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GEOMETRIC STRUCTURE FOR BERNSTEIN BLOCKS

ANNE-MARIE AUBERT, PAUL BAUM, ROGER PLYMEN,
AND MAARTEN SOLLEVELD

ABSTRACT. We consider blocks in the representation theory of reductive
p-adic groups. On each such block we conjecture a definite geometric
structure, that of an extended quotient. We prove that this geometric
structure is present for each block in the representation theory of any
inner form of GL,(F), and also for each block in the principal series of
a connected split reductive p-adic group with connected centre.
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1. INTRODUCTION

In [ABPIl [ABPSI], we proposed a conjecture that adds a new structure
to the space of representations of a reductive p-adic group, and that further
studies the interplay between this structure and the local Langlands con-
jecture. The local Langlands conjecture predicts a relationship between the
irreducible representation of a given reductive group G defined over a local
(in the case at hand non-archimedean) field F' and certain representations
of the Galois group of F' as well as closely related groups. Both sides of
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this relationship have rich and interesting structure, and their correspon-
dence is at the heart of deep recent developments in different branches of
mathematics, in particular of number theory.

The conjecture that we propose refines previous (non-conjectural) work
of Bernstein on the structure of the category of smooth admissible repre-
sentations of G(F'). Bernsteins work decomposes this category into so-called
blocks and endows the set of irreducible objects in each block with a finite-
to-one map to a certain algebraic variety. We replace this variety with a dif-
ferent object of geometric nature and conjecture that this refines Bernsteins
finite-to-one map to a bijection, effectively endowing the set of irreducible
objects in each block with the structure of this geometric object.

To support this conjecture, we provide a proof for the case of the general
linear group, as well as for the simplest class of irreducible representations
of any split connected reductive group with connected centre: the principal
series representations. This conjecture and the supporting evidence provide
an interesting new insight into the structure of the smooth dual of p-adic
groups and in this way also shed some additional light onto the local Lang-
lands correspondence.

Let G be a connected reductive p-adic group. The smooth dual of G —
denoted Irr(G) — is the set of equivalence classes of smooth irreducible
representations of G. Let B(G) denote the Bernstein spectrum of G, let
s € B(G), and let T°, W* denote the complex torus, finite group, attached
by Bernstein to s. For more details at this point, we refer the reader to
[Renard]. The Bernstein decomposition provides us, inter alia, with the
following data: a canonical disjoint union

Irr(G) = |_|Irr(g)5

and, for each s € B(G), a finite-to-one surjective map
Irr(G)* — T°/W?*

onto the quotient variety 7°/W?. The geometric conjecture amounts to a
refinement of these statements. The refinement comprises the assertion that
we have a bijection

(1) Irr(G)® ~T° )/ W*

where T°//W* is the extended quotient of the torus T*° by the finite group
W=, If the action of W* on T” is free, then the extended quotient is equal
to the ordinary quotient 7% /W*. If the action is not free, then the extended
quotient is a finite disjoint union of quotient varieties, one of which is the or-
dinary quotient. The bijection is subject to certain constraints, itemised
in §4.

In this paper, among other things, we construct an admissible bijective
map

' T°)/W* — Irr(G)°

for each point s in the Bernstein spectrum of GL,,(D) and for each point
s in the principal series of a split reductive group G with connected centre,
subject to a mild restriction on the residual characteristic p.

It is interesting to compare this with the structure of the space of Lang-
lands parameters for GG, in cases where the local Langlands correspondence is
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known. For GL, (F'), one can fix a L-parameter ¢ and consider the collection
of L-parameters which on the inertia group of F' take the same values as ¢.
This set parametrizes precisely one Bernstein component Irr(GL,, (F))®, and
it is canonically in bijection with an extended quotient as above. The same
holds for inner forms of GL,,(F'). But these cases are really special, because
all R-groups are trivial, both on the Galois side and on the representation
side.

For other groups one has to enhance the Langlands parameters to see
the extended quotients. For example, for SL,(F') the space of Langlands
parameters enhanced with an irreducible representation of the component
R-group is in bijection with Irr(SL, (F')) via the local Langlands correspon-
dence. However, a Bernstein component for SL, (F') is not necessarily in
bijection with the set of L-parameters which have a fixed restriction to the
inertia group of F', there may also be a condition on the representations of
the component groups.

More precisely, a cuspidal pair (M, o) for SL,(F) corresponds to an el-
liptic L-parameter ¢ps for M, plus an irreducible representation pys of the
component group of ¢p;. Then it follows from the LLC for GL,(F') that
Irr(SL, (F))[Me] is in bijection with equivalence classes of pairs (¢, p) where
¢ is an L-parameter for SL,,(F') which on the inertia group of F' agrees with
¢um, and p is an irreducible representation of the component group of ¢ that
extends pys. We refer to [HiSal [ABPS2] for more background. According
to our conjecture, the set of these pairs carries the structure of an extended
quotient.

For general split groups the situation is much more complicated. Con-
sider the group of type Gy and the Bernstein component Irr(Gsa)® of irre-
ducible Gs-representations in the unramified principal series. As shown in
[ABP2], there is an admissible bijection from Irr(Gs)® to an extended quo-
tient 7 //W*. The most natural choice for the associated set of Langlands
parameters is the space of enhanced unramified (i.e. trivial on the inertia
subgroup) Langlands parameters. For most unramified L-parameters this
works fine, every enhancement with an irreducible representation of the com-
ponent group gives rise to one representation in this Bernstein component.
But for a few unramified L-parameters it is trickier, some enhancements
yield representations in the principal series, whereas others point to super-
cuspidal Ga-representations. In that case, the extended quotient is hidden
in the space of enhanced L-parameters: it is not the pre-image of any set
under the forgetful map

{enhanced L-parameters} — {L-parameters}.

