUATION PAIRS AND PARALLELISATION

being satisfied, as in our case, there is no guarantee that the Gram—Schmidt procedure
is backward stable, i.e., that it computes the exact QR factorization of a nearby matrix
X + F, with E being of small norm relative to X.

The potential for exponential growth in the condition number of a rational Krylov
basis seems to discourage any attempt to parallelise the rational Arnoldi algorithm,
and indeed only very few authors have considered this problem up to date. Most
notably, Skoogh [98, 99] presents and compares, mostly from an algorithmic point of
view, two (distributed memory) parallel variants. He notes that “generally the parallel
rational Krylov programs get fewer converged eigenvalues than the corresponding
sequential program” and that potential numerical instabilities may arise during the
orthogonalization phases. Further remarks are contained in [49, Section 7] and [55,
Section 6.5]. However, practical recommendations on how to best parallelise the rational
Arnoldi algorithm seem to be lacking. The main goal of this chapter is to fill this gap.

To this end, in Section 4.1 we formally introduce the notion of continuation pairs,
which represent the free parameters to be chosen during the rational Arnoldi algorithm,
and link them to the condition number of the nonorthogonal rational Krylov basis.
In Section 4.2 we propose and analyze a framework for constructing near-optimal
continuation pairs; near-optimal in the sense of minimising the growth of the condition
number of this nonorthogonal basis. These considerations are related to the sequential
variant of the rational Arnoldi algorithm presented in Algorithm 2.2, and easily extend to
the variant presented in Algorithm 2.3; see Remark 4.9. Although these considerations
are interesting in their own right, in Sections 4.3-4.4 we finally exploit them to obtain
several parallel variants of Algorithm 2.2. Specifically, in Section 4.3 we discuss a
generic parallel variant of the rational Arnoldi algorithm, list some canonical choices
for continuation pairs, and adapt the previously developed near-optimal strategy to the
parallel case. In Section 4.4 we provide a range of numerical experiments, comparing

different continuation strategies and high-performance (parallel) implementations.

4.1 Continuation pairs

We assume to have the matrix A, the starting vector b, the poles {y;/v;}j-;, and now

discuss the roles of the “internal” parameters p;,n;, and ¢;, a problem that can be
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illustrated graphically as follows:

AV Ky = VyHyy Amlomtdy py Ky = Vi Hy (4.1)

B/ Vm

To be precise, we study the influence of (1,,/pm, tm) € C x C™ for the extension of an

order m — 1 RAD for Q,,(A, b, ¢,,_1), namely,

AVmeil — VmHmfb (42)

with the pole i, /v,, € C\ A(A), into an RAD (2.6) for Q,,,1(A, b, q,,) of order m.
Let us now find an admissible continuation pair for (4.1). For any n/p # u/v, the
RAD (4.2) can be transformed into (see, e.g., Section 2.5.1)

(VA - HI)_I(pA - nI)Vm (VHm—l - ﬂKm—l) = Vm (pHm—l - nKm—l) . (43)

Set /v = ppy V- If t,, € R(VyHp—1 — p K1) then there exists a vector z,,_; €

C™ ! such that t,, = v,,H,, 12, 1 — ftmIm_12n_1. Specifically,

Wy = (VmA - :um[)_l(pA - n[)vmtm = Vm<pHm71 - nKmfl)szl € R(Vm)a

showing that a continuation pair, independently of the continuation root, is not
admissible if ¢,, € R(v,, H,,—1 — pmK,,—1). This was first observed in [90] and led the
author to suggest a nonzero left null vector g,, of v,, H,,,_1 — 4, K;,—1 as a continuation
vector.

Currently, the choices t,, = e,, and t,, = g, appear to be dominant in the literature;
see, e.g., [90, 109]. Note that t,, = e,, may (with probability zero) be not admissible,
i.e., we would not be able to expand the space with the obtained w,, ; even though the
space is not yet A-invariant. Such a situation is called unlucky breakdown. Nevertheless,
these two choices do appear to work well in practice, but, as we shall see, this is not
always the case for the parallel variant. Moreover, continuation roots are frequently
ignored. Typical choices, adopted without justification, are zero and infinity. An
exception to this is [73], where a choice for (¢, ¢,,) is recommended in a way such that
(9, V,ut,,) is a rough approximation to an eigenpair of A.

We will now show that for the sequential rational Arnoldi algorithm, Algorithm 2.2,
there exist continuation pairs which yield w,,; such that w,, ., L R(V,,). We refer
to such continuation pairs as optimal, as we are mainly concerned with the condition

number of the basis being orthogonalised.
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Definition 4.1. An admissible continuation pair (M, /pm, tm) is called optimal for
(4.1) if the condition (VA — pip ) (P A — M) Viptyn L R(V,,) is satisfied.

Thus, the optimality is related to the angle Z(w,, ., V,,) between the vector w,,; =
(U A = i) (pmA — 0 I)Viut,, and the space R(V,,). For our purposes, the closer
the angle is to 7, the better. Equivalently, if the two RADs appearing in (4.1)
are orthonormal, the continuation pair (7,,/pm, t,,) is optimal for (4.1) if (v,,A —
Lo D) " (oA — 0y D) Vit is a scalar multiple of v, +1- The key observation is thus
triggered by Theorem 2.16, which asserts that the new direction v,,,; we are interested
in is predetermined by the parameters (A, b, ¢,,) defining 9,,,,(A, b, q,,).

Recall that by Theorem 2.12 we have v,,.1 = P, (A)qm(A) " v;. Denote by 1,,,/pum
any root of p,,, and label with p,,/v,, = Ppy1m/Fmi1m the last pole of (2.6). Let

P(2) =t (P = 1)1 (2) e G (2) = (V2 = 1)1 (=) hold. We clearly have

Un+1 = (VmA - :um])il(pmA - nml)jjm—l(A)qm—l<A>ilvl

(4.4)
= (VA — ,umf)_l(pmA — D)V t, =2 M(A)V,,t,,,

where t,, satisfies V,,t,, = Pm_1(A)qm_1(A) vy € @, 1(A, b, ¢n_1) = R(V,,). Now
if (2.6) is an orthonormal RAD, and hence v,,,; L R(V,,), we have just verified that
(M) Pms tn) 1S an optimal continuation pair.

It proves useful to derive a closed formula for the optimal continuation vector ¢,,.
To this end, let x,, be a right generalized eigenvector of (H,,, K,,) corresponding to
the eigenvalue 1,,/pm; i-e., (ppH,y — 0 Ky T, = 0. Right-multiplying the RAD of
the form (4.3), with p/v = p,,/v,, and n/p = n,,/ pm, but of order m, by x,, yields

M(A)Vm (VmHm - ,ume) Ly = (pmh’erl,m - nmkm+1,m)(erjrzmm)vm+1' (45)

This gives the optimal continuation vector provided that ~,, = (enT@a:m)(pmhm lm

NmKmi1.m) 7 0, which holds true under the assumption that (2.6) is an RAD. Indeed,
if v,, = 0, then V,,,(v,, H,, — pt,, K,,,) X, is an eigenvector of A with eigenvalue n,,/p,,,
which implies the non-existence of an RAD of order m with starting vector v;, as
Proposition 3.1 shows. Let us now summarise our findings.

Proposition 4.2. Let (2.6) be an orthonormal RAD, and let (n/p,x) be an eigenpair
of (H,,, K,,). The continuation pair

(nm/pmv tm) = (W/Pa V_I[VmHm - ,U,me]$), (46)
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with ¥ = 2, (PmPms1m — DmEma1m), i optimal for (4.1). Alternatively, any optimal

continuation pair for (4.1) is, up to nonzero scaling of t,,, of this form.

4.2 Near-optimal continuation pairs

While Proposition 4.2 characterizes optimal continuation pairs precisely, it requires the
last column of (H,,, K,,), which is not available without computing v, in the first
place. Our idea is to employ a rough approximation (&, &) ~ (H,,, K,,) to obtain
a near-optimal continuation pair. We then quantify the approximation accuracy that

is required in order to generate a well-conditioned rational Krylov basis.

4.2.1. The framework. Assume we are given an RAD of order j — 1, namely,

We seek a near-optimal continuation pair (1;/p;, t;) for expanding (4.7) into
AVjH& - V}+1ﬂ> (4.8)

using the pole &; = p;/v;. To this end we make use of an auziliary continuation pair
(n;/ ﬁj,fj), whose only requirement is being admissible. For example, it could be the

one proposed by Ruhe [90]. Let us consider the associated linear system
(VA= pw = (p; A —n;1)V;t;. (4.9)

The solution w could be used to expand the rational Krylov space we are constructing.
However, to obtain a near-optimal continuation pair we instead suggest to approximate
the solution w ~ w; ;. (The solution to (4.9) is labeled w, and not w;,,, since
wjyy is reserved for (v;A — p;l)w;y = (p;A —n;1)V;t;.) To make the whole process
computationally feasible, obtaining this approximation should be inexpensive; see

Remark 4.7. The pencil (I/-j i K ;) is then constructed as usual in the rational Arnoldi

algorithm, as if w;,; was the true solution. As a result, we obtain the Hessenberg

matrices N -
- K. k. ~ H. h;
K; = lj—Tl P ] and H; = [ ]Tl 7 ] , (4.10)
- 0 kj+1,j - 0 h’j+1,j
where
k; = le— Ajﬁ, hy = ,Ujl_/\j&a c; =Viw;,,, and ¢jy = ||w;q —Vigjllp. (4.11)
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Assume that (77/p, @) is an eigenpair of (f-\[j, [/(\'j) such that
pH;E — 7K@ =0 and 7; :=3;(phjp1; — kje1) # 0. (4.12)
Then a near-optimal continuation pair is given by
n;/p; =7/p and t; =7 (v;H; — ;K. (4.13)

Our goal in the next section is to evaluate the quality of these near-optimal
continuation pairs within the rational Arnoldi algorithm. In particular, we provide an
upper bound on the condition number of the basis being orthonormalized, based on

the error [|v;;1 — Vj44]o-

4.2.2. Inexact RADs. We proceed by introducing the residual
801 = (A = D)y — (A = 1)Vt (4.14)
By (4.7), (4.10), and (4.14) we have an inezact rational Arnoldi decomposition (IRAD)
Av}—l—l& = ‘Z’—l—l@ +8€ (4.15)
where \7j+1 = [V, ;4] is orthonormal and

Multiplying (4.15) by v, and then subtracting quA/j+1IA( ; from both sides provides

(VjA - ,Ujj)‘u/jJrl i= ‘v/j+1 (Vjﬂ - Mj&), (4.17)

where

VH = [V v; 1+.?' 1| > and

’ Jome (4.18)
fi1 = _kj_ﬁl,j’/j(yjA - Mj[)_1§j+1 = —53111(1/3'14 - Nj[)_lgjﬂ-

Eq. (4.17) holds since the last row of l/jf[j — uj[? ; is zero. We can also “add back”

,uj‘u/jHIA{j to both sides of (4.17), and rescale by I/j_l to get

AVJ’JA& = ‘%Hﬂ- (4.19)

Finally, under the assumption that ‘7] 41 is of full rank, (4.19) is a non-orthonormal
RAD, equivalent to the IRAD (4.15). Theorem 2.12 applied to (4.19) asserts that the
eigenvalues of (PAIj, K j) are the roots of the rational function corresponding to the

vector ;1 + f;1. This discussion is summarised in the following theorem.
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Theorem 4.3. Let the orthonormal RAD (4.7) and the auxiliary continuation pair
(7;/p; ]) be given. Denote by w;,; & R(V;) an approzimate solution to (4.9). If (4.10)-
(4.12), (4.16) and (4.18) hold, and (4.19) is an RAD, then choosing the continuation
pair (4.13) in line 3 of Algorithm 2.2 provides

w1 = Vi1 + i (4.20)

in line 4 of Algorithm 2.2.

The vector w;,, is not necessarily orthogonal to R(V}), but if ||_/f;~+1||2 is “small
enough” it almost is, since the vector v, ; is orthogonal to R(V;). We make this more
precise in the following corollary.

Corollary 4.4. Let the assumptions of Theorem 4.3 hold. If ||_/f\'j+1||2 = 0, then
Hwi1, Vi) =3 10 < [|frall2 < 1, then
!muh
1+l
Proof. By Theorem 4.3 we have w;,; = v, —I-]/c\jﬂ, with V;V;"v;,; = 0. If HEHHQ =0,
then w;; = v;,4 is orthogonal to R(V;). If 0 < ||£+1]\2 < 1, then

w1 — V;Viw; 4]l _ arctan V)14 +f7+1 ViV; f7+1||2
IIVV il IViViFiiall

L(wjq,V;) > arctan (4.21)

4(wj+17 Vi

J

) = arctan

Eq. (4.21) now follows from the reverse triangle inequality and the monotonicity of

arctan, using the relation [|f;,, — ng}*f wille = (1 = V3V5) g+1”2 < ”fy+1”2 a
Note that Corollary 4.4 can be formulated even if || fj+1 l» > 1, but in this case would

provide no useful information. Before continuing with the analysis of our near-optimal

continuation strategy, let us remark on the choice of (7;/ ﬁj,fj)

Remark 4.5 (auxiliary continuation pairs). The authors in [73] consider the rational
Arnoldi algorithm with inexact solves, and suggest to use continuation pairs (1;/p;, t;)
such that (n;/p;,V;t;) is an approximate eigenpair of A close to convergence. As
inexact solves are used within our framework to get a near-optimal continuation pair,

this observation also applies to the auxiliary continuation pair (7;/ ﬁ],/fj)

4.2.3. Condition number of the Arnoldi basis. As ‘7j+1 ]H +f]+1 i+1, With
V;

¢ +1V = I;.,, from [12, Corollary 2.4.4] we obtain the following bounds

J

Omax(Vis1) <1+ [Fialle and  omm(Viet) = 1= | Fialle, (4.22)
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for the largest singular value amax(‘vfj +1) and for the smallest singular value amin(‘v/j +1)
of %H. Composing these bounds for all indices 7 we are able to provide an upper

bound on the condition number x(W,,, ;) of the basis

Wj+1 = [wl ’(UQ e wj+1] Wlth w, = b7 j = 1,2’. ..o, Mm,

which is constructed iteratively by Algorithm 2.2. The Gram—Schmidt orthogonalization

process is mathematically equivalent to computing the thin QR factorisation

Wi =V [“bHZel K; dlag(m) &diag(pe)iﬁzl =: Vi1 R, (4.23)

where the first equality follows from (2.3). As already discussed in the introduction of

the chapter, numerical instability may occur if k(W) is too large.

j
Theorem 4.6. Let the assumptions of Theorem 4.3 hold for j = 1,2,...,m, and
let the orthonormal RAD (2.6) be constructed with Algorithm 2.2 using near-optimal
continuation pairs (n;/p;,t;) given by (4.12)~(4.13). Let Ry = I, and R;;, be as
n (4.23). Assume that the scaled error 7}#1 at iteration j satisfies H]A”jHHQ < 1. Then

forall j=1,2,...,m we have

Umax ]+1 H (1 + ||f;+1|| ) 1, and

J
i=1

~.

(4.24)

J
Tuin (W) = [T (1= 1Feall2) = o

i=1

.

In particular, k(W) < 0% 1/0h .

Proof. For any 7 =1,2,...,m we have

Wi =V = [VjRj V)4 +Jch+1] [V V)4 +.f]+1] [_J ej+1] , (4.25)

with V;v;,; = 0, and ||v;4]|s = 1. The proof goes by induction on j. For j =1 the
statement follows from (4.25), (4.22), and the fact that [, e)] = 1.

Let us assume that (4.24) holds for j = 1,2,...,¢ < m. For the induction step we
consider the case 7 = ¢+ 1, and use the fact that, for any two conformable matrices
X and Y of full rank, there holds 0, (XY) < 00 (X)onax(Y) and o, (XY) >
Omin(X)omin(Y). Hence, (4.24) for j = ¢+ 1 follows from (4.25), from the bound (4.22)
for [V,,1 00 +ﬁ o), from the fact that the singular values of R, ; coincide with

those of W, , and from the observation

Omax Rf-i—l e@+2}) < O-g—i-lu and Omin ([Rf-‘rl 6@4_2}) > O-é-i-l'
([Bena Reit



4.2. NEAR-OPTIMAL CONTINUATION PAIRS 91

10° /2
: ||ng = 107! S
e ||£Hz =5x107" % 3m/8
2 10— [Ifla =107 J
-~ <
% 5 7/4
T =
b g
10' 3 \
5 /8
I—— 2
e -
100 0 ‘ ‘ ‘
1 12 23 34 0 1/4 1/2 3/4 1
J [1£5:+1112
(a) Upper bounds on (W, 1). (b) Lower bound on the angle.

Figure 4.1: Evaluating the quality of the near-optimal continuation strategy. Left: The

NG N
function j — (?H%”Q) for three different values of ||f||o. Theorem 4.6 asserts that these are
- 2

upper bounds on (W, 1), provided that for all js there holds ||]A°j+1\|2 < H}'\HQ Right: The
L= 1f4lz

= , which provides a lower bound on Z(w; 4, Vo).
1541112

function HJch+1H2 — arctan
This last relation holds since the singular values of [RRy11 €p45] are those of R, ; with

the addition of the singular value 1 € [0}, of.1]. 0

We now briefly comment on the results established in Theorem 4.6, the assumptions
of which we assume to hold. If, for instance, H]/‘\jHHQ = 0.5, then aﬁl/cré»ﬂ < 30?/09
That is, the bound o7,/ Ué» +1 on the condition number x(W;,;) grows by at most a
factor of 3 compared to o} /o, which does not necessarily imply x(W;,;) < 3x(W,).
It would imply that, if ¢, (W;) <1 < 0,,0x(W;) holds true (this observation is clear
from the proof of Theorem 4.6). In Figure 4.1(a) we illustrate the upper bounds given
by Theorem 4.6 for some particular values of H]?jﬂ ||lo. Figure 4.1(b) visualizes the lower

bound, provided by Corollary 4.4, on the angle Z(w;,,V;). For example, for a rough

approximation w;; that gives H]?jHHQ = 0.5, we have Z(w;,,V;) > .

Remark 4.7. If the poles of the rational Krylov space are fairly well separated from
the spectral region of A, a good approximate solution to (4.9) may be obtained with a
few iterations of a cheap polynomial Krylov method, like unpreconditioned FOM or
GMRES, or with a cycle of multigrid [94]. Computational examples of this situation
are given in Section 4.2.4 and Section 4.4.1. When direct solvers are used within the
rational Arnoldi algorithm, it may even be worth solving (4.9) to full accuracy, as the

most costly computation is the analysis and factorization of each shifted linear system,



92 CHAPTER 4. CONTINUATION PAIRS AND PARALLELISATION

30 . /2%
%
20¢ ® ® -
%®
10 ® 37T/8_ B« S = S A= .
[ %
’;2\ %
- )
g % —e— FOM(3)
—10y x’ < --e-- FOM(3) bound
ol AW x /8 | —— FOoM(2)
- [ %®
% & M --8-- FOM(2) bound
— ® i
3910 -5 0 5 10 15 01 6 11 16
real(z) j
(a) Spectrum of A and location of poles. (b) Angles Z(wjq,V;) and lower bounds.
10°} | | 104} 9 =
: : —e— Uj+1/0é'+1 --e-- Hfj+1||2
10% ! 10% | —— &;'lﬂ/&é'ﬂ --m-- HV]*?JHHZ
102’ ; H 1027 K’(Wj*’l) 4
104
10 :
1071;:2:;;_-;;3:; RIoIERIRIERIEIER
1 6 11 16 6 11 16
J J
¢) Approximating w,; with FOM(2). d) Approximating w,,; with FOM(3).
It j+

Figure 4.2: Near-optimal continuation strategy on a nonnormal matrix A; see Section 4.2.4.

which needs to be done at most once per pole. An example of this situation is given

in Section 4.4.2.

4.2.4. Numerical illustration. In Figure 4.2 we illustrate the effectiveness of our
near-optimal continuation framework. The matrix A is of size N = 1000, and it
is generated in MATLAB with A=-5%gallery(’grcar’,N,3). This is a nonnormal
matrix and its eigenvalues are shown in Figure 4.2(a), together with the m = 16 poles
used in this example. The poles are obtained using the RKFIT algorithm which we
discuss in Chapter 6, and they are optimized for approximating exp(A)b, where the
starting vector b has all its entries equal to 1. (A similar example is considered in
Section 6.2.3.) Two experiments are performed with this data, and they differ in the

way the approximants w;,,, used to obtain the near-optimal continuation pairs, are
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computed. Since the poles are far away from A(A), we expect a few iterations of FOM
to provide good approximants w; ;. To obtain each w; ; we hence use a fixed number
k of FOM iterations; this is referred to as FOM(k). In Figure 4.2(b) we plot the angles
Z(wj;1,V;) and the lower bound (4.21) at each iteration j = 1,2,..., m. Both FOM(2)
and FOM(3) are giving satisfactory results, with FOM(3) performing slightly better.

