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GAUGE MOMENTA AS CASIMIR FUNCTIONS OF NONHOLONOMIC SYSTEMS

LUIS GARCIA-NARANJO & JAMES MONTALDI

ABSTRACT. We consider nonholonomic systems with symmetry possessing a certain type of first inte-
grals that are linear in the velocities. We develop a systematic method for modifying the standard non-
holonomic almost Poisson structure that describes the dynamics so that these integrals become Casimir
functions after reduction. This explains a number of recent results on Hamiltonization of nonholonomic
systems, and has consequences for the study of relative equilibria in such systems.

1. INTRODUCTION

The search for geometric structures that are invariant by the flow of nonholonomic mechanical
systems has driven a good part of the research in nonholonomic systems from the time of Chaplygin
to the present day. These range from first integrals and invariant measures, to symplectic or Poisson
structures.

The difficulty of the problem arises because, in the nonholonomic case, the addition of the D’ Alembert
constraint reaction forces destroys the Hamiltonian nature of the mechanical equations of motion. The
resulting equations preserve the energy of the system but only allow a formulation in terms of almost
Poisson structures [44, 38, 15, 29] which fail to satisfy the Jacobi identity and are not preserved by
the flow.

A look at concrete nonholonomic examples (see e.g. the tables in [12, 13] for a good overview),
suggests that the presence of symmetries could lead to the existence of some geometric invariants in
concrete problems, but precise results in this direction are missing.

In recent years, much effort has been devoted to the generalisation of Noether’s Theorem (which in
general terms is a statement linking symmetries to first integrals) to the nonholonomic setting (see for
example [1, 31, 23, 26]). Of particular interest is the case in which the symmetries of the system arise
as the lift of the action of a Lie group G on the configuration space. In analogy with the Hamiltonian
counterpart of this situation, one would expect that if such first integrals exist, they are linear on
the velocities and remain constants of motion in the presence of G-invariant force potentials. First
integrals for nonholonomic systems having these properties are known in the literature as horizontal
gauge momenta |7, 24, 25]. In this paper we do not consider other types of linear first integrals, so
we will simply call them gauge momenta.

A separate line of research in the field of nonholonomic systems with symmetry has focused on the
geometry of their reduction (see [37, 8, 10, 16, 33] and others). As was already known to Chaplygin, it
is possible that the reduced equations of motion allow a Hamiltonian formulation, possibly after a time
reparametrisation. In this scenario one says that the system admits a Hamiltonization [21, 28, 14, 5].
The theorem of Chaplygin on the reducing multiplier [ 18] is one of the fundamental results in this area
but its direct applicability is limited to systems with a small number of degrees of freedom, possessing
an invariant measure, and with a specific type of symmetry.

Date: October 20, 2016.
This research was made possible by a Newton Advanced Fellowship from the Royal Society.
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Contributions. In this paper, we bring together ideas and results from the theory of gauge momenta,
from singular nonholonomic reduction, and from Poisson geometry, to produce new results in the area
of Hamiltonization. Our research was inspired by the results of Borisov, Mamaev and Kilin [11, 12,
13] who, by explicitly finding a Poisson bracket, showed that numerous systems—the Chaplygin ball,
a solid of revolution rolling without slipping on a plane or on a sphere, or a uniform sphere rolling on a
surface of revolution—admit a Hamiltonization. All of these examples share a fundamental property:
they possess G-invariant gauge momenta that are Casimir functions of the Poisson bracket on the
reduced space.

Our main result shows that the above situation holds in considerable generality. Namely, we prove
that a nonholonomic system possessing ¢ independent G-invariant gauge momenta, admits a descrip-
tion in almost Poisson form with respect to a G-invariant bracket which upon reduction has the gauge
momenta as Casimirs. This result gives a positive answer to a question that was originally raised in
[35]. Moreover, our proof is constructive and we give explicit formulae for the bracket in terms of a
choice of configuration coordinates ¢’ and G-invariant momenta 7, (defined by an equivariant moving
frame {X } for the constraint distribution).

In our approach, the crucial object used to obtain the almost Poisson bracket I, with the afore-
mentioned properties, is a G-invariant 3-form A defined on the configuration space. The construction
of A uses the kinetic energy metric and the so-called generators of the gauge momenta in a way that
closely resembles the definition of the Cartan 3-form on a compact Lie group. We then consider the
almost Poisson bracket I, introduced in [44] and use A to perform a gauge transformation (as in
[5,42]).

If the level sets of the gauge momenta on the reduced space are 2-dimensional, our result leads to
a direct Hamiltonization of the problem in terms of a rank 2 Poisson structure (Corollary 5.7 in the
text). Two examples where this arises are the motion of a convex solid of revolution that rolls on a
plane or on a sphere, and the motion of a uniform sphere rolling on a convex surface of revolution. We
stress that these rank 2 Poisson structures on the reduced space arise as the projection of the almost
Poisson bracket Hﬁh defined on the unreduced space, and some dynamical properties may be deduced
from this fact. In particular, certain components of the tensor HnAh are preserved by the flow of the
unreduced equations (Corollary 5.7).

Another dynamical consequence may be drawn from our construction. If the characteristic distribu-
tion defined by the bracket induced by Hﬁh on the reduced space is integrable and the leaves coincide
with the level sets of the resulting Casimirs, as is the case in all of the examples mentioned above,
then the relative equilibria of the system are characterised as the critical points of the energy restricted
to the level sets of the gauge momenta.

We mention finally that it would be interesting to extend the results of our paper to produce Casimir
functions of the reduced bracket in the case where the gauge momenta are not G-invariant. This could
lead to a geometric understanding of the Hamiltonization of other examples like the multi-dimensional
versions of the Chaplygin sphere and the Veselova system [34, 28], or the nonholonomic hinge [9].
We will consider this question separately.

Previous work. The origin of the rank 2 Poisson brackets given in [12, 13] for the reduced dynamics
of the nonholonomic systems mentioned above has been considered by a number of authors using
different approaches. In [22] Fasso, Giacobbe and Sansonetto indicate that their existence is a conse-
quence of the generic periodicity of the reduced dynamics. From their perspective, no insight about
the dynamics of the unreduced system can be obtained from these structures. This contrasts with our
discussion above and with the content of Corollary 5.7.
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Ramos [40] studied these brackets from an algebraic perspective. He correctly indicates that there
is no need to perform a rescaling to satisfy the Jacobi identity, and notices that they allow an extension
to the singular strata of the reduced space (that correspond to certain relative equilibria of the system).
However, no link is made with any brackets for the system on the unreduced space.

The treatment by Tsiganov [43] proceeds by doing the reduction in two steps and by proposing
an ansatz for a bracket at the intermediate stage. Then the author applies ‘brute force calculations’
hoping to obtain brackets for the system with specific properties. We mention that there is certain
correspondence between his ansatz and with equation (3.5) that gives the form of a bracket for the
system that is obtained via a gauge transformation.

In [3] Balseiro studies the Jacobiator of almost Poisson brackets that are obtained by gauge transfor-
mations of the nonholonomic bracket I, introduced in [44]. An emphasis is given to the behaviour
of this Jacobiator under reduction. A link between the constructions of [3] and gauge momenta is
suggested in [6].

Outline. The structure of the paper is the following. In Section 2 we give a quick review of the
structure of the equations of motion using quasi-velocities defined by moving frames. This allows us
to introduce notation and obtain working expressions for the almost Poisson bracket I1,; defined by
van der Schaft and Maschke [44], and known as the nonholonomic bracket. In Section 3 we show how,
to a given a 3-form A on the configuration space Q one can associate an almost Poisson structure I,
for the nonholonomic dynamics that possesses the same properties as I1,;,. Our discussion follows the
ideas of [5, 42] and gives explicit formulae for I[T,. In Section 4 we review some existing results about
gauge momenta and reduction. For our purposes, the most convenient point of view for reduction is
the one developed in [16] that applies in the case of non-free actions and follows a Poisson perspective.

Our main results are contained in Section 5. Sections 5.1 and 5.2 focus on the construction of
a G-invariant 3-form A that make the gauge momenta into Casimirs functions of the reduction of
HnAh (the G-invariance of HnAh follows from the G-invariance of A). A local definition of A is given
by equations (5.2), (5.3), valid wherever the action on Q is free. Lemma 5.2 shows that this local
definition is consistent (independent of the choice of moving frame for the constraint distribution) and
that A may be extended to a global 3-form on the open dense subset of Q where the action is free. The
proof is somewhat technical and is presented in the Appendix. The extent to which such A is unique
is clarified in Remark 5.5. Under the assumption that A may be continuously extended to all of O, we
show in Section 5.3 that Hﬁh indeed has the gauge momenta as Casimirs.

We treat two different examples in Sections 6 and 7. The first deals with the Chaplygin sphere
and is meant to be an illustration of how the different elements in our construction come together. In
Section 7 we consider the rolling of a body of revolution on the plane. This example is more involved
and shows how our method works in the case of a non-free action. Up to an unnecessary conformal
factor, we recover the bracket for the reduced system presented in [12].

We would like to thank Francesco Fasso for comments on an early draft of this paper.

Since completing this work, we have learned of recent work of Balseiro [4] on the same example we
treat in Section 7 where she shows that the bracket found in [12] (also without the conformal factor)
can be found using gauge momentum methods similar to ours, although her method for modifying the
nonholonomic bracket is chosen for that specific example.