To highlight it one needs intricate conditions on the representations of the
component groups. It seems fair to say that in general the structure of
extended quotients can not be detected with Langlands parameters alone.
In this sense our conjecture reveals some geometric structure that is not
present in the local Langlands conjecture.

The new results in this paper appear in §4, namely Theorem 4.10, Theo-
rem 4.11, and Corollary 4.13. We have constructed the simplest and most
direct proofs: for example, in §3, on the general linear group, we do not
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use the local Langlands correspondence, relying instead on the Zelevinsky
classification.

An earlier, less precise version of our conjecture was formulated in [ABP1].
That version was proven in [Sol] for Bernstein components which are de-
scribed nicely by affine Hecke algebras. These include the principal series of
split groups (with possibly disconnected centre), symplectic and orthogonal
groups and also inner forms of GL,.

Acknowledgements. Thanks to Mark Reeder for drawing our attention
to the article of Kato [Kat]. We thank Joseph Bernstein, David Kazhdan,
King Fai Lai, George Lusztig, and David Vogan for enlightening comments
and discussions.

2. STATEMENT OF THE CONJECTURE

2.1. Extended quotient. Let I' be a finite group acting on a complex
affine variety X as automorphisms of the affine variety

I'xX — X.

The quotient variety X /T is obtained by collapsing each orbit to a point.
For x € X, I';, denotes the stabilizer group of «:

I'y={yel: vz =z}

¢(T';) denotes the set of conjugacy classes of I';. The extended quotient is
obtained by replacing the orbit of z by ¢(I';). This is done as follows:

Set X = {(7,2) eTxX : yx = z}. X is an affine variety and is a subvariety
of I' x X. The group I' acts on X:
I'x X =X
afy,z) =(aya™t, ax), acl, (y,2)eX.

The extended quotient, denoted X//T, is X /T'. Thus the extended quotient

X//T is the usual quotient for the action of I' on X. The projection X —
X, (v,z) — =z is T-equivariant and so passes to quotient spaces to give a
morphism of affine varieties

p: X//T — X/T.

This map will be referred to as the projection of the extended quotient onto
the ordinary quotient. The inclusion

XX

x+— (e,x) e = identity element of T
is I'-equivariant and so passes to quotient spaces to give an inclusion of
affine varieties X/T" < X//T". This will be referred to as the inclusion of the

ordinary quotient in the extended quotient. We will denote X //T" with X/T"
removed by X//T' — X/T.



GEOMETRIC STRUCTURE 5

2.2. Bernstein spectrum. We recall some well-known parts of Bernstein’s
work on p-adic groups, which can be found for example in [Renard].

With G fixed, a cuspidal pair is a pair (M, o) where M is a Levi fac-
tor of a parabolic subgroup P of G and ¢ is an irreducible supercuspidal
representation of M. Here supercuspidal means that the support of any
matrix coefficient of such a representation is compact modulo the centre of
the group. Pairs (M, o) and (M, ¢’) with ¢ isomorphic to ¢’ are considered
equal. The group G acts on the space of cuspidal pairs by conjugation:

g-(M,0) = (gMg ', o0Ad,").

We denote the space of G-conjugacy classes by Q2(G). We can inflate o to
an irreducible smooth P-representation. Normalized smooth induction then
produces a G-representation Ig(a).

For any irreducible smooth G-representation 7 there is a cuspidal pair
(M, o), unique up to conjugation, such that 7 is a subquotient of Ig(a).
(The collection of irreducible subquotients of the latter representation does
not depend on the choice of P.) The G-conjugacy class of (M, o) is called
the cuspidal support of m. We write the cuspidal support map as

Sc: Irr(G) — Q(G).

For any unramified character v of M, (M,o ® v) is again a cuspidal pair.
Two cuspidal pairs (M, o) and (M’, o) are said to be inertially equivalent,
written (M, o) ~ (M’ c’), if there exists an unramified character v: M —
C* and an element g € G such that

g M,veo)= (M, d).

The Bernstein spectrum of G, denoted B(G), is the set of inertial equivalence
classes of cuspidal pairs. It is a countable set, infinite unless G is a split torus.
Let s = [M,0]g € B(G) be the inertial equivalence class of (M, o) and let
Irr(G)® be the subset of Irr(G) of representations that have cuspidal support
in . Then Irr(G) is the disjoint union of the Bernstein components Irr(G)®:

Irr(G) = |_| Irr(G)°.

s€B(G)

The space Xynr(M) of unramified characters of M is in a natural way a
complex algebraic torus. Put

(2) Stab(o) = {v € Xym(M) |c @ v = o}

This is known to be a finite group, so Xy, (M)/Stab(co) is again a complex
algebraic torus. The map

(3) Xune(M) /Stab(c) — Irr(M)MM s 6 @

is bijective and thus provides Irr(M)Mlm with the structure of an alge-

braic torus. The variety structure is canonical, in the sense that it does not
depend on the choice of o in Trr(M)M-elnm,
The Weyl group of (G, M) is defined as

W (G, M) := Ng(M)/M.
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It is a finite group which generalizes the notion of the Weyl group associated
to a maximal torus. The Weyl group of (G, M) acts naturally on Irr(M),
via the conjugation action on M. The subgroup

(4) W* = {w e W(G, M) | w stabilizes [M, o]}
acts on Irr(M)Molm We define
(5) T% := Trr(M)Melm

with the structure as algebraic torus and the W*-action (4)). We note
that the W*-action is literally by automorphisms of the algebraic variety 7%,
via they need not become group automorphisms. Two elements of T*°
are G-conjugate if and only if they are in the same W?*-orbit.