Figures 4.2(c)-4.2(d) show the condition numbers x(W,,, ) of the bases as well as
the upper bounds from Theorem 4.6. Additionally, we provide a refined upper-bound
on kK(W,,41). The refined bound can be derived in the same manner as the one in
Theorem 4.6, but using (4.26) below instead of (4.22). We remark that (4.26) imposes
a slightly more stringent condition on ]A‘J 41 We start by introducing the projection

-~

€11 = Vi 1f;+1 and noting that
ValBR v, _ N 2 T ~x ~ T .
VittVie = L+ [fall2ej €0 + €€ + € = I + By

Directly from the definition of E;,; we have ||E; |2 < 2|€j.1]l2 + |]£+1||§ Finally,

under the assumption that ||£+1||2 < V2 —1, we deduce

O Vi1) <A1 20851l + [T I3 = 3% /5%, and

Umin(VjH) > \/ 1- 2||§j+1||2 = 5§'+1/5§'=
u

with 7,4 and 6;- +1 being defined recursively, with initial values 65 = 66 =1.

(4.26)

In both Figures 4.2(c)—4.2(d) we include the norms ||£~+1 |2 and ||€; ]| for reference.
With FOM(2), we have ||./]Ej+1||2 ~ 0.30 on average (geometric mean), and the overall
upper bound on xk(W,, ;) ~ 1.51 is a},‘wl/afﬂﬂ ~ 2.30 x 10*. The refined upper bound
that makes use of the projections €;,; gives 7,1/ g 41 ~ 461, which is about two
orders of magnitude sharper. Using FOM(3) produces on average ||_?j+1||2 ~ 0.15. The
condition number of the basis being orthogonalised is x(W,,, ;) ~ 1.20, while the upper
bound provided by Theorem 4.6 is oy,,,/ afn 41 ~ 130. The refined upper bound based
on (4.26) yields 6%.,/6h41 ~ 12. We observe that the bounds get sharper as the
error ||_/f; +1]|2 gets smaller, and also that the two bases W, ,,, computed using both the
FOM(2) and FOM(3) near-optimal continuation strategy, becomes better conditioned
as the approximations w;; get more accurate. In both examples, the nonorthogonal
bases are in fact remarkably well-conditioned.

Note that computing or estimating Hfj +1]l2 may be too costly in practice. However,

the main message of Theorem 4.6 and this numerical illustration is that rather poor
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approximations w;,; are sufficient to limit the growth of (W, ;) considerably. See
also Figures 4.1-4.2.
Before passing on to the parallel rational Arnoldi algorithm we briefly discuss a

possible alternative for obtaining near-optimal continuation pairs.

4.2.5. A different viewpoint for Hermitian matrices. The following observation
suggests an alternative approach for Hermitian problems with real-valued poles.
Proposition 4.8. Let (2.6) and (4.2) be orthonormal RADs with Hermitian A, and
let real-valued scalars m, p, u, v € R satisfy vy # pp. Assume that n/p is a (formal)
root of p,,(z) = det (H,, — zK,,). The continuation pair (n/p,t) is optimal for (4.1) if
and only if the vector t # 0 is orthogonal to R(pH,,_1 — nK,,_1)-

Proof. Let (n/p,x # 0) be such that (pH,, — nK,,)z = 0. Then and only then we

have that (n/p,vH,,x — uK,,x) is an optimal continuation pair; cf. Proposition 4.2. It

follows from Lemma 2.6 that pH,,_; — nk,,_; is of full column rank, and therefore, the

orthogonal complement of R(pH,,,_1—nkK,,_;) is a one-dimensional space. Consequently,

to prove the statement it is enough to show that (vH,, —uK,,)x L R(pH,,_1 —nK,,_1).
Multiplying (2.6) by K, V11 from the left we obtain K,V 1 AV, 1 K, = K7, H,y,,

which is Hermitian, and hence K, H,, = H,,K,,. In particular,

K:H, ,=H.K, . (4.27)

Further, conjugate-transposing (pH,, — nK,,)x = 0, and then multiplying by H,,_;

from the right gives (4.28) below. In an analogous manner we obtain (4.29):

Exploiting (4.28) and (4.29), we obtain the relation

e (vHyy — pBKy) (pHyy = K1) = (v — pp)a” (Ko Hy oy — Hy Koy y) = 07,

where the last equality follows from (4.27). 0
A near-optimal continuation strategy inspired by Proposition 4.8 would require
us to approximate one root of p,,(z), and then use it to compute the corresponding

continuation vector. If 77/p is such continuation root, then as a continuation vector one
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could use any vector spanning R(pH,,_; — ﬁKm_l)L . We shall not elaborate on this

further. Instead, we briefly relate it to Ruhe’s considerations in [90, Sec. 3.2].
Throughout [90], infinity is consistently used as continuation root, but the choice
of continuation vector gained more attention. Specifically, the choice ¢ # 0 such

that t L R(pH,,_1 — nkK,,_1) is suggested. For the parameter n/p the possibilities

Em_1,00 and &, are discussed. Further, it is argued that if n/p is a generalised
eigenvalue of (H,, 1, K,,_1), i.e., a (formal) root of p,,_;, then et = 0. As discussed
in Section 4.1, the choice &,, is interesting in that it provides an admissible continuation
vector. However, in light of Proposition 4.8 and the (easy to show) fact that ¢ L
R(pH,,_1 —nK,,_;) and t L R(vH,,_; — nK,,_) for vn # pp implies t = 0, we know

that it will not provide an optimal one, at least for Hermitian A and the poles being

real-valued, since p,, cannot have as root the mth pole &,,; c¢f. Theorem 2.12.

Remark 4.9. Optimal continuation pairs for quasi-RADs may be obtained similarly as
for RADs; the vector w;; in (2.29) may be computed using complex arithmetic and
orthogonalized against the real-valued basis V; to provide an optimal continuation pair
which may be complex-valued. With this continuation pair one obtains the complex-
valued vector ;. orthogonal to R(V;). In particular, both R(v;;,) and 3(v;;,) are
orthogonal to R(V;). It remains to note that instead of adding [R(v;y;) S(v;14)]
to the quasi-RAD (2.27) one can add any orthonormal basis of the corresponding

two-dimensional space in order to expand (2.27).

4.3 Parallel rational Arnoldi algorithm

In this section we introduce a new parallel variant of the rational Arnoldi algorithm
based on near-optimal continuation pairs. The parallelism we consider comes from
generating more than one of the basis vectors concurrently. Another possibility is
to parallelise the involved linear algebra operations, thought that might scale less
favorably as the number of parallel processes increases. Combining both parallelisation
approaches is also viable, and our implementation supports this. Further comments

about the implementation and numerical examples are given in Section 4.4.
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4.3.1. High-level description of a parallel rational Arnoldi algorithm. The
aim of the parallel rational Arnoldi algorithm, outlined in Algorithm 4.5 and in the
discussion below, is to construct an RAD for Q,,, (4, b,q,,) using p > 1 parallel
processes. The basis is constructed iteratively, but unlike the sequential version, at
each iteration p > 1 vectors are computed simultaneously, one per parallel process
(with a possible exception of the last iteration if m is not a multiple of p). The poles
assigned to distinct parallel processes have to be mutually distinct, as otherwise we
would not obtain p linearly independent vectors to expand the rational Krylov space.

We assume a copy of the matrix A, the starting vector b, and the poles {&;}7";
to be available to each parallel process. After the orthogonal basis vectors have been
constructed, they are broadcasted to the other parallel processes for use in the following
parallel iterations. This means that a copy of the basis V;, is available to every parallel

process. We now go through Algorithm 4.5 line by line.

In line 2 of Algorithm 4.5 the starting vector b is normalised (on every parallel
process), providing the first basis vector v, = 'vl[e]. We use the superscript notation
(-)m to denote that the quantity (-) belongs to the parallel process ¢. If a quantity is
sent to another parallel process ¢ # ¢, a copy (,)[2] = (-)M becomes available to ¢. The
main part of the algorithm is the j-loop spanning lines 3-27, where the remaining m
vectors of the orthonormal basis are generated by p parallel processes, which requires
[%} iterations. The variable s represents the order of the RAD AV, K, =V, H,
constructed so far, and every parallel process has its own copy of it. The variable p < p
equals p for all iterations j, except perhaps the last one where p = m — s represents

the number of remaining basis vectors to be constructed. Parallel processes with labels

greater than p do not perform the remaining part of the last iteration of the j-loop.

The selection of continuation pairs in line 9 is discussed in subsection 4.3.2. We
shall only stress that the continuation pairs are of order s + 1 for all ¢, and that we

assume the choice to be such that unlucky breakdown is avoided. Once the continuation

(4]

s1e41 18 computed the same way as in the

pairs have been computed, a new direction w
sequential rational Arnoldi algorithm; cf. line 10. The orthogonalization part, however,

is more involved and consists of two parts.

The first part of the orthogonalization process corresponds to lines 11-12, where the

(€]

1041 15 orthogonalized against R(‘Q[fﬂl) The second part of

newly computed vector w
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Algorithm 4.5 Parallel rational Arnoldi for distributed memory architectures.

Input: A e CYY, b e CV, poles {u/v;}it, C C\ A(A), with m < M, and such that
the partitions {i, ¢/Vapretioy, for k= 0,1,.... %] — 1, and {u;/v;}j- EJEEE
where p is the number of parallel Processes consist of pairwise distinct poles

Output: The RAD AV, kI = vl gl
1. Let the p parallel processes be labelled by ¢/ =1,2,...,p.
2. Set v/ = b/||b][,.
3. for j=1,...,[7] do

4 Sets:=(j—1)p. > The RAD AV k1 = v 5 holds.
5. Let p := min{p,m — s}.

6. if £ > p then

7. Mark processor ¢ as inactive. > Applies to the case j = (%} if ptm.
8. end if

9.  Choose continuation pair (775+4/Ps+e= s+£> e Cx C.

10.  Compute ws[i]-ﬁ—&-l = (Voo A — porel)” (PLZJ]FEA - 775+ef)‘/;[fﬂ1ts[ﬂz~

¢ ¢
11.  Project c£+1. (V;[Jr]l) S[J]FHI

¢ ¢
12. Update ws[lul = ws[J]rHl - V's[Jr]lcgrl
13. fork=1,...,pdo

14. if / = k then

(€] (4]

4 ¢ 14
15. Compute ¢,y = [|wy |2, and set 'US[J]FEH = s[—&]-ﬁ-‘,-l/CL-]i-é—i-l'
16. end if
17. Broadcast 'u£ J]rk 41 from parallel process k.
18. if / =k then
J4 /] s
19, Let QM = [)" )", and 8, = (@1, 07T € CTH,
‘ a0 L ¢ ¢ AL

20. Form ks+z = VeprCiien — Pg}rets[iev and h;]re = HayrChtops — ”Liets[le
21. else if ¢ > & [k] then ’ ’

. / 4 x [
22. Project CH[_Z,]€+1 = (vs[_akﬂ) ws[é]wr e
23. Update w, y 1 = Wy o1 = Clppr Vsipyr-
24. end if
25. Broadcast k' J]rk and hH from parallel process k.

26. end for (orthogonahzatlon loop)
27. end for (main loop)

the orthogonalization corresponds to the loop in lines 13-26, and involves communication
between the parallel processes. In this part the (partially) orthogonalized vectors 'ws[ﬂz 41
are gradually being orthonormalised against each other. As soon as 'ws[’i] ft 1

(K]

to v, in line 15, it is broadcasted to the remaining active parallel processes in

is normalised

line 17. At this stage the parallel process k updates the RAD from order s + k — 1 to

(4]

order s+k (lines 19-20), while the active parallel processes £ > k orthonormalize w, . ,

against the just received vﬁk 415 lines 22-23. See also Figure 4.3 for an example. The

final part, line 25, is to broadcast the update for the reduced upper-Hessenberg pencil
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T\ T i ]
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2I\T| _ X XXX K
(ver3) | = Ryt = X QRO
(v[3] )T X X X X
s+4 X X X
(v,35)" .
(a) Constructing the basis V,,, ;. (b) Gram-Schmidt coefficients.

Figure 4.3: Executing Algorithm 4.5 with m = 8 and p = 4, which requires 2 iterations of
the main loop. In 4.3(a) we show which parallel process is responsible for constructing a
particular column of V,,, ;1. The columns of R,, ; shown in 4.3(b) are partitioned in three
sets. The first consists of the first column alone and represents line 2 (of Algorithm 4.5). The
second consists of columns 2-5, and the third of columns 6-9. The partitioning of elements
within these last two block-columns represents the two parts of the orthogonalization. The
elements marked with ® are computed in line 11, while those marked x are computed either
in line 15 or 22, depending on whether they are on the diagonal of R,, ., or not, respectively.
Elements contained in the same rectangle can be computed simultaneously, after (all) the
elements within rectangles to the left and above it have been computed.

from parallel process k to the remaining active ones. The communication between the
p parallel processes involves O(pQ) messages, which is not prohibitive in our case as p

is typically moderate (not exceeding p = 8 in our experiments in section 4.4).

Alternative implementation options. Depending on possible memory constraints,
one may consider distributing the basis, instead of having copies on every parallel

process. In this case the p vectors V;[ﬂltﬁg could be formed jointly by all the parallel

processes, and once all have been formed and distributed, the vectors ws[ﬂe 41 may be
constructed independently. The Gram—Schmidt process can be adapted accordingly.

A shared memory implementation may follow the same guidelines of Algorithm 4.5,
excluding the broadcast statements. Also, the second part of the orthogonalization may
be performed jointly by assigning an (almost) equal amount of work to each thread.
(The index notation adopted in Algorithm 4.5 guarantees that different threads do not
overwrite “each others” data.)

Lastly, the version of the parallel rational Arnoldi algorithm presented, tacitly

assumes that solving the various shifted linear system takes roughly the same time,
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which is the case if one uses direct solvers, for example. If the time to solution of
the shifted linear system varies substantially depending on the poles, then it may be
advantageous not to construct p vectors at a time, but to consider an asynchronous

approach.

4.3.2. Locally near-optimal continuation pairs. We now discuss the choice of
continuation pairs for Algorithm 4.5. To this end we use the continuation matriz
T,:=[t t ... t,] €C™" which collects the continuation vectors (padded with
zeros) of order j = 1,2,...,m as they are being used in the sequential rational Arnoldi
algorithm. Consequently, T}, is an upper triangular matrix. For the parallel rational
Arnoldi algorithm, we order the continuation vectors t[ ] 4¢ increasingly by their indices
s+/, obtaining again an upper triangular matrix. In the parallel case there are, however,
further restrictions on the nonzero pattern of 7T),,, as can be observed in Figure 4.4.
There we display three canonical choices for tilg.

Perhaps the two most canonical choices for continuation vectors are

[4

ts[—i]-Z = emax{l,s+1—p+é}7 and (430)
[4

Bl = e (4.31)

With continuation vectors given by (4 30), each parallel process ¢ applies the transfor-

mation (v, pA — peiol)” (Ps+£A 775+£ I) to either the rescaled starting vector 'vlm (for

(4]

s11_pre (for s >0). On the other hand, with continuation vec-

(4]

s = 0) or to the vector v
tors as in (4.31) the same vector v,}, is used for all £. These two choices are illustrated
with the aid of the corresponding continuation matrices in Figures 4.4(b)—4.4(c) for
the case m = 12 and two distinct choices for p. The choice (4.30) was used in [99] with
infinity as the corresponding continuation root, while (4.31) has been introduced in
[55, section 6.5]. Another possibility for continuation vectors is to use Ruhe’s strategy
[90] locally on each parallel process;

¢l

4
fe= Quenn, where vy HY — g K = QUL RY (4.32)

(€] (4]

is a full QR factorization of v Hy" — piy K£ I ie., Q. € Cothet!

is unitary and

RL@ e C*™* is upper triangular with last row being 07. The corresponding continuation

matrix 7}, is shown in Figure 4.4(d) for the case when the poles on each parallel process
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[ [ X X % [ X X xx T xxxxx
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(a) Sequential (p =1). (b) Parallel with p = 3. (c) Parallel with p =4. (d) Parallel with p = 5.

Figure 4.4: Canonical continuation matrices T} for the sequential, 4.4(a), and parallel,
4.4(b)-4.4(d), rational Arnoldi algorithm. The shaded area in the upper triangles of the
continuation matrices represents the allowed nonzero pattern, while the elements marked with
X represent a particular choice of nonzeros. For instance, the sequential continuation strategy
in 4.4(a) corresponds to t; = y,e; # 0. Each of the three parallel variants corresponds to a
canonical choice dEbCI‘lbed in sectlon 4.3.2, with a varying number of parallel processes p > 1.

are being used repeatedly, which generates this curious nonzero pattern. If the poles
were not repeated cyclically, T,, would generally be populated with nonzero elements
in the allowed (shaded) region. These canonical choices for the continuation vectors
may be supplemented with continuation roots being either zero or infinity, for example.

Let us now move to the admissibility and optimality conditions on continuation
pairs in the parallel case. By assumption, the p active parallel processes at a given
iteration j have mutually distinct poles {p, /v, +g}§:1, where s = (j—1)p. It is easy to
show that if for every £ = 1,2,...,p the continuation pair (775 +o/ pﬂg, ts[i-f) is admissible
for AV;[ﬂlK 0 — Vs[ﬂlH that is, if it is locally admaissible for each parallel process,
then no unlucky breakdown occurs during iteration j overall, assuming exact arithmetic
and s+ p < M. Hence, an example of admissible continuation pairs for Algorithm 4.5
is (775+e/103+é Z oo/ Voo tsJ]ré) with ts[J]re provided by (4.32). Unfortunately, obtaining
p > 1 optimal continuation pairs concurrently is almost always impossible.

Proposition 4.10. Let AV 4 Km = Vs[ﬂlH_y] be mutually equal RADs for all { =
L,...,p, and {ftg0/VsseY_y e mutually distinct poles, with p>1lands+p< M.

In general, there are no continuation pairs (nﬂg/pﬂg, tﬁg) of order s + 1 such that
[Vs[ﬂl 'ws[ﬂQ wgpﬂ], with the vectors wiﬂgﬂ given by line 10 of Algorithm 4.5,

s orthonormal.
Proof. The rational implicit Q theorem implies that the RADs AV[ﬂlK o — Vs[ﬂlH_Sm
can be expanded essentially uniquely to AV, E] K[Z = V[ELIH_,[?, with m = s + p.

m

Theorem 2.12 provides the representation

v = Pt A o(A) b, with  p(2) = det(zK, — HY).
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(€]

o101 Which are mutually orthogonal to

Hence, the essentially unique basis vectors v
each other and to R(Vs[ﬂl) are represented by rational functions p, +gq;rlg of type at
most (s + ¢, s+ ). (The type of a rational function is the ordered pair of its numerator
and denominator polynomial degrees.) For any (ns to/ ,o[i]re, tiig) the vectors 'wﬂ@ 41 are
rational functions in A times the starting vector b of type at most (s+1,s+1) for all ¢,

which does not match the type (s+ ¢, s+ ¢) when ¢ > 1. The only possibility to obtain,

(4]

M, =, for £ > 1 would be if, by chance, £ — 1 of the (formal) roots of

€.g., W s++1

Dste canceled with ¢ — 1 poles of ¢,,,. By remarking that this may never happen, for
instance, for Hermitian A with real-valued poles outside the spectral interval of A(A)
and the last pole being infinite, as the roots of the last vector are contained in the
aforementioned spectral interval (which is easy to show), we conclude the proof. O

For the sequential version we have just enough degrees of freedom to be able to
find an optimal continuation pair. For p > 1 there is a lack of degrees of freedom,
which gets more pronounced as p increases. This can also be interpreted visually in
Figure 4.4, where the shaded area decreases with increasing p.

Our proposal is thus to apply the near-optimal framework from section 4.2 locally

on each parallel process /, i.e.,

q 4 a4\~
”Lie/ P[sJ]re =7/ ts[J]re = oo (Ve Hity HY) NsMKs[jq) “ (4.33)

where (H S[Jrl, K S[ﬂl) approximates the pencil (H S[J]rl, K S[ﬂl) that is, the extension
of (H[E],KSM) with the pole g, ,/v,,p, and where (’\[Z //\[f] }) is an eigenpair of
(Y, K1) such that 7,,, = 20, ("0, ., — 7E, 1) # 0. This should yield
vectors 'ws[ﬂeﬂ close to orthogonal to R(VS[JF]I), thought nothing can be said a priori
about their mutual angles.