2. PRELIMINARIES

2.1. The equations of motion — Lagrangian approach. Consider a nonholonomic system on an
n-dimensional configuration manifold Q. This consists of a Lagrangian L : TQ — R which we assume
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to be of mechanical type, kinetic minus potential energy:

L(¢,4) = 5 {d: 4) =V (),
where the kinetic term is given by a Riemannian metric (-, -) on Q, and V (g) is the potential energy,
and a regular non-integrable distribution D C TQ of rank r < n that determines the nonholonomic
constraints. We assume that both the Lagrangian and the constraint distribution are time independent.
In accordance with the Lagrange-D’ Alembert principle, the equations of motion are given in bundle

coordinates (¢',¢") by
d [ JL JdL
- - ——.:R', .:1,..., . 21
dt <94’> ag ! " @D
Here R; : D — R, denote the components of the constraint reaction force. Such a reaction force is
assumed to be ideal, namelyl

Ri(g,4)¢' =0, whenever g €Dy, (2.2)

and is determined uniquely by the condition that the nonholonomic constraints are satisfied. For
convenience we consider R as smoothly extended to 7'Q (such an approach is taken in [1] for example).
Then the system (2.1) is defined on all of TQ and its flow leaves D invariant. The restriction of this
system to D gives the equations of motion for our problem.

The equations of motion are conveniently written by introducing moving frames and the associated
quasi-velocities adapted to the problem. More precisely, let {Xj,...,X,} be vector fields that form
a local basis of sections of D and let {X,;1,...,X,} be a local basis of sections of D' where the
orthogonal complement is taken with respect to the kinetic energy metric. Any tangent vector ¢ € 7,0
can be written uniquely as

G =v"Xa(q) +v'Xa(q),
for coefficients v!,...,1", that are the aforementioned quasi-velocities. Here and throughout, we use
the following convention on the indices:

e greek indices «, 3,7, ... run from 1 to r,
e latin indices A,B,C,... run from r+ 1 to n,
e latin indices i, j,k,... run from 1 to n.
We can now use (g',v*,v!) as coordinates for TQ and write L = L(g’,v*,+"). Note that D C TQ is
specified by the condition v* = 0 for all A = r+1,...,n, so we can take (¢',v*) as coordinates for D.
After a lengthy calculation using the chain rule, one can show that the equations (2.1) on TQ are
equivalent to

d [ JL ; OL v jOL A
—N 5= —Pos5==-"CoV' 5= =1,...,r
dl ava pa aql oy avkv ) sy
(2.3)
d (JL ; JL . OL
E<W>_p;\a_ql:_CA]ij+pARh A:r—i—l,...,n.
In the above equation, the g-dependent coefficients p ]’ and C’& ; are defined by the relations
X;j=pidy, X1, X] = C}; X,
where |[-,-] is the Lie bracket of vector fields. In the derivation of (2.3) one has to make use of the

relation
poRi =0, a=1,...,r

I'Unless the sum over the indices is explicitly indicated, in this paper we use the Einstein summation convention.
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which follows from (2.2).

The restriction of the system (2.1) on TQ to D can now be performed by substituting v* = 0 for
all A=r+1,...,n on the first set of equations in (2.3). Note that our assumption that the Lagrangian
is of mechanical type, and that X, and X, are orthogonal with respect to the kinetic energy metric,
implies

JdL
-— =0.
aVA VBIO
If we write L. = L|p for the constrained (or restricted) Lagrangian, the desired system on D becomes
E(&v‘JC)_p“&qi ——Caﬁv 37 a=1,...,r. 2.4)

In coordinates the constrained Lagrangian is given by L.(¢',v*) = L(q',v*,0) and satisfies

, 1
Leld'v*) = 59pa)PV -V (@)

where G 1= (Xo, Xp).
Equations (2.4) are complemented by the kinematic relations

§' = piv®, i=1,...,n, (2.5)

that follow from the definition of the quasi-velocities. Note that the second set of equations in (2.3)
does not give any information about the dynamics in D. Instead it serves to determine the reaction
force R.

It is useful to note that, since the vector fields X, and X, are orthogonal, the coefficients Cg B satisfy

973Cgﬁ = ([Xa,Xp],Xy). The coefficients

Capy = ([Xa,Xpg), Xy) = $,5Cop (2.6)
will play an important role in our construction.

2.2. The equations of motion — Hamiltonian approach. The Hamiltonian approach is defined
on the dual bundle D*. If we let W be any fixed subbundle of 7Q complementary to D, that is,
TQ=D®W, then we may (and do) identify D* with the annihilator W° which is a subbundle of 7*Q.
One possible choice for W is of course D+, but in examples this may not be convenient.

Let {u®} be the basis of D* that is dual to {X,}. Namely, u are 1-forms on Q that vanish along
W and satisfy u*(Xg) = 5;3)‘ (Kronecker delta). Any element of D* on the fibre D} over g € Q can be

written uniquely as a linear combination 7y t*(q) for certain scalars 7y, ..., .. In this way one can
use (¢', y) as coordinates on D*.

The restriction of the kinetic energy to D is non-degenerate and allows one to define a constrained
Legendre transform Leg, that is a vector bundle isomorphism between D and D*. It is the restriction
to D of the standard Lagrange transform in mechanics. Explicitly we have

. . dL.
Leg.: D — D", (' V%) — <q’,7ra:W:9aﬁvﬁ> )

The constrained Hamiltonian H, : D* — R is the energy of the system and is defined by
Hc(qi7 77:0!) = nﬁvﬁ - LC(qi7vﬁ)7

where it is understood that v# is written in terms of 7, via the inverse Legendre transform Leg. !.
Explicitly we have

H(¢' . mq) = 15 mmg +V (q), 2.7)
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where G%P denotes the inverse matrix of G ap; namely, G*7G, g = 5[‘;‘. It is a straightforward calculation

to show that

B JdH. JdH. B JL.

T ony’ dg ~  9q’

and hence, the equations (2.4), (2.5), are equivalent to the following first order system on D*:
y ; 0H, ) ; OH, y . OH,

q :paanav To = —Pg g - aﬁﬂ"?’%'

vO{

(2.8)

We denote the corresponding vector field by X,,,. It is readily seen that the above equations can be
written as

qi = {qich}nha Tt = {TC(X,Hc}nh
where {-,-},; denotes the bracket of functions on D* that is skew-symmetric, satisfies the Leibniz
rule, and is locally defined by the relations

{qi76]j}n11 =0, {qi777:a}nh = p(lxv {”aa”[i}nh = _Cgﬁny-

This bracket was first introduced by van der Schaft and Maschke in [44] where it is shown that the
Jacobi identity is satisfied if and only if the distribution D is integrable. For a non-integrable D one
speaks of an almost Poisson bracket or a pseudo-Poisson bracket. Several intrinsic constructions of
the bracket {-, -}, are available in the literature, see e.g. [38, 15, 29].

Denote by IT,;, the bivector on D* defined by the bracket {-,},. Its expression in coordinates is

1
Iy = Pl A Or, — Ecg 3770, \ . (2.9)

The Hamiltonian” vector field X associated to f € C*(D*) is defined by X := Hﬁh(d f). Then clearly
Xun = Xn,. Recall the standard notation: if IT is a bivector field on M then I : T"M — TM is the
associated bundle map; similarly if Z is a 2-form on M then = is the bundle map =’ : TM — T*M.

2.3. Second order vector fields. The Lagrangian equations of motion (2.4) and (2.5) define a vector
field Y, on D that is second order with respect to the vector bundle structure of D over the configura-
tion manifold Q. That is, Y, satisfies

TTD © Ynh = idD7

where Tp : D — Q is the bundle projection. This condition naturally extends the standard definition
of second order vector fields on 7Q, see e.g. [39]. In local coordinates we have T1p(g,v) = ¢, so the
condition of being second order is written as

g(t) = Va(t)xa(CI(l)) € Dq(l)7

for any integral curve (g(r),v*(t)) of Y.
The identification of D with D* via the constrained Legendre transform suggests that the following.

Definition 2.1. A vector field on Z on D* is second order if
Tty (2(q, 7)) = §* 7 Xa(q)

where Tp- : D* — Q is the projection.

2strictly speaking, Xy is not a Hamiltonian vector field, since I, is not a Poisson bracket; it is only an ‘almost” Hamil-
tonian vector field. We will however call these Hamiltonian vector fields throughout.
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The vector field X,,, on D* defined by the equations (2.8) is the push forward of Y, by the con-
strained Legendre transform and it is clearly second order.

Let B be linearly independent 1-forms on Q that span the annihilator D° and let € be the dis-
tribution on D* defined by the joint annihilator of {7}, 34} on D*. Tt is clear that € is well defined
(independent of the choice of basis of D°) and is a regular distribution of rank 2r on D*. (A regular
distribution is one of constant rank.)

The importance of the distribution € in the geometric formulation of nonholonomic mechanics
seems to have first been noticed in [45] where it is shown that its fibres are symplectic (with respect to
the canonical symplectic form on the ambient space T*Q). € is a crucial ingredient in the formulations
ine.g. [8], [16], [29], [33]. In coordinates we have

&(g,r) = span {p(’ﬁqi, On } -
We collect some properties of € in the following proposition whose proof can be given using the above
expression.

Proposition 2.2. The distribution & has the following properties:
(1) it is integrable if and only if D is integrable;
(i1) a vector field Z on D* is second order if and only if it is a section of &;
(iii) it coincides with the characteristic distribution of I1,: that is, Hﬁh(T*D*) =¢.

As a consequence, all of the Hamiltonian vector fields on D* generated by I1,,;, are second order.