An inertially equivalent cuspidal pair (M’,¢’) would yield a torus 7"
which is isomorphic to T* via conjugation in G. Such an isomorphism 7% =
T is unique up to the action of W*.

The element of T°/W* associated to any 7 € Irr(G)® is called its infini-
tesimal central character, denoted 7°(m). Another result of Bernstein is the
existence of a unital finite type O(T°/W*)-algebra H*, whose irreducible
modules are in natural bijection with Irr(G)®. The construction is such that
H® has centre O(T*/W?) and that 7°(m) is precisely the central character
of the corresponding H*-module.

Since Irr(#®) is in bijection with the collection of primitive ideals of H?,
we can endow it with the Jacobson topology. By transferring this topology to
Irr(G)*®, we make the latter into a (nonseparated) algebraic variety. (In fact
this topology agrees with the topology on Irr(G)*® considered as a subspace
of Irr(G), endowed with the Jacobson topology from the Hecke algebra of
g.)

SUMMARY: For each Bernstein component s € 8(G) there are:

(1) A finite group W* acting on a complex torus 7°;
(2) A subset Irr(G)® of Irr(G);
(3) A morphism of algebraic varieties

7 Irr(G)® — T° /W™,

2.3. Statement of the conjecture. As above, G is a quasi-split connected
reductive p-adic group or an inner form of GL,,(F'), and s is a point in the
Bernstein spectrum of G.

We are going to compare and contrast the two maps

PP T )W — T°/W?® and 7°:Irr(G)° — T°/W>.

Here n* is the infinitesimal character and p° is the projection of the extended
quotient on the ordinary quotient. In practice 7°//W* and p° are much easier
to calculate than Irr(G)® and 7°.

7° and p® are both surjective finite-to-one maps and morphisms of alge-
braic varieties. For x € T°/W?, denote by #(z, p°), #(x,7°) the number
of points in the pre-image of = using p®, m°. The numbers #(x, %) are of
interest in describing exactly what happens when Irr(G)* is constructed by
parabolic induction.

Within 7% /W?* there are algebraic sub-varieties R(p®), R(n°) defined by

R(p*) = {2 € T?/W? | #(z,p°) > 1}
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R(n®*) :={x e T°/W?* | #(z,7°) > 1}
It is immediate that
R(p%) = p*(T%//W* = T°/W?)
R(7%) will be referred to as the sub-variety of non-isotypicality. In examples,
sub-schemes are sometimes needed.

In many examples R(p®) # R(7®). Hence in these examples it is impossi-

ble to have a bijection

W T? /W — Irr(G)®
for which

o ,Us _ ;05-

A more precise statement of the conjecture is that after a simple algebraic
correction (“correcting cocharacters”) p® becomes isomorphic to 7°. Thus
p° is an easily calculable map which can be algebraically corrected to give
7°. An implication of this is that within the algebraic variety 7°/W?* there
is a flat family of sub-varieties connecting R(p°) and R(7*).

NOTATION. As above, G is a quasi-split connected reductive p-adic group
or an inner form of GL,(F), and s € B(G). We have the tempered dual
Irr(G)temp C Irr(G). Let 77, denote the set of tempered representations
in 7°. Then Tg, corresponds to the unique maximal compact subgroup of
Xunr(M)/Stab(o) under (3), provided that o is tempered. Then Tg, is a
compact real torus. The action of W* on 1% preserves ¢, so we can form
the compact orbifold T¢, //W*.

CONJECTURE. There exists a bijection
W' T fJW? — Irr(G)®

with the following properties (such a bijection will be called admissible):

(1) The bijection u® restricts to a bijection
pe s Tone /WS — Trr(G)° N Irr(G)temp

(2) The bijection p° is continuous where T%//W* has the Zariski topology
and Irr(G)® has the Jacobson topology — and the composition

mou’ T )/W® — T°/W?*
is a finite morphism of affine algebraic varieties.
(3) There is an algebraic family
0,: T°//W* — T° /W?*
of finite morphisms of algebraic varieties, with z € C*, such that
Or=p", Og=n"ou’ and 0,4(T°//W°—T°/W?) = R(r).

(4) Correcting cocharacters. For each irreducible component ¢ of the affine
variety T°//W* there is a cocharacter (i.e. a homomorphism of algebraic
groups)

he: C*X — T7
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such that
0. [w,t] = b(he(z) - t)
for all [w, ] € ¢, where b: T° — T°/W* is the quotient map.

(5) L-packets. This property is conditional on the existence of Lang-
lands parameters for the block Irr(G)®. In that case, the intersection of
an L-packet with that block is well-defined. This property refers to the
intersection of such an L-packet with the given block.