With such an approach we expect the condition number of the basis W, ; un-
dergoing the Gram—-Schmidt orthogonalization process to increase compared to the
sequential case. However, as the growth of x(W,,, ;) gets substantially suppressed with
our near-optimal strategy (if the Hfj 412 are small enough), we hope that the growth
due to the parallelisation is not prohibitive. Our numerical experiments in section 4.4
confirm that our approach based on near-optimal continuation pairs is more robust

than the canonical continuation strategies. We end this section with a few practical

considerations.
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Real-valued near-optimal continuation pairs. Recall that a near-optimal con-
tinuation pair is formed from an eigenpair of (H;, K;); cf. (4.6). Even if A, b and
the poles are real-valued, a near-optimal continuation pair may hence be complex,
which may be undesirable. This problem can be resolved easily: in particular, if j
is odd, there is at least one real-valued eigenpair of (H;, K;), and it can be used to
construct a real-valued continuation pair (n;/p;,t;). Thus, for the parallel algorithm
with p being even, we have that s +1 = (j — 1)p 4+ 1 is odd and hence a real-valued
near-optimal continuation pair exists. In our implementation for real-valued data we
hence construct near-optimal continuation pairs as in (4.6), but with (n/p, ) replaced
by (R(n/p),R(x)), where (1/p, x) is an eigenpair of (H;, K;) such that I(n/p) = 0
or otherwise (n/p)/R(n/p) — min. Therefore, for odd j or odd s + 1, we obtain
(R(n/p), R(x)) = (n/p,x). One could also consider the constrained problem of finding
a best real-valued (n;/p;, t;), but we have not done this as the problem with complex

continuation pairs disappears with common (even) values of p.

Reordering poles. The ordering of the poles {u;/v;}j=; is likely to influence the
condition number x(W,,, ) of the basis W,,,; being orthogonalized in the Gram-—
Schmidt process. By (approximately) maximizing the distance between any two distinct
poles from {1, ,/vsse¥s_, used simultaneously, one may obtain a better conditioned
basis W,,,,;. We have not yet analyzed the numerical influence of the pole ordering

and leave this for future work.

4.4 Numerical experiments

In this section we report on two numerical experiments from different application
areas, each illustrating another aspect of our parallel algorithms. The algorithms are
implemented’ in C++, using Intel MKL LAPACK and BLAS for dense linear algebra
operations, SparseBLAS for sparse matrix-vector multiplications, and PARDISO for
the linear system solves (Intel MKL version 10.0.1). Sparse matrices are stored in
the CSR format. All tests are run on an Intel Xeon CPU E56-2640, with 6 cores
(12 threads), running at 2.5 GHz. We have 64 GB of RAM at our disposal. The

'"The implementation is available for download from http://www.maths.manchester.ac.uk/
~berljafa/RAIN.zip.
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code is compiled with the Intel icpc compiler (version 12.0.5) using the -03 flag. The
implementation of the MPI standard is Open MPI (version 1.6). Both the sequential
and the parallel rational Arnoldi algorithm are linked with either the sequential or
multi-threaded version of Intel MKL, giving raise to the following four configurations:
variant algorithm Intel MKL
1 x1 || Algorithm 2.2 | sequential
1 xp || Algorithm 2.2 | multi-threaded

p x 1 | Algorithm 4.5 | sequential
p X p | Algorithm 4.5 | multi-threaded

Given a computed rational Arnoldi decomposition AV, K,, = BV,, 1 H,,, where
B may but does not have to be the identity matrix, we assess various continuation

strategies using the following quantities:

orth Departure from orthonormality |11 — (Vya1, Vins1)llo- Here, the notation
(-, ) CNVF % €M™ — C™* denotes the employed inner product and is applica-

tion dependent.

cond The condition number k(W,,,1D) = /ko((W,y1 D, W, 11 D)) of the rescaled
basis W,,,.1 D, with respect to the inner product used. We have used MAT-
LAB fminsearch to determine a diagonal matrix D such that x(W,, D) is
(approximately) minimized. This is because the stability of the Gram—Schmidt

procedure applied to W, is unaffected by column scaling of W, ;.

space The space R(V,,,1) is a (rational) Krylov space for B~' A, where we assume B
to be nonsingular, if and only if S = B_lAVm+1 Vi1 (B AV, 1, V1) has
rank at most one; see [104, Cor. 3.3]. We therefore look at the ratio o,/ of
the second largest and the largest singular values of S. The smaller the ratio is,

the least R(V,,41) deviates from a (rational) Krylov space.
In all our experiments the relative backward error
AV i1 Koy = BVt Hinllo/ (1Al Vit o[ K ll2 + 1B 12V [[2]| Hig[l2)

of the computed RAD was close to machine precision, and is hence not reported. When
reporting the total CPU time, we provide a breakdown made up of four components. The

component mv+orth measures the elapsed time for lines 2, 11-26, and the computation of
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(pﬂeA—nE]MI )Vjﬁltﬁg in line 10 of Algorithm 4.5. The component solve measures the
solution phases consisting of backward and forward substitutions for the linear systems
in line 10, while factorise measures the initial symbolic and numerical factorisations.
Finally, continuation measures the time spent in line 9 of Algorithm 4.5. An analogous

breakdown is given for Algorithm 2.2.

4.4.1. Exponential integration. Our first example relates to the modeling of
a transient electromagnetic field in a geophysical application [17]. We are given a
symmetric positive semidefinite matrix A € RY" and a symmetric positive definite
matrix B € RV and the task is to solve Be'(t) + Ae(t) = 0, e(0) = b, for the
electric field e(t). The time parameters of interest are t € T = [107°,107°].

The approach suggested in [17] is to build a B-orthonormal (that is, the inner
product defined by (x,y) = y*Bz is used) rational Krylov basis V,,.; € RV of
Qmi1(A, B, b, q,,), and to extract Arnoldi approximants

fm(t) = HbHBVm+1 exp(_tAm+1)ela Am+1 = Vn{JrlAVerl

for all desired time parameters ¢ € T. Here ||b|z = (b Bb)"/*. The two test problems
in [17, Section 5.1] are of sizes N = 27623 and N = 152078, and they correspond
to discretizations of a layered half space using Nédélec elements of orders 1 and 2,

respectively. Following [17, Table 1] we set p = 4, with mutually distinct poles
{—2.76 x 10", —4.08 x 10*, —2.45 x 10°, —6.51 x 10°},

each repeated cyclically 9 times, resulting in a rational Krylov space of order m = 36, and
guaranteeing Arnoldi approximants with (absolute) errors | e(t) — f.(t)|| 5 < 6.74x107°
for all t € T', independent of the spectral interval of (A, B).

We test various parallel continuation strategies for computing the basis V,, 1,
namely, our near-optimal FOM(5) continuation strategy and the two canonical variants
specified by (4.30) and (4.31). We also compare to the sequential approach using again
the FOM(5) strategy for predicting the next basis vector. The numerical results are
shown in Table 4.1 and Figure 4.5. We highlight that all these tests have been run using
classical Gram—Schmidt without reorthogonalization. The reasoning behind this choice
is that our FOM(5) continuation strategy tries to choose continuation pairs which lead

to very well-conditioned basis vectors and hence the Gram—Schmidt procedure works
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Table 4.1: Numerical quantities associated with the transient electromagnetics problems
from Section 4.4.1 solved by various (parallel) rational Arnoldi variants.

strategy cond | orth | space cond | orth space
p=1,(413)[7.5x10°(2.2x10" " |1.7x107*?| 3.6 x 10" | 3.1x 107 ¥ |5.7x 107 '
p=4,(413)]9.1x10%|4.2x107° |3.5x107"*|7.5x10*|3.2x 107" [6.3x10™"?
p=4,(4.30)[9.6x10”|1.9x10" |2.1x107" |6.7x10?|1.8x10" |8.5x107"
p=4, (4.31)1.9%x10°|9.4x107" |2.8x107*|1.8x10°|1.1x10° [1.2x107*

fine without reorthogonalization. This is justified by the condition number cond and

the orthogonality measure orth in Table 4.1, which are both much better with the

parallel FOM(5) strategy than they are with the canonical variants (4.30) and (4.31).
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Figure 4.5: Numerical results for the transient electromagnetics examples from Section 4.4.1.

We observe that for variant (4.30) the space R(V},,;) deviates significantly from

a rational Krylov space (column space). This instability in computing the rational

Krylov basis affects the accuracy of the extracted Arnoldi approximants, as can be seen
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in Figures 4.5(a)—4.5(b), where we plot the B-norm errors ||e(t) — f,,(t)|| 5 as a function
of the time parameter t. While our parallel FOM(5) strategy yields approximants of
approximately the same accuracy as the sequential FOM(5) variant, the errors of the

approximants computed with (4.31) and in particular (4.30) are larger.

In Figures 4.5(c)—4.5(d) we report the CPU timings (averaged over 50 runs) for
our C++ implementations. The first bar labeled [1 x 1] corresponds to the sequential
algorithm run using the continuation strategy (4.31). We find that the computationally
most expensive parts are the four matrix factorisations (one factorisation for each of
the four distinct poles), and the solution phases consisting of the 4 x 9 backward and
forward substitutions. Some speedup is achieved by using four threads to factorise and
solve with each system one after the other; note the reduction in computation time
when going from [1 x 1] to [1 x 4] in our notation. However, it is apparent that even
more speedup is obtained by using a single core to factor and solve, but to do this
with four matrices simultaneously (this corresponds to the 4 x 1 case), even though

our near-optimal FOM(5) continuation strategy adds significant computational cost.

Further reduction in computation time is achieved by combining both levels of
parallelism, i.e., factorising and solving with all four matrices simultaneously using two
threads in each case (the 4 x 2 case which we have only timed for the larger example).
Let us also point out that the mv+orth portion is slightly bigger for the 4 x 1 case
compared to the [1 x 4] case. This is mainly due to the added communication between
the parallel MPI processes within the 4 x 1 variant. However, the difference is not

large and indicates that communication costs are negligible here.

4.4.2. A complex non-Hermitian eigenvalue problem. In this example we
consider a finite element discretisation matrix of a three-dimensional waveguide
(waveguide3D) from The University of Florida Sparse Matrix Collection [22]. This
non-Hermitian matrix A is of size N = 21036 and has complex entries. Our aim is to
compute a few of the propagating wave modes associated with eigenvalues of A close to
the interval [0,6 X 10_3]. To this end we place p = 8 equidistant poles on this interval
and repeat them cyclically for eight times, thus building a rational Krylov space of
order m = 64, using modified Gram—Schmidt with reorthogonalization. From the

computed rational Krylov decomposition AV, 1 K,, = V,,,;1 H,,, we extract 7-harmonic
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Figure 4.6: Left: “Exact” eigenvalues of the waveguide problem and harmonic Ritz approxi-
mations with relative residual norms below 10™° extracted from a rational Krylov space of
order m = 64 with eight cyclically repeated poles, computed using the near-optimal parallel
strategy with p = 8 processors. Right: Residual norms of all m = 64 harmonic Ritz pairs
computed using different (parallel) strategies to compute the rational Krylov basis.

Table 4.2: Numerical quantities for the 3D waveguide example from Section 4.4.2.

| strategy [ cond | orth | space |
p=1,(432)[1.6x10° [9.8x107"°|1.8x 107"
p=1,(46) [1.1x10° |1.2x107"*(5.3x107"
p=28, (4.30)][2.5x10'*|8.9%x107'°|9.1x 107>
p=28,(4.31)6.8x10° [8.4x107'°|3.0x107®
p=28, (4.32)5.0x10* [9.9x107 9| 1.1x107®
p=38,(433)]2.1x10" [1.0x10""*[7.3x10~"

Ritz pairs with 7 = 3 x 107°; see Section 3.1.3 for more details. Figure 4.6(a) visualises
the eigenvalues, poles, and harmonic Ritz values.

As is typical for eigenvalue problems, the poles of the rational Krylov space are close
to the eigenvalues of A, and hence a continuation prediction using FOM is likely to be
unsuccessful. We therefore use the direct solver itself to predict the continuation vectors,
which doubles the number of linear system solves but the factorisations are computed
only once (per distinct pole). Figure 4.6(b) shows the harmonic Ritz residuals with
various continuation strategies discussed in this paper for p = 8 processors, including
our near-optimal continuation pair (4.33), which becomes optimal for p =1 (i.e., the
predicted basis vectors are already orthogonal to the previous vectors). The timings
are reported in Figure 4.7. We notice that due to the rather expensive construction of
near-optimal continuation pairs the [1 x p| version is faster than the p x 1 for p = 2,

but already for p = 4 the situation is reversed as then p x 1 scales better.
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Figure 4.7: CPU timings for the 3D waveguide example from Section 4.4.2.

We note that better results with all variants may be obtained by explicitly projecting
the eigenvalue problem with respect to the computed rational Krylov basis, instead of
using the quantities from the RAD. Such an explicit projection is, however, undesirable

because of the increase in computational cost.



(Generalised rational
Krylov decompositions

In this chapter we study more advanced properties of RADs and quasi-RADs. Let us
review some of the main points from Chapter 2. For ease of reference, we review RADs
only. For a fixed rational Krylov space Q,,.1 = Q,,.1(4, b, ¢,,) the poles are uniquely
defined by the starting vector b and, up to nonzero scaling of b, the reverse is true;

see Lemma 2.8. Further, by Theorem 2.10, there exists an orthonormal RAD
AV Ky =V i,y (5.1)

for Q,,,1. Upon fixing the order of the poles, Theorem 2.16 guarantees the RAD to be
essentially unique.

Interestingly, the rational Krylov space Q,,,1(4,b,¢,,) can also be interpreted
as a polynomial Krylov space with a different starting vector; Q,,.1(A4,b,¢q,) =
Kot (A, ¢m(A)7'b). This follows directly from the definition of a rational Krylov space
since ¢,,,(A)”" commutes with A. An interesting characteristic of IC,41 (A, g (A)7'b) is
that the subspaces K41 (A, ¢,,(4)~"b) contain all vectors 7;,,(A)b with r;,, = p; /¢, €
P; /4y, being rational functions of type at most (j,m) having the fixed denominator g,,,
for j =0,1,...,m. In fact, Q,,,; can be interpreted as a rational Krylov space with
starting vector being almost any vector from Q,,,;. Indeed, let a nonzero polynomial

¢y € P,, have roots disjoint from A(A), then

Qm—i—l (A7 b7 Qm) = Qm+l (A7 (\jm(A)Qm(A>7lbu (jm) (52)

A natural task to consider is that of transforming a (quasi-)RAD for Q,,.1(A4, b, q,,)
into one for Q41 (A, G (A)gm(A) b, G,). In Section 5.1 we develop two algorithms for

this task, and in Section 5.2 we devise another one specifically tailored to the important

109
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case of a polynomial Krylov space. These considerations are linked to implicit filtering

for eigenvalue approximations, and further applications are considered in Chapters 6-7.

5.1 Rational Krylov decompositions

We develop two algorithms for obtaining an RAD for Q,,.1(A, Gn(A)gm(A)7'b, gy,
from an RAD for Q,,.1(A, b, q,,). The first algorithm relocates the poles by changing
the starting vector to a new one, while the second algorithm relocates poles to explicitly
given new ones. The relocation is, in both cases, conducted by applying transformations
to an initial RAD. These transformations destroy the RAD structure, which then needs
to be appropriately restored. While the first algorithm is applicable to both RADs and
quasi-RADs, the second algorithm is applicable to RADs only.

5.1.1. Moving the poles implicitly. Let (2.6) be a (quasi-)RAD for Q,,. (4, b, ¢,,),
and let b = Vi€ € Q,,11(A, b, q,,) be a nonzero vector. Take any nonsingular matrix
P e C" ! such that Pe; = e. (Of course, for quasi-RADs we want P € R™T 1™+

which also means that we consider only real-valued vectors ¢.) Then
AV,1 Ky = Vipsr (53)

holds with Xu/mﬂ = V1P, Fh = Pil% and [& = Pillﬁ. This construction
guarantees the first column 9; of Vm 41 to be equal to 5, however, the pencil (%, &)
may loose the upper Hessenberg structure. In the following we aim at recovering this
structure in (5.3) without affecting ;. For that purpose we generalise the notion of

C™™ the notation

RADs by first giving a technical definition. For a matrix X,, €
X_,, = [0 Im] X,, 1s used to denote its lower m-by-m submatrix.

Definition 5.1. Let I&, F& e C"Y™ . We say that the pencil (H

Y

i, K,,) is regular
if the lower m-by-m subpencil (Q, Q) is reqular, i.e., ¢,,(z) = det (2& — Fﬁ)
1s not identically equal to zero.

Note that an upper Hessenberg pencil of size (m + 1)-by-m is unreduced if and only
if it is regular. We are now ready to introduce decompositions of the form (5.3).
Definition 5.2. Let A € CN. A relation of the form (5.3) where ‘u/mH e cNmt
is of full column rank and the (m + 1)-by-m pencil (%,&) is reqular is called a

generalised rational Krylov decomposition of order m. The generalised eigenvalues of
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(IQ, I&) are called poles of the decomposition. If no pole of (5.3) is in A(A), then
(5.3) is called a rational Krylov decomposition (RKD).

The notion of (orthonormal) basis, space and equivalent decompositions are the
same as for RADs. We call a generalised RKD with an upper Hessenberg pencil a
generalised RAD. The two definitions above let us speculate that the unique poles
associated with b are the eigenvalues of (Fﬁ, Q) The justification follows from
Theorem 2.10 (or, alternatively, Theorem 2.16) and the following result.

Theorem 5.3. Any (generalised) RKD is equivalent to a (generalised) RAD.

Proof. Let (5.3) be a generalised RKD. We need to bring both ]—vh and }& into upper
Hessenberg form. To achieve this it suffices to bring (@ , ﬁ) into generalised Schur
form. The existence of unitary @,,, Z,, € C"™"™ such that Q;IQ ., and Q;I&Zm
are both upper triangular follows from, e.g., [42, Theorem 7.7.1]. Multiplying (5.3) from
the right with Z,, and “inserting” I,,.1 = Q,41Qm+1, Where Q,, ., = blkdiag(1, @,,),

we obtain the generalised RAD

A(Vm—i—lQm—i-l) Q;H—l&zm = (r/m—&—lQm—&-l) Q;kn—&—llizm

Label V,,,, :== XU/mHQmH,% = anH%Zm and K,, := Q;Hl&Zm. Remarking
that R(V,11) = R(V,uy1), and that (H,,, K,,) is an upper Hessenberg pencil with
poles being identical to those of (&, &), we conclude the proof. d

The proof of Theorem 5.3 is constructive and provides an algorithm for transforming
a generalised RKD into a generalised RAD; see Algorithm 5.6. This discussion is
summarised in Algorithm 5.7, which replaces the starting vector b with b= Vinsic.
The matrix P having its first column (a multiple of) the vector ¢ is the (possibly
complex-valued) Householder reflector P, (see, e.g., [12, Section 5.1.13]) generated
in line 1.

Note that there is no guarantee that by transforming an RAD the resulting decom-
position is also an RAD, i.e., some poles may be moved to eigenvalues of A. We prove
later (cf. Theorem 5.4) that if b= Vi1 € = P (A)gm(A) b for some p,, € P,,, then

the poles of the decomposition are always the roots of p,,, even if they coincide with

eigenvalues of A.

5.1.2. Moving the poles explicitly. If the vector b is not given as a linear

combination of the basis vectors V,,,; but rather by specifying the new poles ¢,, one
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Algorithm 5.6 RAD structure recovery. RKToolbox: util recover _rad

Input: Generalised RKD (5.3) and a flag quasi.
Output: Generalised RAD (2.6) equivalent to (5.3).

1. if Flag quasi is set to true and (5.3) is real-valued. then
2. Find orthogonal matrices Q,,, Z,, € R™™ such that (Q5H_,. Zy, Qi K 10 Zum)
is in generalised real Schur form, and let Q),,,,; := blkdiag(1, Q,,).
else
Find unitary matrices Q,,, Z,, € C™™ such that (Q5H_,, Zm: Q5K 1 Zm)
is in generalised Schur form, and let Q,,.; := blkdiag(1,Q,,). -
end if

. Define V,, 1 := Vy, 1Quui1, Hy = Qi1 H1nZ,, and Ky, == Q1 K,y 2,

=~ W

> o

Algorithm 5.7 Implicit pole placement. RKToolbox: move poles_impl
Input: Generalised RAD (5.3) and unit 2-norm e; # ¢ € C™"".

o o

Output: Generalised RAD (2.6) spanning R(V,,,;) with v; =V}, c.

1. Define P,y :=I,,,1 — 2uu”, where u := (¢ — €;)/||c — €]

Y

3. Apply Algorithm 5.6 to the updated (5.3) to produce (2.6).

can compute ¢ = VT,“;HIV), where b = Gm(A)gn(A)""b, and still use Algorithm 5.7 to
recover the new decomposition. In the following we present an approach that works
directly with the pencil (H,,, K,,,), changing the poles iteratively one after the other.

