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aBstract

:H�VKRZ� WKDW� WKH�3HUPXWDWLRQ� ,QYDULDQFH�3ULQFLSOH�FDQ�EH�HTXLYDOHQWO\�VWDWHG� WR�
involve invariance under ¿QLWHO\�PDQ\�SHUPXWDWLRQV��VSHFL¿HG�E\�WKHLU�DFWLRQ�RQ�D�
SDUWLFXODU�¿QLWH�VHW�RI�IRUPXODH��:H�DUJXH�WKDW�WKHVH�IRUPXODH�GH¿QH�WKH�SRO\DGLF�
HTXLYDOHQWV�RI�XQDU\�DWRPV��8VLQJ�WKLV�ZH�LQYHVWLJDWH�WKH�SURSHUWLHV�RI�SUREDELOLW\�
IXQFWLRQV�VDWLVI\LQJ�WKLV�SULQFLSOH��LQ�SDUWLFXODU��ZH�H[DPLQH�WKH�LGHD�WKDW�WKH�3HU�
PXWDWLRQ� ,QYDULDQFH�3ULQFLSOH� SURYLGHV� D� QDWXUDO� JHQHUDOLVDWLRQ�RI� �XQDU\��$WRP�
([FKDQJHDELOLW\��:H�DOVR�FODULI\�WKH�VWDWXV�RI�WKH�3ULQFLSOH�RI�6XSHU�5HJXODULW\�LQ�
UHODWLRQ�WR�LQYDULDQFH�SULQFLSOHV�
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,QYDULDQFH�3ULQFLSOH��6\PPHWU\��,QGXFWLYH�/RJLF��3UREDELOLW\�/RJLF��5DWLRQDOLW\��
6XSHU�5HJXODULW\�

1. Introduction

3ULQFLSOHV�EDVHG�RQ�V\PPHWU\�KDYH�SURYLGHG�D�SRZHUIXO�VRXUFH�RI�UDWLRQDO�
SULQFLSOHV�LQ�3XUH�,QGXFWLYH�/RJLF�VLQFH�WKH�HDUO\�H[SORUDWLRQV�RI�WKH�VXEMHFW�
>�������@��7KLV�KDV� UHDVRQV�ERWK� LQ� WKH� VLJQL¿FDQW� UROH� V\PPHWU\�SOD\V� LQ�
HYHU\GD\�OLIH�GHFLVLRQV�DQG�LQ�LWV�PDWKHPDWLFDO�DSSHDO��DQG�VR�FRQVLGHUDEOH�
HIIRUW�KDV�JRQH� LQWR� IRUPDOLVLQJ�ZKDW�H[DFWO\�ZH�PHDQ�E\�D� µV\PPHWU\¶��
7KLV�SDSHU�VKDOO�LGHQWLI\�D�V\PPHWU\�ZLWK�DQ�DXWRPRUSKLVP��¿UVW�LQWURGXFHG�
LQ�>��@�DQG�H[SOLFDWHG�EHORZ���IRFXVLQJ�RQ�WKH�FODVV�RI�DXWRPRUSKLVPV�WKDW�
SHUPXWH�VWDWH�IRUPXODH��,GHQWLI\LQJ�GHJUHHV�RI�EHOLHI�ZLWK��VXEMHFWLYH��SURE�
DELOLW\��ZH�DUJXH�WKDW�D�UDWLRQDO�FKRLFH�RI�SUREDELOLW\�IXQFWLRQ�VKRXOG�UHVSHFW�
VXFK�V\PPHWULHV�
:H� VKDOO� LQYHVWLJDWH� SURSHUWLHV� RI� SHUPXWDWLRQV� RI� VWDWH� IRUPXODH� WKDW�

GHWHUPLQH�DXWRPRUSKLVPV�DQG� VXJJHVW� D�PHWKRG� WR�JHQHUDWH�SUREDELOLW\�
IXQFWLRQV�WKDW�DUH�LQYDULDQW�XQGHU�WKHVH�V\PPHWULHV��:H�VKDOO�WKHQ�SURSRVH�
ZKDW�ZH� WKLQN� LV� D� VWUDLJKWIRUZDUG�SRO\DGLF� JHQHUDOLVDWLRQ� IRU� WKH� XQDU\�

* 6XSSRUWHG�E\� D�8.�(QJLQHHULQJ� DQG�3K\VLFDO�6FLHQFHV�5HVHDUFK�&RXQFLO� �(365&��
5HVHDUFK�6WXGHQWVKLS�
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QRWLRQ�RI�DWRPV�DQG�XVH�WKLV�WR�DUJXH�WKDW�WKH�3HUPXWDWLRQ�,QYDULDQFH�3ULQ�
FLSOH� LV� SHUKDSV� D�PRUH� QDWXUDO� JHQHUDOLVDWLRQ� RI� WKH� H[WHQVLYHO\� VWXGLHG�
$WRP�([FKDQJHDELOLW\� WKDQ� WKH�SUHYLRXVO\�SURSRVHG�6SHFWUXP�([FKDQJH�
DELOLW\�>�@��
7KURXJKRXW� WKLV� H[SRVLWLRQ�ZH� VKDOO�EH�FRQFHUQHG�ZLWK�¿UVW�RUGHU� ODQ�

guages L�ZLWK� FRXQWDEO\�PDQ\� FRQVWDQWV� � � �, , ,!a a a �� D� ¿QLWH� QXPEHU� RI�
UHODWLRQ�V\PEROV� � �, , ,! qR R R �RI��¿QLWH��DULWLHV� � �, , ,! qr r r  respectively and 

QR�IXQFWLRQ�V\PEROV�QRU�HTXDOLW\�� � �PD[^ � � � ` ! qr r r r  will denote the high�
HVW�DULW\�RI�DQ\�UHODWLRQ�V\PERO�LQ�RXU�ODQJXDJH��:H�VKDOO�DOVR�LQWHQG�WKDW�
the constants ai exhaust the universe, in the sense that every individual can 

EH�UHSUHVHQWHG�E\�D�FRQVWDQW�IURP�WKH�ai��:H�ZLOO�XVH�YDULDEOHV� � � �, , ,!x x x  

WR�FRQVWUXFW�IRUPXODH�LQ�L�DQG�LQ�DWWHPSW�WR�VLPSOLI\�QRWDWLRQ��VKDOO�LGHQWLI\�
IRUPXODH�ZKLFK�DUH�ORJLFDOO\�HTXLYDOHQW��KHQFH�LQ�SDUWLFXODU�ZH�VKDOO�RIWHQ�
use   rather than w�EHWZHHQ�ORJLFDOO\�HTXLYDOHQW�IRUPXODH��:H�GHQRWH�WKH�
set of sentences of L�E\�SL�DQG�WKH�VHW�RI�TXDQWL¿HU�IUHH�VHQWHQFHV�E\�QFSL�

the state descriptions of L�DUH�VHQWHQFHV�RI�WKH�IRUP
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where o jR  stands for Rj or � jR  and �, ,! nb b � DUH�GLVWLQFW� FRQVWDQWV� IURP 

the ai��6LPLODUO\��IRU� �� � � �2 ! nb b  a state description and �, ,! nz z �D��GLVWLQFW��
FKRLFH�RI�YDULDEOHV�IURP�WKH�xi, �� � � �2 ! nz z  is a state formula of L�

We will henceforth use upper case 2, ', : to denote state descriptions 

�RU�VWDWH�IRUPXODH���VR�ZKHQHYHU�DQ�H[SUHVVLRQ�VXFK�DV� �� � � �' ! na a  appears 

LQ�WKLV�DFFRXQW�LW�VKRXOG�EH�WDNHQ�WR�PHDQ�D�VWDWH�GHVFULSWLRQ�RQ� �, ,! na a �
:H�GH¿QH�D�IXQFWLRQ�w�WR�EH�D�probability function on SL if  � >���@l �w SL � 

VDWLV¿HV�WKH�IROORZLQJ�WKUHH�FRQGLWLRQV��

For � � � �R G Z� �j jx x SL, 

�3��� ,I� RB  then � �  �Rw ��

�3��� ,I� � �R G� �B  then � � � � � � R G R G� �w w w ��

�3��� 	 
� � � �� � � OLPZ Zld� �n
j j n iiw x x w a �

7KLV�GH¿QLWLRQ�HQVXUHV�WKDW�w has properties traditionally expected of rational 

QXPHULFDO� EHOLHIV�� VR� WKDW� IRU� LQVWDQFH�� ORJLFDOO\� HTXLYDOHQW� VHQWHQFHV� DUH�
JLYHQ�WKH�VDPH�YDOXHV�E\�w��6WDWH�GHVFULSWLRQV�DUH�HVSHFLDOO\�XVHIXO�ZKHQ�
ZRUNLQJ�LQ�WKLV�FRQWH[W�VLQFH�DQ\�SUREDELOLW\�IXQFWLRQ�LV�FRPSOHWHO\�GHWHU�
PLQHG�E\�LWV�YDOXHV�RQ�VWDWH�GHVFULSWLRQV��VHH�IRU�H[DPSOH�7KHRUHP������
RI�>�@�EDVHG�RQ�ZRUN�E\�*DLIPDQ�LQ�>�@�
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0RUHRYHU�E\�D�UHVXOW�LQ�>�@��DQ\�IXQFWLRQ�w�GH¿QHG�PHUHO\�RQ�VWDWH�GHVFULS�
tions � �� � � � �2 ! na a a , n�� of L�ZKLFK�VDWLV¿HV�

�3�a�� � �� �� � � � �� �2 p! nw a a a , 

�3�a�� � � � w F , 

�3�a��
�� � ��

�� � � �
� � � � � � � � � � 
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H[WHQGV�XQLTXHO\�WR�D�SUREDELOLW\�IXQFWLRQ�RQ�QFSL and hence on SL�
)ROORZLQJ�WKH�IUDPHZRUN�VHW�RXW�LQ�>��@��OHW� L,  denote the set of struc�

tures for the language L with universe |{  }
��ia i � , where each constant 

V\PERO�ai is interpreted as ai��/HW�BL�EH�WKH�WZR�VRUWHG�VWUXFWXUH�ZLWK�XQL�
verse L, , the sets 