Let {c1, ..., c,} be the irreducible components of the affine variety 7 //W*.
There exists a complex reductive group H and, for every irreducible com-
ponent ¢ of T°//W?, a unipotent conjugacy class A(c) in H, such that: for
every two points [w,t] and [w’, t] of T*%//W?*:

plw, t] and p[w’, '] are in the same L-packet

if and only
(i) O |w,t] = 0,[w',¢] for all z € C*;
(ii) A(c) = A(c'), where [w,t] € c and [w/,t'] € ¢

NOTES ON THE CONJECTURE. In brief, the conjecture asserts that —
once a Bernstein component has been fixed — intersections of L-packets with
that Bernstein component consisting of more than one point are “caused”
by repetitions among the correcting cocharacters. If, for any one given
Bernstein component, the correcting cocharacters hi, ho, ..., h, are all
distinct, then (according to the conjecture) the intersections of L-packets
with that Bernstein component are singletons.

NOTE ON (3). Here q is the order of the residue field of the p-adic field
F over which G is defined and R(xn®) C T°/W?* is the sub-variety of non-
isotypicality. Setting

Y, =0,(T°//W* —=T°/W?)
a flat family of sub-varieties of 7% /W* is obtained with
Y1 = R(p°), Y g = R(7%).

NOTE ON (4). Here, as above, points of Ty are pairs (w,t) with w €
We, t € T% and wt = t. [w,t] is the point in T°//W* obtained by applying
the quotient map 7% — T%//W* to (w,1).

The equality 6.[w,t] = b(h.(z) - t) is to be interpreted as follows. Let
Ci,...,¢, be asin (5) and let hq, ..., h, be the cocharacters as in (4). Let

Vo TS — T //W*
be the quotient map. -
Then irreducible components di,...,d, of the affine variety T° can be
chosen with
o ¥(dj)=cjforj=1,2,...,r
e For each z € C* the map m.: d; — T°/W?, which is the composi-
tion
dj— T° —T°/W°
(w, £) = hj(2)t — b(h;(2)t),
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satisfies
0,01° =m,.
The cocharacter assigned to 7°/W?* — T°//W* is always the trivial
cocharacter mapping C* to the unit element of 7°. So all the non-trivial
correcting is taking place on T°//W*® —T%/W?.

3. THE GENERAL LINEAR GROUP AND ITS INNER FORMS

Theorem 3.1. Let G denote an inner form of GL,(F). Then there erists
an admissible bijection

W T W «— Irr(G)°

Proof. First we consider GL,, (F") only. We will use the Zelevinsky classifica-
tion of the smooth dual Irr(G), see [Zel]. We will denote a balanced segment
of length [ by

6)  A(o:0):= {102, D25 g eCpv=]det|p

The unique irreducible submodule of A = v(1=D/25 x ... x p=1/25 will
be denoted < A >.

The unique irreducible submodule of < A; > x---x < A, > will be
denoted < Aq,..., A, >.

Let O denote the set of finite multisets of segments. For each a € O, a # ()
one can choose an ordering (A, ..., A,) of a, satisfying [Zel, 6.1(a)]. By
[Zel, 6.4] the representation < Aq,..., A, > depends only on a, and will be
denoted < a >. For the empty multiset ) € O define m()) =< () > to be the
trivial representation of the group GLy = {e}.

According to the Zelevinsky classification [Zel|, there is a bijection

O = | |Ire(GL.(F)),  am—<a>
A SPECIAL CASE. With n = dk, the cuspidal pair
(M,w) = (GLy(F)*, %)
determines a point s in the Bernstein spectrum B(GL, (F')), and the Bern-
stein variety D/&},, where D = ¥(GLg(F)* and &y, is the symmetric group.

Let v € & be made of N disjoint cycles of lengths l1,...,l5. Consider
the multiset

N
(7) (o) := |_| Ao : 1 )
j=1

Give each segment an unramified twist: this is a generalisation of Bernstein’s
method, who restricts himself to segments of length 1 — the method can be
traced to Hecke via §2.4 in Tate’s thesis.

Let ¢ = (¢1,...,%¥nN) with each ¢; an unramified quasicharacter of GL4(F),
define

=

(8) oo y:y) = | | Ao 1)

1

J
and consider the orbit

{0(c v :1p) 19 € U(GLa(F)N)}
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of §(o : ) via the action of the complex torus ¥(GLg(F)Y). If all the lengths
l; are distinct then this orbit is a complex torus of dimension N; if all the
lengths are equal then this orbit is the symmetric product Sym® (C*). In
any event, this orbit is a complex affine algebraic variety, the quotient of a
complex torus by a finite group. This variety creates an analytic neighbour-
hood of < (o : ) >.

EXTENDED QUOTIENT Write (A1,...,A1,...,As, ..., Ag) for the cycle type
of v, where the \;s are distinct, and \; occurs with multiplicity e; in the
integer partition A of k. Define

Blo ) = (M, ($10)"" @ ($20)"M @ - @ (o) *™)
We have
DY ={B(c:7:9) 9 € U(GLy(F)™)}
The centralizer of =y is the direct product of wreath products:

s

Z(v) = [[@/xz2&.,)

i=1
The cyclic groups act trivially on D7 and so we have
DV)Z(y) =D/ (Gey X -+ X S¢,) = Sym“?C* x -+ x Sym*C*

a variety isomorphic (modulo an affine space) to a complex torus of dimen-
sion s. The smooth dual is (locally) a smooth variety. Now we construct
the map

DV/Z(y) = Ire(G)°,  Blo:v:4) = d(0:7:¢)
Since D//Sy, = | | D"/Z(7) we obtain the map
9) @' :D//Sy ~ Irr(G)®

THE GENERAL CASE. In the general case, define
T
§:=| ]85 )
j=1

where the o; remain inequivalent after unramified twist. Let
§=67 X+ X §.
Then we have
(10) T°)JW? = T JJW3 X oo x T [JW*F
(11) ~ Irr(G)®
THE COCHARACTERS. These are already present in each segment:
Ao : 1) = {g1D2, .. ¢1/25)
THE FLAT FAMILY. This is given by the family of hypersurfaces
H(zi —tz;) =0
i#]
the point being that t = ¢ gives the variety of non-isotypicality, thanks to
the classical result [Zel, Theorem 4.2].
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THE TEMPERED DUAL. If we insist that o has unitary central character,
then the tempered case is immediate by restriction to unramified unitary
twists.