Moving the first pole. The poles are the ratios of the subdiagonal elements of
(H,,, K,,); see the discussion following (2.5). Applying a Givens rotation G acting
on planes (1,2) from the left of the pencil preserves the upper Hessenberg structure
and, as we show, can move the first pole anywhere. We now derive the formulas for

s = e?sin® and ¢ = cos¥ satisfying ¢® + |s|> = 1 and such that the Givens rotation
G = blkdiag (E _(j ,Im_1> (5.4)

replaces the pole & =: u; /v, with £ = fi1 /7 when applied to the pencil from the left.
Define Iﬁ = GH,, and & = GK,,. This gives

hyy = chyy — shoyy, ki = ckyy — skoy,

} y (5.5)
h21 = §h11 -+ Chzl, kf21 = §k11 + Ckgl.
Additionally, G is chosen so that fi; /1, = hoy / k. Using t := 5/c, we derive
t= Dehay = figkn (5.6)

v v )
fiokyy — phyy
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where ¢/ = 1. With the help of standard trigonometric relations we then arrive at

c=1+tHV s=1c, if ¢ # oo, and otherwise,
(5.7)
c=0, s=1.
Formula (5.2) asserts (with the roots of ¢, being €., 6, ... , &) that this process
replaces the starting vector v; with a multiple of (7, A — ji,1)(1y A — p, 1) ' v,. Let us

verify that. Define ‘u/nH = V,1G". In particular,
Ibl - C'Ul - g’UQ. (58)

Recall that (2.12) reads (hg I — kg A)vy = (k11 A — hyI)v,. Hence, using the relation
(2.12) within (5.8) together with (5.5) provides

(hQII — kZIA) /bl = [C(hgll — kfglA) _g(kllA — hllj)] UV, = (;L21[ — 7’%21/4) V. (59)

Note that (2.12) holds even if hy; /kyy = & € A(A) as long as the generalised RAD
(2.6) exists. As we impose no constraints on &, we conclude that (5.9) holds even if

£ € A(A) and/or & € A(A). If however & ¢ A(A) we can further write

1

'b]_ - (FLZI‘[ — 7’1;/'2114) (h21] - k21A)_ 'U]_.

Moving all poles. Changing the other ratios with Givens rotations results in the
loss of the upper Hessenberg structure. However, the poles are the eigenvalues of the
pencil (H_,,, K_,,) which is (already) in generalised Schur form. After changing the
first pole, using the Givens rotation approach just described, the poles can be reordered
(see for instance [68, 70]) with the aim of bringing an unchanged pole to the front of
the decomposition so that it can be changed using a Givens rotation. Theoretically,
reordering the poles of an RAD is equivalent to using the poles within the rational
Arnoldi algorithm in a different order. This process is formalized in Algorithms 5.8-5.9
and an illustration is presented in Figure 5.1.

Let us now consider Algorithm 5.9 when £ = m. As we have shown in (5.9),
after applying the first Givens rotation the starting vector v, gets replaced with vlm
satisfying

(A — 1) 'vlm =% (VA = i) vy, (5.10)

where 0 # v, € C is a scaling factor. By reordering the poles we do not affect the “new

starting vector” 'vlm and bring &, to the leading positions, i.e., second row, first column,
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Algorithm 5.8 RAD poles reordering. RKToolbox: util reorder poles

Input: Generalised RAD (2.6) and permutation m € S,, with ¢ € {2,3,...,m}.
Output: Equivalent generalised RAD (2.6) with reordered poles.

1. Find unitary matrices Q,, Z, € C** such that (Q} H H_,Z,,QK_yZ,) is in generalised
Schur form with the jth generalised eigenvalue being P +1 =)/ Fr(i)41,0(5), for
j=1,2,...,¢, and let Q,,,, := blkdiag(1, Qy, I,,_,) and Z = blkdlag(Zg, I,_0).

2. Update Vmﬂ = Vin1Qmi1, Hyy = Qi1 Hy Z,,, and K, = Q:‘nH&Zm.

Algorithm 5.9 Explicit pole placement. RKToolbox: move poles_expl

Input: Generalised RAD (2.6) and {fj};?:l C C, with k € {1,2,...,m}.

Output: Updated generalised RAD (2.6) with the first & poles replaced by {éj};‘;l.
1. for j=1,2,...k do g

2. Let £ =k+1—j, and introduce any fi,, 7, € C such that ji,/v, =&,

3. Define G as in (5.4), with ¢ and s given by (5.7), and ¢ by (5.6).

4. Update V14 := V,,;1G", H,, := GH,,, and IL = GK,,.

5

6

Update (2.6) with Algorithm 5 Susing 7= (2,3,...,0,1) € S,,if £ > 1.
. end for
X XX XX] [XXXXX] [RRIRRR] [RXRXRXX]
DX X X X Dx X X X % RRD % RRXRD
@x x X @x x X N X X X X X X
@x x|’ @ x x @x x| @ x x
@ x @x @ x @x
® ® ® ®

(a) Applying the first Givens rotation to replace & = ©/® with 52 =0/0.

éxxxx éxxxx [RRRRIR] RIRR]
Oxxx| | oxxx| | 9z | |“Gooe %§®®
@x x| @ x X %@ ) %
X @ x % %

®] ®

(b) Reordering_the generalised Schur form of the lower 5 x b part.

XXX XX] [XXXXX '%®®®®— —%®®®®_
@ X X X X @x X XX RRD XX
@x x X @x X X S, X X X X X X
@Dx x| @ x x @Dx x| @x x
®x ®x ®x ®x

(2) (2] o | 2]

(c) Applying the second Givens rotation to replace £, = ®@/® with & = 0/0.

D | | Bosas| |Besos
@ X X X @ x X X QZ 3 :
@Dx x| @ x x — %g %g
®x ®x % %
(2] (2]

(d) Reordering the generalised Schur form of size 4.

Figure 5.1: Looking at the 6-by-5 upper-Hessenberg pencil while Algorithm 5.9 is applied on
the corresponding RAD with &k = 2. The original poles are the ratios ®/0,®/®,..., ®/06.
The first two poles are replaced with @/@ and @/@. The transition from x to ® symbolizes
that the element potentially changes.
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where the next Givens rotation acts. Thus, for j = 2 the Givens rotation replaces 1)1[1]

with vl[Z] satisfying (VQA — ,uQI) vlm =y (Dm_lA — /im_lf) vlm, where 0 # v, € Cis a

scaling factor. Using (5.10) we obtain

(VlA - /h[) (V2A - Nzl) U1[2} =M (5m71A - [szll) (’ij - /iml> Ur.

Reasoning inductively we deduce

[m]

where 0 # v € C is a scaling factor, v, = v; ", ¢,, is given by (2.9), and ¢,, is defined
in an analogous manner. The above discussion is the gist of the following result.
Theorem 5.4. Let Q,,.1 = 9Q,,.1(A,b,q,) be A-variant. If the generalised RKD
(5.3) with poles §,, spans Qyniq then B = Y (A)qm(A) b with a scalar 0 # v € C.
Alternatively, if 9, = ¢, (A)qn(A) "' b then there exists a generalised RKD with poles §,,
spanning Q,,1-
Proof. 1f (5.3) spans Q,,,; we can transform it into an equivalent generalised RAD
(cf. Theorem 5.3) and then, using Algorithm 5.9, into (2.6), having poles ¢,, and still
spanning Q,, ;. According to Lemma 2.8, v, is collinear with b. Therefore, it follows
from (5.11) that @, = G, (A)gm(A) " for some scalar 0 # v € C. The other direction
follows from Theorem 2.10 and (5.11) after using Algorithm 5.9. 0
Corollary 5.5. Let (5.3) be a generalised RKD, and let o, 5 € C be such that |a|+|8] #
0. The matrix ali — ,8& s of full column rank m.
Proof. The poles of (5.3) can be moved anywhere outside A(A), and the corresponding
RKD can be transformed, cf. Theorem 5.3, into an an RAD (2.6) so that overall
H, = anH%Zm, and K,, = Q;H&Zm, where Q,,4; € C™™ 1 and 7, €
C™™ are unitary. By Lemma 2.6, aH,, — BK,, is of full column rank m, and hence
Qi1 (e, — BK,,) Z,, is as well. 0

Theorem 5.4 shows that Algorithm 5.7 and Algorithm 5.9 are equivalent, provided
that equivalent input data are given. It also shows, together with Theorem 2.10 and
Theorem 5.3, that an (m + 1)-dimensional space V,,,; is a rational Krylov space if and

only if there exist a generalised RKD spanning V,, .

Implicitly restarted rational Arnoldi algorithm. Implicit filtering, or restarting,

aims at compressing the space Q1 (A, b, 4,,) into Qs (A, py(A)g(A) b, ds),
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where k € {1,2,...,m}, ¢, = @i * G, and p, € P}, is a polynomial with (formal)
roots (infinity allowed) in the region we want to filter out. In applications this technique
is usually used to deal with large memory requirements or orthogonalization costs for
Vi1, Or to purge unwanted or spurious eigenvalues (see, e.g., [19, 23, 24] and the
references given therein). Implicit filtering for RADs was first introduced in [24] and
further studied in [23]. Algorithm 5.9 can easily be used for implicit filtering. In fact,
applying Algorithm 5.9 with the k£ poles éj being the roots of p, implicitly applies the
filter py,(A)qe(A)™" to the RAD. The k “new” poles correspond to the rightmost &
columns in f/mH, & and IL, cf. Figure 5.1. Hence, truncating the decomposition to
the leading m + 1 — k columns completes the process. The derivation and algorithms
in [23, 24] are different, and it would perhaps be interesting to compare them. This
is, however, not done here. Pertinent ideas for polynomial Krylov methods have
recently appeared in [19] where the authors relate implicit filtering in the Krylov—Schur

algorithm [101, 103] with partial eigenvalue assignment.

5.2 Connection with polynomial Krylov spaces

For the particular case ¢,,(2) = 1 we have Q,,.1(A4, v, ¢n) = Kpi1(A, ¢(A) '), and
we can recover a polynomial Arnoldi decomposition for /C,, (A, g, (A)"'v) from an
RAD for 9Q,,.1(A, v,q,,) using Algorithm 5.9 with all poles fuj set to infinity. In this
case, a simpler method is to bring the pencil (%, I&) from upper-(quasi-)Hessenberg—
upper-Hessenberg to upper-Hessenberg—upper-triangular form. We shall refer to the
so obtained RAD as a polynomial RAD. The algorithm for RADs is outlined in [92,
p. 495], and we now review it. Afterwards, we generalise the algorithm to handle
quasi-RADs as well. The algorithm uses Givens rotation in a QZ-like fashion and to
facilitate the discussion, we use a graphical representation of the pencil before and

after a particular transformation, like, for instance,

X X X X X X X X X X X X X X X X
X X X X X X X X X X X X X X X
X X X | X X X — X X X | x x|,
X X X X X X X
X X X

which depicts the starting structure of (H,,, K,,) on the left-hand side, and the sought
after structure on the right-hand side. The goal is thus to annihilate the subdiagonal of

K,,. We achieve this by applying a sequence of Givens rotations to the pencil (%, &)



5.2. CONNECTION WITH POLYNOMIAL KRYLOV SPACES 117

from both sides. To this end we denote with Q,,; € C™ Mt g Givens rotation

acting in planes (¢ — 1,¢), i.e.,

@Zsz,ﬁ—1@e,m: m—1, and [eeq 8@}*69@,5—1 [6’571 8@} = E _i]a (5~12)

where @M—l = [el € ... € 5 €. €, ... emﬂ] , and ¢ and s satisfy
2 2 _ ¢ =S| k1| _ X
¢+ |s|"=1, and {g C] { ks s } = [0} . (5.13)

With Z; ,, € C"™"™ we denote a Givens rotation acting in planes (£ —1,¢), i.e.,
ZimZri1Zem = Lo, and ey €] Zy, 1 [er €] = {5 c} . (5.14)
where Eé,m = [el € ... €5 €1 €.y ... em} , and ¢ and s satisfy
AlsP=1, and  [hee Mol o | =[0 x]. (5.15)
9 kl—1 k, 3 c

For the graphical illustrations we denote by & the element we are about to annihilate,

and by ® the ellement we annihilate with. The first step is thus

X X X X ® X X X X X X X X X X X
X X X X D X X X Qs X X X X X X X
X X X | X X X =2 X X X |, X X x| |,

X X X X X X X X

X X X X
and the RAD (3.1) is updated as

*
Vm+1 = Vm—i—lQ(,K—l? Hm = QE,Z—leJ and Km = Q(,é—lev (516)

with ¢ = 2. We can continue with

X X X X X X X X X X X X X X X X

X X X X ® X X 0 X X X X X X X

X X x|, @ X X =2 X X X X |, X X

X X X X X X X X

X X X X

and perform the update (5.16) with ¢ = 3. This may destroy the upper Hessenberg
structure of H,,, as hg, may be nonzero. The structure can be recovered by applying

Zs, from the right:

X
X
D

® X X

X X X X
XX XXX
XX XXX

and hence, the updates

= K Zg g1, (5.17)
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Algorithm 5.10 (Quasi-)RAD to polynomial RAD. RKToolbox: util_hh2th

Input: (Quasi-)RAD (3.1) for Q,,,1(A, b, q,,).
Output: Polynomial RAD (3.1) for K, 1(A, ¢, (A)""b).
1. Initialize j := 1.
2. while j <m do
3. ifj+1<mé&hj,;#0then > Annihilating a 2 x 2 block.

4. Perform (5.16), where (), ,_; satisfies (5.12)—(5.13); £ = j + 1.

5. Perform (5.16), where Q,,_; satisfies (5.12)—(5.13); £ = j + 2.

6. fortr=7+2,7+1,...,4do > Bulge chasing.
7. Perform (5.17), where Z ,_; satisfies (5.14)-(5.15); k =4, and £ =i — 2.
8. Perform (5.17), where Z , ; satisfies (5.14)-(5.15); k = 1, nd (=1i—1.
9. Perform (5.16), where @, ,_; satisfies (5.12)—(5.13); £ =i —

10. Perform (5.16), where Q,,_, satisfies (5.12)—(5.13); £ =i —

11. end for

12. Perform (5.17), where Zj ,_; satisfies (5.14)—(5. 5), k=3, and { =2.

13. Perform (5.16), where Q,,_; satisfies (5.12)-(5.13); £ =

14. Increase j :=j + 1.

15. else > Annihilating a single element.
16. Perform (5.16), where Q,,_; satisfies (5.12)—(5.13); £ = j + 1.

17. fort=5+1,7,...,3do > Bulge chasing.
18. Perform (5.17), where Z ,_; satisfies (5.14)-(5.15); k =4, and £ =4 — 1.
19. Perform (5.16), where @Q,,_; satisfies (5.12)-(5.13); £ =14 — 1.

20. end for

21. end if

22.  Increase j :=j5 + 1.
23. end while

with £ = 3 and ¢ = 2 are in order. The element ky; may now be nonzero, and the

structure in K, is recovered by another Givens rotation of the form Q;:

X X X
X X

X X
X XX
XXX X
XXX XX

® X
® X

X X X
XXX X
XXX XX

%

XXX X
XXX XX
XXX X
XXX XX

The process analogously continues until K,,, becomes upper triangular, as formalised
in Algorithm 5.10. The algorithm is stated for RADs and quasi-RADs together. The
difference for quasi-RADs is that for a 2-by-2 block on the subdiagonal we need to
use successively two Givens rotations of the form @ ,_;, and two of the form Z; ,_,
each acting on different planes. Furthermore, as a quasi-RAD is real-valued, we can
chose both @y, and Z; ,_; to be real-valued as well. The process of transforming a

quasi-RAD into a polynomial RAD is illustrated in Figure 5.2.

Remark 5.6. Algorithm 5.10 can be used to move all the poles of a (quasi-)RAD also
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X X XT [® X X] 0 X X XT [X X X] 0 X X XT [X X X] 0
X X X D X X 25‘ X X X ® X 33 X X X X X 43
X X | X X X X | b X X X1 X
X X X X X X X X b
[ X X XT [x x x]\ [ X X XT [x x <]\ , [X X XT [®@ x X]
X X X X X 41 X X X X X X 42 X X X P X X Qz]
X X X | X X X | X X X | X X
1B &® X] [ ] | &®] [ ] L X1 L ]
(X X XT [x x %] X X XT [x x %] (X X X] [® x x]
X XX ® X % X X X X X Z31 X X X P X %
X X X |» P X DR X|> X X1
X X X

Figure 5.2: Transforming a quasi-RAD of order 3, with one real-valued and a pair of complex-
conjugate poles, into a polynomial RAD. The element marked with & on the left-hand side of

%, is annihilated with the element marked ® using the Givens rotation GG, and the resulting

nonzero structure is shown on the right-hand side of %, Tn the end we obtain the desired

structure ([éig} , [%ED
to any another finite pole u/v € A(A). Eq. (2.41) with B = I reads

(pA = 01)WVpis (W Hyy — p ) = (0A = pD) Vi (pHiy — 1K), (5.18)

If we apply Algorithm 5.10 to the RAD (5.18), transforming (pH,, — 0k, vH,, — p k)
into (fh, &), and V. into ‘A/mﬂ, we obtain (,oA—n[)‘A/mH& = (VA—;LI)‘/}m+1[£,
where & is upper triangular. Rearranging the terms with and without A we have

A‘/}m—i-l(p& - V&) = ‘Znﬂ(ﬁ& - M%% (5.19)
with (n/l{?jﬂ,j — /L/f;jJrl’j)/(pEjHJ — V/fzjﬂ,j) =p/v, for j =1,2,...,m, as desired. For
quasi-RADs (3.1), the scalars p and v should be real-valued in order to preserve the
structure. Furthermore, (5.18) may still fail to be a quasi-RAD, as vH,, — pK,, may
have 2-by-2 blocks on the subdiagonal. The quasi-RAD structure can, however, be
recovered by Algorithm 5.6. Afterwards, Algorithm 5.10 can be used as explained.

5.3 RKToolbox corner

RKToolbox Example 5.1 is devoted to Algorithm 5.7, Theorem 2.12, and Theorem 5.4.
An RAD (2.6) is constructed in line 2. The poles of the RAD are the ratios of the
subdiagonal elements of the pencil (H,,, K,,), and this is verified in line 3. Next,
in line 5, we change the starting vector b with v; = Vse;. Theorem 2.12 asserts

v3 = po(A) g (A) " 'b, where the roots of p, are the generalised eigenvalues of (Hy, K).
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A = gallery(’tridiag’, 100); b = ones (100, 1); xi = -(1:4);
[V, K, H] = rat_krylov (A, b, xi);
poles = diag(H, -1)./diag(K, -1); disp(poles.’)
[Khat , Hhat] = move_poles_impl(X, H, [0 O 1 0 0]°);
disp(eig(H(1:2, 1:2), K(1:2, 1:2)).7)
disp(util_pencil_poles(Khat, Hhat))

-1 -2 3 -4

0.0058 1.0217

0.0058 1.0217 -3.0000 -4.0000

RKToolbox Example 5.1: Moving poles implicitely and roots of orthogonal rational functions.

A = gallery(’tridiag’, 27) ; b = eye(27, 1); xi = -(1:3);

[V, K, H] = rat_krylov(A, b, xi);

[K, H, Q] = move_poles_expl(K, H, [8, 10, 1989]); V = V*Q’;

xi_hat = util_pencil_poles (K, H); disp(xi_hat)

V_hat = rat_krylov(A, V(:, 1), xi_hat);

disp(V_hat ’#V) 7 Should be unitary and diagonal.
8.0000e+00 1.0000e+01 1.9890e+03
1.0000e+00 1.8175e-17 1.0630e-16 4.7399e-17
1.0479e-16 -1.0000e+00 2.7472e-16 -1.2991e-16
-5.8781e-17 3.0426e-17 -1.0000e+00 3.9259e-16
2.7751e-17 -1.6025e-16 4.4440e-16 1.0000e+00

RKToolbox Example 5.2: Moving poles explicitly (to my birth date).

According to Theorem 5.4, by replacing the starting vector b with wv;, the first two
poles are replaces with the roots of p, (while the last two remain unchanged). This is
verified by lines 6-7. On line 7 we use the function util_pencil_poles provided by
the RKToolbox to check the new poles. Alternatively, we could look at the ratios of
the subdiagonal elements of (&, &) The advantage of util pencil poles is that

it works for quasi-RADs as well (see Figure 2.2).