3. GAUGE TRANSFORMATIONS ASSOCIATED TO 3-FORMS

A particular procedure to construct a family of almost Poisson structures that describe the dynamics
of a nonholonomic system was presented in [36]. Later, this method was put into a solid geometric
context in [5] by relating it to the gauge transformations of Poisson brackets by 2-forms as introduced
by Severa and Weinstein [42]. Here we modify this construction by starting from a 3-form A on Q. In
Section 5 we apply this construction using specific 3-forms defined by the nonholonomic geometry in
the presence of symmetry.

We continue to identify D* with the annihilator W° C T*Q of a complement W of D on TQ. Let A
be any 3-form on Q that vanishes upon contraction with tangent vectors to W (i.e. A is a section of
A3(D*)). The local expression of A is

1
A= gBaﬁyua A .uﬁ /\.uya

where, as before, {#} is the dual basis of {X,} annihilating W, and the coefficients Bypy € C7(Q)
are assumed to be alternating (that is, skew-symmetric with respect to transpositions of a,f3,7). We
define the 2-form E on D* as the contraction of the pull-back 7. A of A to D* with any second order
vector field Z on D*. The 2-form E is independent of the choice of Z, it is semi-basic, and has local
expression
1

= _ _nY

E= zBaﬁnyu“ Aub,
where Byﬁ = 97’5Ba55.

o
Lemma 3.1. Given any 3-form A as above and writing Z for the resulting 2-form, the map
Idyp- +1T, 02’

is an invertible endomorphism of TD".
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Proof. We work in local coordinates with the notation introduced in Section 2. We have

ua:pladql7 a:17"'7r7
where the duality between {1} and {Xg } implies p;* pé = 5[‘;‘. We shall denote by p the n x r matrix

with entries p.ﬁ

[, and by p the r x n matrix with entries p*. The duality condition becomes pp =1Id, ;.

The matrix representations of Z” and Hfl , With respect to the respective bases {0, dr, } and {dq',dTs}
of Tiy zyD* and T(*; E)D* are given in block form by

»_(P"Bp 0 ¢ _ (0 P
_< . 0), m=(_r %) (3.1)

where C and B are r x r skew-symmetric matrices with entries

(1

Gaﬁ :CZCﬁTL'y, Baﬁ :Bz;ﬁﬂ,'y.

Performing the matrix algebra, one finds

f b 1 0
Idrp +1I, 0 E" = (—Bﬁ I) (3.2)
which is clearly invertible. O
Following [5] and [42] we define the bivector th by
(I14,)F := (Idgpr + T4, 0 ) o ITE,,. (3.3)

This exists by virtue of the lemma above. We say that the bracket defined by HnAh is obtained by a
gauge transformation of the nonholonomic bracket {-,-},, by the 3-form A. (Note that in [5] these
would be denoted I1,, but in the present context the fundamental object is the 3-form A rather than
its contraction X.)

Theorem 3.2. The bivector field Hﬁh has the following properties:
(1) its characteristic distribution is &, that is (Hﬁh)ﬁ(TD*) =¢€,

(ii) it describes the nonholonomic dynamics; namely

(TI3)*(dH) = X, (3.4)

(iii) it is given in local coordinates by

T2, = Pi,0y A ny + = < r—cl >77:787ra/\87rﬁ. (3.5)

OCB

Proof. (i): this follows directly from Proposition 2.2 and equation (3.3) that defines Hﬁh.
(ii): since the 2-form E was defined as the contraction of the 3-form 7;,.A with any second order
vector field Z on D*, and X,;;, is a second order vector field on D*, we can write

E( )_TD*A( nhy )7
and therefore
2 (Xu) = 0.

It follows that (Id7p- +H;ﬁm o Eb)(X,,h) = X,;», and hence (3.4) holds since H W (dH:) = Xy
(iii): Finally, in the notation of the proof of Lemma 3.1, and in view of (3. 2) we have

foomby—1 I 0
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which, combined with (3.1), gives

mr= (i (% 2)=(% 20

and this is equivalent to (3.5). ]

The above theorem shows that the equations of motion (2.8) can be formulated in Hamiltonian
form with respect to the bivector HnAh, for any 3-form A. The Jacobi identity fails for Hﬁh since the
characteristic distribution € is non-integrable. Note that all of the Hamiltonian vector fields associated
to [T, are tangent to € and therefore are second order vector fields on D*.

4. GAUGE MOMENTA AND SYMMETRY REDUCTION

The existence of first integrals that are linear in velocity, or momentum variables, for nonholonomic
systems has received a great deal of attention (see e.g. [26] and the references therein). In this section
we outline some of the known results in the field and prove Theorem 4.3 which will be used in our
construction in Section 5 below. Similar versions of this theorem are available in the literature (see
the discussion in [26]).

4.1. Linear first integrals of nonholonomic systems. Consider first the Hamiltonian formulation
in terms of the equations of motion (2.8) on D*. Linear functions on D* are sections of D** = D
so we can naturally make a one to one correspondence between vector fields that take values on D
and linear functions on the phase space D*. This observation goes back to Iliev [30, 31] and to some
extent Agostinelli [1]. Let Z be a vector field on Q taking values on D. It can be written as a linear
combination of the basis of sections of D as

Z=7%q)Xa(q),

for certain functions Z* € C*(Q). We denote by pz € C*(D*) the linear function associated to Z. In
terms of the coordinates (¢', ) we have

pz(q,7) = Z%(q) .-

In particular note that px, = 7y forall x =1,... k.

Now consider the Lagrangian formulation given by equations (2.4), (2.5) defined on D. This ap-
proach is followed by many recent references [23, 24]. With a slight abuse of notation we denote the
function pzoLeg, € C*(D) also by pz. It has the local expression

pz(q,v) = Z“(q)% =Z%(q)Sap (g

Definition 4.1. The vector field Z taking values on D is called the generator of the linear function py.

We stress that the generator of a linear function is uniquely determined by the condition that it is
a section of D. Also, linear functions on D (or D*) are independent over the set of points where the
generating vector fields are linearly independent.
As it is shown in [31], the evolution of p; along the nonholonomic Lagrangian system (2.4), (2.5)
on D is given by
pz=2"[L]|, @.1)

where Z7€ denotes the tangent lift of the generator vector field Z (the expression for Z7€ in bundle
coordinates (¢',4") is given in (4.2) below).
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We now present an alternative characterisation of the condition that p is a first integral. Recall
that a vector field Z on Q acts by infinitesimal isometries if the Lie derivative £2G of the metric along
Z vanishes. This suggests the following definition.

Definition 4.2. A vector field Z on Q acts by infinitesimal isometries on D if (£79)(u,u) = 0 for all
ueD.

Note that this does not assume that the flow defined by Z preserves the distribution D. The following
is aresult from [23], where they allow Z to be a section of the reaction annihilator distribution, which
contains D.

Theorem 4.3. Consider a nonholonomic Lagrangian system with constraint distribution D and La-
grangian L(q,u) = G(u,u) —V(q). Let Z be a section of the distribution D. Then the momentum
pz generated by Z is a first integral of the Lagrangian system if and only if Z acts by infinitesimal
isometries on D and annihilates the potential energy V.

Proof. We have pz = Z"[L]| . so pz is conserved if and only if the right hand side vanishes. We
show this is equivalent to annihilating the potential and kinetic energies separately, and then show the
latter is equivalent to being an infinitesimal isometry on D (which follows from the lemma below).
One implication is clear a fortiori. For the converse, if Z'€ annihilates L on D, then restricting to
the zero section shows that Z[V] = 0. Since V is a function on Q, it follows that Z7¢ annihilates its
pull-back to TQ (and hence to D). Since L and V are both annihilated by Z7¢ (on D), it follows that
ZTQ also annihilates the metric (kinetic energy) restricted to D. That this is equivalent to Z being an
isometry on D follows from the following lemma. g

Lemma 4.4. Let Z be any vector field on Q, and G the metric tensor. Then as functions on T Q,
(£29) (u,u) = 2" [G(u,u)] -

Proof. In local bundle coordinates, the tangent lift of Z is

Z"% =719, + g—jjq“aq.k. 4.2)
Applying this to §(u,u) = G;ju'u’ gives
29 (u,u)| = Z* f’k’ wl + 2~ Zku .
But this is exactly the expression for (£29)(u,u) — see for example [32, p.55]. O

4.2. Gauge momenta. An important class of linear first integrals that may exist in the presence of a
symmetry group is that of gauge momenta. This terminology was first used in [7] where the authors
indicate the existence of this kind of integrals in some classical examples of nonholonomic systems.
Further research on their properties can be found in [24], [25], where they are called horizontal gauge
momenta.

Let G be a Lie group that acts properly on Q, and suppose that the lift of G to TQ leaves the
Lagrangian L and the constraint distribution D invariant. It follows that G acts by isometries on Q
(with respect to the kinetic energy metric), and that the potential V € C*(Q) is G-invariant. Define by
S the, possibly non-regular, distribution on Q defined by

8;:=D,Ng-q.
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Here g is the group’s Lie algebra and g - g denotes the tangent space to the group orbit at g. We assume
that this distribution is regular on Qy, and only changes rank possibly at points where the action of G
fails to be free.

Definition 4.5. A linear first integral of a nonholonomic system is called a gauge momentum associ-
ated to the G-action if its unique generator on D is a section of 8.

We will be especially interested in G-invariant gauge momenta. In addition to being a section of
8, the generator of such integrals is G-equivariant.