THE INNER FORM GL,, (D). Here D is a F-division algebra of dimension
d? over its centre F. The classification of Irr(GL,, (D)) is via multisets of
segments

(12) §o:0)= {yi-)(a)(l_e)pa, cee Z/SD(U)(Z_I)MJ} ,

where we have 0 € Cp, vp = |[Nrd|r, and s(o) is the length of the Zelevin-
sky segment attached to the inverse image JL™1(c) of o by the Jacquet-
Langlands correspondence, see [Tad| (combined with [Bad] when F' has pos-
itive characteristic).

Every unramified character ¢p of GLy,(D) is of the form 1 o Nrd for
some unramified character 1 of GL,q(F). Since JL™ (¢po) = ¢ JL™Y(0),
we get that s(¢po) = s(o). Then the proof of and then carries
over without change. O

LANGLANDS PARAMETERS. The local Langlands correspondence
recp : Irr(G) ~ ®(G)
is not needed in the above proof. The relation with §1.1 is
(13) recp <alb>=recp <a>®recp <b> Ya,b e O
(14) recr < Ao :1) > =recp(o) ® R(l) Vo € Cp

where R(l) is the [-dimensional irreducible representation of SLa(C).
We note that the formula

N
Blo:vy:) l—>@recF o) @ R(l)
J=1

secures a bijective map
n® T /W* — ®(G)
for which
n° =recp oy’

4. PRINCIPAL SERIES OF SPLIT REDUCTIVE GROUPS WITH CONNECTED
CENTRE

4.1. The Langlands parameter ®. Let G be a connected reductive p-adic
group, split over F', with connected centre, and let 7 be a split maximal
torus in G. Let G, T denote the Langlands dual groups of G, 7. The
principal series consists of all G-representations that are obtained with par-
abolic induction from characters of 7. We will suppose that the residual
characteristic p of F satisfies the hypothesis in [Roc, p. 379].

We denote the collection of all Bernstein components of G of the form
s = [T,xlg by B(G,T) and call these the Bernstein components in the
principal series. The union

Irr(G,T) = U Irr(G)®
s€B(G,T)
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is by definition the set of all irreducible subquotients of principal series
representations of G.

Choose a uniformizer wpr € F'. There is a bijection ¢t — v between points
in T and unramified characters of 7, determined by the relation

v(A(@wr)) = At)
where A € X, (T) = X*(T). The space Irr(7T)!7X7 is in bijection with T
viat — v — x®v. Hence Bernstein’s torus 1” is isomorphic to T'. However,
because the isomorphism is not canonical and the action of the group W?*
depends on it, we prefer to denote it 71°.

Let W denote the Weil group of F, let Ir be the inertia subgroup of
We. Let WdFer denote the closure of the commutator subgroup of Wg, and
write W%b = WF/W%?r. The group of units in op will be denoted o5.

Next, we consider conjugacy classes in G of continuous morphisms

P: Wpg x SLQ(C) -G

which are rational on SLy(C) and such that ®(W ) consists of semisimple
elements in G.

Let By be the upper triangular Borel subgroup in SLg(C). Let BE(WrxBs)
denote the variety of Borel subgroups of G containing ®(W g x By). The
variety B2(WrxB2) ig non-empty if and only if ® factors through WP, see
[Reed, §4.2]. In that case, we view the domain of ® to be F* x SLa(C):

$: F* x SLy(C) — G.

In this section we will build such a continuous morphism ® from s and data
coming from the extended quotient of second kind. In Section |4.3| we show
how such a Langlands parameter ® can be enhanced with a parameter p.

The uniformizer wp gives rise to a group isomorphism oy x Z — F*,
which sends 1 € Z to wp. Let Ty denote the maximal compact subgroup of
T. As the latter is F-split,

(15) T2F* @z X(T) = (05 X Z) @7 X (T) = To x Xu(T).

Because W does not act on F'*, these isomorphisms are W-equivariant if we
endow the right hand side with the diagonal W-action. Thus determines
a Wh-equivariant isomorphism of character groups

(16) Irr(7) = Irr (7o) x Irr(X. (7)) = Irr (7o) x Xune(T).