In line 5 of RKToolbox Example 5.2 we show the usage of move _poles_expl. One
can notice that, contrary to Algorithm 5.9, the basis V,,,; is not transformed by
the routine to ‘7W+1, but one can do it afterwards if required as the unitary matrix
Q € C™ g returned, as is Z € C™™. The same applies to move_poles_impl.
According to the rational implicit  theorem, the obtained RAD is essentially equal to
the RAD obtained by running the rational Arnoldi algorithm with the new starting



5.3. RKTOOLBOX CORNER 121

A = diag(1:100); b = ones (100, 1);
[V, K, H] = rat_krylov(A, b, [19+9i 19-9i 2016], ’real’);
disp (H)

[K, H] = util_hh2th (K, H);

disp (H)
14.0515  20.9495  46.2427
14.7806 4.2148  17.2506
-5.3519  11.2984 -33.0145
0 0 28.5537
17.0348  -6.2405  -0.1937

6.4442 -21.4397 -22.0285
0 -14.7299 -55.3649
0 0 27.7892

RKToolbox Example 5.3: Moving poles implicitly to infinity.

vector, and the new poles. This is in part verified by lines 7-8.
Finally, in RKToolbox Example 5.3, line 5, we demonstrate the usage of util hh2th
on a small example. The upper quasi-Hessenberg structure of H before the call to

util hh2th, and its transformed, upper Hessenberg, structure afterwards, are displayed.
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Rational Krylov fitting

Rational approximation problems arise in many areas of engineering and scientific
computing. A prominent example is that of system identification and model order
reduction, where calculated or measured frequency responses of dynamical systems are
approximated by (low-order) rational functions [3, 34, 37, 50, 54]. Some other areas
where rational approximants play an important role are analogue filter design [15], time-
stepping methods [112], transparent boundary conditions [65], and iterative methods
in numerical linear algebra; see, e.g., [33, 56, 79, 80, 106]. Here we focus on discrete

rational approximation in the least squares (LS) sense.

In its simplest form the weighted rational LS problem is the following: given data
pairs {(\;, f;)}X, with pairwise distinct );, and positive weights {w;} ;, find a rational
function r of type (m,m), that is, numerator and denominator of degree at most m,

such that

N
> wlfi = (AP = min, (6.1)
i=1

The weights can be used to assign varying relevance to the data points. For example,
when the function values f; are known to be perturbed by white Gaussian noise, then

the w; can be chosen inversely proportional to the variance.

Even in their simplest form (6.1), rational LS problems are challenging. Finding a
rational function r = p,,/q,, in (6.1) corresponds to a nonlinear minimization problem
as the denominator g, is generally unknown, and solutions may depend discontinuously

on the data, be non-unique, or even not exist. An illustrating example inspired by

123
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Braess [18, p. 109] is to fix m > 1 and N > 2m, and let

i1 1 ifi=1,
)\i: N 5 and fZ: (62)
0 if2<i<N.

Then the sequence of rational functions r;(z) = 1/(1 4 jz) makes the misfit for (6.1)
arbitrarily small as j — oo, but the f;’s do not correspond to values of a type (m,m)
rational function (there are too many roots). Hence a rational LS solution does not
exist. If, however, the data f; are slightly perturbed to f, = r;(A;) for an arbitrarily
large j, then of course 7; itself 45 an LS solution to (6.1).

A very common approach for solving (6.1) approximately is linearisation. Consider
again the data (6.2) and the problem of finding polynomials p,, and g,, of degree at

most m such that N
> wil figm(A) = P (X)[* — min. (6.3)
i=1

This problem has a trivial solution with ¢,, = 0, which we exclude by imposing, for
instance, the “point-wise” normalisation condition ¢,,(0) = 1. Under this assumption,
the linear problem (6.3) is guaranteed to have a nontrivial solution (p,,, ¢,,), but the
solution is clearly not unique; since f; = 0 for ¢ > 2, any admissible denominator
polynomial ¢, with ¢,,(0) = 1 corresponds to a minimal solution with p,, # 0. On
the other hand, for the normalisation condition ¢,,(1) = 1, the polynomials ¢,,(z) = z
and p,, = 0 solve (6.3) with zero misfit. This example shows that linearised rational
LS problems can have non-unique solutions, and these may depend on normalisation
conditions. With both normalisation conditions, the rational function r = p,,/q,, with
(Pms @) Obtained from solving the linearised problem (6.3) may yield an arbitrarily
large (or even infinite) misfit for the nonlinear problem (6.1).

The pitfalls of nonlinear and linearised rational approximation problems have not
prevented the development of algorithms for their solution. An interesting overview
of algorithms for the nonlinear problem based on repeated linearisation, such as
Wittmeyer’s algorithm, is given in [41]. Robust solution methods for the linearised
problem using regularised SVD are discussed in [43, 44].

The aim of this chapter is to present and analyse Rational Krylov Fitting (RKFIT),
an iterative algorithm for solving rational LS problems more general than (6.1). For

given matrices A, F € CV" a vector b € CV, and k € Z such that k > —m, RKFIT
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attempts to find a rational function r of type (m + k, m), such that the relative misfit

£ — r(A)bl]
1£7B]

misfit = — min, (6.4)
is minimal. Note that this problem contains (6.1) as a special case if A = diag()\;),
F = diag(f;), b = [\/w_l Vs . \/M], and k£ = 0. For RKFIT, however, the
matrices A and F' are not required to be diagonal. The matrix F' may, for instance,
be a function of the matrix A, i.e., F' = f(A). The benefit in obtaining the rational
approximation r, for instance, is that it can thereafter be evaluated for different

arguments A; see Section 6.2 and Section 6.6.

In Section 6.1 we show how rational Krylov techniques can be used to tackle
problems of the form (6.4) by introducing the RKFIT algorithm. In Section 6.2 we
report and discuss a few numerical experiments. Section 6.3 relates RKFIT to other
rational approximation algorithms, in particular to the popular vector fitting algorithm
[54, 52]. For simplicity, this discussion is concentrated to scalar rational approximations
problems like (6.1). We continue with Section 6.4 where we propose an automated
procedure for decreasing the degree parameters m and k, thereby reducing possible

deficiencies in the rational approximants.

In Section 6.5 we extend RKFIT in order to incorporate multiple matrices FU], as
well as additional weighting. Specifically, for a given matrix A € CM, two families
of matrices {F[j] }le c €M and {Dm }?:1 c CMY avector b € CV, and k € Z such
that k > —m, we now want to find a family of rational functions {r }5:1 C P/ G

all sharing a common denominator ¢,, € P,,, such that the relative misfit

S IDPF S — rUA) b5
S IDVIFV B

misfit =

— min, (6.5)

is minimal. This problem contains (6.4) as a special case if £ = 1 and pM = 1.
The section is concluded with the pseudocode of the complete algorithm. Numerical
examples for the case £ > 1 are given in Section 6.6. In the first example we consider the
fitting of a multiple-input and multiple-output (MIMO) dynamical system and in the
second we propose a new pole optimization approach for exponential integration. Finally,

Section 6.7 details the usage of the rkfit implementation within the RKToolbox.
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Algorithm 6.11 High-level description of RKFIT.

1. Take initial guess for g,,.

2. repeat

3. Set search space S = Q,,,1(A, b,q,,).

4. Set target space T := K,ips1 (A, gn(A)7'D). > See Section 6.1.1.
5. Find v = argmin| ,v,|65 | (I — Pr) Fol,. > See Section 6.1.2.

Bllo=1

6. Let ¢, € P,, be such that v = §,,(A)g,,(A)""b. > See Section 6.1.2.
7. Set g, = G- > See Corollary 6.2.
8. until stopping criteria is satisfied. > See Sections 6.1.2-6.1.3.
9. Construct wanted approximant r. > See Section 6.1.3.

6.1 The RKFIT algorithm

The RKFIT algorithm aims at finding a rational function r = p,,. /g, of type
(m 4+ k,m), solving (6.4). Since the denominator g,, is not known and hence (6.4) is
nonlinear, RKFIT tries to iteratively improve a starting guess for ¢,, by solving a

linearised problem at each iteration.

RKFIT is succinctly described in Algorithm 6.11. In the description we use two
linear spaces in CV, a search space S and a target space T, both of which are
(rational) Krylov spaces. Simply put, in the search space we look for poles that would
provide a better LS approximation to F'b from the target space. By Pr we denote
the orthogonal projection onto 7. The essence of Algorithm 6.11 is the relocation
of poles in lines 5-7. Since to any polynomial ¢,, € P,, we can associate a vector
v = cjm(A)qm(A)_lb € S, and vice versa, we may identify ¢,,, the improvement of g,,,
by looking for the corresponding vector v € §. This is indeed done in line 5 and further
explained in Section 6.1.2. Corollary 6.2, a consequence of the following Theorem 6.1,

provides insight into the RKFIT pole relocation, i.e., lines 5-7 in Algorithm 6.11.

Theorem 6.1. Let q,,,q,, € P,, be nonzero polynomials with roots disjoint from the
spectrum of A € CNN. Fiz —m < k € Z, and let b € CV be such that 2m+k < d(A,b).
Assume that F = ply . (A)gh(A) ™ for some plyiy € Priw. Define S and T as in
lines 3 and 4 of Algorithm 6.11, respectively, and let V,, .1 be an orthonormal basis of
S. Then, the matriz (I — Pr)FV,,.1 has a nullspace of dimension Am + 1 if and only
if Am is the largest integer such that py, 1./ qn is of type (m +k — Am,m — Am).
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Proof. Let © = p,,(A)gn(A)~'b € S, with p,, € P,, being arbitrary. Then

Fo = ph (A (A) ™ 5 (A) 4 (A) 71 = poii(A) g (A) " g (A) 7'

has a unique representation in terms of Py, 41/ (Gmdm) since 2m +k < d(A, b). Assume
that F9 € 7. In this case we also have the representation Fo = Dy, (A)gn(A)""b,
with a uniquely determined p,,.;, € P,,r. By the uniqueness of the rational rep-
resentations we conclude that po,, i1/ (Gmm) = Dmar/qm, OF equivalently, ¢, divides
Pamtk = DmikDm- Hence, the poles of p,, 1 am/@m—Am = Dm+k/qy Must be roots of
Pm- The other Am roots of p,, can be chosen arbitrarily, giving rise to the (Am + 1)-

dimensional subspace

N = {Pam(A)dm-am(A)4m(A) "' 0] Pam € Pam} € S, (6.6)

whose elements © are such that Fo € 7. Hence, Am + 1 is the dimension of the
nullspace of (I — Pr)FV,, .. 0

Corollary 6.2. Let q,,, ¢y, F, A, b,m,k, S, and T be as in Theorem 6.1. Then py, .1,
and q, are coprime and either deg(py,.r) = m + k or deg(q,,) = m if and only if
there is a unique, up to unimodular scaling, solution to || (I — Py) F%||3 — min, over
all © € S of unit 2-norm. This solution is given by v = v (A) g, (A)~'b with some
scaling factor v € C.

The corollary asserts that if Fb = p,,,x(A)gr(A)""b and Am = 0, then the roots
of v = ¢4 (A)gn(A)~'b match the unknown poles ¢, and the next approximate
poles become g, := ¢,,. Hence RKFIT identifies the exact poles within one iteration
independently of the starting guess ¢,,. If Am > 0 the exact m — Am poles are also
found, but additional Am superfluous poles at arbitrary locations are present as well.
Based on Theorem 6.1 we develop in Section 6.4 an automatic procedure to reduce
the denominator degree m by Am, and adapt k. When dealing with noisy data (and
roundoff), or when F'b cannot be exactly represented as 7(A)b for a rational function
r of type (m + k, m), the convergence of RKFIT is not yet clear. In the remaining part
of this section, we show how the various parts of Algorithm 6.11 can be realized using

rational Krylov techniques.

6.1.1. Constructing the target space. We assume that an orthonormal RAD
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for Q,,41(A, b, q,,) has been constructed, for instance, by means of Algorithm 2.2.
Hence for the search space we have & = R(V,,41). If £ = 0, then § = T and
Pr =V, Vy 1. Otherwise S either has to be expanded (if k¥ > 0) or compressed (if
k <0) to get T.

Let us first consider superdiagonal approximants, i.e., the case k > 0. In this case
T = Qpirs1(A, b, q,,), the rational Krylov space of dimension m + k + 1 with m poles
being the roots of ¢,, and additional k poles at infinity. In order to get an orthonormal

basis for Q,, 1+1(A, b, q,,), we expand (6.7) to

Ai}m+k+l% = ‘7m+k+l% (6'8)
by performing k additional polynomial steps with the rational Arnoldi algorithm. Thus,
we have Pr = X7m+k+1‘7nt+k+1. We shall use this notation even if £ = 0, i.e., if £ =0,
then (6.8) coincides with (6.7), so that 17m+1 is defined.

We now consider the subdiagonal case k < 0. The target space T is given by
T = Kpins1 (A, ¢n(A) 7). Recall that Q,,,1(A, b, ¢n) = Kpi1(A, ¢n(A) '), and
(6.7) can be transformed into a polynomial RAD

~ ~

AVyir Ky = Vo H (6.9)

mo

for KCpni1(A, ¢n(A)~"d) by Algorithm 5.10. An orthonormal basis for 7 is then given

by truncating ‘A/mﬂ to IA/erkH, the first m + k + 1 columns of ‘7m+1.

6.1.2. Solving the linear problem and relocating poles. We consider the

problem in line 5 of Algorithm 6.11, i.e., the problem of finding a unit 2-norm vector

v € S such that || (I — Py) Folj3 is minimal. We have S = R(V,,,1) and T =

R(VmMH), with both V,,; and V,,, ., being orthonormal. Defining the matrix
S = FVpi1r = Voorir (Vi1 FVy) € CYFY (6.10)

a solution is given by v =V, ¢, where € is a right singular vector of S' corresponding
to a smallest singular value o,,.

We now discuss how to determine the polynomial ¢,, € P,,, from line 6 of Al-
gorithm 6.11, such that v = V,,,1€ = §,(A)gn(A)"'b. Let Q,,pq € C"TH™H be

unitary with first column @,,,,e; = ¢. Using (6.7) as an RAD for S, it follows from
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Theorem 5.4 that the roots of ¢, are the eigenvalues of the m-by-m pencil

([0 ]m} Qv*m—l%: [O Im} an—i—l&) . (6.11)

Note that if € = e;, the first canonical unit vector, then v is collinear with b. In this

case ¢, and ¢, share the same roots and the algorithm stagnates.

6.1.3. Constructing the approximants. The approximant r of type (m + k, m)
is computed by LS approximation of F'b from the target rational Krylov space T.
More precisely, if (6.8) is an RAD for 7T, then the approximant r is represented by a

coefficient vector ¢ € C™ ™ such that (A)b = ||b|aV,,.x 41¢. The coefficient vector
is given by
¢ = Vo1 (D) /]1b]l2. (6.12)

Computing the coefficient vector ¢ at each iteration does not significantly increase
the computational complexity because the vector F'b needs to be computed only once.
The vector ¢ enables the cheap evaluation of the relative misfit (6.4), which allows to

stop the RKFIT iteration when a desired tolerance e, is achieved.

6.1.4. Avoiding complex arithmetic. If I A, and b are real-valued and the set of
starting poles {{;}72; is closed under complex conjugation, we can use Algorithm 2.3
instead of Algorithm 2.2 and work with quasi-RADs instead of RADs. The matrix
S in (6.10) is guaranteed to be real-valued and the generalized eigenproblem (6.11)
is real-valued as well. This guarantees that the relocated poles appear in complex-
conjugate pairs as well. If I, A, and b are not real-valued, but can be simultaneously
transformed into real-valued form, complex arithmetic can be avoided too. We show

how to achieve this for scalar data.

Let the data set {(\;, fi)}fvzl be closed under complex conjugation, i.e., if (A, f) is
in the set, so is (X, 7) Without loss of generality, we assume that the pairs are ordered
so that {(\;, fl)}fvfl c R? and {(\;, fi)}i\;NRH C C?\ R?, where the complex-conjugate
pairs in the latter subset appear next to each other, and 0 < N < N is a natural number.

Define A = diag(A, Ay, ..., Ax), F = diag(f1, far ... fn), b=1[1 1 ... 1]" e RY,
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and let @ € CM be unitary. Then

[Fv = r(A)blls = [[(QRFQ") (Qb) — Qr(A)Q" (Qb) |2
= [(QFQ") (@b) — r(QAQ") (QD) [|>.

The first equality follows from the unitary invariance of the 2-norm, and the second

from [60, Theorem 1.13]. With the particular choice

. V21 1 V21 1 NN
Q—blkdlag<INR,7{_i i]’””?{—i i} e C™,

we have Fp = QFQ* € RV, Ay = QAQ* e R™" and by = Qb € RY. Precisely,

. R(fi) —S(fi,) R(fiy,) —S(fiy,)
Fr = blkdiag (fh...,fNR, {%(le) %(fn)} ey [%(fi%) %Ui%)]) ;

N—N,
where Ng = =+

while bg = [1 ... 1 v2 0 ... V2 0]", with Ny entries equal to 1, and N

and i; = Ny + 2j — 1. For A we obtain an analogous expression,

consecutive [v/2 O]T copies.

6.2 Numerical experiments (with /= 1)

Before studying and extending RKFIT further, we provide a some comments relating
the RKFIT approximation to those considered in Chapter 3, and then examine a few
examples.

In general, RKFIT approximations differ from those considered in Chapter 3. To
see this, let us considered the simplest case of F = A™" with m = k = 1. Then,
by Corollary 6.2, RKFIT finds the minimizer after one reallocation independently
from the used starting pole. On the other hand, rational Arnoldi approximations are
based on the interpolation on Ritz values and thus the rational Arnoldi approximant
may be incorrect even if the solution A™'b is contained in the corresponding rational
Krylov space. The main reason for this difference is that RKFIT uses instead the LS
approximation from the rational Krylov space. This, however, makes the extrapolation

step more costly. We now consider three numerical examples.

6.2.1. Experiment 1: Fitting an artificial frequency response. We first con-

sider a diagonal matrix A € CN" with N = 200 linearly spaced eigenvalues in the
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Figure 6.1: Least-squares approximation of a rational function f of type (19, 18) using RKFIT
and the vector fitting code VFIT. Left: Relative error ||f(A)b — r(A)b||s/||f(A)b], after
each iteration of RKFIT (solid red) and VFIT (dashed blue). The two convergence curves
for each method correspond to different choices for the initial poles Z; (circles), =, (squares),
and Z5 (triangles), respectively. Right: Plot of |f| over an interval on the imaginary axis
overlaid with the approximants |r| obtained after 10 iterations of RKFIT and VFIT with
initial poles E; (the curves are visually indistinguishable).

interval [107°1,10%). The matrix F = f(A) is a rational matrix function of type (19, 18)
given in partial fraction form in [54, Section 4.1, and b=[1 1 ... 1] ¢ RY. We
compare RKFIT to the vector fitting algorithm (VFIT) [54, 52] which is available
online.” We review VFIT and relate it to RKFIT in the following Section 6.3. In this
example we use k = —1, and we consider three different sets of starting poles, namely

e =;: 9 log-spaced poles in [103i, 105i] and their complex conjugates;
e =, 12 log-spaced poles in [106i, 109i] and their complex conjugates;

e =;: 18 infinite poles (applicable to RKFIT only);
and run 10 iterations of RKFIT and VFIT, respectively.

The numerical results are shown in Figure 6.1. Figure 6.1(a) shows the relative error
|f(A)b —r(A)b|l/||f(A)b||, after each iteration. We observe that RKFIT converges
within the first 2 iterations for all three sets of initial poles =, =,, and =;. VFIT
requires 3 iterations starting with =; and it fails to converge within 10 iterations when
being initialised with the poles =Z,. In the later case, the warnings that MATLAB raises
about solves of close-to-singular linear systems seem to indicate that VFIT relies on

ill-conditioned linear algebra. The choice of infinite initial poles =5 is interesting in that

1http ://www.sintef .no/Projectweb/VECTFIT/Downloads/VFUT3/ as of November 2014.
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it requires no a priori knowledge of the pole location (choosing all poles to be infinite is
not possible in the available VFIT code). Figure 6.1(b) shows the plot of | f(z)| over an
interval on the imaginary axis, together with the RKFIT and VFIT approximants |r(z)|.
The evaluation of the scalar function » may be based on Theorem 2.14. Indeed, the
vector ¢ from (6.12) collects the coefficients of the approximant 7(A)b in the rational
Krylov basis YA/erkH, ie., r(A)b = ||b||2\7m+k+1c. Using Theorem 2.14 we find that
r(z) can be evaluated for any point z € C, excluding the poles, by computing a full
QR factorisation of zK,, — H,, and forming an inner product of ||b||yc with the last
column qu of the Q factor scaled by its first entry, i.e., r(z) = Hb||2qrgl+)*cel. (In
Chapter 7 we introduce a more efficient evaluation algorithm.) Figure 6.1(b) essentially
coincides with [54, Figure 1] (it does not exactly coincide as apparently the figure in

that paper has been produced with a smaller number of sampling points, causing some

“spikes” to be missed or reduced).

6.2.2. Experiment 2: Square root of a symmetric matrix. We consider the
approximation of F'b with the matrix square root F' = Al/Q, A = tridiag(—1,2,—1) €
R b = e, and k = 0. Again, we test different sets of initial poles, namely

e =;: 16 log-spaced poles in [—10%, —107%];
e =,: 16 linearly spaced poles in [0, 4];

e =;: 16 infinite poles (applicable to RKFIT only).