4.3. Reduction. We present a basic outline of the almost Poisson reduction of nonholonomic systems
with possibly non-free actions. We continue to work under the assumptions that were introduced
above. Namely, there is an action of the Lie group G on the configuration space Q whose lift to TQ
preserves the Lagrangian L and the constraint distribution D.

Now assume that the chosen subbundle W C T Q satisfying TQ = D @ W is also invariant (this is
always possible for a proper action, for example by choosing W to be orthogonal to D with respect
to an invariant metric). This allows the identification D* = W° to respect the G action (i.e., to be
equivariant), and consequently the cotangent lift of the G action to T*Q leaves D* invariant. One
can show that the restriction of this action to D* leaves the constrained Hamiltonian H,. (2.7) and the
bivector I, (2.9) invariant. The reduced Hamiltonian is the unique function, which we also denote
H_, on the orbit space D* /G whose pull-back to D* is H,. If the G-action on Q is free then this orbit
space can be expressed as a bundle of rank r over the ‘shape space” Q/G (where r is the rank of D).
In general, if the action is not free, the quotient D*/G is a stratified space.

As is usual, one identifies smooth functions on D* /G with smooth G-invariant functions on D*.
Since the nonholonomic (almost) Poisson structure is invariant, it follows that {f, g}, is invariant
whenever f and g are, and hence {-,-},; descends to an almost Poisson structure on D*/G, which
we continue to denote {-,-},;. One can, by the usual formula, define Hamiltonian ‘vector fields” on
D*/G from this bracket, and it turns out that these are genuine vector fields on, or tangent to, each
stratum. In particular, the Hamiltonian vector field defined by the reduced Hamiltonian H, is the
reduced Hamiltonian vector field. The flow of this reduced Hamiltonian vector field is the projection
to D* /G of the flow of the original Hamiltonian vector field on D* given by equations (2.8).

Further details about the reduction procedure when the action is not free can be found in the book
of Cushman, Duistermaat and Sniatycki [16].

The main point of our paper is that given any G-invariant 3-form A on Q as constructed in Section
3, the reduction outlined above follows mutatis mutandis for the bracket on D* defined by the bivector
T4 . In the next section we see how to choose A so that the invariant gauge momenta are Casimir

nh*
functions of the reduced system.

5. INVARIANT GAUGE MOMENTA ARE CASIMIRS OF A REDUCED BRACKET

In this section we continue to work under the assumption that there is a Lie group G acting on Q
and preserving both the mechanical Lagrangian L and the constraint distribution D. Moreover, we
shall assume that the G-action on Q is proper and that the isotropy of a generic point g € Q is trivial.
We denote by Qf the set of points in Q having trivial isotropy. Then Qy is a G-invariant open dense
set of O and the restriction of the G action to Qy is free and proper.

We suppose that there exist £ gauge momenta with G-equivariant generators Z, with b =1,...,¢,
that are linearly independent on Q. We note that linear combinations of these vector fields with
constant coefficients are also generators of gauge momenta.
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5.1. Adapted bases and preliminary results.

Definition 5.1. A basis {X} of sections of D defined on an open subset U of Qy is said to be
symmetry-momentum adapted (or simply adapted) if it can be written as {Xy } = {Z;,Y;} where:

(i) the vector fields {Z,} generate gauge momenta,
(ii) the vector fields Z, and Y; are G-equivariant.

Here we refine the convention on the indices introduced in Section 2.1 where «, f3,... run from
1,...,r (where r = rank(D)) by using
e lower case latin indices® b,¢,d, ... run from 1 to ¢,
e upper case latin indices /,J,K, ... run from ¢+ 1 to r.

The following lemma shows that it is possible to extend locally the gauge momentum generators
{Z}} to a minimal set of generators of D that is adapted at points of Q. Note that if a distribution is
regular, then a minimal set of generators is a set of vector fields that defines a basis of the distribution
at each point.

Lemma 5.2. Let Zp, for b= 1,... ¢, be given linearly independent equivariant vector fields in D and
let g € Qy. There is a G-invariant neighbourhood U of q in Q r on which there exist equivariant vector
fields Yy (I =0+ 1,...,r) such that {Zp,Y;} generate sections of D on U.

Proof. Let S be a submanifold of Q¢ for which T,S® T,(G - ¢) = T,Q (that is, S is a slice to the orbit).
Then the natural map G x S — Q defined by (g,s) — g-s defines an equivariant diffeomorphism in
a neighbourhood of Q and hence in a neighbourhood of G - g (by the inverse function theorem). The
image U of such a neighbourhood is called a tubular neighbourhood of ¢ (or of the orbit G- g).

Let V be any vector field on Q defined in a neighbourhood of g. Then its restriction to S can be
extended to an equivariant vector field Y on the tubular neighbourhood simply by the formula

Y(g,s) =TgV(s)-
If V is a section of a G-invariant distribution, then so is the resulting equivariant vector field Y.

Since D is a smooth distribution, the given set of vector fields {Z,} can be extended to a minimal
set of generators {Z;,V;} of D. For each of the V}, restrict to S and extend by equivariance to define
Y; as above. These span D by dimension count: they remain linearly independent in a neighbourhood
of g (as they have the same value at g as the V;), and they are sections of D. U

The proof of the lemma uses in an essential way that the basis point ¢ has trivial isotropy. At points
with non-trivial isotropy one would not expect there to be a set of equivariant vector fields that span
D.

The following theorem shows that, for an adapted basis {Z, Yy }, the coefficients

Capy = ([Xa, Xp], Xy)
satisfy
Coap = —Crpa- (5.1)
This is central to the definition of the 3-form A in Lemma 5.4 below. Moreover, this property serves
to characterise gauge momenta.

Theorem 5.3. Let {Xy} (@ =1,...,r =dim(D)) be globally defined equivariant vector fields on Q
which on Qy generate D. Suppose moreover that X is a section of 8. Then X generates a gauge
momentum if and only if, for all a, B,

Claﬁ =—C Ba-

3we do not use the letter a since its typography is very similar to that of o.
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Proof. Consider the quantities Fyp = (X4, Xp). Since the X, are equivariant and the metric is G-
invarant, the Fyg are invariant functions. Since X is tangent to group orbits, it follows that X [Fg] =
0. Thus

0 = Xi[Fup]
= £x,(9)(Xa. Xp) + ([X1,Xa], Xp) + (Xa, [X1,Xp])
= £X1(9)(X¢X’Xﬁ)+claﬁ+clﬁoc-

Here £x,(G) is the Lie derivative of the metric along X;. Since X is a section of § it follows that
it annihilates the potential energy. Consequently, by Theorem 4.3, X generates a gauge momentum
if and only if it is an infinitesimal isometry on D. Over Qy this latter condition is equivalent, by
definition, to £x, (§)(X¢,Xg) = 0 for all &, = 1,...,r. This proves the theorem over Q.

Finally, note that if py, is a gauge momentum on D* restricted to Qy, it is also one over all of D*,
since Qy is an open dense subset of Q. ]

This theorem can be used to find gauge momenta in examples. See the treatment of the solid of
revolution that rolls without slipping on the plane in Section 7.

5.2. The 3-forms A. From now on, we assume that the subbundle W of T'Q with the property 7Q =
D & W is G-invariant; this implies that the identification of D* with a subbundle of 7*(Q is equivariant.
A possibility to achieve this is to take W = D~ but other choices might be more convenient when
working with concrete examples. This assumption also guarantees that the elements of the dual basis
of an equivariant basis of sections of D are G-invariant 1-forms on Q.

Lemma 5.4. There exists a globally defined G-invariant 3-form A on Qr whose local expression in
terms of an adapted basis of sections {Xq } = {Zp,Y;} of D is given by

A= §Bapy RO AP AR, (5.2)

where the coefficients By gy are G-invariant functions, alternating in the indices, that satisfy

Bigy = {[Z6,Xp), Xy) - (5.3)

Any 2 such forms differ by an invariant 3-form ¥, locally of the form ¥ = Epjxu! A’ A uX, and such
forms are precisely the pull-back to Qs of 3-forms on Q¢ /G that annihilate 8y ® W, where 8 is the
subbundle of 8§ spanned by the generators Zj, of the gauge momenta.

Remarks 5.5. (i) It follows from Lemma 5.2 that the definition is consistent, as Bygy = —Bjyg.
On the other hand, in general, Bg; is not equal to <[Xa,Xﬁ], Zb>. Moreover, the condition
gives no restriction on the coefficients Bjjgx, which leads to the possible non-uniqueness of

A.
(ii) If r — ¢ < 3 then Bjjx = 0 by the alternating property and thus Lemma 5.4 defines a unique
3-form on Q.

(iii) The form A is only defined on Q¢, although in examples we find it has a smooth extension to
all of Q0. However, we do not have a proof that if the action is not everywhere free then such
a smooth extension always exists.

(iv) Suppose that vector fields {Z,} span the distribution 8, = D, N g g. The dimension assump-
tion on the symmetry group [10] supposes D, + g-q = T,Q. Under these conditions, invariant
3-forms of the form ¥ = Ejjxpu! A/ A uK coincide with the pull-back to Q of 3-forms on
the shape space Q¢ /G.
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(v) The form (5.3) of the coefficients is similar to the definition of the Cartan 3-form on Lie
groups, however the vector fields involved are only equivariant and not necessarily tangent
to the group orbit.

(vi) It is worth pointing out that while the construction of A depends explicitly on the kinetic
energy (metric), it does not depend on the potential part of the Lagrangian provided it is
G-invariant. This G-invariance is required because the vector fields Z, must annihilate the
potential (see Theorem 4.3).