Lemma 4.1. Let x be a character of T, and let [T, x]g be the inertial class
of the pair (T,x) as in §3. Let

(17) s = [T\l
Then s determines, and is determined by, the W-orbit of a smooth morphism
crop—T.
Proof. There is a natural isomorphism
Irr(7) = Hom(F*®zX.(T),C*) 2 Hom(F*,C*®zX*(T)) = Hom(F*,T).
Together with we obtain isomorphisms
Irr(7) = Hom(o ., T),
Xune(T) £ Hom(Z,T) =T.
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Let ¥ € Hom(F*,T) be the image of y under these isomorphisms. By the
above the restriction of x to 0 is not disturbed by unramified twists, so we
take that as ¢®. Conversely, by ¢® determines x up to unramified twists.
Two elements of Irr(7) are G-conjugate if and only if they are W-conjugate
so, in view of , the W-orbit of the ¢® contains the same amount of
information as s. ]

We define
H* := Zg(im ).
The following crucial result is due to Roche [Roc].

Lemma 4.2. The group H*® is connected, and the finite group W? is the
Weyl group of H®:

we =wH
Proof. See [Rod, p. 394 — 395]. O
4.2. Comparison of different parameters. We clarify some issues with
different varieties of Borel subgroups and different kinds of parameters aris-

ing from them.
We start with the following data: a point s = [T, x|g and an L-parameter

O: F* x SLy(C) — G

for which
Ploy ="
This data creates the following items:
(18) t:=®(wp,I),
(19) H:= H® =Zg(im ),
(20) M := M* =7Zg(t).

We note that ®(oy) C Z(H) and that ¢ commutes with ®(SLy(C)) C M.
For a € C* we define the following matrix in SLy(C):

Yo = (g agl) :
For any ¢'/2 € C* the element
(21) tg :=t®(Y2)

satisfies the familiar relation thtq_l = 7. Indeed
tyrtyt = t@(Yp2)® (§1) (Y1)t
(22) =t®(Y2 (§1)Y, 1/Q)t—l
=10 (J9)t " =a

Recall that By denotes the upper triangular Borel subgroup of SLa(C). No-
tice that ®(0}) lies in every Borel subgroup of H, because it is contained in
Z(H). We abbreviate Zg(®) = Zy(im ®) and similarly for other groups.

Lemma 4.3. The inclusion map Zg(®) — Zy(t,z) is a homotopy equiva-
lence.
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Proof. Our proof depends on [CGl Prop. 3.7.23]. There is a Levi decompo-
sition

Zu(z) = Zu(®(SL2(C)))Us
where Zp (®(SL2(C)) a maximal reductive subgroup of Zg (x) and U, is the
unipotent radical of Zg (z). Therefore
(23) Zy(t,z) =Zg(P)Zy,(t)
We note that Zy, (t) C Uy is contractible, because it is a unipotent complex
group. It follows that
(24) Z(®) = Zp(t,x)

is a homotopy equivalence. O

If a group A acts on a variety X, let R(A, X) denote the set of irreducible
representations of A appearing in the homology H.,(X).
The variety of Borel subgroups of G which contain ®(W g x Bs) will be

denoted Bg(wF *B2) and the variety of Borel subgroups of H containing
{t,x} will be denoted Bﬁf.
Lemma [4.3] allows us to define
A= Wo(ZH(‘I))) = Wo(ZH(t,l')).
Theorem 4.4. We have
R(A, BEWrxB2)y — R(A, BL").

Proof. This statement is equivalent to [Reed, Lemma 4.4.1] with a minor
adjustment in his proof. To translate into Reeder’s paper, write

tg=7,Y, =1y, =u,t =s.
The adjustment consists in the observation that the Borel subgroup B of
H contains {xz,t,,Y,} if and only if B contains {z,t,Y,}. This is because
t = tyY, !. Therefore, in the conclusion of his proof, By", which is B;}’x,
can be replaced by By O

In the following sections we will make use of two different but related
kinds of parameters.

4.3. Enhanced Langlands parameters. For a Langlands parameter as

in , the variety of Borel subgroups Bg(wF “B2) g nonempty, and the
centralizer Zg(®) of the image of ® acts on it. Hence the group of com-

ponents mo(Za(®)) acts on the homology H., (BZ(WFXBQ),(C). We call an
irreducible representation p of 7y(Zg(®)) geometric if

p € R (mo(Za(®)), BE ).

We define an enhanced Langlands parameter for G to be a such pair (®, p).
The group G acts on these parameters by

(25) g+ (®,p) = (90g ", poAd,")

and we denote the corresponding equivalence class by [®, p]q.
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Definition 4.5. Let ¥(G)Z, denote the set of H*-conjugacy classes of en-
hanced parameters (®, p) for G such that we have ®|o* = c°.

For technical reasons it seems necessary to impose some mild restrictions
on the residual characteristic of the local non-archimedean field F. We use
the conditions in [Reed, §5], which exclude some primes depending on G.

Theorem 4.6. [Reed|
Assume the above mild restrictions on the residual characteristic.

(1) There is a canonical bijection
Irr(G)° ~ U(G)Z,.

(2) It maps Irr(G)* N Irr(G)iemp onto the set of enhanced Langlands
parameters (@, p) for which ®(F*) is bounded.

(3) Ifo € Irr(G)® corresponds to (P, p), then the cuspidal support n°(o) €
T°/W*, considered as a semisimple conjugacy class in H®, equals
P (WF7 qu/g) .

Proof. (1) This is Reeder’s classification of the constituents of a given prin-
cipal series representation, see [Reed, Theorem 1, p.101 — 102].

(2) Reeder’s work is based on that of Kazhdan-Lusztig, and it is known
from [KL, §8] that the tempered G-representations correspond precisely to
the set of bounded enhanced L-parameters in the setting of [KL]. As the
constructions in [Reed] preserve temperedness, this characterization remains
valid in Reeder’s setting.