Note that the initial poles Z; are placed on the branch cut of 2 2 which is a
reasonable initial guess for the poles of r. Some of the poles =, are located very close
to the eigenvalues of A whose spectral interval is approximately [0, 4]. The convergence,
i.e, the relative error per iteration of RKFIT and VFIT is shown on Figure 6.2(a). In
order to use VFIT for this problem, we have diagonalized A and provided the code
with weights corresponding to the components of b in the eigenvector basis of A. All
tests converge within at most 9 iterations, with the fastest convergence achieved by
RKFIT with initial guess Z;. In Figure 6.2(b) we show the error |2'/? — r(z)| over an

interval containing the spectrum of A.

6.2.3. Experiment 3: Exponential of a nonnormal matrix. We consider the

approximation of F'b with the matrix exponential F' = exp(A) of a Grear-like matrix
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Figure 6.2: Least-squares approximation of the function f(z) = 12 using RKFIT and the
vector fitting code VFIT. Left: This plot shows the relative approximation error || f(A)b —
r(A)blly/||f(A)bl|, after each iteration of RKFIT (solid red) and VFIT (dashed blue). The
convergence curves for each method correspond to different choices for the initial poles =;
(circles), Ey (squares), and =3 (triangles), respectively. Right: This is the plot of | f — r| over
an interval on the positive real axis obtained after 10 iterations of RKFIT and VFIT with
initial poles =Z;. The vertical lines indicate the spectral interval of A.

A of size N = 100 generated in MATLAB via A = -5%gallery(’grcar’,N,3). The
eigenvalues and the boundary of the 10~ %-pseudospectrum of A are shown on the right
of Figure 6.3. The vectoris b=[1 1 ... 1]7 € R and we use m = 16 with k = 0.
The different sets of initial poles for RKFIT we compare are:

e =;: 16 poles equal to 0;
e =, 16 poles equal to —10;

e =;: 16 infinite poles.

Note that A is not diagonalizable and therefore VFIT cannot be applied as in the
previous two experiments. In Figure 6.3(a) we observe excellent convergence of RKFIT
within 2 iterations starting with the initial poles =, and =5.

With the initial poles =, the error stagnates on a higher level, possibly trapped
nearby a non-global minimum. As is the case with any nonlinear iteration, RKFIT is
not guaranteed to converge to a global minimum (even when it exists). We currently do
not have a good explanation of why the initial guess =, is bad, but we have verified that
€ = —10 lies in the 10~ °-pseudospectrum of A, and hence the initial rational Krylov
space may have too large components in just a few eigendirections of A. In Figure 6.3(b)

we have included a contour plot for the scalar error | f — r| over a region in the complex
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Figure 6.3: Least-squares approximation of the function f(z) = exp(z) using RKFIT. Left:
This plot shows the relative approximation error ||f(A)b — r(A)b||s/||f(A)b|, after each
iteration of RKFIT (solid red) for different choices of initial poles Z;, =y, and Es, respectively.
Right: A plot of |f — 7| over a region in the complex plane together with the poles of r (green
crosses), where r is the rational least squares approximant obtained after 10 iterations of
RKFIT with initial poles =;. The eigenvalues of the Grcar matrix and the boundary of the
10_6—pseudospectrum are also shown.

plane together with the poles of r, and the aforementioned pseudospectrum.

6.3 Other rational approximation algorithms

Here we consider scalar rational approximation problems, like the one encountered in
the introduction of the chapter. In our discussion we refrain from using weights, and
fix the type of the rational approximant to be (m — 1,m), for the sake of simplicity
only. Hence, we consider the following problem: given data {(\;, fl)}f\il, with pairwise

distinct \;, find a rational function r of type (m — 1,m) such that

N
> Ifi = ()P — min. (6.13)
i=1

A popular approach, introduced in [54], for solving problems of this form and designed
to fit frequency response measurements of dynamical systems is vector fitting (VFIT).

As already observed in Section 6.2, numerical experiments indicate that RKFIT
performs more robustly than VFIT. The main goal of this section is to clarify the

differences and similarities between the two methods. In Section 6.3.1, we briefly
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review the predecessors of VFIT, followed by a derivation of VFIT in Section 6.3.2.
In Section 6.3.3 we reformulate VFIT in the spirit of RKFIT in order to compare the
two methods. Other aspects of VFIT, applicable to RKFIT as well, are discussed
in Section 6.3.4.

6.3.1. Iteratively reweighted linearisation. The first attempt to solve the non-
linear problem (6.13) was through linearisation [74]. Let us write r = p,,_1/¢,, with

Pm-1 € Pn_1 and q,, € P,,.- Then the relation

N N 2
Z 2 Z ‘fiQm<>‘i) - pm—l()‘i)’
i T )\’L — P} 9

inspired Levy [74] to replace (6.13) with the problem of finding p,,_;(z) = Z?:_()l ozjzj

and g, (z) = 1+3°7, 8,2 such that SN 1 fi@m(N) = P (A)]? is minimal. The latter
problem is linear in the unknowns {a;_;, 3;};2; and hence straightforward to solve.
However, as ¢, may vary substantially in magnitude over the data \;, the solution
T = Pm_1/q, may be a poor approximation to a solution of (6.13).

As a remedy, Sanathanan and Koerner [96] suggest to replace the nonlinear problem
(6.13) with a sequence of linear problems. Once the linearised problem ZZ]L | fitm(N;) —

Pm—1(X\;)|? = min has been solved, one can set §,, := ¢, and solve a reweighted linear

problem Zf\il |/ iqm(?{;jﬂ;i Slgl()‘i”z — min. This process can be iterated until a satisfactory
approximation has been obtained or a maximal number of iterations has been performed.

Vector fitting is a reformulation of the Sanathanan—Koerner algorithm, where the
polynomials p,,_; and g, are not expanded in the monomial basis, but in a Lagrange

basis written in barycentric form; see below.

6.3.2. Vector fitting. Similarly to RKFIT, in VFIT one starts with an initial
guess ¢,, of degree m for the denominator, but here with pairwise distinct finite
roots {& 17 N {\ 1}, = 0, and iteratively tries to improve it as follows. Write
again r = p,,_1/q,, with p,,_; and ¢,, being unknown. Then r can be represented in

barycentric form with interpolation nodes {¢;}7;, that is,

1(2) B Pim—1/Gm(2) B Z;nzl zfjgj
() @@ 14y

(6.14)

hy °
—§;

z
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Algorithm 6.12 Vector fitting [54].

Input: Interpolation nodes {\;}, and data {f;}~, and m < N.
Output: Rational function r of type (m—1, m) such that r(\;) = f;, fori =1,2,... N.

Select pairwise distinct finite {&;}72; N (NN, =0.
repeat
Solve (6.16) for [p” 1/;T}T.
Update {&;}72; := A(diag(¢;) — e’).
until ¥ % 0 > See Section 6.3.4.
Solve (6.16) for ¢ only, i.e., remove last m columns of the system matrix.

Set r(z) => 1, ijsj.

NSOt W=

The coefficients ¢; and v; are the unknowns to be determined. Once found, we use
them to detect better interpolation nodes for the barycentric representation, and it
is hoped that, by iterating the process, those ultimately converge to the poles of an
(approximate) minimizer r.

The linearised version of (6.14) reads

r<z>(1+zzqu§,

):izfjg (6.15)

Inserting z = \; and replacing r();) with f; in (6.15) for i = 1,2,..., N gives a linear

system of equations

1 1 il —f1

AM—=& T M= MG T M= o
: : : : M =f, (6.16)
1 1 —In —In

Av=§ T AN=&m An—& T An—ém

which is solved in the LS sense. Afterwards, the poles {&;};; are replaced by the roots
of the denominator 1 + Z;":l ;f—jgj, i.e., by the eigenvalues of diag(;) — e’ where
e = [1 1 ... 1}T € C™; see [20, 41]. Tt is assumed that those will again be pairwise
distinct and disjoint from {)\Z}f\il Iterating this process gives the VFIT algorithm;
see Algorithm 6.12. The reweighting as in the Sanathanan—Koerner algorithm is

implicitly achieved in VFIT through the change of interpolation nodes for the barycentric

representation.

6.3.3. The normalization condition. Although different approaches are used, both

mathematically and numerically, RKFIT and VFIT are similar. However, there is a
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considerable difference in the way the poles are relocated. Let us introduce

1 1
' 5=  »e h
Cerl = ’ F= e )
1 1 1 f
Av=& T An—ém N
and C,, =C, 4 [0 Im}T. We now rewrite (6.16) in the equivalent form
5 P
[Co —FCrpia] [t0| =0, (6.17)
P

with 1y = 1. For any fixed @b € C™, solving (6.17) for ¢p € C™ in the LS sense, subject
to ¥y = 1, is equivalent to solving Cv‘mgo = FC,,1[1 ¢T]T in the LS sense. Under
the (reasonable) assumption that C,, € CV™ is of full column rank with m < N, the

unique solution is given by ¢ = CI FC,. . [1 "]

, , P/ m }
Therefore, when solving (6.16) in VFIT one gets r = T where ¢,,,(2)/qn(2) =
m/ m
1+3>0 ;’_bjgj and P, (2)/¢m(2) = 2272, Zféj is the projection of f¢,,/q,,, with f being

defined on the discrete set of interpolation nodes as f()\;) = f;, onto the target space,
here represented by C’m

Both VFIT and RKFIT solve an LS problem at each iteration, with the projec-
tion space represented in the partial fraction basis (VFIT) or via discrete-orthogonal
rational functions (RKFIT). Apart from the potential ill-conditioning of the partial
fraction basis, the main difference between VFIT and RKFIT is the constraints un-
der which the LS problems are solved. The constraint in VFIT is for ¢/q to have a
unit absolute term, ¢y = 1. This asymptotic requirement degrades the convergence
properties of VFIT, especially when the approximate poles §; are far from those of
a true minimizer and the interpolation nodes \; vary over a large scale of magni-
tudes. This was observed in [52], and as a fix it was proposed to use instead the
condition R {Zi\; <Z;n:1 ,\w__J,gj + %)} =R {N¢0 + 20 <Z£V:1 ﬁ) ¢j} = N,
incorporated as an additional equation in (6.16). This modification to a global nor-
malization condition avoids the problems with point-wise normalization conditions
exemplified in the introduction of the chapter. VFIT with this additional constrain
is known as relaxed VFIT. The normalization condition in RKFIT is also of global

nature, ||v||y = ||G(A)q(A)"'b||y = 1, cf. line 5 in Algorithm 6.11.



138 CHAPTER 6. RATIONAL KRYLOV FITTING

6.3.4. On the choice of basis. In VFIT the approximant is expanded in the basis
of partial fractions which may lead to ill-conditioned linear algebra problems, as can
be anticipated by the appearance of Cauchy-like matrices, c.f. (6.16). Orthonormal
vector fitting was proposed as a remedy in [25], where the basis of partial fractions was
replaced by an orthonormal basis. Soon after it was claimed [53] that a numerically
more careful implementation of VFIT is as good as the orthonormal VFIT variant

proposed in [25], and hence the orthonormal VFIT never became a reality.

The issue with the orthonormal VFIT [25] is that the orthonormal basis is computed
by a Gram—Schmidt procedure applied to partial fractions, i.e., an ill-conditioned basis
is transformed into an orthonormal one, hence ill-conditioned linear algebra is not
avoided. The orthonormal basis in RKFIT is obtained from successively applying a
single partial fraction to the last basis vector, which amounts to the orthogonalisation

of a basis with typically lower condition number.

Numerical issues arising in VFIT have been recently discussed and mitigated in
[28, 29, 30]. Our approach avoids these problems altogether, and RKFIT is more

general.

So far we have assumed the interpolation nodes \; to be given. If they can be chosen
freely, one can choose them based on quadrature rules tailored to the application. This
may improve the numerical properties as well as the approximation. This is suggested
in [29, 30] for the discretized H, approximation of transfer function measurements and

carries over straightforwardly to RKFIT.

To date, there are no comprehensive convergence analyses for VFIT and RKFIT.
In [72, Section IV] an example of degree m = 2 was constructed where the VFIT
fixed-point is repellent and hence the iteration diverges, independently of the starting
guess for the poles. Despite this one example, VFIT has been and is being successfully
used by the engineering community for various (large scale) problems. Both VFIT and
RKFIT have the property that if a rational function r is of sufficiently low degree and
there are sufficiently many interpolation nodes, then in the absence of roundoff r is

recovered exactly; see [72, Corollary III.1] and our Corollary 6.2.



6.4. TUNING DEGREE PARAMETERS M AND K 139

6.4 Tuning degree parameters m and &

In some applications, one may want to construct a rational function of sufficiently
small misfit without knowing the required degree parameters m and k in advance. In
such situations, one can try to fit the data with high enough (for instance maximal one
is willing to use) degree parameters and then, after RKFIT has found a sufficiently
good approximant, reduce m and k without deteriorating much the approximation
accuracy. In this section we present a strategy for performing this reduction.

We assume to have an (m + k,m) approximant r such that ||F'b —r(A)b|, <

| F'b|| 26401, and then propose the following three-step procedure.

1. Reduce m to m — Am > 0, with Am such that m — Am + k > 0.

2. Find approximant of type (m — Am + k,m — Am).

3. Reduce k if required.
These steps are discussed in the following three subsections for the case when F' is a
rational matrix function. An illustration is given in Figure 6.4. In Section 6.4.4 we

discuss the case when F'is not a rational matrix function.

6.4.1. Reducing the denominator degree m. Assume that F is a rational matrix
function. Our reduction procedure for m is based on Theorem 6.1, which asserts that
a defect Am + 1 of the matrix S = (I — Py)FV,,,, corresponds to F' being of type
(m — Am + k,m — Am). Due to numerical roundoff, the numerical rank of S related
to a given tolerance ||Fb|lyego; (With, e.g., £,01 = 107'%) is computed. More precisely,

we reduce m by the largest integer Am < min{m,m + k} such that
Om+1—Am S ||Fb||25tol7 (618)

where 0y > 05 > ... > 0,,,; are the singular values of S.

6.4.2. Finding a lower-degree approximant. If Am > 1, then m needs to be
reduced, and a new approximant of lower numerator and denominator degree is required.
As seen in the proof of Theorem 6.1, the Am + 1 linearly independent vectors spanning
N all share as the greatest common divisor (GCD) the polynomial ¢}, _a,.,, and its roots
should be used as poles of the reduced-degree rational approximant. The following

theorem shows how these roots can be obtained from the pencil (H,,, K,,) in (6.7).
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Theorem 6.3. Let (2.6) be an RAD for Q,,.1(A,b,q,,), withm+1 < d(A,b), and
let the 7; =V, 11¢; for j =1,2,...,Am + 1 be linearly independent. Assume that the
numerators of 7; share as GCD a polynomial of degree m — Am with no repeated roots.
Let X € C™ L be o nonsingular matriz with Xej=¢; forj=12...,Am+ 1.
Introduce

O
I

m—Am

_ _ O
K,=[0 L, am X 1%[ ] H,=[0 I, an X 'H, [I ]

m—Am

Then the roots of the GCD are the eigenvalues of the (m—Am)-by-(m—Am) generalized
eigenproblem (H,, K,).

Proof. We transform the RAD (6.7) into (6.9) where IA/mH = ¢n(A)V, 1 X, IQ =

X_IQ, and & = X_I%. Hence, in scalar form (see Theorem 2.13) we have

p(2)Ky = (), = p(2)(:K,, ~ H,) =07,
where p(2) = [p1(2) p2(2) ... ppia(2)] with, formally, p; = ¢,,7; € P,,. Introduce
K, and H, as the lower-right (m — Am)-by-(m — Am) submatrices of & and &,
respectively. Since (H,, K,) = (PAI*, I?*), we need to show that the roots of the GCD
are A(f-\[*, I?*)

Let A be a common root of {pj}fﬁﬂ. Note that this is then also a common
root of {r;}3t™". Then the last m — Am columns of p()\)()\& — E) = 0" as-

sert that A\ is a generalized eigenvalue of (fl*,l?*) with left eigenvector p,(\)* =
Pamt2(A) - ppa(MN]"#0. O

Remark 6.4. We conjecture that Theorem 6.3 holds also if the GCD has repeated
roots. This is proved in [11, Theorem 4.1] under the additional assumption that K, is

nonsingular (which is conjectured to be superfluous [11, Remark 4.2]).

6.4.3. Numerator degree revealing basis. We now assume that the denominator
degree m := m — Am has already been reduced and a new approximant r of type
(m + k,m) such that [[F'b — r(A)blly, < ||[Fb|s64s1 has been found. Reducing the
numerator degree is a linear problem and we can guarantee the misfit to stay below
€401 after the reduction.

Let T = Kpini1 (A, ¢n(A)7'b) be the final target space such that r(A)b € T,
and let ‘/7] be an orthonormal basis for IC;(A, qm(A)_lb) for j=1,2,.... m+k—+1.
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m+k
0123456789

2

3] M<e-t-4--1 [ 25x107%] [ 1.9%x107%]

4 ~1.3x107% 1.7 x 107

5 —4.6x 10" —5.7x 107
S 6.0 x 107 1.5x 107

. 45%x107'® 45%x107'®

. | 1.8x107"%] | 18x107"%

9 co cic

Figure 6.4: Degree reduction when fitting Fb, where F = A(A+ I)"'(A+31)7% A =
tridiag(—1,2,—1) € RYN and b = e, € RY, with N = 150. Note that F is of type (1,3).
The initial poles of the search space are all at infinity. The table on the left shows the number
Am + 1 of singular values of (I — Pr)FV,, 1 below the tolerance ||F'b||sero = 107", for
different choices of m and k. For the choice (m + k,m) = (3,9) we obtain Am = 2, and
hence the reduced type is (1,7). In this case m is not fully reduced because k was chosen
too small. For the choice (m + k,m) = (8,6) we obtain Am = 3, giving the reduced type
(5,3). The roots of the GCD are —1 and —3 £1i2.32 x 107", With these three poles, and
other two at infinity, the type (5,3) approximant r produces a relative misfit 7.02 x 1071,
The expansion coefficients cg of 7 in the orthonormal rational basis are given to the right
of the table. They indicate that the last two poles at infinity are actually superfluous, and
r is of type at most (3,3). Only the expansion of r in the orthonormal polynomial basis,
as explained in subsection 6.4.3, reveals that r is of type (1,3). The coefficients ¢x in this
polynomial basis are also given.

As the vectors in ‘A/j have ascending numerator degree, this basis reveals the degree

of r(A)b by looking at the trailing expansion coefficients ¢ € cmrktt

r(A)b/||bll, = ‘7m+k+1c'

satisfying

Introduce ¢_; = [0 I]Je € C' for i = 1,2,...,m + k. By the triangle inequality,
~ N 0 ~ 0
[Femot: = Tusene + Tusen | 2 ][, < [F0r100 = Tosine]], + [ | ]
- 2 2 C_; 2
The degree of the numerator of r can therefore be reduced to m + k — Ak, where Ak

is the maximal integer 1 <7 < m + k such that
[e_illa < [Fbllaeer — [[FD — 7(A)bl|5, (6.19)

or Ak = 0 if such an integer ¢ does not exist. The last Ak components of ¢ may
hence be truncated, giving ¢ € C™* 2¥1 quch that 7 = V., +h—Aky1 € still satisfies

[F6 = 7(A)bllz < [|Fb]2e001

6.4.4. General F. The following lemma extends Theorem 6.1 to the case when F' is

not necessarily a rational matrix function.
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Figure 6.5: Degree reduction when fitting £'b, where F' = (A—I—AQ)%, A = tridiag(—1,2,-1) €
RN’N, and b =¢e € RN, with N = 150. The poles of the search space are obtained after three
RKFIT iterations with initial poles all at infinity. The table on the left shows the number
Am + 1 of singular values of (I — Pr)FV,, 1 below ||Fb|lse¢01€5at6 = 1077 for different
choices of m and k. For the choice (m + k,m) = (9,10) we obtain Am = 4, implying the
reduced type (5,6). The choice (m + k,m) = (11,6) is reduced down to (9,4) as Am = 2.
Representing this new approximant in the numerator degree-revealing basis allows for a
further reduction to type (5,4). The table on the right visualizes how many RKFIT iterations
are required after reduction to reobtain an approximant of misfit below e,,; = 10_4, using
the approximate GCD strategy for selecting the poles to restart RKFIT with.