The proof of Lemma 5.4 can be found in the Appendix (Proposition A.3).

5.3. Almost Poisson brackets having gauge momenta as Casimirs. We assume for the remainder
of this section that among the 3-forms of Lemma 5.4, there exists at least one that admits a smooth
extension to Q. We point out that this property is satisfied in all of the examples that we considered.
Denote the resulting 3-form on Q by A.

Now use this 3-form A to apply the construction outlined in Section 3 to construct a bracket Hﬁh
for our nonholonomic system. The local expression for IT%, is given by formula (3.5) in Theorem 3.2
where we recall that Bgﬁ = 97’5Ba55. Using (5.3) and (2.6) we find

BZ[; = C,Zﬁ, ng = Cgb, Bl =S"Cay+ 5" Buyx,  Bfy=5"Cory+ "By

Therefore, the expression for 1%, becomes

. 1
Iy, = P9y N O, + 5 ((9bCCcIJ + G Bk — CZ) m + (9KbeIJ + G5By — C,’j) JrK) On, N\ Oy, .

The above expression contains the coefficients Bjjk that are not uniquely determined unless r — ¢ < 3,
in which case they are zero. If indeed r — ¢ < 3 then we get the simplified expression

. I
1), = pidys A O, + 5 (9 Cos = Cly ) 779 1 9. (5.4)

Note that by Remark 5.5(vi), the bivector field Hﬁh depends only on the kinetic energy in the
Lagrangian and not on a choice of G-invariant potential.

Let us emphasize that, if the action of G on Q is not free, then we assume in the following that A
extends to a smooth 3-form on all of Q.

Theorem 5.6. The bivector Hﬁh on D* is G-invariant and the gauge momenta m,, b = 1,... L, are
Casimir functions of the induced bracket on the reduced space D*/G.

Proof. That Hﬁh is G-invariant follows from the invariance of the 3-form A and of the bivector IT,,,.
For the proof that the gauge momenta are Casimir functions, we first prove this on O and then deduce
the full statement by continuity. On Qy, a direct calculation using the above formulae for Hﬁh gives

(IL3,)* (dmy) = —p} 0.

We claim that this vector field on D* is tangent to the group orbits of the lifted action of G to D*.
Indeed, given that Z, = p,d, is a section of 8, for any g € Qy there exists a Lie algebra element
&(g) € g such that Z,(g) coincides with the infinitesimal generator of & (g) at g. Namely,

Zi0)= | et -a
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Now, since all vector fields in the basis {Xy} = {Z;,¥;} are equivariant, the corresponding momenta
Ty are invariant functions. Therefore, in coordinates (¢, 7y, ), the local expression for the infinitesimal
generator of &(g) of the lifted action of G to D* is

S explE @) (0.7 = ph@)dy:
S1s=0
which establishes the claim.

It follows that the Hamiltonian vector field associated to 7, via the induced bracket on the reduced
space vanishes; i.e. 7, is a Casimir of the reduced bracket, over all points of the open dense subset
Qy. It then follows by continuity that 7, (which is a globally defined invariant smooth function) is a
Casimir everywhere. U

For free actions, “directions” that annihilate the group orbits are spanned by the pull-backs to D*
of 1-forms on D*/G. For more general actions, one replaces such forms by basic 1-forms, which are
those G-invariant 1-forms f8 on D* satisfying 3 (u) = O for all u tangent to the group orbit. Note that
the differential of any invariant function is basic.

Corollary 5.7. Suppose that the generic level sets of the gauge momenta on the reduced space D* |G
are 2-dimensional. Then

(i) the reduced bracket defined on D* /G induced by Hﬁh satisfies the Jacobi identity and the
system is Hamiltonizable,

(ii) the flow of the system on D* preserves the restriction of (I‘Iﬁh)ﬁ to directions that annihilate
the group orbits. More precisely,

(£, (T15)* (B) =0

for every basic 1-form B on D*. In particular this holds when B = dm,, for any gauge
momentum T, and therefore, for each b=1,... 4,

[th, Xm,] = O,
where Xz, = (TI3)¢ (dm).

Proof. (i) The proof of this is simply that on any 2-dimensional manifold, every almost-Poisson struc-
ture is in fact Poisson (as the Schouten-Nijenhuis bracket of the structure with itself, which is an
alternating 3-tensor, must vanish).

(ii) The proof proceeds stratum by stratum: the flow of the vector field X, preserves the strata
because it is equivariant. On the stratum where the action is free, any basic 1-form f is the pull-back
B = t*a for some 1-form & on (D*/G)y, where T : D* — D* /G is the projection. Then,

£th(nﬁh)ﬁ([3) = anh(Hﬁh)ﬁ(T*O‘) = (T* (£th (Hﬁh)))ﬁ (a)

and by the natural properties of Lie derivatives, this is

(£2 (2.1T5))° (@)

and this vanishes by part (i), and the fact that Hamiltonian flows are Poisson.
The argument for other strata proceeds in the same way, since the restriction of 7 to an orbit-type
stratum is a submersion [20]. O
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6. THE CHAPLYGIN SPHERE

This problem was considered by Chaplygin in [17] and concerns the motion of an inhomogeneous
sphere, whose center of mass coincides with its geometric centre, which is the rolling without slipping
on a fixed plane. The vertical component of the angular momentum of the sphere is a gauge momen-
tum for this problem. Using our method it is possible to construct an almost Poisson bracket for the
system that upon reduction has this angular momentum as Casimir. This bracket was first found by
Borisov and Mamaeyv [11].

We assume that two of the moments of inertia of the sphere coincide to simplify the algebra and
better illustrate how our construction works but a similar approach works in the general case.

The configuration space for the problem is Q = SO(3) x R2. The attitude matrix R € SO(3) spec-
ifies the orientation of the sphere by relating a body frame centred at the centre of the sphere, with
a space frame whose third axis is perpendicular to the fixed plane. Let (x,y) € R? be the spatial
coordinates of the contact point of the sphere with the plane.

We will use Euler angles as local coordinates for SO(3). In accordance with the x-convention, see
e.g. [39], we write a matrix R € SO(3) as

cosycosp —cosOsin@siny —sinycos@ —cosOsin@cosy  sinOsin@
R=| cosysin@+cosOcos@siny —sinysin@-+cosbBcos@pcosy —sinBcoseg |, (6.1)
sin @ sin y sin @ cos y cos 0

where the Euler angles 0 < ¢,y < 27,0 < 8 < . According to this convention, we obtain the
following expressions for the angular velocity in space coordinates @, and in body coordinates € (see

e.g. [39]):

0 cos @ + yrsin @ sin O 0 cos ¥ + @sin ysin O
o= | Osing—ycosesinh |, Q= | —Bsiny+¢@cosysing |. (6.2)
¢+ ycosH ¢cosO+y

The constraints of rolling without slipping are
% =R, = R(Osin@ — Jrcos ¢sin ), y=—Rw; = —R(Ocos @+ ysin@sinh), (6.3)
where R is the radius of the sphere.
Assuming that the third axis of the body frame is the axis of symmetry of the sphere, the Lagrangian
is
L= % (I, (6 cos y + @ sinysin 0)> +1,(—6 siny + ¢cos ysinB)? + I(¢ cos 6 + §r)* + m (x> +y2)) -V(6,y)
where 1, 11,15 are the principal moments of inertia and m is the total mass of the sphere. Here V is a

potential energy chosen to be invariant under the symmetry group action defined below. Expanding
the above expression, one finds that the kinetic energy metric is

G = (I;sin> @ + Icos> 0) dQ* + I, d0* + Ly dy? + mdx* + mdy* 4+ 2I;cos 0 do dy.

The symmetry group is G = SE(2). The action of (,a,b) € SE(2) on Q is free and proper and is
given in the above coordinates by

(%,a,b) : (¢,0,y,x,y) = (¢+,0,y,xcos ¥ —ysin® +a,ycos ¥ + xsin® + b).

One checks that both the constraints and the Lagrangian are invariant under the lift of this action to
T Q. The constraint distribution D has rank 3 and is spanned by the G-equivariant vector fields

Zy =0y, Y, = dg+Rsin@ dy— Rcos ¢ 9, Y3 = dy —Rcos @sin 0 d, — Rsin@sin 6 dy. (6.4)
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We note that the basis of sections {Xy } = {Z;,Y>,Y3} is adapted in the sense of Definition 5.1. Indeed,
its elements are equivariant vector fields and Z; generates a gauge momentum. This can be seen by
noticing that Z; is tangent to the group orbits and that its tangent lift in bundle coordinates is ZlTQ = dp.
Hence Z| [L] = 0 and therefore pz, = 0 by (4.1).

The non-zero coefficients Cyg, (With & < ) are computed to be

C123 = —mR2 sin 9, C132 = mR2 sin 9, C233 = mR2 sin O cos 6. (65)

All other terms may be determined by the skew-symmetry Cy, = —Cpq,- Note that Cio3 = —Ci3
which serves as a double check that pz, is a gauge momentum in view of Theorem 5.3.

We select the dual 1-forms {u®} = {d¢,d0,dy} which amounts to identifying D* = (span{d,,d, })° =
T*SO(3) x R?. This is allowed in our construction since W = span{dy,d,} C TQ is invariant under
the SE(2) action. The formula (5.2) defines a unique 3-form A since the rank of D is r = 3 and we
have [ = 1 gauge momentum, and so r —/ < 3. Such unique 3-form is given by

A= —mR*sin0do \NdO Ndy.