 > @ ^ _ ` R R� L% , %B

for SLR� �DQG�WKH�PHPEHUVKLS�UHODWLRQ�EHWZHHQ�HOHPHQWV�RI� L,  and these 

VHWV�
An automorphism I of BL�LV�D�ELMHFWLYH�PDSSLQJ�IURP� L,  onto L,  such 

that for each SLR� , 

 > @� ��̂ _ � � ` ��> @  I R I R G� L% % , %B

IRU�VRPH� SLG�  and conversely, for each SLG� , 

 
��> @ ��̂ _ �� �̀� > @  I G I G R�� � L% % , %B

IRU�VRPH� SLR� �
We will henceforth write� � �I R ��RU�MXVW�IR, for the sentence SLG�  such 

that > @ > @ I R G ��1RWH�WKDW�IR�LV�GHWHUPLQHG�XS�WR�ORJLFDO�HTXLYDOHQFH�RQO\��
$V� LV� FXVWRPDU\� LQ� LQYHVWLJDWLRQV� RI� WKLV� QDWXUH��ZH� DVVXPH� D� UDWLRQDO�

agent is aware of the structure BL�� LQKDELWV�RQH�RI�WKH�VWUXFWXUHV� � L% ,  

EXW�LV�XQDZDUH�RI�ZKLFK�SDUWLFXODU�%�LW�LV��:KHQ�WKH�DJHQW�FKRRVHV�KLV�KHU�
UDWLRQDO�SUREDELOLW\�IXQFWLRQ�w��LW�ZRXOG�WKHUHIRUH�EH�UHDVRQDEOH�WR�DVVXPH�
WKDW�MXVWL¿FDWLRQ�IRU�WKH�SUREDELOLW\� � �Rw  for SLR� ��HTXLYDOHQWO\�> @ BLR � ��
should apply also to � �IRw � IRU�DQ\�DXWRPRUSKLVP�I of BL��7KLV�JLYHV�XV�
WKH�IROORZLQJ�V\PPHWU\�SULQFLSOH�IRU�D�SUREDELOLW\�IXQFWLRQ�w on SL�

� For  �n , � �� � � � �2 ! na a a �VWDQGV�IRU�DQ\�WDXWRORJ\�DQG�LV�GHQRWHG�E\�F�
�� 7KXV�DYRLGLQJ�RYHUXVH�RI�VTXDUH�EUDFNHWV��ZKLFK�DOVR�GHQRWH�UHVWULFWLRQV�RI�IRUPXODH��

VHH�SDJH������7KH�QRWDWLRQ�LV�QRZ�HVWDEOLVKHG�VR�ZH�NHHS�WR�LW��LW�VKRXOG�EH�REYLRXV�IURP�
WKH�FRQWH[W�ZKDW�LV�PHDQW�
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The Invariance Principle, INV

)RU�DQ\�DXWRPRUSKLVP�I of BL and any SLR�  

 � � �� � �� R IRw w

2. The Permutation Invariance Principle and Super Regularity

3UHYLRXV� LQYHVWLJDWLRQV� LQWR� ,19� IRU� SUREDELOLW\� IXQFWLRQV� RQ� XQDU\� ODQ�
JXDJHV�KDYH�SURYHG�,19�WR�EH� WRR�VWURQJ�D�SULQFLSOH� >��@�� OHDYLQJ�RQO\�
RQH��VRPHZKDW�XQVDWLVIDFWRU\��IXQFWLRQ�WKDW�VDWLV¿HV�LW��2Q�WKH�RWKHU�KDQG��
LW� LV�QRW�\HW�FOHDU�ZKDW� LWV�IXOO�HIIHFW�IRU�JHQHUDO� ODQJXDJHV�LV��7KH�UHDVRQ�
IRU�,19�HOLPLQDWLQJ�QHDUO\�DOO�SUREDELOLW\�IXQFWLRQV�LQ�WKH�XQDU\�FRQWH[W�LV�
WKDW�VRPH�DXWRPRUSKLVPV�FDQ�IRUFH�VWDWH�GHVFULSWLRQV�ZLWK�GLIIHUHQW�QXPEHUV�
RI�FRQVWDQWV�WR�KDYH�WKH�VDPH�SUREDELOLWLHV��ZKLFK�±�FRPELQHG�ZLWK�DOO�RWKHU�
FRQGLWLRQV�,19�LPSRVHV�±��LV�DOPRVW�QHYHU�VDWLV¿HG�
7KLV� UDLVHV� WKH� TXHVWLRQ� RI�ZKDW� KDSSHQV� LI� ZH� UHTXLUH� RXU� DXWRPRU�

SKLVPV�WR�PDS�VWDWH�GHVFULSWLRQV�WR�VWDWH�GHVFULSWLRQV�UHVSHFWLQJ�WKH�QXPEHU�
RI� FRQVWDQWV�� DQG�ZKDW� WKH� SUREDELOLW\� IXQFWLRQV� WKDW� VDWLVI\� WKLV�ZHDNHU�
YHUVLRQ�RI�,19�ZRXOG�EH��ZKHUH�ZH�RQO\�GHPDQG�WKDW� � � �� � � R IRw w  for 

SLR� � DQG� IRU� VXFK� DXWRPRUSKLVPV� I�� ,W� WXUQV� RXW� >��@� WKDW� VXFK� DXWR� 
PRUSKLVPV�PXVW�EH�LQ�D�FHUWDLQ�VHQVH�XQLIRUP�DQG�WKDW�WKH\�PXVW�EH��XS�WR�
D�SHUPXWDWLRQ�RI�DOO�FRQVWDQWV��RI�WKH�W\SH�GHVFULEHG�EHORZ�

We say that a function F permutes state formulae if for each n�DQG��GLV�
WLQFW��YDULDEOHV� �, ,! nz z , F�SHUPXWHV�WKH�VWDWH�IRUPXODH� �� � � �2 ! nz z  in these 

YDULDEOHV�
$Q�DXWRPRUSKLVP�I of BL permutes state formulae if there is a function 

I �WKDW�SHUPXWHV�VWDWH�IRUPXODH�VXFK�WKDW�IRU�DQ\� �, ,! nb b �DQG�VWDWH�IRUPXODH�
�� � � �2 ! nz z  

 �� �� �� � � ���� � �� � � ���� � � �� I I2 2! ! ! nn nb b z z b b

where � �� �� � � ���� � � �I 2 ! !n nz z b b �LV�WKH�VWDWH�GHVFULSWLRQ�DUULYHG�DW�E\�DSSO\�
ing I  to �� � � �2 ! nz z �DQG�WKHQ�VXEVWLWXWLQJ� �, ,! nb b  into the resulting state 

IRUPXOD�
Let F�EH�D�IXQFWLRQ�SHUPXWLQJ�VWDWH�IRUPXODH�DQG�VDWLVI\LQJ�WKH�IROORZLQJ�

FRQGLWLRQV�IURP�>��@�

�$�� �)RU� HDFK� VWDWH� IRUPXOD� �� � � �2 ! mz z � DQG� VXUMHFWLYH� PDSSLQJ� T� ��
� �{ , , } { , , }! ! mny y z z\ , 

 � � �� � �� TT2 2F F

where T2 �LV�WKH�XQLTXH�VWDWH�IRUPXOD� �� � � �: ! ny y  such that

:�T�y��� ����� �� �� � � � � T 2 ! mny z z �
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�%�� )RU�HDFK�VWDWH�IRUPXOD� �� � � �2 ! mz z  and distinct �� � ^�� � `�! !ki i m  

 
� �� � �� > � � @ � > � � @�� 2 2! !k ki ii iz z z zF F

where �> � � @2 ! ki iz z  is the restriction of �� � � �2 ! mz z �WR�WKHVH�YDULDEOHV��WKDW�
LV��WKH�VWDWH�IRUPXOD�RQ� �, ,! ki iz z �LPSOLHG�E\�2�
1RWH�WKDW�ZKHUH�QR�FRQIXVLRQ�PD\�DULVH��ZH�ZULWH�2 in place of �� � � �2 ! nz z  

and � �2F  for �� � � � ��2 ! nz zF �LQ�IDYRXU�RI�FODULW\�RI�QRWDWLRQ�
%\�7KHRUHPV� �� DQG� �� RI� >��@�� HYHU\� IXQFWLRQ� F� WKDW� SHUPXWHV� VWDWH� 

IRUPXODH� DQG� VDWLV¿HV� WKH� FRQGLWLRQV� �$�� DQG� �%�� GHVFULEHV� D� IXQFWLRQ� I   

WKDW� H[WHQGV� WR� DQ� DXWRPRUSKLVP�I of BL� SHUPXWLQJ� VWDWH� IRUPXODH� DQG�
conversely, every such I  is a function F�WKDW�SHUPXWHV�VWDWH�IRUPXODH�DQG�
VDWLV¿HV��$��DQG��%��
5HVWULFWLQJ�WKH�,QYDULDQFH�3ULQFLSOH� WR� LQFOXGH�RQO\� WKH�DXWRPRUSKLVPV�

of BL�WKDW�SHUPXWH�VWDWH�IRUPXODH�JLYHV�XV�

The Permutation Invariance Principle, PIP

)RU�DQ\�SHUPXWDWLRQ�RI�VWDWH�IRUPXODH�F�WKDW�VDWLV¿HV��$��DQG��%��DQG�D�VWDWH�
description �� � � �2 ! nb b  

 � �� � � � �� �� � ��� � � ��� 2 2! !n nw b b w b bF

Lemma 1. Let F�EH�D� IXQFWLRQ�WKDW�SHUPXWHV�VWDWH� IRUPXODH�DQG�VDWLV¿HV�
�$��DQG��%���7KHQ�F is uniquely determined by its action on state formulae 
of r variables, where r is the highest arity of an L-relation symbol.