Lemma 6.5. Let q,,, A, b,m,k,S, T, and V,,,, be as in Theorem 6.1. Assume that
for F € CMY we have a rational approzimant r = Dmsk/Tm Of type (m + k,m) such
that ||Fb —r(A)b|ly < ||Fbllsegor- If the matriz (I — Pr)FV,, ., has Am + 1 singular
values smaller than ||F'bllse.e1, then there exists a (Am + 1)-dimensional subspace
N, C S, containing b, such that

min ||[Fv — p(A)q,(A) 7' b||, < [[Fbl2eea

pep’m+k

for all v e N, ||v]l, = 1.
Proof. Consider a thin SVD of the matrix (I — Pr)FV,,,, = USW", where ¥ =

e R™™™ and 0,1 < 0 < .o < 0pieam < || Fbllagger by

diag(oy, 09, ..., Opmi1)
assumption. Equivalently, (I — Pr)FV,, ;W = UX. Then the final Am + 1 columns of
Vins1 W form a basis for V,. It follows from the assumption || Fb—r(A)b||y < [|Fbll240
that b € N, 0

Recall that if F' is a rational matrix function, then the space N, defined in Lemma 6.5
corresponds to the exact nullspace N = Kami1 (A, ¢ am(A)gm(A)7'b) defined in

(6.6), where the (numerators of the) rational functions share as GCD the polynomial

Gm—Am- In the general case N, is only a subspace of the larger rational Krylov space
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S, and the rational functions present in AV, do not necessarily share a common denom-
inator. However, for every v = p,,(A)g,,(4)"'b € N, the vector Fp,,(A)g,(A)""b
is well approximated in the 2-norm by some vector p(A)q,,(A) b, with p € Ptk
This suggests that the polynomials p,, corresponding to vectors v € N, share an
approzimate GCD (see, e.g., [16]) whose roots approximate the poles of a “good” ra-
tional approximation r(A)b for F'b. We therefore propose to use the same reduction
procedure as suggested by Theorem 6.3.

As there is no guarantee that after reduction RKFIT will be able to find an approx-
imant of relative misfit below €.,,, the use of a safety parameter 4,4, is recommended.

More precisely, we reduce m by the largest integer Am < min{m,m + k} such that
Om+1—Am S HFbH2€t01€safe7 (620)

where oy > 09 > ... > 0,,, are the singular values of S. By default we use ¢.,¢, = 0.1.
Figure 6.5 illustrates our reduction strategy for a non-rational function F'. The table
on the left shows the number Am + 1 of singular values of (I — Pr)FV,,,, below the
threshold, for different choices of m and k. It can be observed that when F' is not a

rational matrix function the table loses the regular structure like the one in Figure 6.4.

6.5 Extensions and complete algorithm

In order to tackle the more general problem given by (6.5) we only need to modify line 5

in Algorithm 6.11 into:

¢
Find v = argminz IDY (1 — Pr) FUg)),.
o=t 7=1

Once again, a solution is v = V,,,,¢, where ¢ is a right singular vector corresponding

to a smallest singular value of the matrix

S=[sT sI' ... s echNemtt where (6.21)
s, = Dl [F[ﬂvm+1 Ve (\7,:+k+1F[j]vm+1)] e CVmL, (6.22)

The ¢ rational approximants {r" }ﬁ:l may be represented by the coefficient vectors

e = (DI, 40) (DY FDB) /b)), (6.23)
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Algorithm 6.13 Rational Krylov Fitting (RKFIT). RKToolbox: rkfit

Input: Matrix A € CM, a family of matrices {F[j] }?:1 c CVN . a vector b € CV,
and a starting guess q,, € P,, for the denominator.

Optional input: A family of matrices {D[j] }?:1 c CMV integer k € Z such that
k > —m, tolerances €,o;,csasre € Ry, flags real and reduction, and maximal
number maxit of relocation iterations to perform.

Output: RAD (6.8) and vectors {CU] }?:1 representing the approximants {rm }?:1-

1. Initialise missing optional input parameters as indicated by Table 6.1.
2. Set real to false if any of A, {Fm Dl }}], 1, b or g, is not real-valued.
3. Compute fU9 = DUIFUp and f9 = ||£9), for j =1,2,...., 0.
4. for it =1,2,... maxit do
5. Compute RAD (6.7) for S = Q,,,1(A, b, q,,) by Algorithm 2.2/2.3.
if £k > 0 then
Extend RAD (6.7) to (6.8) by adding & infinite poles using Algorithm 2.2/2.3.
else
Transform RAD (6.7) to (6.9) by Algorithm 5.10 and truncate it to (6.8).

10.  end if

11.  Form {c[j]}§:1 as in (6.23).

12.  Compute misfit as in (6.5) (exploiting the previously computed £V and f4).

13.  if misfit < eg,,; then

© X N>

14. if reduction then

15. Form S, with singular values oy > 0y > ... > 0,,,1, as in (6.21)—(6.22).

16. Let Am < min{m, m + k} be the largest integer for which (6.18) holds.

17. Compute m — Am new poles following Theorem 6.3 with ¢; being the right
singular vectors corresponding to the smallest singular values of S.

18. Update m := m — Am. Set reduction2 to true and reduction to false.

19. else

20. return

21. end if

22.  end if

23. Compute S (if needed) and a right singular vector ¢ corresponding to ,, .

24.  Replace the poles g, with the generalised elgenvalues of (6.11), where Q,,,; is a
unitary/orthogonal matrix with @, e; = €.

25. end for

26. if misfit < e, and reduction2 (defined) then

27.  Update (6.8) using Algorithm 5.10 to obtain degree revealing basis (if needed).

28.  Update accordingly {cm }5:1 to get representation in the new basis.

29.  Truncate close to zero components at the rear of V! following Section 6.4.3.
30. end if

Table 6.1: Default RKFIT parameters.
[parameter [ value | [ parameter [ value | [ parameter [value|[parameter [value]

D’ I Etol 1071 real false
k 0 Esafe 107" ||reduction| false

maxit ‘ 10 ‘




6.6. NUMERICAL EXPERIMENTS (WITH ¢ > 1) 145

which reduces to ¢V = ‘7,:+k+1(F[j]b)/||b||2 if DV = Iy. The remaining parts of
RKFIT, with the exception of the degree reducing strategy, are unaffected. In order to
make sure that all of {7 }le have the same denominator the reduction of m should be
based on the singular values of S, and not the individual S;. For the reduction of k, one
can either reduce k& by the smallest acceptable reduction k; for r[j], or make potentially
different reductions for each rV! locally. The complete algorithm is summarised in

Algorithm 6.13.

6.6 Numerical experiments (with ¢ > 1)

We now show the performance of RKFIT when ¢ > 1 for two different applications.

6.6.1. MIMO dynamical system. We consider a model for the transfer function
of the MIMO system ISS 1R [21]. There are 3 input and 3 output channels, giving
¢ = 9 functions to be fitted. We use N = 2 x 561 sampling points \; given in [21],
appearing in complex-conjugate pairs on the range :i:i[1072, 103]. The data are closed
under complex conjugation, and hence we can work with block-diagonal real-valued
matrices A and {FV! }§:1 as explained in Section 6.1.4. The magnitudes of the ¢/ =9
transfer functions to be fitted are plotted in Figure 6.6(a).

For the first experiment, we try to find rational functions of type (70,70), and
then reducing their degrees. A tolerance of e,,; = 10> is used. In Figure 6.6(b) two
convergence curves are shown, one for RKFIT as described in the previous sections
(solid line), and the other for an RKFIT variant that enforces the poles to be stable
(dashed line). A pole ¢ € C is stable if R(£) < 0, and this is enforced in the pole
relocation step by simply flipping the real parts of the poles if necessary. At convergence
the poles happen to be stable in both cases. The initial poles were taken to be all
infinite, and the misfit at iteration 0 corresponds to these initial poles. Both RKFIT
variants achieve a misfit below .., at iteration 4, after which the degree reduction
discussed in Section 6.4 takes place. The denominator degree m = 70 is reduced to
m — Am = 56 without stability enforcement, and to m — Am, = 54 with stability
enforcement. For the latter case, the 70 poles obtained after the fourth iteration and

the 54 poles corresponding to the approximate GCD are plotted in Figure 6.6(c). The
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Figure 6.6: Low-order model approximation to the MIMO system ISS from [21]. The frequency
responses are plotted in figure (a). In (b) the progress of RKFIT is given for m = 70 infinite
starting poles. At iteration 4 the degree reduction takes place. The 70 poles after convergence
and 54 selected ones (for the case when stability of poles in enforced) are illustrated in figure
(c). Figure (d) presents a comparison with VFIT, when searching for (55, 56) approximants,
and using two different starting guesses. More details are given in Section 6.6.1.

error corresponding to the new 56 (respectively 54) poles corresponds to iteration 5; as
it is still below &,,; no further RKFIT iterations are required.

For the second experiment we compare RKFIT with the vector fitting code VFIT
[26, 52, 54] for two different choices of initial poles, and with different normalisation
conditions for VFIT. The results are reported in Figure 6.6(d). Here we search for type
(m — 1,m) approximants with m = 56, do not enforce the poles to be stable, and do
not perform any further degree reductions. The solid convergence curves are obtained
with initial poles of the form —£/100 + i¢, with the £ being logarithmically spaced
on [107%,10%]. This is regarded as a good initial guess in the literature [52, 54]. The

dashed curves result when using as initial poles the eigenvalues of a real-valued random
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matrix. In both cases RKFIT outperforms VFIT, independently of the normalisation
condition used by VFIT. Depending on the 56 initial poles, RKFIT requires either 4 or
5 iterations. This has to be compared to Figure 6.6(b), where the 56 poles selected by
our reduction strategy immediately give a misfit below £,,; so that no further iteration
is required. This provides further evidence that our approximate GCD strategy for

choosing the poles after reducing m works well in practice.

6.6.2. Pole optimization for exponential integration. Let us consider the prob-

lem of solving a linear constant-coefficient initial-value system of ODEs
Ku'(t) + Lu(t) =0,  u(0) = u,

at several time points t;,1,,...,t,. Problems like this arise, for example, after space-
discretization of parabolic PDEs via finite differences or finite elements, in which
case K and L are large sparse matrices. Assuming that K is nonsingular, the exact
solutions u(t;) are given by u(t;) = exp(—t;K ' L)uy, and a popular approach for

/) is to use rational functions V! of the form

approximating w(t;

Ogj} . Jgj} . . 07[%]
-2z §—=z fm_Z’

constructed so that r¥(K ' L)uy ~ u(t;). Note that the poles of M do not depend on

r[j](z) —

L and we have

P (K™ Lyug =Y o (GK — L) Ky,

=1

the evaluation of which amounts to the solution of m decoupled linear systems. Such
fixed-pole approximants have great computational advantage, in particular in combina-
tion with direct solvers (the LU factorisation of {; ' — L can be used for all ¢;) and on

parallel computers.
(]

The correct design of the pole-residue pairs (§;, ;") is closely related to the scalar

t

rational approximation of e *, a problem which has received considerable attention

in the literature [17, 33, 79, 81, 106]. Let us assume that L is Hermitian positive
semi-definite, K is Hermitian positive definite, and introduce ||v||x := V" Kv. Then

_+ 1 _ -1 < —t;A ]
Jesp(-1K Db~ T Dl < (bl max e~ r0y)

< ||b|lx max|e” 5 — U (6.24)

A>0
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In order to use RKFIT for finding poles &;, &, ..., ¢&,, of the rational functions ]
such that the right-hand side (6.24) of the inequality is small for all j = 1,2,... ¢, we
propose a surrogate approach similar to that in [17]. Let A = diag(A, Ay, ..., Ax) be
a diagonal matrix with “sufficiently dense” eigenvalues on A > 0. In this example we
take N = 500 logspaced eigenvalues on the interval [107°, 10°]. Further, we define ¢ = 41
logspaced time points ¢; on the interval [107",10"], and the matrices FUl — exp(—t;A).
We also define b=[1 1 ... 1]" to assign equal weight to each eigenvalue of A and
then run RKFIT for finding a family of type (m — 1, m) rational functions ) with
m = 12 so that

V4
absmisfit = > [|[FVb — U1 (A4)b3
j=1
is minimised. Note that

l l
. . . 2
absmisfit > Y [FUb — rll ()82 = 3 ( max |~ — r[ﬂ(m) ,
j=1

’ AEA(A)
J=1

and hence a small misfit implies that all r¥! are accurate uniform approximants for
A

e~ on the eigenvalues A(A). If these eigenvalues are dense enough on A > 0 one can
expect the upper error bound (6.24) to be small.

Figure 6.7(a) shows the convergence of RKFIT, starting from an initial guess of
m = 12 poles at infinity (iteration 0 corresponds to the absolute misfit of the linearised
rational approximation problem). We find that RKFIT attains its smallest absolute
misfit of ~ 3.44 x 107 after 6 iterations. From iteration 7 onwards the misfit slightly
oscillates about the stagnation level. To evaluate the quality of the common-pole rational
approximants for all £ = 41 time points ¢;, we perform an experiment similar to that in
[106, Figure 6.1] by approximating w(t;) = exp(—t,;L)u, and comparing the result with
MATLAB expm. Here, L € R**""?% ig 4 finite-difference discretization of the scaled 2D
Laplace operator —0.02A on the domain [—1, 1]2 with homogeneous Dirichlet boundary
condition, and u, corresponds to the discretization of ug(z,y) = (1 — 2°)(1 — y*)e”
on that domain. Figure 6.7(b) shows the error ||u(t;) — U (L)ugl|, for each time
point ¢; (solid curve with circles). We see that the error is approximately uniform
and smaller than 6.21 x 10™° over the whole time interval [107",10']. An alternative
is to approximate u(t;) with an extraction procedure introduced in Section 3.2. For

instance, the standard rational Arnoldi approximation corresponding to a quasi-RAD

for Q,,11(L, v, {;}jL1) yields rational approximations of type (m — 1,m), same as the
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(c) Poles from the two approaches. (d) Quality of RKFIT as m increases.

Figure 6.7: Approximating exp(—tL)wug for a range of parameters ¢ with rational approximants
sharing common poles. The convergence behaviour of RKFIT with the surrogate problem,
for approximants of type (11,12), is shown in (a). In (b) we show the approximation error for
¢ = 41 logspaced time points ¢ € [0.1, 10] for the contour-based approach (dotted curve with
diamonds), RKFIT (solid curve with circles) and the standard rational Arnoldi approximation
with poles obtained from RKFIT (dashed curve with circles). In (c) we show the poles of the
two families of rational approximants, while in (d) we show the maximal error for the two
RKFIT-based approximations, uniformly over all ¢; € [10_1, 101], for various m.

type of the approximants r¥. Such approximations clearly have the same poles as
the U, however, the numerators are based on L rather then the surrogate matrix A
and thus may be better. This is indeed observed in Figure 6.7(b), were we denote the
standard rational Arnoldi approximation as “RKFIT + Arnoldi” (dashed curve with
circles). The m = 12 poles of the rational functions rl

are shown in Figure 6.7(c)

(circles).

Another approach for obtaining a family of rational approximants is to use contour

integration [106]. Applying an m-point quadrature rule to the Cauchy integral on a
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contour I' enclosing the positive real axis, one obtains a family of rational functions
77l whose poles are the quadrature points &; € I' and whose residuals O'Z[j ] depend on
t;. As it has already been pointed out in [106], such quadrature-based approximants
tend be good only for a small range of parameters ¢;. In Figure 6.7(b) we see that
the error ||u(t;) — (L) uy||s increases rapidly away from ¢ = 1 (dashed curve with
diamonds). We have used the same degree parameter m = 12 as above and the poles of

the 77, which all lie on a parabolic contour [106, eq. (3.1)], are shown in Figure 6.7(c)

(diamonds).

6.7 RKToolbox corner

In RKToolbox Example 6.1 we list the possible calls to our rkfit implementation
of Algorithm 6.13 contained in the RKToolbox. Let us first comment on the list of
input parameters. F may be a matrix of size N-by-/V, a function handle representing
matrix-matrix multiplication (such as, for instance, F = @(X)A*X, where A is a matrix),
or a cell array of ell such objects F{1}, F{2}, ..., F{ell}. The variables A, b and xi
are the same as for rat krylov; see Section 2.6. On input, the 1-by-m row vector xi
contains the initial m poles.

As can be noted in lines 3-5, for the maximal number of iterations rkfit can perform,
we can provide the variable maxit, while for the tolerance e.,, (see Section 6.1.3) we
can optionally provide tol. If the initial poles xi are closed under complex conjugation
and the remaining data are real-valued, we can take advantage of the structure and use
only real arithmetic, as shown in line 5. If some of this optional parameters are not
provided, then the default ones, as listed in Table 6.1, are used. On the other hand,
if one wants to specify the remaining optional parameters, the call in line 7 needs to
be employed. Therein, param is a structure with fields, for instance, maxit, tol and
real, with the same meaning as the variables in lines 3—5. Other fields include the flag
reduction which indicates whether the degree reduction from Section 6.4 needs to be
applied upon convergence, and k for specifying the type (m + k,m). A complete list of
param’s fields may be obtained by typing help rkfit in MATLAB command line.

Finally, let us comment on the output list [xi, r, misfit, out]. The vector

xi contains the poles of the rational function(s) obtained by rkfit, misfit is a
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[xi, r, misfit, out] rkfit(F, A, b, xi);

rkfit(F, A, b, xi, maxit);
rkfit(F, A, b, xi, maxit, tol);
rkfit(F, A, b, xi, maxit, tol, ’real’);

[xi, r, misfit, out]
[xi, r, misfit, out]
[xi, r, misfit, out]

[xi, r, misfit, out] rkfit(F, A, b, xi, param);

RKToolbox Example 6.1: Using RKFIT.

vector containing the misfit (6.5) after each rkfit iteration, including the starting
one corresponding to the provided initial poles, and out is a structure that collects
various intermediate data, such as, for instance, the poles before and after reduction.
The variable r is either an instance of the MATLAB class RKFUN, or a cell array of
RKFUN instances, depending on ¢. The class RKFUN is used to represent a rational

function numerically, and is the topic of the following chapter.
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Working with rational
functions in pencil format

In this chapter we develop a system for working numerically with rational functions.
The system is based on the (scalar) RADs introduced in Section 2.2. It follows from
Theorem 2.13 that the unreduced pencil (H,,, K,,) from an RAD

AV Ky = Vi (7.1)

for Q,,+1(A, b, q,,) encodes a basis {r;}7", for the set of all rational functions of type
at most (m, m) with the fixed denominator ¢,,. A particular rational function r is then

(Cm+1

specified by a vector ¢ € containing the unique expansion coefficients c; € C of

r in that basis, i.e., such that r =" jc; 7).

In Section 7.1 we show how to use the triplet (H,,, K,,, ¢) = r for the numerical
evaluation of r, as well as for pole and root finding. The evaluation is considered both

NN .- N .
C™" times a vector b € C, i.e., we show how

for scalars z € C and for matrices A €
to evaluate r(z) and r(A)b. In Section 7.2 we show how to perform basic arithmetic
operations (addition, subtraction, multiplication and division) with objects in the new
format, and in Section 7.3 we consider more advanced operations. Specifically, we
consider changing the basis r is represented in, into the partial fraction basis that
reveals the residues of each pole. Finally, in Section 7.4 we discuss our MATLAB
implementation within the RKToolbox and we showcase the algorithms. Rational
functions are represented as instances of a MATLAB object of the class RKFUN
(which stands for Rational Krylov FUNction). The use of MATLAB object-oriented

programming capabilities for these purposes is inspired by the Chebfun system [27].
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7.1 Evaluation, pole and root finding

Let (H,,, K,,) be a regular upper Hessenberg pencil of (m + 1)-by-m complex-valued
matrices. Define {r; = p;/q;}7~¢ as in Theorem 2.13. Then, (2.18) still holds for any
z € C such that g,,(z) # 0, even if (H,,, K,,) does not correspond to an RAD. The
proof is the same as for Theorem 2.13. This is a simple consequence of the fact that
the rational functions r; are defined recursively through (H,,, K,,); see also (2.17). For
instance, (2.18) holds even when H,, = K,,, which is, by Lemma 2.6, not possible for
RADs. In this case (%, %) does not encode a basis but a generating system, that is,
a superset of a basis, {r; = p;/q;}~¢ of rational functions. Nevertheless, the RKFUN

representation

r=(H,,, K,,c), (7.2)

discussed in the introduction of the chapter, can be used to represent a rational
function r. Furthermore, we can use the real-valued version with an upper quasi-

1 .
R™if we

Hessenberg matrix H,, together with a real-valued coefficient vector ¢ €
want to avoid complex arithmetic, when possible. However, for simplicity, we shall not
discuss the details for avoiding complex arithmetic, but the implementations in the

RKToolbox support this option.

7.1.1. Evaluation of an RKFUN. Let r be as in (7.2). Based on Theorem 2.14 we
can evaluate r at a scalar z € C by considering the QR factorisation of H,, — zK,,, as
was also discussed in Section 6.2. There is, however, a more efficient approach which,
unlike the QR approach, is applicable to matrices as well. Furthermore, the evaluation
of r at a scalar z € C such that g,,(z) # 0 can be interpreted as the (matrix-valued)
evaluation r(A)b with A = [z} e C" and b = [1} € C'. Therefore, we discuss
directly the evaluation r(A)b.