(3) The element ®(wp, qu/z) € H* is the same as t, in Subsection (up
to H®-conjugacy). In the setting of Kazhdan—Lusztig, it is known from [KT,
5.12 and Theorem 7.12] that property (3) holds. As for (2), this is respected
by the constructions of Reeder that lead to (1). O

4.4. Affine Springer parameters. As before, suppose that t € H is
semisimple and that © € Zy(t) is unipotent. Then Zy (¢, ) acts on B?f and
mo(Zp (t, z)) acts on the homology of this variety. In this setting we say that

p1 € Irr(mo(Zp (t,2))) is geometric if it belongs to R <7r0(ZH(t,a;)),B§’f).
For the affine Springer parameters it does not matter whether we consider

the total homology or only the homology in top degree. Indeed, it follows

from [Shoji, bottom of page 296 and Remark 6.5] that any irreducible rep-

resentation p; which appears in H, (Bt’x,(C), already appears in the top
homology of this variety. Therefore, we may refine Theorem as follows:

Theorem 4.7.

R(A, BYWrxB) = RYP(A, BY),
where top refers to highest degree in which the homology is nonzero, the real
dimension of By

We call such triples (t,z, p1) affine Springer parameters for H, because
they appear naturally in the representation theory of the affine Weyl group
associated to H. The group H acts on such parameters by conjugation, and
we denote the conjugacy classes by [t, x, p1].

Definition 4.8. The set of H-conjugacy classes of affine Springer parame-
ters will be denoted V(H )ag.
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For use in Theorem [4.10| we recall the parametrization of irreducible
representations of X*(T) x WH from [Kat]. Kato defines an action of
X*(T) x WH on the top homology Hy) (Bf{f,@), which commutes with
the action of my(Zg(t,x)) induced by conjugation of Borel subgroups. Let
p1 € Irr (mo(Zp (¢, 2))). By [Kafl, Theorem 4.1] the X*(T) x» WH-module

Hom .y (7, (t.0)) (P1, Hagy (BE, C))
is either irreducible or zero. Moreover every irreducible representation of
X*(T) x WH is obtained in this way, and the data (¢,z,p;) are unique up
to H-conjugacy. So Kato’s results provide a natural bijection
(26) U(H)ag — Irr(X*(T) x WH).

This generalizes the Springer correspondence for finite Weyl groups, which
can be recovered by considering the representations on which X*(T') acts
trivially.

In [KL) [Reed] there are some indications that the above kinds of parame-
ters are essentially equivalent. Theorem allows us to make this precise
in the necessary generality.

Theorem 4.9. Let s be a Bernstein component in the principal series, as-
sociate ¢*: of — T to it as in Lemma and let H® be as in @ There
are natural bijections between H®-equivalence classes of:

e enhanced Langlands parameters for G with @‘OX =%
F
e affine Springer parameters for H*.
In other words we have

U(G)2, = U(H) o

Proof. An L-parameter gives rise to the ingredients ¢, z in an affine Springer
parameter in the following way. Consider an L-parameter

¢: F* x SLy(C) = G
Let g = ((1) %) S SLQ((C) Set
t:=®(wp, 1), x = ®(1, )

Conversely, we work with the Jacobson—-Morozov theorem [CGl p. 183]. Let
x be a unipotent element in MY. There exist rational homomorphisms

(27) v: SLy(C) — MY with ~(zg) = =,

see [CG] §3.7.4]. Any two such homomorphisms 7 are conjugate by elements
of Zpse(x). Define the Langlands parameter ® as follows:

(28) ®: F* x SLy(C) — G, (uwh, Y) = (u) - t" - ~y(Y)

for all u € 0., n € Z, Y € SLy(C).
Note that the definition of ® uses the appropriate data: the semisimple
element ¢t € T, the map ¢°, and the homomorphism ~ (which depends on x).
Since = determines v up to M °-conjugation, ¢,z and ¢ determine ® up
to conjugation by their common centralizer in G. Notice also that one can
recover ¢,z and ¢ from ® and that

(29) h(a) = ®(1,Y,)
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defines a cocharacter C* — T.

The pair (t,z) is enough to recover the conjugacy class of ®. A refined
version of the Jacobson—Morozov theorem says that the same goes for the
pair (tq, ), see [KL, §2.3] or [Reed, Section 4.2].

To complete @, (t,z) or (t4,x) to a parameter of the appropriate kind, we
must add an irreducible representation p or p;. Then the result follows from
Theorem [4.7] O

4.5. The labelling by unipotent classes. Let s € B(G,T) and construct
¢® as in Section [£.1] We note that the set of enhanced Langlands parameters
®(G)Z, is naturally labelled by the unipotent classes in H:

(30)  ®(Q)E = {(®,p) € B(G)E, | 2(1,(}1)) is conjugate to z}.
Via Theorem the set ®(G)Z, is naturally in bijection with W(H),g. In

en
this way we can associate to any of the parameters in Theorem [4.9]a unique

unipotent class in H:

Irr(G)® = Um Irr(G)*l,
U(H)as =

Recall from Section 2.1] that
Ts = {(w,t) € W* x T% | wt = t}

and T°//W* = Ts /W?. In general it can already be hard to define any
suitable map from ®(G)Z, to T°//W?*, because it is difficult to compare the
parameters p for different ®’s. It goes better the other way round and with
U(H ).z as target. In this way will transfer the labellings to T //W*.