Proof. &RQVLGHU�D�VWDWH�IRUPXOD� �� � � �: ! sz z  where �s r  and let �� � � �2 ! rz z  

EH�VXFK�WKDW�2 :B ��%\�WKH�FRQGLWLRQ��%��

 � �� � � > � � @� � � ��> � � @  : 2 2! !s sz z z zF F F

so the values of F�RQ�VWDWH�IRUPXODH�RI�OHVV�WKDQ�r�YDULDEOHV�DUH�GHWHUPLQHG�
E\�LWV�YDOXHV�RQ�VWDWH�IRUPXODH�RI�r�YDULDEOHV�

now let �� � � � � �: ! ! nrz z z � EH� D� VWDWH� IRUPXOD�ZLWK� >n r  and suppose 

there is a function �F �WKDW�SHUPXWHV�VWDWH�IRUPXODH�DQG�VDWLV¿HV��$��DQG��%��
such that �� � � � 2 2F F �IRU�DOO�VWDWH�IRUPXODH�2 on r�YDULDEOHV�RU�IHZHU��EXW�

�� � � �: v :F F ��7KHQ�WKHUH�PXVW�EH�D�UHODWLRQ�V\PERO�Rj of L�DQG��QRW�QHFHV�
VDULO\�GLVWLQFW�� �, ,!

jriiz z �IURP� �{ , , }! nz z  such that 

 
� ��� � � � � � ��DQG�� � � � � � �: : �! !j jr rjj i ii iR z z R z zB BF F  ���

�RU�YLFH�YHUVD���/HW�
�
, ,!

rkkz z �EH�GLVWLQFW�YDULDEOHV�IURP� �{ , , }! nz z  such that 

all of �, ,!
jriiz z �DUH�LQFOXGHG�DPRQJVW�WKHP��
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%\�WKH�FRQGLWLRQ��%��DQG�VLQFH� �,F F �DJUHH�RQ�VWDWH�IRUPXODH�RI�r�YDULDEOHV��
we have 

� �� � ��> � � @ � > � � @� : :! !r rk k k kz z z zF F

� �� � � > � � @� � � ��> � � @� : :! !r rk k k kz z z zF F

FRQWUDGLFWLQJ������7KLV�VKRZV�WKH�FODLP�KROGV�DOVR�IRU�VWDWH�IRUPXODH�ZLWK�
PRUH�WKDQ�r�YDULDEOHV��DV�UHTXLUHG�
 Ƒ
 

$V�DQ�LPPHGLDWH�FRQVHTXHQFH�RI�WKH�DERYH�OHPPD��WKH�VHW�

  ^ _ �SHUPXWHV�VWDWH�IRUPXODH�DQG�VDWLVILHV��$��DQG��%�`� F F

LV�¿QLWH�DQG�ZH�FDQ�WKHUHIRUH�JHQHUDWH�D�SUREDELOLW\�IXQFWLRQ� aw  that satis�
¿HV�3,3� IURP�DQ�DUELWUDU\�SUREDELOLW\� IXQFWLRQ�w� E\�DYHUDJLQJ�RYHU� µSHU�
PXWHG�YHUVLRQV¶�RI�w��)XUWKHUPRUH��DV�WKH�QH[W�SURSRVLWLRQ�VKDOO�VKRZ�� aw  

ZLOO�SUHVHUYH�VRPH�FKDUDFWHULVWLF�SURSHUWLHV�RI�w�DQG�WKXV�EHDU�ZLWQHVV�WR�
WKHLU�FRPSDWLELOLW\�ZLWK�3,3�
2QH�RI� WKH�PRVW�ZLGHO\�DFFHSWHG�SULQFLSOHV� LQ�3XUH� ,QGXFWLYH�/RJLF� LV�

WKDW�D�UDWLRQDO�SUREDELOLW\�IXQFWLRQ�VKRXOG�WUHDW�WKH�LQGLYLGXDO�FRQVWDQWV�ai 
HTXDOO\��7KLV�LV�IRUPDOO\�VWDWHG�DV�

Constant Exchangeability, Ex

)RU�DQ\�IRUPXOD� �� � � �R ! nx x  of L and distinct constants �, ,! nb b , �, ,a a! nb b  

IURP�WKH�ai, 

 � ��� � � � �� �� � � � ��� R R a a! !n nw b b w b b

([�LV�VRPHWLPHV�LPSRVHG�DW� WKH�VWDUW�RI� LQYHVWLJDWLRQV�LQ�,QGXFWLYH�/RJLF�
DV� WKH�¿UVW� UHTXLUHPHQW� D� UDWLRQDO� SUREDELOLW\� IXQFWLRQ� VKRXOG� REH\�� ,W� LV�
LPSOLHG� E\� ,19� EXW� QRW� E\� 3,3��:H� GR� QRW� DVVXPH� LW� KHUH� EXW� ZH�ZLOO�
H[SODLQ�WKH�UROH�LW�KDV�LQ�ZKDW�IROORZV�
)RU�WKH�UHPDLQGHU�RI�WKLV�VHFWLRQ��ZH�ZLOO�IRFXV�RQ�WKH�UDWKHU�HOXVLYH�3ULQ�

FLSOH�RI�6XSHU�5HJXODULW\�DQG�FODULI\�LWV�VWDWXV�ZLWK�UHVSHFW�WR�,19�DQG�3,3�

Super Regularity, SReg

For any consistent SLR� , 

 � � ! ��Rw

1RWH�WKDW�WKH�FRQGLWLRQ�LV�LPSRVHG�RQ�all consistent sentences so this prin�
FLSOH�LV�VWURQJHU�WKDQ�WKDW�RI�5HJXODULW\��VHH�IRU�H[DPSOH�>�@���ZKHUH�RQO\�
TXDQWL¿HU�IUHH�VHQWHQFHV�DUH�LQYROYHG�
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Let w�EH�DQ�DUELWUDU\�SUREDELOLW\�IXQFWLRQ�RQ�SL�DQG�GH¿QH� � >���@law SL  

for state descriptions �� � � �2 ! na a , n�� ��E\

 � �
�� � � � ���� � � � � � �� 

| |
n nw a a w a a

�
a 2 2�! !F

F ��
� ���

where 	 
� �� � � � �� � � ���� � � � 22 ! ! nnw a a w a aF F �

Lemma 2. The function aw �GH¿QHG�LQ���� extends uniquely to a probability 
IXQFWLRQ�RQ�6/��0RUHRYHU����� holds even when the constants �, ,! na a  are 
replaced by any other distinct constants �, ,! nb b .

Proof. Let ��F ��&OHDUO\� wF � VDWLV¿HV� �3�a�� DQG� �3�a�� RQ� SDJH� �����7R�
FKHFN� �3�a�� QRWH� WKDW� E\� WKH� FRQGLWLRQ� �%�� RQ� F, for state descriptions 

��� � � � ��' ! n na a a , �� � � �2 ! na a  we have 

 � �� � � �� � � � � � � � � � ���� � � � � � ���� � � ��� �' 2 � ' 2! ! ! !nn n na a a a a a a aB BF F

&RQVHTXHQWO\��VLQFH��3�a��KROGV�IRU�w and since ��� � �� � � � ��' ! na aF  run through 

the state descriptions for ��, , �! na a  when ��� � � ��' ! na a  do so, we have 

� �� � � � �� �� �� � ���� � � �� 2 2! !n nw a a w a aF F
 

� � �

� �
� � �� � � � �� �� � �� � � � �

 ��� � ���� � � ��
�

�
' 2

'�
! !

!
n n

n
a a a a

w a a
BF F

F

� � �

��
� � � �� � � � � �

 � � � � ��
�

�
' 2

'�
! !

!
n n

n
a a a a

w a a
B

F

VR��3�a��KROGV�IRU�wF  and hence wF �H[WHQGV�XQLTXHO\�WR�D�SUREDELOLW\�IXQF�
tion on SL�� aw � LV� WKHUHIRUH�D�FRQYH[�FRPELQDWLRQ�RI�SUREDELOLW\�IXQFWLRQV�
on SL�DQG�WKXV�GH¿QHV�D�SUREDELOLW\�IXQFWLRQ�RQ�SL��
7KH�UHVW�RI�WKH�OHPPD�IROORZV�XSRQ�QRWLQJ�WKDW�DQ\�SUREDELOLW\�IXQFWLRQ�v 

on SL�VDWLV¿HV

 

� � � �

� � � �
� � � � �� � � � � � �

� � � � � ��� � � � � � ���� 
' 2

2 '�
! !

! !
k n

n k
a a a b b b

v b b b v a a a
B

where k is large enough for the �, ,! nb b �WR�EH�LQFOXGHG�DPRQJVW� �, ,! ka a �
 Ƒ
Proposition 3. The probability function aw � GH¿QHG� LQ� ���� VDWLV¿HV�3,3�� 
,I��LQ�DGGLWLRQ��WKH�RULJLQDO�SUREDELOLW\�IXQFWLRQ�Z�VDWLV¿HV�([���65HJ�WKHQ�
so does aw .
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Proof. to see that aw � VDWLV¿HV� 3,3�� OHW� �� � � �2 ! nz z , �� � � �' ! nz z � EH� VWDWH�
IRUPXODH�RI�L with � �  2 'G �IRU�VRPH� ��G ��&RQVLGHU�WKH�VHW�

 �
|^ �̀ �a �� �FG F

� �LV�FORVHG�XQGHU�FRPSRVLWLRQ�DQG�LQYHUVH�RI�IXQFWLRQV�>��@��VR� �� � �FG  

and �a� � ��&RQYHUVHO\��HYHU\� ��F � FDQ�EH�ZULWWHQ�DV� WKH�FRPSRVLWLRQ�
of ��FG  and 

��G , so � a� � ��7KHUHIRUH��

� �
�� � � � ���� � �� � ���� � � �� 

| |
n nw b b w b b

�

2a 2 �! !
F

F
��

�
�

� �� � �� � � ����� � � ��
| |

nw b b�

�

2� !
F

FG G
��

�

�
�

� �� � �� � ���� � � ��
| |

nw b b
�

�

� a

'
a

� !
FG

FG
��

�
� �� �� � ���� � � ��

| |
nw b b

�

'� !
F

F
��

� �� � � � � ���a ' ! nw b b

6XSSRVH�w�VDWLV¿HV�([��7KHQ�IRU�HYHU\� ��F  and distinct �, ,! nb b , �, ,a a! nb b  