Let A € CV" be a matrix whose eigenvalues are not poles of 7, and let b € CV
be a nonzero vector. Note that in this chapter there are no restrictions on N. In
order to form r(A)b we proceed in two steps. First, we compute the generating system
{r;(A)b}},, and, second, we form r(A)b = [b r(A)b ry(A)b ... r,(A)b]c.
The generating system is computed recursively, essentially by rerunning the rational

Arnoldi algorithm with the given pencil (H,,, K,). These two-step procedure is given
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Algorithm 7.14 Evaluating an RKFUN. RKToolbox: rkfun.feval
Input: A € CV, b € CV, and r = (H,,, K,,, ¢) with poles outside A(A) and an

unreduced upper-Hessenberg pencil (H,,, K,,,) of size (m + 1)-by-m.
Output: Vector r = r(A)b.

1. Let w; = b.

2. for j=1,2,...,m do

3. Let pu; = hjyj,v; = kjy 4, and take any p;,7;, € C such that u;p; # v;m;.

4. Set t; = p;k; —v;h; € €/, and y; = n;k; — p;h; € ct > See (2.4), (2.5).
5. Compute w := (v;A — ,uj[)_l(ij —n; 1)W;t,;.

6. Compute wj,; := (w — W;¥y;) /Y11, > We now have AW, \K; = W, H;.
7. end for

8

. Compute r =W, c.

in Algorithm 7.14. In the first part, lines 1-7, we form an RAD-like decomposition
AWm+1& = Wm+1%a (73)

where W,y := [b ri(A)b ry(A)b ... 7,(A)b] is not necessarily of full column
rank (hence, RAD-like). Finally, in line 8 we form r(A)b.

7.1.2. Pole and root finding. For completeness, let us remark that the roots of an
RKFUN (7.2) can be computed as in (6.11), where Q,,,,; is defined via ¢ instead of
the notation ¢ used in the paragraph containing (6.11). Of course, the poles of (7.2)

are the eigenvalues of the lower m-by-m subpencil of (H,,, K.,).

7.2 Basic arithmetic operations

We now consider performing basic arithmetic operations with RKFUNs. Specifically,

we consider two RKFUNS, say, (7.2) and

F=(H, K, ), (7.4)
and want to obtain an RKFUN representation for r £ 7, r7, and r/7.
7.2.1. Sum of RKFUNSs. Let the scalar RADs corresponding to r and 7 be

2 [ro(z) m(z) .. ma(2)] and (7.5)

I
<
o
—~
N
~—
=
=
—~
N
~—
=3
3
—~
I
~—
| I
;
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respectively. Recall that ry =7, = 1. Hence, r = Z;’;O Cjy1Tj, T = Zf _oCj417, and
m 4
rT=(c+0) + Y cari Y Gty (7.7)
=1 =1

m

This suggests using the pencil (HS Hy o, K@M) defined by

hip hig oo him hig hig oo hay
h271 h272 . h2,m
hm,m ‘ ‘
o m+l+1,m+
Hm_i_g = hm+1’m R R N S C 3 (78)
h,2’1 h272 e h,27€
T
L Pt

and analogously for @. Note that, for instance,
P%H(z) = det(’ZKSYBH-l - Hﬁﬂ) = det(ZEm - ﬁl,l)Qm<2)>
with ¢, as in (2.9). Furthermore,
quﬂ(z) i=det(2[0 I, ]Km—l-l 0 I, ]Hm+1) det(z@m - ﬁm)qm(z),

and thus po., /¢, = 7. Similarly we find p?ﬁlﬂ/qfﬁﬂ = 7, for the remaining
j=2,3,...,L. Therefore,

r+7 = (Hyyo Kipig, €7), (7.9)
where H,. ., is given by (7.8), K.

e analogously, and, based on (7.7),

CEB = [Cl + /C\l Co C3 Ce Cm+1 /C\Q /0\3 e /C\g+1:|T (- (Cm+£+1. (710)

7.2.2. Difference of RKFUNs. If 7 = (@7&,5), then —7 = (@,&, —¢), and
therefore r — 7 = r + (—7) can be formed as explained in Section 7.2.1. The two

algorithms are implemented in the RKToolbox as rkfun.plus and rkfun.minus.

7.2.3. Product of RKFUNSs. Here we assume that c,,.; # 0. If ¢,,.; = 0, then it

can be removed and the last columns of % and & can be truncated. The idea is to
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merge the two generating systems for r and 7, but first (7.5) is transformed so that

the function r,, is replaced by r. For instance, if C,,,; = [I_m c}, then

[7"0(2) ri(z) ... rm(z)} Cng1 = {To(z) ri(z) .. Tpea(2) 7"(2)} )
and the pencil (H,,, K,,) can be transformed accordingly to

(Hp K,) = (Coii Hy, Crihi Ko (7.11)

It is now easy to show that

T?E (Hfr?+£7 KSJJ) C®)7 (712)
where
Iy by g ]
hoy hop hom
}Zm,m
Hyig = Pt Py b oo hig | € crrrhmt o (7.13)
hoy Do ha e
Ahu
i hye
analogously K2 4, and with
=100 ... 08 & ... Gy eC™L (7.14)

Indeed, using the Laplace expansion of the involved determinants we find that

p’%l-i—j(z) _ det(zKSH - Hgﬂ) o ~
® = 5 5 =r()r;(2),
Qm+j(z) det(z[O [m+j]Km+j - [0 [m+j]Hm+j)

for j =0,1,...,¢, which justifies (7.12).

7.2.4. Quotient of RKFUNs. The division r/7 is performed as the multiplication
r(7)~". Hence, we proceed with the inversion of an RKFUN 7. We use Algorithm 5.7
to relocate the poles of 7 to its roots (only transformations with the upper Hessenberg

pencil are performed). Label with (Hﬁ”,[(fu) = (Q:H—l@zm?@:%—&-l&zm) the
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transformed pencil. The newly obtained pencil represents a generating system for 7',

since its poles coincide with those of 7~ '. Therefore

~1

=, K ), (7.15)

for some ¢! € C*1. Tt follows from Theorem 5.4 that ¢/~ = VYQ i1 €1, where v € C
is a scaling factor which can be obtained by enforcing 7(A\)7 ' (\) = 1, for any A € C
such that 7(\) # 0 is defined.

The two algorithms, multiplication and division of RKFUNs, are implemented in
the RKToolbox as rkfun.times and rkfun.rdivide, respectively. Furthermore, with

rkfun.power one can compute ¥ for k € Z, by repeated multiplication.

7.3 Obtaining the partial fraction basis

We consider an RKFUN r as in (7.2) with pairwise distinct finite poles &1, &, ..., &,
We comment on extensions at the end of the section. Our goal is to find these poles
and the corresponding residues ¢;. In other words, we wish to obtain the parameters

of the partial fraction expansion

=0 ! 7.16
(CRCED W (716)

of r. We achieve this by transforming the scalar RAD (2.18) into

0 1 1 - 1
1 &1
27 (2)" 1 =7(2)" 3 : (7.17)
1 Em
where 7(2)" = [Fo(z) Ti(2) ... T,(2)], with 7y = ro = 1. This transformation is

achieved via left- and right-multiplication of the pencil (H,,, K,,) by nonsingular matri-
ces Lyq € C"T™ and R,, € C™™ built as explained in Algorithm 7.15 below, thus
producing (L1 Hy Ry L1 K Ry, ). The basis r(z)" = [ro(2z) m1(2) ... T(2)]
of (2.18) is transformed accordingly to 7(z)" := r(2)" L;;,}.;. The jth column of (7.17)
guarantees 27 (z) = 14-§;7;(2), or equivalently, 7;(z) = z+§j7 for j =1,2,...,m. There-
fore, 7(z)" is indeed the partial fraction basis. Finally, r = 7(2)" ¢ = #(2)" L, ¢ and,

thus, ¢ := L,, ;¢ contains the residues of the partial fraction expansion.
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Algorithm 7.15 Conversion to partial fraction form. RKToolbox: rkfun.residue
Input: RKFUN r = (H,,, K,,, ¢) with pairwise distinct finite poles.

Output: RKFUN r = (H,,, K,,, ¢), with (IL,&) as in (7.17).

Set R, = ([0 IL,)K,,)"", H, = H,R,, and K,, == K, R,,.

Set L,,.; = blkdiag(1,Q;,"), where [0 1,]H,,Q,, = Q,, diag(£,,&, ..., &)
Update Rm = RQOv Hm = LerleQmEld Km = LerleQm'

Introduce D,,,,; = [—&1 K. - o o

Update L,, 1 == D, s 1Ly, Hy, =D, 1 H,,, and K, := D, .1 K,,.

Update R,, := R,,D,,, H,, = H,,D,,, K,, = K,,D,,, where D,, = diag(1/hy;).
Redefine D, := diag(1/k;;; ;), and D, := blkdiag(1, D,,).

Update L,, 1 == D, ;1L 1, PAIm =D,,,1H,, and l?m =D, 1 K,,.

Define ¢ := L, c. o - o o

© X NSO W=

The complete algorithm consists of four parts and gradually builds the matrices
L., and R,,. The first part corresponds to lines 1-3 in Algorithm 7.15, and it
transforms the pencil so that the lower m-by-m part matches that of (7.17). The
matrix [0 I,,] K,, is nonsingular since it is upper-triangular with no zero elements on
the diagonal (there are no infinite poles), and hence R,, is well defined in line 1. The
eigenvector matrix @, is nonsingular since the eigenvalues &;,&,,...,§, of [0 I,,]H,,
are all distinct. The second part corresponds to lines 4-5, and it zeroes the first row in
K,,. The third part, line 6, takes care of the first row in H,,, setting all its elements to
one. After this transformation, as the fourth part, we rescale [0 I,,]K,, in lines 7-8,

to recover I,,, and form € in line 9.

The transformation of r’ to the partial fraction basis 7' has condition number
cond(L,,,1), which can be arbitrarily bad in particular if some of the poles &; are
close to one another. Our implementation rkfun.residue in the RKToolbox therefore
supports the use of MATLAB variable precision arithmetic as well as the use of the
Advanpix Multiprecision Toolbox [1].

The partial fraction conversion can be extended to the case of repeated poles, both
finite and infinite, which then amounts to bringing the lower m-by-m part of the pencil
to Jordan canonical form instead of diagonal form. Such transformation raises the
problem of deciding when nearby poles should be treated as a single Jordan block. As

a starting point one could consider [69].
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7.4 RKToolbox corner

Computing with RKFUNs. In RKToolbox Example 7.1 we show some basic usage
of the RKFUN class. In line 1 we generate the RKFUN triplet for the rational function
r(z) = % using the rkfun.nodes2rkfun function. The function allows to
generate RKFUNs by specifying the numerator and denominator as monic nodal
polynomials, i.e., by providing the roots and poles. Additional scaling may be applied
afterwards, as we shall see in RKToolbox Example 7.2. In line 2 we display the triplet
(Hy, Ky, €3) = 1y as a 3-by-7 matrix with two NaN columns, one separating H, from K,
and the other separating K, from c;. Line 4 shows how to evaluate r(7) = ‘11—2 = 2.5,
while in the following two lines we calculate the roots and poles of r;, respectively.

A new rational function r, is initialised in line 8 using rkfun.nodes2rkfun again.
The rational function has three roots and two poles which means that an additional
pole at infinity is included in the RKFUN triplet. In line 10 we compute r = r; + ry,
having the RKFUN triplet (]—.1_569 ) K_? ,cg). Only H_? and ¢ are displayed in line 11,
again separated by a column of NaNs. The structure (7.8) can be observed in H_éB . In
line 13 we have verified that 7(7) = r(7) + (7).

Finally, in line 15 we form r := r;ry using the MATLAB notation .* for scalar
multiplication. The function rkfun.times which implements the algorithm discussed
in Section 7.2.3 is invoked, and in the following line we show the corresponding H_?
and ¢g. In this case 7, already correspond to the last basis function and, consequently,

E = H,, cf. (7.11), can be spotted in the top-left corner of H_5®.

Chapter heading. Further possibilities for computing with RKFUNs are considered
in RKToolbox Example 7.2. In line 1 we define x, representing the identity map = + x,
while in line 2 we construct cheby, representing the Chebyshev polynomial Ty of
degree 8. By typing help rkfun.gallery, one can obtain a complete list of supported
RKFUN constructors. In line 3 we show that basic arithmetic operations can be
performed between RKFUNs and scalars. The result is an RKFUN representing the
“expected” rational function. The fragment cheby(1./x) produces an RKFUN for the
composition Ty o r, where r(x) = % Composition r; o ry between two RKFUNs r; and

19 is currently supported for rational functions r, of type (0,0), (1,0), (0,1) and (1, 1).
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1 |rl = rkfun.nodes2rkfun([-1, 2], [3, 31);
2 |[disp([r1.H NaN(3, 1) r1.XK NaN(3, 1) ril.coeffs])

4 [disp(r1(7))
5 |disp (roots(rl).’)
6 |disp(poles(rl).’)

8 |r2 = rkfun.nodes2rkfun([1, -2, 0], [-4, 5]);

10 |r = rl + r2; % calls rkfun.plus
11 | [r.H NaN(6, 1) r.coeffs]

12
13 |disp(r1(7)+r2(7) - r (7))
14
5 |r = rl .* r2; % calls rkfun.times
6 | [r.H NaN(6, 1) r.coeffs]

2 1 0 NaN -1 0 NaN 0
2 3 -2 NaN 1 -1 NaN 0
2 0 3 NaN 0 1 NaN 1
4 2.5000

5 =il 2

6 3 3

11 1 0 2 0 0 NaN 0
11 3 =7 0 0 0 NaN 0
11 0 g 0 0 0 NaN 1
11 0 0 -4 0 0 NaN 0
11 0 0 0 B 1 NaN 0
11 0 0 0 0 1 NaN 1
13 0

16 1 0 0 0 0 NaN 0
16 3 -2 0 0 0 NaN 0
16 0 3 2 0 0 NaN 0
16 0 0 -4 0 0 NaN 0
16 0 0 0 5 1 NaN 0
16 0 0 0 0 1 NaN 1

RKToolbox Example 7.1: Cumputing with RKFUNSs.

1 |x = rkfun();
2 [cheby = rkfun(’cheby’, 8);
s [cheby2 = 1./(1 + 1./(0.1%cheby(1./x).72));

RKToolbox Example 7.2: Chapter heading.

The final function cheby2 is the Chebyshev type 2 filter plotted in Figure 7.1. The
filter is used, for instance, in signal processing in order to suppress unwanted or enhance
wanted frequency components from a signal [15, 110], and we use it for the design of

the chapter headings of this thesis.
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Figure 7.1: Chebyshev type 2 filter.

Degree reduction. When performing basic arithmetic operations with RKFUNS,
we combine the triplets to form a new, bigger, one. For instance, if we subtract an
RKFUN of type (m,m) from itself we obtain a new RKFUN of type (2m,2m), instead
one of type (0,0). This is because the sum (or difference) of two rational functions of
type (m,m) is of type (2m,2m) in the worst case, and we currently do not perform
any degree reduction on the resulting sum (or difference). Similar problems may be
encountered with multiplication and division. As a consequence, the resulting RKFUN
may have degrees higher than necessary, which may lead to an unnecessarily fast growth
of parameters, and might also cause problems when evaluating the RKFUN nearby
spurious poles.

It might be possible to design a degree reduction similar to the degree reduction
from Section 6.4 for RKFIT. In fact, the arithmetic operations may be performed
by sampling the resulting function on a large enough set of interpolation nodes, and
then fitting them with RKFIT, which produces an RKFUN with optionally reduced
degrees. However, the need for providing interpolation nodes is a disadvantage, and,
more importantly, the poles after reduction with the algorithm from Section 6.4 are

not necessarily a subset of the original poles.

Rational Arnoldi approximation of f(A)b for Markov functions f. We present
a simple implementation, RKToolbox Example 7.3, of Algorithm 3.4, built on top of
the RKToolbox, RKFUNs, and other results from the thesis. The algorithm itself is
explained in Section 3.2.4. The implemented function is called util markovfunmv and

it takes as arguments the matrix A, starting vector b, (maximal) number of iterations
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function [V, K, H, vf] = util_markovfunmv(A, b, m, fm, Gamma)
Vv = [b];
K = zeros(1, 0);

H = zeros (1, 0);
i o= 1
xi = inf;

while j <= m
[V, K, H] = rat_krylov(A, V, K, H, xi); % Extend space.

[(Q, R] = qr(X); % Find next pole.
s = rkfun(K, H, Q(:, end));

[, index] = min(abs(s(Gamma))) ;

xi = Gamma (index) ;

Am = K\H;
vE Vx (K*fm (Am) * (K\(V’>*b))); % New approximant.

% If vf is good enough, then stop...

jo= 3+
end
end

RKToolbox Example 7.3: MATLAB implementation of Algorithm 3.4.

m, a function handle fm for f, and a discretisation Gamma of the region I'. In lines 2-7
we initialise the data for storing the RAD parameters, including the first, infinite, pole.
The main part is the while loop spanning lines 9-23. The RAD is extended in line 10,
and the next pole is found in lines 12-15, where an RKFUN s, representing s,,, defined
in (3.23), is constructed. Here we can note that an RKFUN can be constructed by
explicitly specifying the corresponding triplet. It is easy to show that the roots of s
defined in line 13 are indeed the roots of s,,, assuming exact arithmetic. The scaling is
irrelevant for finding the poles. The standard rational Arnoldi approximation if formed
in line 18. This may be followed by a check for convergence, which we do not include.

The interested reader is referred to [58, Section 4] for such considerations.
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Conclusions

We introduced the notion of rational Krylov decompositions and identified necessary
and sufficient conditions under which these decompositions correspond to rational
Krylov spaces. Particular attention was given to rational Arnoldi decompositions
(RADs) since they have a more intimate relation with a given basis of a rational Krylov
spaces. An RAD specifies the starting vector (up to scaling) and poles defining the
corresponding rational Krylov space Q,,.1(A, b, q,,). We derived basic properties of
RADs, generalised the implicit Q theorem to the rational case, and reconsidered the
usage of rational Krylov methods within known applications from the literature as well
as within new ones.

A common assumption in the rational Krylov literature is that the last pole has to
be infinite in order to cheaply, that is, without the need of additional explicit projection,
extract information from an RAD. We derived extraction strategies that do not impose
such a requirement, by considering implicit projections on specific subspaces of the
rational Krylov space at hand. Some of our numerical results indicate that the harmonic
Ritz extraction for the f(A)b problem may be better then standard approaches.

By studying the internal parameters of the rational Arnoldi algorithm, called
continuation pairs, we developed a more robust parallel implementation compared
to previously available work. Eigenvalue applications, where the poles of a rational
Krylov space are close to eigenvalues of A, appear to be more sensitive to the choice of
continuation pairs in the parallel variant, compared to, for instance, applications in
model order reduction or the approximation of f(A)b.

Studying the relocation of poles within an RAD led to RKFIT, an iterative algorithm

for nonlinear rational least squares approximation. Different algorithms for scalar

165
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nonlinear rational least squares have been considered in the past. One of the most
popular methods in the engineering community is vector fitting. However, vector
fitting and similar approaches typically lead to ill-conditioned numerical linear algebra
problems. By using orthonormal RADs we employed a well-conditioned basis for
the underlying space, and, ultimately, obtained a more robust and faster convergent
algorithm. Furthermore, by restating the problem in matrix form, we obtained a more
general algorithm. As a consequence, we believe that RKFIT may become a valuable
tool for finding good pole parameters for rational Krylov methods. For instance, in
applications where a small surrogate matrix A\, sharing similar spectral properties as
A, e.g., stemming from a coarsened finite element discretisation of a PDE, is available.
As an example we considered a problem of exponential integration.

Finally, we developed a system for working numerically with rational functions
represented in the so called RKFUN format, which is based on scalar RADs. For
instance, we demonstrated how to evaluate an RKFUN and how to perform basic
arithmetic operations with RKFUNs.

An interesting topic for future work regarding the rational Arnoldi algorithm is
backward error analysis. Recently the shift-and-invert Arnoldi was considered in [97],
but a generalisation of the analysis to the rational Arnoldi algorithm appears to be
nontrivial as the poles in the rational Arnoldi algorithm may change from one iteration
to the other. An additional difficulty appears to be the appearance of the reduced pencil
(H,,, K,,) instead of a single upper Hessenberg matrix H,,. From a computational
point of view, an asynchronous high performance and parallel implementation of the
rational Arnoldi algorithm may be of interest, as well as an implementation of the
compact rational Arnoldi algorithm [109] where the basis has a particular Kronecker
structure stemming from the structure of the pencil (A, B). Regarding RKFIT, the
convergence and the degree reduction process may be further studied, perhaps to obtain
a better understanding of the approximate GCD. From a practical point of view, it
may be interesting to compare RKFIT with other rational approximation algorithms
and within distinct applications. Furthermore, devising different reduction procedures
may be of interest, for instance, when working with RKFUNSs, where one may desire a
subset selection type of reduction, i.e., a reduction where the new poles are a subset of

the original ones.
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