A coordinate independent expression for A may be given in terms of the unique left-invariant 1-
forms A',A2, 2% on SO(3) that at the group identity are dual to the canonical basis of s0(3) = R>.
These 1-forms have local expressions:

Al =sinysin@d+cosydh, A*=cosysin@de—sinydd, A>=cosO@dp+dy. (6.6)

So we can write

A=mRPAYAAT AL
Therefore, up to the constant factor of mR?, A equals the Cartan bi-invariant volume form on SO(3)
normalised to have volume one on the unit cube of so(3) =2 R3. This also holds for the general
Chaplygin sphere with arbitrary moments of inertia as had been indicated in [36].

An expression for the bracket {-,-} defined Hﬁh, whose reduction has 7 as a Casimir, and describes
the nonholonomic dynamics, can be obtained using (5.4). All the brackets between the coordinate
functions ¢, 0, y,x,y are zero. The non-zero brackets between the coordinates and the momenta 7y
are obtained using (6.4):

{o.mi=1, {6m}=1, {xm}=Rsing, {ym}=—Rcosg,
{y,m} =1, {x,m3} = —Rcos @sin 6, {y,m3} = —Rsin@sinb.
Also, we have
{m,m} =0, {m,m3} =0,
that must hold since m», and 73 are invariant functions and 7; is a Casimir of the reduced bracket.

To compute {7, 73} one needs to compute the inverse of the 3 X 3 symmetric matrix § with entries
Sap = (Xa,Xp). One gets

] L+ mr? sin’ @ 0 —I3cos 6
-1__ - K(0)sin*6
9= K(6)sin’6 0 I mr? 0 (6.7)
—Izcos 6 0 I, sin” 0 + I3 cos2 6

where
K(6) = ImR*sin* 6 + mR* cos” 0 + I ;.

With the aid of these formulae and (6.5) one obtains

mR?I; cos* 0

"K(6)sin6

mR?cos O (I sin” @ + I; cos? 6)
K(6)sin6 ’

Cy3=— Ch=0, Cy=
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and hence, by (5.4) we get
mR?(I5 + mR?) sin O mR? (I — I3) cos O sin O
T — 3.
K(6) K(6)
Let us now write the bracket in terms of more standard physical variables for the problem. First,

we introduce the Poisson vector 7 := R e, that gives the coordinates on the body frame of the vector
normal to the plane on which the rolling takes place. Its components are

{m,m}=—

Y1 =sinOsiny, Y, =sinBcos y, Y3 =cos 0. (6.8)
Next, the angular momentum vector about the contact point, expressed in the body frame is given by
M =I1Q+mR*y x (Q x y),

where I = diag(I;,I,,15) is the tensor of inertia, and x denotes the vector product in R3. To write M
in terms of our coordinates and the momenta 7, start by noticing the quasi-velocities v* defined by
the basis {Z,Y,,Y3} given by (6.4) satisfy

p=v, 0=y, y=v. (6.9)

Next, write v* = GB 7g using the expression for G~! given above in (6.7). Combining this with the
expression for Q given in (6.2) and the expression for ¥ on (6.8) one gets

sin Y7 + cos ysin O, — sin Y cos 073 cos Y1 — sin Y sin O, — cos Y cos 073
N sin 0 N sin 0
Note that both vectors M and Yy are SE(2)-invariant and its components drop down to the quotient
D*/SE(2). In fact, as a manifold D*/SE(2) = R? x §2. The entries of M serve as coordinates on
the R? factor while the components of y are redundant coordinates on S2. In particular notice that 7
equals the vertical component of the angular momentum vector; i.e. m; = (M,y), where (-,-) is the
euclidean scalar product in R3

By direct calculation using the above formulae for the bracket one gets

{ry} =0,  {Myy}=—apn,  {MiM;} = —&(Mc—mR*(Q,V)%), (6.10)
where the alternating tensor &;jx equals 0 if two of its indices are equal, it equals 1 if (i, j, k) is a cyclic

permutation of (1,2,3) and it equals —1 otherwise. The term (€2, 7) is the spinning speed of the ball
about the vertical axis. It can be written in terms of M and 7 using the expression

am.y) .,
L—mR*Ay,y) "
where A = (I+mR?)~!. (For the calculations it is useful to note that K(0) = (I; +mR?) (I3 +mR?)(1 —

(Av,7))).
The above formulae determine the reduced bracket in the quotient space D*/SE(2). The reduced

equations of motion (see e.g. [27])

1 ) 2

)

Q = AM + mR?

M=MxQ, YT=7xQ,

are Hamiltonian with respect to H = (M, Q) +V (7).

The bracket (6.10) has rank 4 and, even though it does not satisfy the Jacobi identity, its characteris-
tic distribution is integrable - the leaves of the corresponding foliation are the level sets of the Casimir
function (M, y). As was first noticed in [11], the bracket obtained by multiplication by the conformal
factor \/1 —mR2?(Ay,7) does satisfy the Jacobi identity and Hamiltonizes the problem. This kind of
multiplication is commonly interpreted as a time reparametrisation. We mention that the conformal
factor is intimately related with the preserved measure of the problem [27].

M; = m3.
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7. A SOLID OF REVOLUTION ROLLING WITHOUT SLIPPING ON A FIXED PLANE

We consider a convex body of revolution with a smooth surface that rolls without slipping on a
fixed plane. This problem was originally considered by Routh [41] in the case of a spherical body,
and by Chaplygin [19] and Appel [2] in the general case; see [12] for historical details. Our treatment
and notation is close to the one used in [12].

As for the Chaplygin sphere, the configuration space is Q = SO(3) x R?. We denote by u = (x,y,7)
the coordinates of the centre of mass O of the body with respect to an inertial frame. Our choice of
inertial frame is such that the fixed plane where the rolling takes place corresponds to z = 0. On the
other hand, the body frame is chosen to be centred at the centre of mass, and having third axis E3
along the symmetry axis of the body.

Denote by R € SO(3) the attitude matrix that relates the two frames. The constraints of rolling
without slipping are given by

w=Rp, (7.1)
where p is the vector from contact point P to the centre of mass of the body O written in the body
frame (see Figure 1). The last component in the above equation is in fact the holonomic constraint

2= (p,7), (7.2)

where, just like in the previous section, ¥ = R”e, is the vector normal to the fixed plane written in
body coordinates. We assume that the orientation of e, is such that that ¥ is the inward normal vector
of the body at P. Hence, the inverse of the classical Gauss map from differential geometry of surfaces,
allows us to express p as a function of ¥ in the form

pi=fBn,  P,=AW1r  p3=LhL06)

By writing 93 = cos 08 in accordance with the Euler angles introduced in Section 6, then we may
write f1, f» as functions of 6. Their geometric meaning can be read off from Figure 1 that depicts the
curve that generates the surface of revolution in the perspective of the body frame. Notice that ¥ — 0
is the angle between the E3 axis and the outer normal vector to the surface and a;(0) := f1(0)sin 6 is
the distance between P and the E3 axis. The figure also illustrates the height z of the centre of mass.
Note that (z,0 — /2) are polar coordinates with respect to E for the pedal curve of the generating
curve about O.

Recall that the principal lines of curvature of a surface of revolution are the parallels (the circles
6 = ct) and the meridians (perpendicular to the parallels and having shape equal to the rotating curve).
All of the meridians meet at the poles where 3 = +1 (8 = 0, 7). It is clear from Figure 1 that fi, f»
can be extended as even 27-periodic functions of 0 that, consequently, have local extrema at the poles.
The radii of curvature along the parallels R, and the meridians R,, are given by

L dp_dp
sin@ d6  dys’
Note that R, and R,, are smooth, and positive and their values coincide at the poles. As functions of

0, they are 27-periodic and even.
Now, using (6.8) and (7.2) we have z(0) = sin> 8 f;(8) + cos 8 f>(8). In view of the identity

. da1 dfz o
sSin 9% -+ cos 9% —0, (73)

that follows from the definition of 0 in Figure 1, we have

Rp:fl7 Ry =

a(0) = j—g =sin6(cos 011(0) — f2(0)),
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B=1

FIGURE 1. The generator of a solid of revolution; see text for details

and we can write 7 = a2(9)9 (which is consistent with (7.1)). The kinetic energy of the system is
therefore

| .
X = $(192,9) + g(xz 192 +ax(0)262).

The assumption that the body is axisymmetric implies that the inertia tensor has the form I = diag(1;,1;,13).
In terms of Euler angles (using (6.2)) we get the expression for the Lagrangian

1 :
L= (1 sin® @ + Iycos” 0) ¢ + (I + mas (0)*) 0% + Ly + 2l cos 0P Y +m(x* +y*)) —V(0),
(7.4)

where m is the total mass of the body and the potential V is an even function of 6 that is invariant
under the symmetries of the system that are discussed ahead. If the potential is gravitational then
V(0) = mgz(0). The constraints (7.1) of rolling without slipping are expressed in coordinates as

%= —ay(8)cos QP +2z(0)sinQO —aj;(8)cos @, y=—ax(0)sin@ ¢ —z(8)cos O —a;(0)sine .