IURP�WKH�ai 

 � ��� � ���� � � �� �� � ���� � � �� a a2 2! ! nnw b b w b bF F

so wF �VDWLV¿HV�([�RQ�VWDWH�GHVFULSWLRQV�DQG�KHQFH� on SL��&RQVHTXHQWO\��VR�
does aw �

now suppose w�LV�VXSHU�UHJXODU��5HFDOO�WKDW�WKH�H[WHQVLRQ�RI�HDFK�wF  to 

D�SUREDELOLW\�IXQFWLRQ�RQ�SL is unique and that aw �LV�GH¿QHG�DV�WKH�ZHLJKWHG�
VXP� RI� WKHVH� H[WHQVLRQV�� 1RWLFH� WKDW� WKH� SHUPXWDWLRQ� WKDW� PDSV� HDFK 

VWDWH�IRUPXOD� WR� LWVHOI� WULYLDOO\�VDWLV¿HV��$��DQG��%���VR� Id�� �� ,W� IROORZV�
that w�PXVW� EH� WKH� H[WHQVLRQ� WR�SL of Idw � GH¿QHG� RQ� VWDWH� GHVFULSWLRQV 
of L and w� LV�WKHUHIRUH�RQH�RI�WKH�VXPPDQGV�LQ�WKH�FDOFXODWLRQ�RI� aw ��6R�

�
| |

�� � � � ! �R Rpaw w�  for every consistent SLR�  and so aw �LV�VXSHU�UHJXODU�

 Ƒ

��� 1RWH�WKDW�LW�VXI¿FHV�WR�FKHFN�WKDW�D�SUREDELOLW\�IXQFWLRQ�VDWLV¿HV�([�RQ�VWDWH�GHVFULS�
tions of L, since then its extension to SL�ZRXOG�VDWLVI\�([��IRU�GHWDLOV�VHH�WKH�IRUWKFRPLQJ�
>��@��
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7KH�H[LVWHQFH�RI�D�SUREDELOLW\�IXQFWLRQ� aw �WKDW�VDWLV¿HV�3,3��65HJ�DQG�([�
follows, since a w�VDWLVI\LQJ�([�DQG�65HJ�H[LVWV��VHH�&KDSWHU����RI� WKH�
IRUWKFRPLQJ� >��@� IRU�GHWDLOV���1RWH�DOVR� WKDW� VLQFH�3,3� LPSOLHV� WKH�SULQ�
FLSOHV�RI�3UHGLFDWH�([FKDQJHDELOLW\��3[���6WURQJ�1HJDWLRQ��61��DQG�9DUL�
DEOH�([FKDQJHDELOLW\��9[���VHH�IRU�H[DPSOH�>��@��� aw  will also satisfy these 

SULQFLSOHV�
7KH�FRQVLVWHQF\�RI�6XSHU�5HJXODULW\�ZLWK�3,3� LV� LQWHUHVWLQJ�GXH� WR� WKH�

UHVWULFWLYH�QDWXUH�RI�65HJ��<HW�WKLV�FRQVLVWHQF\�EHFRPHV�SHUKDSV�HYHQ�PRUH�
QRWHZRUWK\�LQ�YLHZ�RI�WKH�IDFW�WKDW�,19�FRQWUDGLFWV�65HJ��DV�ZH�VKDOO�QRZ�
VKRZ��7KH�FDVH�IRU�ODQJXDJHV�FRQWDLQLQJ�RQO\�XQDU\�UHODWLRQ�V\PEROV�IROORZV�
IURP�WKH�UHVXOWV�LQ�>��@�WKDW�ZH�KDYH�DOUHDG\�PHQWLRQHG�DQG�ZH�ZLOO�H[WHQG�
LW�WR�SRO\DGLF�ODQJXDJHV��)RU�VLPSOLFLW\��ZH�VKDOO�FRQVWUXFW�WKH�DUJXPHQW�IRU�
D�ELQDU\�ODQJXDJH��KRZHYHU�WKH�UHVXOW�JHQHUDOLVHV�VLPLODUO\�WR�ODQJXDJHV�RI�
KLJKHU�DULWLHV�

For this purpose, let L� denote the language with a single unary predicate 

V\PERO�P and let L�EH�WKH�ODQJXDJH�ZLWK�D�VLQJOH�ELQDU\�UHODWLRQ�V\PERO�R��
Let SLG� �EH�WKH�VHQWHQFH�

 � � � � � � � ���� � �� �x yR x y y R x y

For � L% ,  such that G%B ��GH¿QH� �� �C � L% , �E\�

 �� � � � � � ��C�i iR a a P a%B % B

so C�LV�D�ELMHFWLRQ�EHWZHHQ�  |  { }G� L% , %B  and �L, �
For SLZ� ��GH¿QH� *Z � WR�EH� WKH� UHVXOW�RI� UHSODFLQJ�HDFK�RFFXUUHQFH�RI�

��� � �R t t  in Z , where � �,t t �DUH�DQ\�WHUPV�RI�L��E\� �� �P t ��7KHQ�IRU� G%B  it 

IROORZV�HDVLO\�E\�LQGXFWLRQ�RQ�FRPSOH[LW\�RI�L�IRUPXODH�WKDW�

 
*�� � � �Z C Z�%B % B

6LPLODUO\��IRU� �SLY � �ZH�GH¿QH� Y� �WR�EH�WKH�UHVXOW�RI�UHSODFLQJ�HDFK�RFFXU�
rence of �� �P t  in Y �E\� � �� � �R t a ��7KHQ�IRU� G%B  

 � � �Y C Y��%B % B

,Q�>��@�DQ�DXWRPRUSKLVP� E of BL��LV�VSHFL¿HG��ZLWK�WKH�SURSHUW\�

 � � � � �> � � � �@�� > � � � � � �@� E � � �P a P a P a P a P a

8VLQJ�WKLV�DXWRPRUSKLVP�E��GH¿QH�D�ELMHFWLRQ� �U lL L, ,  in the following 

ZD\��

� referred to as H�LQ�>��@�
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�� � � ��� LI �� �  
RWKHUZLVH�

C E C G
U

�£¦¦¤¦¦¥

% %B
%

%

then U�LV�DQ�DXWRPRUSKLVP�RI�BL since for SLZ� , 

 *> @ >� � � �@ > @ >� � �� @�  U Z U Z G Z G Z G E Z G��� � � �� � �

and *> @ >� � �� @Z G E Z G��� � �  is *>� � �� � �� �@�Z G E Z G��� � � � 6LPLODUO\� IRU�
Uí�>Z@�

Let SLZ� �EH�WKH�VHQWHQFH� � � � �� � � � � ��R a a R a a ��7KHQ� *Z  is � �� � � ��P a P a , 

*
� � �� � � � � � � � E Z � �P a P a P a , so *

� � � � � �� � ��  � � � � � � � � �E Z � � �R a a R a a R a a �
&RQVHTXHQWO\��IRU�DQ\�SUREDELOLW\�IXQFWLRQ�w satisfying Inv, we require 

 � � � � � � � � � �� � � � � � � � � � � � � � � � � � �� G G� � � � �w R a a R a a w R a a R a a R a a

on the other hand, 

 � � � � � � � � � �� � � � � � � � � � � � � � � � � � � G G� � � � � �w R a a R a a w R a a R a a R a a

� � � � � �� � � � � � � � � � �G� �� �w R a a R a a R a a

+RZHYHU�WKHQ�

 � � � � � �� � � � � � � � � � �  �G� �� �w R a a R a a R a a

DQG�WKLV�VHQWHQFH�LV�VDWLV¿DEOH��7KHUHIRUH�w�FDQQRW�VDWLVI\�6XSHU�5HJXODULW\�

3. PIP and Polyadic Atom Exchangeability

/HPPD���H[HPSOL¿HG�WKH�XQLTXH�UROH�VWDWH�IRUPXODH�RQ�r�YDULDEOHV� play in 

GHWHUPLQLQJ�DXWRPRUSKLVPV�RI�BL�WKDW�SHUPXWH�VWDWH�IRUPXODH��5HVXOWV�LQ�
WKLV�VHFWLRQ�ZLOO�GHPRQVWUDWH�D�VHFRQG�DSSOLFDWLRQ�RI�WKHVH�VWDWH�IRUPXODH��
allowing us to show that PIP is in fact a natural generalisation of the thor�
RXJKO\�VWXGLHG�XQDU\�SULQFLSOH�RI�$WRP�([FKDQJHDELOLW\��
7R� HPSKDVLVH� WKH� XQDU\� FRQWH[W�ZKHUH� DSSURSULDWH��ZH� XVH� V\PEROV�

� �, , ,! qP P P  for unary predicates and Lq� IRU� WKH� ODQJXDJH� FRQWDLQLQJ� MXVW�
WKHVH�SUHGLFDWH�V\PEROV�

� recall that r�LV�WKH�KLJKHVW�DULW\�RI�D�UHODWLRQ�V\PERO�LQ�WKH�ODQJXDJH�L with which we 

DUH�FRQFHUQHG�
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Atom Exchangeability, Ax

)RU�DQ\�SHUPXWDWLRQ�U of ^�� �� �� `q!  and constants �, , nb b! , 

 � �
� �  

� �  � � �
i i

nn

h i h i
i i

w b w bUB B
� ¬ � ¬­ ­� �­ ­� �­ ­­ ­� �� ® � ®� �

where � � �� �� � �� � � �qx x xB B B! , the atoms of Lq��DUH�IRUPXODH�RI�WKH�IRUP�

 � �� � � � � ��qP x P x P xo �o � �o!

1RWH� WKDW� D� VWDWH� IRUPXOD�RI�Lq on n� YDULDEOHV�� ��   � � � �n q
j iji P xo� � , is then 

MXVW�D�FRQMXQFWLRQ�RI�DWRPV� � � �
i

n
h ii xB� , ^�� �� � � `qih � ! ��DQG�D�VWDWH�IRUPXOD�

IRU� RQH�YDULDEOH� LV� DQ� DWRP��6R�$[� DERYH� LV� WKH� VWDWHPHQW� WKDW� WZR� VWDWH�
GHVFULSWLRQV� WKDW�DUH�PDSSHG�RQH� WR� WKH�RWKHU�E\�D�SHUPXWDWLRQ�RI�DWRPV��
VKRXOG�JHW�WKH�VDPH�SUREDELOLW\��,Q�WKH�XQDU\�FDVH��SHUPXWDWLRQV�RI�DWRPV�
DUH�LQ�DQ�REYLRXV�ELMHFWLRQ�ZLWK�SHUPXWDWLRQV�RI�VWDWH�IRUPXODH�VDWLVI\LQJ�
�$��DQG��%��DQG�VR�in the unary context�3,3�LV�HTXLYDOHQW�WR�$[�
:H�H[WHQG�WKH�QRWLRQ�RI�DWRPV�WR�DQ\�SRO\DGLF�ODQJXDJH�L��E\�GH¿QLQJ�

a polyadic atom�WR�EH�D�VWDWH�IRUPXOD�RQ�r YDULDEOHV��:H�ODEHO�WKH�SRO\DGLF�
DWRPV� � � � � �� � � �� � � � �� � � � � �r r rNx x x x x xH H H! ! ! ! �LQ�D�¿[HG�RUGHU��ZKHUH�WKH
WRWDO�QXPEHU�RI�DWRPV�N is ��

rq j
j r�� ��VLQFH�HDFK�VWDWH�IRUPXOD�RI�r�YDULDEOHV�

contains jrr �FRQMXQFWV�IRU�HDFK� �� �� � j q! ��8QOHVV�LQGLFDWHG�RWKHUZLVH�� kH  

will stand for �� � � �rk x xH ! ��ZLWK�WKHVH�YDULDEOHV��1RWH�WKDW�IRU�SXUHO\�XQDU\�
ODQJXDJHV��WKLV�GH¿QLWLRQ�H[DFWO\�GHVFULEHV�WKH�DWRPV�RI�WKH�ODQJXDJH�LQ�WKH�
RULJLQDO�VHQVH�
,Q�D�PDQQHU�FRUUHVSRQGLQJ�WR�WKH�FDVH�IRU�XQDU\�ODQJXDJHV��HYHU\�VWDWH�

IRUPXOD� RI� WKH� SRO\DGLF� ODQJXDJH�L�PD\� EH�ZULWWHQ� DV� D� FRQMXQFWLRQ� RI�
SRO\DGLF�DWRPV��1DPHO\��

 
� � ��

�

�
� � � ^�� � `

� � � � � � � �� ri irr
r

n h i i
i i n

z z z zH
� §�

2 � !
! !

! ! � ���

,Q�FRQWUDVW�KRZHYHU��QRW�HYHU\�VXFK�FRQMXQFWLRQ�GHVFULEHV�D�VWDWH�IRUPXOD�RI�
L��VLQFH�VRPH�RI�WKHVH�ZLOO�EH�LQFRQVLVWHQW��)RU�LQVWDQFH��IRU�L containing a 

VLQJOH�ELQDU\�UHODWLRQ�V\PERO�R�DQG�D�VWDWH�IRUPXOD� � � � �� � � � �z z z z2 , in order 

IRU�WKH�FRQMXQFWLRQ�WR�EH�FRQVLVWHQW�ZH�PXVW�KDYH� ������ � � � �� � � � � � h hz z z zH H  

and when i� �j the 
,i jhH �QHHG�WR�EH�WKRVH�DWRPV�ZKHUH�R occurs either only 

SRVLWLYHO\�RU�RQO\�QHJDWLYHO\�
note that when �, , ri i! �LQ�����DUH�GLVWLQFW��

 
� � � ��

, ,� � � > � @� r ri irh i ii iz z z zH 2
!

! !
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on the other hand, when �, , ri i!  are not all distinct we have 

 
, , �� �� � � � � > � � @� m msi ir

i ih rx x z z TH 2
!

! !

where 
�, , mm si i! �DUH�WKH�GLVWLQFW�QXPEHUV�DPRQJ� �, , ri i! , and T�����̂ x����«���xr}  \ 

�
{ , , }m msiiz z! �LV�GH¿QHG�E\� � �   m kk jj i mx z i iT � , so

 
� � � ��

� � � � > � � @� m msi i rr
i ih i iz z z zH 2

!
! !

%\�/HPPD���HYHU\�SHUPXWDWLRQ�RI�VWDWH�IRUPXODH�WKDW�VDWLV¿HV�WKH�FRQGL�
WLRQV��$��DQG��%���HTXLYDOHQWO\�D�SHUPXWDWLRQ�WKDW�H[WHQGV�WR�DQ�DXWRPRU�
SKLVP� SHUPXWLQJ� VWDWH� IRUPXODH�� LV� GHWHUPLQHG� E\� LWV� UHVWULFWLRQ� WR� WKH�
atoms of L��/HW�(�GHQRWH�WKH�VHW�RI�SHUPXWDWLRQV�U of ^�� � `N!  such that 

WKH�SHUPXWDWLRQ�Y�RI�DWRPV�GH¿QHG�E\� � �� �� � � � �� � � � � k r rkx x x xUY H H! !  is 

D�SHUPXWDWLRQ�RI�VWDWH�IRUPXODH�VDWLVI\LQJ��$��DQG��%���:LWK�WKHVH�GH¿QLWLRQV��
3,3�LV�FOHDUO\�HTXLYDOHQW�WR�ZKDW�PD\�EH�WHUPHG

Polyadic Atom Exchangeability  – Permutation Version

For any state description 

 
�� � ��

�� � � ^�� � `
� � � �ri irr

r

h i i
i i n

b bH
� §�

� !
! !

!

and U �(, 

 

	 
 	 
� �, , , ,� �
� �

� �
� � ^�� � ` � � ^�� � `

� � � � � r ri i i ir rr r
r r

i i i ih h
i i n i i n

w b b w b bUH H
� §� � §�

� ¬ � ¬­ ­� �­ ­� �­ ­� �­ ­� ­ � ­� ® � ®
� �! !

! ! ! !
! !

7KLV�UHSUHVHQWV�3,3�DV�D�JHQHUDOLVDWLRQ�RI�$[�DV�VWDWHG�DERYH��H[FHSW� WKDW�
ZH� OLPLW� WKH�µDOORZHG¶�SHUPXWDWLRQV�RI�SRO\DGLF�DWRPV�WR� WKRVH� LQ�(��7KH�
QH[W� UHVXOW�ZLOO�GHWHUPLQH�H[DFWO\�ZKLFK��SHUPXWDWLRQV�RI� DWRPV�GH¿QH�D�
SHUPXWDWLRQ�RI�VWDWH�IRUPXODH�WKDW�VDWLV¿HV��$��DQG��%��

Lemma 4. A permutation U of ̂ �� � `N!  is in ( if and only if for each m rb , 
distinct �� � � mi i rb b! , ���^ � � ` ^ � � `miirx x x xT ! !\  and � ^�� � `k s N� !  

� �� � � � � �� > � � @� � � � � � > � � @� � � � ��  m mk i i s r k i i s rx x x x x x x xT U T UH H H H�! ! ! !  ���

�� 1RWH� WKDW� WKH� FRQGLWLRQ� LQ� WKH� IROORZLQJ� OHPPD� LV� WULYLDO�ZKHQ�L is purely unary in 

DFFRUGDQFH�ZLWK�WKH�DIRUHPHQWLRQHG�IDFW�WKDW�DQ\�SHUPXWDWLRQ�RI�XQDU\�DWRPV�H[WHQGV�WR�D�
SHUPXWDWLRQ�RI�VWDWH�IRUPXODH�VDWLVI\LQJ��$��DQG��%��
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Proof.� 6XSSRVH�¿UVW� WKDW�U �( and let I�EH� WKH�DVVRFLDWHG�DXWRPRUSKLVP�
of BL��7KHQ�I �VDWLV¿HV��$��DQG��%���$OVR�� � �� �  k kUI H H �DQG�E\��%��

 
� � �� �

� > � � @�  � �> � � @  > � � @k i i k i i k i im m m
x x x x x xUI H I H H! ! !

VR�E\��$��

 
� � �� �� > � � @� � � > � � @��  �� > � � @� �� m m mk i i k i i k i ix x x x x xU T T TH I H I H! ! !

+HQFH�����IROORZV�IURP� � � � � s sUH I H �
7R� SURYH� WKH� RSSRVLWH� GLUHFWLRQ�� DVVXPH� WKDW� U� VDWLV¿HV� ����� )LUVW�

REVHUYH�WKDW�IRU� �, , ri i!  not necessarily distinct, 
�

� � � �
rk i iz zH !  is consistent 

MXVW�ZKHQ� �� � � � � �rk i iz zUH ! �LV�FRQVLVWHQW��7KLV�LV�WKH�FDVH�VLQFH�IRU�D�SRO\�
DGLF� DWRP� vH , �� � � �ri iv z zH ! � LV� FRQVLVWHQW� MXVW� ZKHQ� �� � � �v rx xH !  is 

�� > � � @�tm mv x x TH !  where �, , tm mi i! �DUH�WKH�GLVWLQFW�QXPEHUV�DPRQJVW� �, , ri i!  

and T�LV�GH¿QHG�E\� � �   u ujj m mx x i iT � �
$QRWKHU�REVHUYDWLRQ�ZH�QHHG�LV�WKDW�LI�WZR�DWRPV� ,k hH H  have the prop�

HUW\�WKDW�UHVWULFWLQJ�RQH�WR�VRPH�m�YDULDEOHV�DQG�WKH�RWKHU�WR�VRPH��RWKHU��
m�YDULDEOHV�SURGXFHV�WKH�VDPH�VWDWH�IRUPXOD�XS�WR�UHQDPLQJ�WKH�YDULDEOHV�
WKHQ�WKH�VDPH�KROGV�IRU� � � � �,k hU UH H ��([SUHVVHG�PRUH�IRUPDOO\��IRU��GLVWLQFW��

�, , mi ix x!  and �, , mj jx x! �IURP� �{ , , }rx x!  we have 

� �� �> � � @ � > � � @��� � � � � � m mm mj j j ji i i ik hx x x x x x x xH H! ! !