The symmetry group is G = SE(2) x S! corresponding to translations and rotations on the rolling
plane, and to the internal rotational symmetry of the body. This action is not free. The configurations
for which the point of contact P is one of the poles have S' isotropy. These configurations lie outside
the Euler angle chart that has 0 < 8 < m. All points in our chart have trivial isotropy, and the action
of ((¥,a,b),¥) € SE(2) x S! on Q is represented by

((9,a,0),¥) : (9,0, y,x,y) = (¢ + 0,0,y +¥,xcos ¢ — ysin@ +a,ycos ¢ +xsin @ +b).
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One checks that both the constraints and the Lagrangian are invariant under the lift of this action to

TQ.
The constraint distribution has rank 3. Along the points covered by our chart, it is spanned by the
G-equivariant vector fields

Wi = dyp —as(0)(cos ¢y +sin@d,),

Wa = dy —ai(0)(cos @ d, +sin@ dy),

Y3 = dg+2(0)(sin@ dy —cos @ dy).
Although the vector fields Wi and W, span the space 8§, = D, N g- ¢, they generally do not generate
gauge momenta and hence {W;,W,,Y3} is not an adapted basis in the sense of Definition 5.1 (the

vector fields Wj, W, should not be confused with the subbundle W complementary to D). A generator
Z; of a gauge momentum may be found using the ansatz

7y = g(0)Wi +k(8)W> (7.5)

and using Theorem 5.3 to determine the functions g,k. According to the theorem, if Z; generates a
gauge momentum then the functions g,k should be such that

(Z1,1a],21) = ([Z1, 2], 1) = ([Z1,Y3], V3) = O,

(20200 =0, ([Z1.1].Z8) = —{[Z1. 5], 1), 79

where (-,-) is the kinetic energy Riemannian metric defined by the Lagrangian (7.4), and Y5 is any
G-equivariant linear combination of W, W, (i.e. with coefficients that are functions of 0).

Independently of the choice made for Y, a short direct calculation shows that the first three identi-
ties in (7.6) hold for any functions g, k. On the other hand, after a long calculation, it is seen that the
other two are satisfied by any solution of the following system of linear ODE’s:

d ([ g(6) 8(6)
— =L(6 7.7
d9<k(0)> ()<k(9) ! .0
where the 2 x 2 matrix L(6) = ﬁi(@) with
K(G) =1L +mla; (9)2 —|—ml3f2(9)2,
and where the entries of L are given by

w> —may(0) f1(0) (I3 +mz(0) f1(0)),

Rm(e) _RP(O)
sin

in@)Zm&ﬁW)<

nxmzmhﬁwnme( )—mﬁwmmmw+m4mﬁw»

L51(0) = mf1(0)(I; sin? 6 + I3 cos> 0) (W)
s
sin“ @

Zzg(e) = mcos 9(11611 (O)Sin 0 +13f2(9)COS 9) <

(may(6)az(0)z(0) + (Ru(0) —R,(6))I3cos 0 + (I3 — 11 )a; (0) sin B cos 0) ,
RP(O) _Rm(9)>
sin 0

+mf1(0)*(mz(0)ay(0) + (I — I;) sin 6 cos ©).
(7.8)
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We point out that the function K defined above is always positive and may be written as K = 113 +
m(Ip,p) where, as in Section 6, (-,-) denotes the standard scalar product in R3. As explained in [12],
the function K is related to the density of an invariant measure for the system.

Proposition 7.1. There exist two independent gauge momenta of the system on D*.

Proof. The local existence of the two independent gauge momenta follows from the application of the
existence theorem for ODE’s to the system (7.7) to obtain two linearly independent solutions (this can
be done since the matrix L(6) is smooth, see below).

In order to show that these integrals may be extended outside of our chart, we need to argue that the
generator Z; given by (7.5) admits an extension to all of Q. This is certainly true if all the solutions to
(7.7) are 2m-periodic, even functions of 6. To show that this is the case, we will prove that the matrix
L(0) is smooth, odd, and 27-periodic (and therefore vanishes at 8 = nm, n € Z) and we will apply the
following lemma.

Lemma 7.2. Let L(t) be an n x n matrix depending smoothly on t, T-periodic and odd (that is,
L(—t) = —L(t)). Then any solution to the differential equation X(t) = L(t)x(t) is even (i.e., X(—t) =
x(t)) and T-periodic.

Proof. Let xg € R" and consider the initial value problem
x(r) =L(t)x(r), x(0) = xo.
The evenness of x(¢) follows from uniqueness of solutions: if x(¢) were not even then it is easy to

check that y(¢) := x(—t) would be a different solution to the same initial value problem.
Since L is also T'-periodic, it follows that

L(T/2+1) = —L(—-T/2—1) = —L(T /2 —1)

and the argument above showing x(¢) is even also shows x is “even about 7' /2”: x(T /2+1t) =x(T /2 —
t). Consequently,

x(T/2+1t)=x(T/2—1t)=x(t—T)/2)
whence x is T-periodic. O

To show that L(6) has the required properties to apply the lemma, recall that f; and f, are even
and 27-periodic. Consequently, the same is true about the functions z, R, R,, and K, while a; and a>
are odd and 2m-periodic. Taking this into account, and in view of (7.8), we conclude that L is odd.
Finally, the entries of L are seen to be smooth and vanish at 8 = nx by using again (7.8). For this
matter note that these points correspond to the poles where, as a function of 6, R, — R,, vanishes to
second order (since both R, and R,, are even) and a; and a; also vanish. ]

The differentials of the gauge momenta of the proposition above become dependent along the points
of D* where the lifted G-action is not free. As will be explained below, these points correspond to a
special kind of relative equilibrium.

The 3-form A given by (5.2) that defines the desired gauge transformation can be computed without
explicitly solving (7.7). We will first find its expression on our chart and then give its expression on
all of Q. Let (g(0),h(0)), be a solution of (7.7) with & not identically zero. Then {Z;,Y,Y3} is an
adapted basis at all points where h(0) # 0, where we have put Y, = W;. A simple calculation yields

Ci2z = ([Z1,Y>],Y3) = —mh(0)z(0)ai (0).
We consider the dual basis {u*} of {Z;,Y,,Y3} given by

b 2o 80) 3_
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As for the Chaplygin sphere, this amounts to identifying D* = W° where W = span{d,,d,}. The
3-form A defined by (5.2) is unique since r — £ < 3 (item (ii) of Remark 5.5). It is given in our
coordinates by

A= —-mz(0)R,(0)sin0dp NdO Ndy,

where we have written a;(6) = R,(0)sin 0. This 3-form may be written in terms of the invariant
1-forms A% for SO(3) defined by (6.6) as

A =mz(1)Ry (1) A AAEA AR,

Two facts about A should be remarked at this point. Firstly, A admits a smooth extension to all of
Q including configurations where the action is not free. Secondly, A is independent of our choice
of solution of the system (7.7). Therefore, any gauge momentum of the system will be a Casimir
function of the bracket that the corresponding bivector Hﬁh induces on the quotient space D*/G.

The explicit expressions for the bracket I1% on D* may be obtained working with the basis of
sections {W;,W,,Z3} and using the formulae in Section 3. This is analogous to what was done in
Section 6 for the Chaplygin ball. We do not give the details of this calculation. Instead we give
expressions for the brackets of the entries of ¥ and of the angular momentum about the contact point

M=IQ+mp x (Qxp).
We have
{%7%}:07 {Mh?’j}:—eijkYM

m (7.9)
{Mi, M} = &y <_Mk +mR(13)(Q,7)px +

(Rp(13) — Ru(13))2(15)
K(%)

((M,p)pk+Tk)>,

where
_ b5 (Myyi +Map) Vi

-5
(Notice that the bracket has no singularity at the poles y3 = £1 since R, — R,, vanishes there). In these
expressions, we think that Q is written in terms of M and ¥ as

(AM,p)
Q=AM +m——1
1—m(Ap,p)

Ty s k=1,2, I3 = 11 M3.

)

where A := (I+m||p|[>)~".

The reduction of the system by G = SE(2) x S! can be performed in two steps since the individual
actions of SE(2) and S' commute. Analogous to the case of the Chaplygin sphere, the orbit space
D*/SE(2) is smooth and isomorphic to $? x R3, and points in this space are labeled by the pair
¥,M. The formulae (7.9) can be interpreted as the reduction of the bracket I%, to D*/SE(2). This
partially reduced bracket does not satisfy the Jacobi identity except for very particular cases, like
a perfectly homogeneous sphere. In more general cases, like the so-called Routh sphere where the
body is spherical but the centre of mass does not coincide with the geometric centre, its characteristic
distribution is not even integrable.

As indicated in [12], the dynamics in this intermediately reduced space is given by

M:MXQ+mpx(pr)+3—¥(yxE3), Y=7vxQ.
3

The above equations are Hamiltonian with respect to the bracket (7.9) and the Hamiltonian H (M, y) =
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The ultimate reduction of the system is achieved by noticing that the action of S' on the orbit space
D*/SE(2) is by simultaneous rotation on the planes ¥, % and M;,M,. Note that the points having
N =7 =0and M| = M, =0 are fixed by the action. The locus of these points corresponds to relative
equilibria where the body of revolution is steadily spinning about its axis of symmetry touching the
plane at one of the poles. Along these points, the differentials of any two gauge momenta of the
system are dependent.

In order to see how the gauge momenta descend to Casimir functions on the ultimately reduced
space D* /G = (D*/SE(2))/S", we note that the linear functions on D* generated by the vector fields
W1 and W, may be written as

pw, = M.y),  pw, =M.
It follows that the gauge momenta of the system are of the form

C=g(p3)(M,y)+ k() Ms,

where g and k are solutions to the system (7.7), expressed as functions of 73 = cos 8 (this is possible
since the solutions to this system are periodic and even functions of 8 as shown in Proposition 7.1).
Using the differential equation satisfied by g,k one can show that the Hamiltonian vector field of C is

Xc = k(1) (120y, — N0y, +Mady, —M10y,)

which is clearly vertical with respect to the action of ! defined above.
The ultimate reduced space D* /G = (D*/SE(2))/S" can be described by introducing generators of
the ring of S'-invariant polynomials on D*/SE(2). For example

c1=%, OG=nMy-pM, o3=7M+rnM

oy =M,  o5s=M+M;.
These functions identically satisfy

0;+0?=o0s5(1-02), 05>0.
The reduced space D* /G is then isomorphic to the four dimensional, semi-algebraic variety M C R’
defined by
M:={ceR : 6} +0}=05(1-0}), 05>0}.
This space is not smooth having singularities along the two lines
L*={0ceR’ : 0=(%1,0,0,04,0) }

that correspond to the relative equilibria mentioned above. Each of these lines is a one dimensional

stratum of M.
By G-invariance of Hﬁh, there is an induced bracket {-, -} on M having

Cj(0) = gj(01)03 + (gj(01)01 +kj(01))0u,  j=1,2,
as Casimir functions. Here (gj,k;), j = 1,2, are two linearly independent solutions of (7.7) written
as functions of 6] = J3 = cos 0. These Casimir functions are independent everywhere on M but their
differentials are linearly dependent along the singular strata L*. The Hamiltonian H can be written in
terms of o as

1( s o} > m (03 £1(01)K3(01) + 0ufo(01)K1(01))’
K

1o =3 \&Kion "xalon) T2 K(o1)Ki(0)Ks (o)

where K;(01) :=1; +m(1 — 67) fi(01)> +mfr(01)?, j = 1,3. The ultimately reduced equations of
motion can be formulated as
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The crucial point of our construction is that the above equations are true Hamiltonian. Namely, the
bracket {-, -}y satisfies the Jacobi identity. This follows immediately from Corollary 5.7.

Equations (2.8) in [12] give explicit expressions for the bracket y (o7 ){-, -} (in terms of a different
Ki(o
1]—(0']12)'
pointed out in [40], it is not necessary to introduce this conformal factor in order to satisfy the Jacobi
identity. There is no explanation in [12] about the origin of this bracket, and it is likely that it was
found by the authors using an ad hoc approach.

The restriction of the system to the 2-dimensional symplectic leaf determined as the level set of
the Casimir functions, defines a one degree of freedom, and hence integrable, Hamiltonian system.
Apparently (see [12]) the reduction of the integration of the reduced system to a set of 2 linear ODE’s
was known to Chaplygin. More details about the explicit integration of the reduced system can be
found in [12] or [16]. We simply mention that the generic solutions are periodic.

We stress that our approach for the reduction of the system follows the philosophy and treatment in
[16] but with a fundamental difference: we are performing the Poisson reduction of the system with
respect to the bracket Hﬁh and not with respect to I1,;,. By following the reduction of I1,;, the authors
of [16] arrive to an equation ((180) in their text) analogous to (7.10) but with respect to a bracket of
functions that does not satisfy the Jacobi identity. The authors do seem to notice that for fixed values
of the integrals Cy,C; one has a one-degree of freedom Hamiltonian system (section 6.3.7.4), but they
do not provide a link between this observation and their reduction.

family of S'-invariant functions on D* /SE(2)), where the function x(o7) =

As was already

APPENDIX A. THE 3-FORMS A

In Section 5 we defined a 3-form A by requiring it to satisfy conditions determined by a possibly
local choice of adapted basis of D. In this appendix we consider the dependence of A on change of
adapted basis, and show that it can be chosen consistently.

A.1. Dependence of A on choice of moving frame. Let U be a G-invariant open set in Qy. We
assume that we are given an adapted basis {Xy} of D on U. Recall that this means that all vector
fields X, are equivariant and tangent to D and that X, are gauge momentum generators. Namely, X,
is a section of the distribution & on Q defined point-wise as 8, = D, N (g - q), and satisfies px, = 0.

In the above paragraph, as in the remainder of this section, we do not distinguish Z; and Y; as in
Definition 5.1, as there would be too much notation—we rely on the indices to distinguish the type
of generator. Recall that our convention is b,c... € {I,...,¢} (corresponding to gauge momentum
generators), I,J,... € {{+1,...,r} and a,B,... € {1,...,r}, where r is the rank of D.

We also recall, from the statement of Lemma 5.4, that Sy C § is the sub-distribution spanned by the
generators of the gauge momenta, and that W is the distribution complementary to D on which all u®
in the dual basis of {X,} vanish.

Recall from Lemma 5.4, we choose the coefficients B, g, to be G-invariant functions, alternating in
the indices and satisfying

Bygy = ([Xb: Xp], Xy) (A.1)

Note that By k are arbitrary smooth G-invariant functions, alternating in the indices. The 3-form A on
U is defined to be

A= 1By, n* AP Ap. (A.2)

Now let V be a possibly different G-invariant open set, and let {Y} be a (new) adapted basis of
DonV, with Y, = ng,; on the intersection U NV. In order to be gauge momentum generators, we

require Y, = M?X,, with M? € R (constants), and in order that the Yg are equivariant we require that
all the coefficients M g be G-invariant functions.
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(Here we are assuming the distribution is strongly nonholonomic on the configuration space, oth-
erwise the M? are only annihilated by every vector field tangent to the distribution D; the proof in the
more general case proceeds in the same way.)

The dual basis {1} transforms into a new basis {v#} dual to the Yp satisfying vB = b u%, where
M is the inverse matrix of M; that is, MgMg = & (Kronecker 8). Let us emphasise that

M, =M, =0, Vb,I. (A.3)

Let B, 5 e defined as for Bqgy above, using the Y, in place of the Xq, with B}k arbitrary. Let

N = 1Bl vEAVP AV,

We wish to compare A and A’ on the intersection U NV.

Lemma A.1. The coefficients Byg, and B:x gy are related by

— p
B;ﬁy = M MgM; Bpor (A.4)
Bk = MMJMgBpo:+Epx, (A.5)
for some G-invariant functions Ejjx on Q, alternating in the indices. Also the following identity holds
VEAVE AVT = MEME Y 1® A pf A, (A.6)
Note that since Ml’7 = 0 (A.3), all the non-zero terms on the right-hand side of (A.4) only involve

coefficients of the form By, and not the Bjjk.

Proof. The expression (A.6) follows immediately from the relation v& = M g uP given above.
For the B coefficients, expand B’ in terms of the X, :

B;;ﬁy = <[Yb7Yﬁ]7 Y7>
- <[M,§XC,M;;XG], M;XT>
= MgMgM;Bbo-r —|—M§M;XC(ME) (X5, Xz) — MEM;XG(ME) (X, Xz) .

However, the final two terms both vanish because firstly X, is tangent to the group orbit and Mg is
invariant (so constant on group orbits), and secondly M, is constant. Thus, B;a g = MgMgMgBm.
The first equation (A.4) then follows from (A.3).

Equation (A.5) can be taken as a definition of Ejjx, where the invariance and the alternating struc-
ture is clear. O

Recall that for each g the subspace 8, C T, Q is defined to be 8, = D, N g-q. We assume this is of
constant dimension along Q and write § for the resulting distribution. We also write § C 8 to be the
sub-distribution spanned by the generators of the gauge momenta. Recall that W is the distribution
complementary to D on which all u® vanish.

Proposition A.2. On U NV, the difference ¥ := A — A is an invariant 3-form annihilating 8o & W,
so is of the form

N TLYNTLS
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Proof. Using the lemma above,

AN = By VI AVPAVY

— %B;MM(‘;‘MEM%’;,LE/\M/\/,L”
- éMgMgMjprmMg‘MfM%’u‘s AUEA T + Eyg MEMIME p A pé A p”
= 18508787 Booet® ApE AU + Epyg MEMEME p® A pS ap”

= 1Bsenu® AU AR + EygMEMINE p® ApS A pu”

= A+Epgp A’ npk

as required (the final step involves relabelling RST to I/K).
O

As was pointed out in Remark 5.5, if k — ¢ < 3 then A = A’ and the 3-form is uniquely defined.
There remains the question of whether when k — ¢ > 3, the locally-defined 3-forms A can be chosen to
agree everywhere, by choosing the B;jx suitably. The answer is yes, by a standard partition of unity
argument used in Cech cohomology, as follows.

Proposition A.3. Let 3 = {U;} be a cover of Q¢ by G-invariant open sets, and on each U; suppose a
3-form A; is selected, of the form (A.2). There exist G-invariant 3-forms ¥; on U; annihilating So ®W,
such that the forms

Ai = A+
define a global 3-form on Q; that is on each intersection U; U, 1~\,- =A je

Proof. Let {¢;} be a partition of unity subordinate to the cover I, by G-invariant functions. On each
UNnU;jlet¥;; = A; — Aj. By Proposition A.2, the ¥;; are invariant forms annihilating §o © W, and
they clearly satisfy the cocycle condition,

Vi +Y¥Yjix+Wu=0, wherever U;NU;NU; # 0.
Now, for each i define
Y=Y %
k
(Note that ¥;; = 0, and the sum is over all k.) Then with /N\i =A+Y,
A,’—AJ‘ = Ai—Aj—{—lPi—le
= Wi+ ) (Wi — )
k
= Wi+ ) %V
k
= Y¥;+¥; =0,
as required. O
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