� �� �� � � �> � � @ � > � � @��� � � � � � m mm mj j j ji i i ik hx x x x x x x xU UH H� ! ! !  ���

where � ��� > � � @��� � � � � �mm mj j j ji ih x x x x x xH ! !  is the result of replacing every 

occurrence in 
�

> � � @mjjh x xH !  of vjx �E\� vix , �� � v m! �
7R� VHH� WKLV�� FRQVLGHU� IRU� H[DPSOH� �� ��^ � � ` ^ � � `mi irx x x xT ! !\  and 

�� ��^ � � ` ^ � � `mj jrx x x xT ! !\ �GH¿QHG�E\

 

��

� �
� �

if { , , }, if { , , }, 
� � � �  RWKHUZLVH� RWKHUZLVH�

vj vm mi
i i

ji

x i i i x i i i i
x x

x x
T T

£ £� �¦ ¦¦ ¦¤ ¤¦ ¦¦ ¦¥ ¥

! !

7KHQ�WKH�OHIW�KDQG�VLGH�RI�����KROGV�MXVW�LI�IRU�WKHVH� � �,T T  we have 

 �� � ��� > � � @� � � � � � > � � @�  m mj ji ik s r hx x x x x xT TH H H! ! !

IRU�VRPH� �� � � �s rx xH ! , in which case 

 
�� � �� � � � � � �� > � � @� � � � � � > � � @�  m mj ji ik s r hx x x x x xU T U U TH H H! ! !
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IROORZV�E\������LPSO\LQJ�WKH�ULJKW�KDQG�VLGH�RI�WKH�HTXLYDOHQFH��7KH�RWKHU�
GLUHFWLRQ�IROORZV�VLPLODUO\�

Let the function F�EH�GH¿QHG�DV�IROORZV��)RU�D�VWDWH�IRUPXOD�2��z��������zn�� �

� �, ,�� � ^�� � ` � � � � �r ri ir r
i ihi i n z zH� §�� !! ! ! ,

 
� �, ,

�

� � �
� � ^�� � `

� � � � �� � � � � �� ri irr
r

i in h
i i n

z z z zUH
� §�

2 �F
!

! !
! ! � ���

%\� WKH�¿UVW� RI� WKH� DERYH�REVHUYDWLRQV� HDFK� FRQMXQFW� LQ� ���� LV� FRQVLVWHQW��
0RUHRYHU��WKH�ZKROH�FRQMXQFWLRQ�PXVW�EH�FRQVLVWHQW��VLQFH�RWKHUZLVH�WKHUH�
ZRXOG� EH� �, , ri i� §!  and �, , rj j� §! � IURP�^�� � `rn!  and distinct �, , tk k!  

RFFXUULQJ�ERWK�DPRQJVW� �{ , , }ri i!  and �{ , , }rj j! �VXFK�WKDW�IRU�VRPH�UHODWLRQ�
V\PERO�Rj of L of arity rj�DQG�VRPH� �, , jrm m! �IURP�^�� � `t! , 

 

�� �, ,� � � � � � � � � ��
rjr m mi ir i i j k kh z z R z zUH !

! !B

 

��, , �� �� � � � � � � ��
rjr m mj jr j j k kjh z z R z zUH �! ! !B

7KLV�ZRXOG�PHDQ�WKDW�
 

� �� , , ��� � � �� � � �� � � � > � � @ � � � � � > � � @�r rji i t j tr r
i i j jh k k h k kz z z z z z z zU UH Hv !!
! ! ! !

VR�E\�WKH�VHFRQG�REVHUYDWLRQ�
 

� �� , , ��� � � �
� � � � > � � @ � � � � � > � � @�r rji i t j tr r

i i j jh k k h k kz z z z z z z zH Hv !!
! ! ! !

+RZHYHU� WKLV� LV� LPSRVVLEOH� VLQFH� ERWK� DUH� ��� � � ��> � � @
tn k kz z z z2 ! ! �� 

therefore F� GH¿QHG� E\� ���� SHUPXWHV� VWDWH� IRUPXODH� DQG� FOHDUO\�
� � � �� � � � �� � � � � k r k rx x x xUH HF ! ! �

,W�UHPDLQV�WR�FKHFN�WKDW�F�VDWLV¿HV�FRQGLWLRQV��$��DQG��%���7KH�FRQGLWLRQ��%��
LV�REYLRXV�DQG�IRU��$���OHW�

 
�� � �

�

�
� � � ^�� � `

� � � � � � � � 
r ri i

r
r

m h i i
i i m

z z z zH
� §�

2 � !
! !

! !

and let � ��^ � � ` ^ � � `n my y z zT ! !\ ��:ULWLQJ�T� DOVR� IRU� WKH�PDSSLQJ� IURP�
^�� � `n!  to ^�� � `m!  that sends j to i iff � �  j iy zT , we have 

 
�� �� � � � �

�

�
� � � ^�� � `

� � � � �� � � � �� 
rj j r

r
r

m h j j
j j n

z z y y
T TT H

� §�

2 � !
! !

! !

 

� �, ,

�

� � �
� � � ^�� �� `

� � � � �� � � � � ri irr
r

i im h
i i m

z z z zUH
� §�

2 �F
!

! !
! !
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VR�ERWK� �� � � � � ���mz z T2F !  and �� � � � � �mz z T2F !  are

 

�� �� � � � �
�

� �
� � � ^�� � `

� � � ��
rj j rr

r

h j j
j j n

y y
T TUH

� §�
� !

! !
!

 Ƒ
:H�VKDOO�QRZ�VKRZ�WKDW�DQRWKHU�IRUPXODWLRQ�RI�$[�ZKLFK�ZKLOH�LQ�WKH�XQDU\�
FDVH�LV�HDVLO\�VHHQ�WR�EH�HTXLYDOHQW�WR�WKH�RQH�JLYHQ�DERYH��LQ�WKH�SRO\DGLF�
FRQWH[W� EHFRPHV� D� SULQFLSOH� WKDW� LV� not obviously� HTXLYDOHQW� WR� 3,3� EXW�
VRPHZKDW�VXUSULVLQJO\�WXUQV�RXW�WR�EH�VR�QHYHUWKHOHVV�

Atom Exchangeability (II)

Let 

 � �
� �  

� � � �� � �� � � � �� � ��  i i

n n

n h i n k i
i i

b b b b b bB B2 '� �! !

EH� VWDWH� GHVFULSWLRQV� RI� D� XQDU\� ODQJXDJH�� ,I� IRU� DOO� � �i j nb b  we have 

  j ji ih h k k�  then � � � � w w2 ' �

7KH�LPPHGLDWH�SRO\DGLF�FRXQWHUSDUW�RI�WKLV�LV�

Polyadic Atom Exchangeability - Spectral-Equivalence Version, PAx

Let 

 
�� � ��

�

�
� � � ^�� � `

� � � �� � � � � ri irr
r

n h i i
i i n

b b b bH
� §�

2 � !
! !

! !

and 

 
��� � �

�

�
� � � ^�� � `

� � � �� � � � � ri irr
r

n k i i
i i n

b b b bH
� §�

' � !
! !

! !

EH�VWDWH�GHVFULSWLRQV�RI�L such that for all � �� � � � � � ^�� � `r
r ri i j j n� § � §�! ! !

 
� �� �, , , ,, , , , �  r rr rj j j ji i i ih h k k�! !! !  ���

then � �� � � � �� � � � � ��  n nw b b w b b2 '! ! �

We shall show that PIP is equivalent to PAx and in order to do so we will 

XVH� DQ� HTXLYDOHQW� FKDUDFWHULVDWLRQ� RI� ZKHQ� WZR� VWDWH� IRUPXODH� FDQ� EH�
PDSSHG�RQH�WR�DQRWKHU�E\�D�SHUPXWDWLRQ�VDWLVI\LQJ��$��DQG��%��
6WDWH� IRUPXODH� �� � � �nz z2 ! , �� � � �nz z' !  are similar� LI� IRU� DOO� �GLVWLQFW��

�, , ti i!  and �, , sj j! �IURP�^�� � `n!  and ��
�^ � � ` ^ � � `st j ji iz z z zT ! !\  

 
� �� �

> � � @ � > � � @� � > � � @ � > � � @� �  s st tj j j ji i i iz z z z z z z zT T2 2 � ' '! ! ! !
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Theorem 5. >��@�6WDWH�IRUPXODH�2 and ' are similar if and only if there is 
D�SHUPXWDWLRQ�RI�VWDWH�IRUPXODH�WKDW�VDWLV¿HV��$��DQG��%��DQG�PDSV�2 to '. 

Theorem 6. The principle PAx is equivalent to PIP.

Proof. )LUVW�DVVXPH�WKDW�w�VDWLV¿HV�3$[��6XSSRVH�WKDW�F�LV�D�SHUPXWDWLRQ�RI�
VWDWH�IRUPXODH�WKDW�VDWLV¿HV��$��DQG��%���2�LV�D�VWDWH�IRUPXOD�DQG� � � ' 2F ��
$VVXPLQJ� �� � � �nb b2 !  and �� � � �nb b' ! � DUH�ZULWWHQ� DV� LQ� WKH� VWDWHPHQW�RI�
3$[��E\� WKH�FRQGLWLRQ� �%��ZH�KDYH� WKDW�

�, , , ,�
� �  i i i ir rh kH HF

! !
� VR� ����KROGV��

+HQFH�
 � �� � � � �� � � � � � ��� n nw b b w b b2 '! !

showing PIP for w�
now suppose that w�VDWLV¿HV�3,3��/HW�2, '�EH�DV�LQ�WKH�VWDWHPHQW�RI�3$[�

DQG�VXFK�WKDW�����KROGV��,W�VXI¿FHV�WR�VKRZ�WKDW�2 and '�DUH�VLPLODU�VLQFH�WKHQ�
LW�ZLOO�IROORZ�E\�7KHRUHP���DQG�3,3�WKDW� � �� � � � �� � � � � � �� n nw b b w b b2 '! ! , 

proving PAx for w�
6R� VXSSRVH� WKDW� IRU� GLVWLQFW� �, , ti i!  and �, , sj j! � IURP� ^�� � `n!  and  

��
�^ � � ` ^ � � `st j ji iz z z zT ! !\  we have

 
��

> � � @ � > � � @� � st j ji iz z z z T2 2! !

then for every choice of �, , jrm m! � �ZLWK�SRVVLEOH�UHSHDWV��IURP� �{ , , }ti i!  

DQG�HDFK�UHODWLRQ�V\PERO�Rj of arity rj, 

 
� �

� � � � � � � �� � � ��
j jr rj jm m m mR z z R z zT T2 � 2! !B B

since 

�� � �
> � � @ � � � � > � � @ � � �� � � ���

j jr s rt j jm m j j m mi iz z R z z z z R z zT T2 � 2! ! ! !B B

:LWK�D�VOLJKW�DEXVH�RI�QRWDWLRQ��ZULWLQJ� � �  d ei jT  instead of � �  ed jiz zT , this 

PHDQV� WKDW� IRU� DQ\� �, , rm m! � �ZLWK� SRVVLEOH� UHSHDWV�� IURP� �{ , , }ti i!  we 

have � �, , � �� � � � r rm m m mh hT T! ! , as 
�, , rm mhH ! � GHVFULEHV� HYHU\� UHODWLRQ� LQYROYLQJ�

YDULDEOHV�IURP�
�

{ , , }
rm mz z! �DQG�VLPLODUO\�IRU�

�� �� � � �rm mhT T
H ! �

If we had 

 
��

> � � @ � > � � @�st j ji iz z z z T' v '! !

WKHQ� UHDVRQLQJ�DV�DERYH�� WKLV�ZRXOG�PHDQ� WKDW� IRU� VRPH� �, , rm m! � IURP�
�{ , , }ti i! , � �� �� � � �, , rr m mm mk kT Tv !! �� +RZHYHU� WKLV� ZRXOG� FRQWUDGLFW� ����� VR�

��
> � � @ � > � � @�st j ji iz z z z T' '�! ! �DQG�VLQFH�WKH�VDPH�DUJXPHQW�FDQ�EH�UHSHDWHG�

with 2 and ' interchanged, we conclude that 2 and '� DUH� VLPLODU� DV�
UHTXLUHG�
 Ƒ
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:H� KDYH� WKXV� IDU� VKRZQ� WKDW� WZR� YHUVLRQV� RI�$WRP�([FKDQJHDELOLW\� RQ�
unary languages result in the principle PIP on polyadic languages when 

IRUPXODWHG�XVLQJ�SRO\DGLF�DWRPV��7KH�WKLUG�UHPDLQLQJ�IRUPXODWLRQ�RI�$[�LQ�
the unary context utilises the idea of spectrum of a state description, as we 

VKDOO�VKRUWO\�H[SODLQ��7KLV�YHUVLRQ�FDQ�HDVLO\�EH�VHHQ�WR�EH�HTXLYDOHQW�WR�WKH�
SUHYLRXV�VWDWHPHQWV�RI�XQDU\�$[� if we assume that Ex holds�� ,W�ZRXOG�EH�
QDWXUDO�WR�DVN�WKHUHIRUH��ZKHWKHU�D�SRO\DGLF�IRUPXODWLRQ�RI�WKLV�YHUVLRQ�RI�
$[�ZRXOG� EH� HTXLYDOHQW� WR� 3,3���([��:H� VKDOO� VKRZ� WKDW� IRU� WKH�PRVW�
LPPHGLDWH�SRO\DGLF�FRXQWHUSDUW�RI�WKLV�SULQFLSOH�WKH�DQVZHU�ZRXOG�EH�QR��
:KHWKHU�RWKHU�SRVVLEOH�GH¿QLWLRQV�RI�SRO\DGLF�VSHFWUXP�GR�LQGHHG�SURYLGH�
DQ�HTXLYDOHQFH�ZLWK�3,3���([�UHPDLQV�D�WRSLF�IRU�IXUWKHU�UHVHDUFK�

Atom Exchangeability (III)

For �� � � �nb b2 !  a state description of a unary language Lq��WKH�SUREDELOLW\�

 
�

� 
� � � � �� � � i

n
n ih

i
w b b w bB

� ¬­�2 ­� ­­�� ®�!

depends only on the spectrum�RI�WKLV�VWDWH�GHVFULSWLRQ��WKDW�LV�RQ�WKH�PXOWL� 
set ��{ , , }qm m!  where _̂ _  `_ j im i h j �� WKH� QXPEHU� RI� WLPHV� WKH� DWRP� jB  

appears in �� � � �nb b2 ! �
%\�DQDORJ\��LQ�WKH�SRO\DGLF�FDVH�WKLV�JLYHV�ULVH�WR�GH¿QLQJ�WKH�p-spectrum 

�SRO\DGLF��DWRP�EDVHG�VSHFWUXP��RI�D�VWDWH�GHVFULSWLRQ�
 

�� � ��
�

�
� � � ^�� � `

� � � �� � � � � ri irr
r

n h i i
i i n

b b b bH
� §�

2 � !
! !

! !

of a polyadic language L�DV�WKH�PXOWLVHW� �{ , , }Nm m!  where 

 
�, ,�_^ � � ^�� � ` _ `_ �  r

r
j i irm i i n h j� §� !! !

)RU�HDVH�RI�QRWDWLRQ��ZH�XVXDOO\�RPLW�]HUR�HQWULHV�IURP�RXU�PXOWLVHWV�
:H�UHPDUN�WKDW�FXUUHQW�XVH�RI�WKH�WHUP�spectrum in polyadic languages, 

DV� LQ� WKH� VWDWHPHQW�RI�6SHFWUXP�([FKDQJHDELOLW\� �6[�� >����@� IRU� LQVWDQFH��
involves the strong notion of indistinguishability of constants in a particular 

state description, where bi and bl�DUH�LQGLVWLQJXLVKDEOH�LQ� �� � � �nb b2 !  if for 

any relation Rj of L and � �, , , , ,
ju u rk k k kb b b b�! ! �IURP� �{ , , }nb b!  

� ��� � � � � � � � � � � �
ju u rk k k kj inb b R b b b b b�2 ! ! !B

� ��� � � � � � � � � � � ��
ju u rj k k k klnb b R b b b b b

�
�2 ! ! !B

7KH�VSHFWUXP�RI�2�LV�WKHQ�GH¿QHG�DV�WKH�PXOWLVHW�RI�WKH�VL]HV�RI�WKH�FODVVHV�
RI� LQGLVWLQJXLVKDEOH�FRQVWDQWV��7KLV�LV�FOHDUO\�GLIIHUHQW�IURP�WKH�QRWLRQ�RI�
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S�VSHFWUXP��8QOHVV�WKH�ODQJXDJH�LV�XQDU\��WKLV�W\SH�RI�LQGLVWLQJXLVKDELOLW\�
is not preserved when the state description is extended, that is when we 

FRQVLGHU�DQRWKHU�VWDWH�GHVFULSWLRQ�ZLWK�DGGLWLRQDO�FRQVWDQWV�WKDW�LPSOLHV�WKH�
JLYHQ�RQH��
2Q�WKH�RWKHU�KDQG��LQ�WKH�GH¿QLWLRQ�RI�S�VSHFWUXP�RI�D�VWDWH�GHVFULSWLRQ�

we consider ordered r�WXSOHV�RI�FRQVWDQWV��SRVVLEO\�ZLWK�UHSHDWV���FODVVLI\LQJ�
WKHP�SXUHO\�E\� WKH�ZD\�WKHVH�r constants relate to each other in the state 

GHVFULSWLRQ�DQG�GLVUHJDUGLQJ�WKHLU�FRQQHFWLRQV�WR�WKH�RWKHU�FRQVWDQWV��,I�ZH�
FKRRVH�WR�GH¿QH�S�LQGLVWLQJXLVKDELOLW\�RI�WZR�r�WXSOHV�LQ�D�VWDWH�GHVFULSWLRQ�
WR�PHDQ� VDWLVI\LQJ� WKH� VDPH� DWRP�ZLWKLQ� LW�� ZH� ¿QG� WKDW� WKLV� QRWLRQ� RI�
S�LQGLVWLQJXLVKDELOLW\� LV� µIRUHYHU¶��H[WHQGLQJ� WKH�VWDWH�GHVFULSWLRQ� WR�PRUH�
FRQVWDQWV�GRHV�QRW�FKDQJH�LW�
:LWK� WKLV� LQ�PLQG��ZH� DUULYH� DW� WKH� IROORZLQJ�QHZ�SRO\DGLF� V\PPHWU\�

SULQFLSOH�

Atom-Based Spectrum Exchangeability, p-Sx

7KH�SUREDELOLW\�RI�D�VWDWH�GHVFULSWLRQ�RI�D�SRO\DGLF�ODQJXDJH�L depends only 

RQ�LWV�S�VSHFWUXP�

([DPLQLQJ�WKLV�QHZ�SULQFLSOH��ZH�FDQ�VHH��WKDW�S�6[�LPSOLHV�([��LW�DOVR�
LPSOLHV�3$[��DQG�KHQFH�3,3���VLQFH�DQ\�WZR�VWDWH�GHVFULSWLRQV�WKDW�VDWLVI\�����
QHFHVVDULO\�KDYH�WKH�VDPH�S�VSHFWUXP��
:H�QRZ�VKRZ�WKH�FRQYHUVH�GRHV�QRW�KROG� LQ�JHQHUDO�E\�SRLQWLQJ�RXW�D�

SUREDELOLW\�IXQFWLRQ�WKDW�VDWLV¿HV�3,3���([�EXW�JLYHV�GLIIHUHQW�SUREDELOLWLHV�WR�
VWDWH�GHVFULSWLRQV�ZLWK�WKH�VDPH�S�VSHFWUXP��)RU�WKLV�SXUSRVH��ZH�HPSOR\�RQH�
RI�WKH�SUREDELOLW\�IXQFWLRQV� ,p L

Eu ��$�JHQHUDO�FRQVWUXFWLRQ�RI�WKHVH�IXQFWLRQV�LV�
SUHVHQWHG�LQ�>�@��ZKHUH�LW�LV�DOVR�SURYHG�WKDW�WKH� ,p L

Eu �VDWLVI\�3,3�DQG�([��+HUH�
ZH�H[SODLQ�WKH�GH¿QLWLRQ�RQO\�LQ�WKH�VSHFLDO�FDVH�XVHG�LQ�ZKDW�IROORZV�

Let L�EH�WKH�ODQJXDJH�ZLWK�D�VLQJOH�ELQDU\�UHODWLRQ�V\PERO�R�
,PDJLQH�KDYLQJ�DQ�XUQ�FRQWDLQLQJ�EDOOV�RI���GLIIHUHQW�FRORXUV� �UHIHUUHG�

WR�DV�FRORXUV��������������LQ�HTXDO�SURSRUWLRQV��/HW� �w �EH�WKH�HTXLYDOHQFH�RQ�
the set of ordered pairs of these colours which has the following equivalence 

FODVVHV��

 ^ ��� � ��� ` ^ ��� � ��� ` ^ ��� � ��� ` ^ ��� � ��� `� § � § � § � § � § � § � § � §

 ^ ��� ` ^ ��� ` ^ ��� ` ^ ��� ` ^ ��� ` ^ ��� ` ^ ��� ` ^ ��� `�� § � § � § � § � § � § � § � §

:H� SLFN� EDOOV� IURP� WKH� XUQ� UHSHDWHGO\�� ZLWK� UHSODFHPHQW�� WR� REWDLQ� D�
sequence of colours �, , nc c� §! ��(DFK�VXFK�VHTXHQFH�WKXV�KDV�D�SUREDELOLW\�	 
��

n
 

�  If w�VDWLV¿HV�S�6[�WKHQ�REYLRXVO\� ��� � � � �� � � � � �� nnw b b w b b aa2 2! !  when �, , nb b!  and 

�, , nb ba a!  are distinct constants and �� � � �nb b2 ! �LV�D�VWDWH�GHVFULSWLRQ��VR�([�IROORZV�
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RI�EHLQJ�FKRVHQ��+DYLQJ�SLFNHG�WKH�VHTXHQFH� �, , nc c� §! ��ZH�SLFN�XQLIRUPO\�
DW� UDQGRP�D�VWDWH�GHVFULSWLRQ�consistent with this sequence, where a state 

description 

 
���� � �

�
� �

�
� � ^�� � `

� � � �� � � � i in h i i
i i n

b b b bH
� §�

2 �
!

!

of L is consistent with �, , nc c� §!  if for any 
�

� � � �� � � � ^�� � `i i j j n� § � §� ! , 

 
� � � ��� �� ,,�� � � j ji ijji ic c c c h h� § � § ºw  ���

For a state description �� � � �nb b: ! ��ZH� GH¿QH� �� � � � ��nw b b: ! � WR� EH� WKH�
SUREDELOLW\� WKDW� �� � � �nb b: ! � LV� SLFNHG� E\� WKH� DERYH� SURFHVV�� ,W� FDQ� EH�
FKHFNHG�WKDW�w is one� of the functions 

,p L
Eu �GH¿QHG�LQ�>�@�

Any state description of L on n�FRQVWDQWV�PD\�EH�UHSUHVHQWHG�E\�DQ�n nq  

^��� �̀PDWUL[�ZKHUH� �� RU� �� DW� WKH� � � �i j WK� HQWU\�PHDQV� WKLV� VWDWH� GHVFULS� 
WLRQ� LPSOLHV� � � �jiR b b  or � � �jiR b b� � UHVSHFWLYHO\�� /HW� � � � �� � � � �b b b b2  and 

� � � �� � � � �b b b b' �EH�WKH�IROORZLQJ�VWDWH�GHVFULSWLRQV�

 

� � � � � � � �
� � � � � � � �

� �� ��������� � �
� � � � � � � �
� � � � � � � �

2 '

7KH�S�VSHFWUXP�RI�ERWK�LV�^���� �̀�VR�LW�UHPDLQV�WR�VKRZ�WKDW� � � � �w w2 v ' �
to see this, note that neither 2 nor ' are consistent with any sequence 

of colours � � � �, , ,c c c c� §� LQ�ZKLFK� D� FRORXU� DSSHDUV�PRUH� WKDQ�RQFH�� VLQFH 
if ��  j jc c �� � �� ^�������`j j � ���WKHQ� �� �, ,j ji ic c c c� §w � § and so it would have 

WR�EH�WKH�FDVH�WKDW�IRU�HDFK� ^�������`i � ��DV�PDWULFHV�

 
��> � @ > � @ j ji ib b b b2 2

�VR�LQ�SDUWLFXODU�LQ�WKH�PDWUL[�IRU�2�WKHUH�ZRXOG�EH�WZR�LGHQWLFDO�FROXPQV��
DQG� VLPLODUO\� IRU�'�� EXW� WKHUH� LV�QR�SDLU� � �,j j  where � �j jv  for either 2 

or '�ZLWK� WKLV�SURSHUW\��6R�FRQVLGHU� D� VHTXHQFH� � � � �, , ,c c c c� § where each 

� Where 
� � � �
� � � ��� � � � � ���� p � §!  and E � LV� GH¿QHG� E\� � �, , , ,k k kc c d d� §w � §! !  if and 

RQO\�LI�RQH�RI�WKH�IROORZLQJ�KROGV�
�� � �, , , , k kc c d d� § � §! ! ,

�� )RU�HDFK� ^�� � `j k� ! , either � jc  and � jd , or � jc  and � jd , 

�� )RU�HDFK� ^�� � `j k� ! , either � jc  and � jd , or � jc  and � jd �



��� 7$+(/�521(/�	�$/(1$�9(1&296.È

FRORXU�DSSHDUV�H[DFWO\�RQFH��)RU�VRPH�SHUPXWDWLRQ�O of ^����� �̀ZH�PXVW�
have ��� ��� � ��� �, ,c c c cO O O� § w � §�EXW�

 ��� ��� ��� �
� � � �> � @ �� > � @  � � � �b b b bO O O2 2

for every O, so 2 is consistent with no sequence � � � �, , ,c c c c� § and hence 

� �  �w 2 �
on the other hand, '� LV� FRQVLVWHQW� IRU� H[DPSOH� ZLWK� WKH� VHTXHQFH�

�������� § and hence � � �w ' v ��7KXV�w� LV�D� IXQFWLRQ� WKDW� VDWLV¿HV�3,3�DQG�
([��VHH�>�@��ZLWKRXW�VDWLVI\LQJ�S�6[�DV�UHTXLUHG�

4. Conclusion

,Q�WKLV�SDSHU�ZH�KDYH�LQYHVWLJDWHG�WKH�VSHFLDO�UROH�VWDWH�IRUPXODH�RQ�r vari�
DEOHV��ZKHUH�r�LV�WKH�KLJKHVW�DULW\�RI�D�UHODWLRQ�V\PERO�LQ�RXU�ODQJXDJH��SOD\�
LQ� WKH� FRQWH[W� RI� SRO\DGLF� V\PPHWU\�� :H� KDYH� VKRZQ� WKDW� WKH� DXWR� 
PRUSKLVPV�RI�RXU�VWUXFWXUH�WKDW�SHUPXWH�VWDWH�IRUPXODH�DUH�GHWHUPLQHG�E\�
WKHLU�DFWLRQ�RQ�WKHVH�SDUWLFXODU�VWDWH�IRUPXODH��:H�KDYH�SURSRVHG�WKDW�VWDWH�
IRUPXODH�RQ�r�YDULDEOHV�IRUP�WKH�QDWXUDO�H[WHQVLRQ�LQWR�WKH�SRO\DGLF�FRQWH[W�
RI� XQDU\� DWRPV� DQG�XVLQJ� WKLV� LGHD�ZH�KDYH� VKRZQ� WKDW�3,3� UHVXOWV� DV� D�
QDWXUDO�H[WHQVLRQ�RI�WZR�IRUPXODWLRQV�RI�WKH�XQDU\�$[��ZKLOVW�D�WKLUG�SRVVLEOH�
IRUPXODWLRQ�RI�$[��HTXLYDOHQW�WR�WKH�RWKHUV�RQO\�DV�ORQJ�DV�([�LV�DVVXPHG��
GRHV�QRW�\LHOG�3,3�ZKHQ�H[WHQGHG�LQ�WKH�PRVW�REYLRXV�ZD\�WR�WKH�SRO\DGLF��
,W� LV� RXU� KRSH� WKDW� WKH� GH¿QLWLRQ� RI� SRO\DGLF� DWRPV� ZLOO� HQDEOH� IXUWKHU�
UHVHDUFK� LQWR� SRO\DGLF� ,QGXFWLYH� /RJLF��PDNLQJ� LW� SRVVLEOH� WR� IRUPXODWH� 
QHZ�UDWLRQDO�SULQFLSOHV�DQG�WR�¿QG�SODXVLEOH�H[WHQVLRQV�RI�XQDU\�SULQFLSOHV�
FXUUHQWO\�ZLWKRXW� D� SRO\DGLF� FRXQWHUSDUW�� )RU� H[DPSOH�� WKH� ORQJ� VWDQGLQJ�
-RKQVRQ¶V�6XI¿FLHQWQHVV�3ULQFLSOH�>�@�LV�SRWHQWLDOO\�D�IUXLWIXO�GLUHFWLRQ�IRU�
IXWXUH�LQYHVWLJDWLRQ�
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