Theorem 4.10. There exists a continuous bijection T°//W?* — VU(H?).q
such that:

e it respects the canonical projections to T° /W*;

o for every unipotent class x of H®, the inverse image of the set of
affine Springer parameters with unipotent part x is a union of con-
nected components of T° [/W*.

Proof. First we take another look at . By Clifford theory (confer the ap-
pendix of [RaRa)) the number of irreducible representations of X*(T") x W
which have an X*(T)-weight t € T equals [Irr(W}?)|, where W} denotes the
isotropy group of t in W . Hence this is also the number of affine Springer
parameters with this particular ¢. Recall from Subsection 2. that also

[Ter(W7)| = [{y € T*//W* | p°(y) = W?t}].

Fix a Borel subgroup By of H containing 7', and choose a set of representa-
tives U° C By for the unipotent classes of H. Every commuting pair (¢, z)
with ¢t € H semisimple and x € H unipotent is conjugate to one in the Borel
group By, because the union of all Borel groups is H. Conjugating by a
suitable element of By, one can simultaneously achieve that ¢ € T. Hence
every affine Springer parameter is conjugate to one with t € T and z € U*.

For x € 4° we endow Zp(z) with a ”multiplicity” function m,, that assigns
to every t € Zp(x) the number of p; € Irr(Zg(t,x)) such that 7(¢,x, p1) is

(31) ,
L VDL,
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nonzero. Two pairs (¢,z) and (¢, 2) with ¢,#' € T' can only be conjugate if
t' = w(t) for some w € W*. Hence one can count the number of equivalence
classes of affine Springer parameters with a particular ¢ by looking at the
values of m, on the W*-orbit of ¢. One needs only the maximum of m,(wt)
over w € W*, and this is achieved whenever mg(wt) > 0.
In view of and the above, we obtain for every ¢t € T":
(32)
Y ma(we(t)) = e (WP)| = {y € T*//W* | p°(y) = Wot}].
€8 | Fw, €W w4 (t)EZr ()

It follows that every = € * and every natural number m,
Zr(z)>m = {t € Zp(x) : mzx(t) > m}

is a union of irreducible components (7°%)}" of the varieties (7)™, for suitable
w e W*.

We construct maps from the sets Zp(x)>y,, to T°//W?* with recursion.
Start with an o € {° for which Z7(z) has minimal dimension. Then consider
the largest m for which Zz(2)>y, is nonempty. Choose irreducible compo-
nents (1)} as above, which together have the same projection on 7°°/W*
as Z7(2)>m, and match these with Z7(z)>,, in a way which respects the
canonical projections on 7% /W*.

For the next step, remove these components from 7°//W* and decrease
the multiplicity m,(t) by 1 for every t € Zp(z)>m. Repeat the above con-
struction with the new data. This is possible because remains valid for
the new data.

Combining all these maps gives a bijection T°//W* — W(H),g which
satisfies (1) and (2). It is continuous if we endow W(H ),g with the following
topology: a set V C W(H),g is open if and only if

{(t,z) | (t,x,p1) € V for some p;}

is open in the direct product of T' with the set of unipotent classes in H. [

Theorem 4.11. Let G be a split reductive p-adic group with connected cen-
tre, with a mild restriction on the residual characteristic p. Then, for each
point s in the principal series of G, we have a continuous bijection

T8 )/W® — Irr(G)°.
It maps T3, //W?* onto Trr(G)* NIrr(G)temp-

Proof. To get p°, apply Theorems (1) and

By Theorem T5,t//W* is first mapped bijectively to the set of pa-
rameters in W(H ). with ¢t compact. From the proof of Theorem we see
that the latter set is mapped onto the set of enhanced Langlands parame-
ters (P, p) with @‘a; = ¢® and ®(wp) compact. These are just the bounded

enhanced Langlands parameters, so by Theorem (2) they correspond to
Irr(G)° NIrr(G)temp- O

4.6. Correcting cocharacters and L-packets. In this section we con-
struct the correcting cocharacters on the extended quotient 7°//W*. As
conjectured in Section these show how to determine when two elements
of T° //W* give rise to G-representations in the same L-packets.
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Every enhanced Langlands parameter (@, p) naturally determines a cochar-
acter he and elements 0(®, p, z) € T° by

ha(2) = (1, (5 .%)),
0(®,p,z) = ®(wr, (§ z91 )) = ®(@wp)ha(2).

Although these formulas obviously do not depend on p, it turns out to be
convenient to include it in the notation anyway. However, in this way we
would end up with infinitely many correcting cocharacters, most of them
with range outside T'. To reduce to finitely many cocharacters with values
in T, we will restrict to enhanced Langlands parameters associated to x € 4*,
as in the proof of Theorem [4.10

Recall that and Theorem determine a labelling of the connected
components of 7% //WW* by unipotent classes in H. This enables us to define
the correcting cocharacters: for a connected component ¢ of 7% //W* with
label (represented by) x € 4I° we take the cocharacter

(34) he =hy : C* = T, hx(z):'yx(z 0 )

021

(33)

Let ¢ be a connected component of Ts that projects onto ¢ and appears
as (T°)Y in the proof of Theorem This can always be achieved by
adjusting by element of W*. We define

0.:¢— T, (w, ) > t he(2),

(35)
0,:c—T°/W* [w,t]— Wthe(z).

Lemma 4.12. Let [w,t], [w',t'] € T°//W*. Then p*lw,t] and p*lw’,t'] are
in the same L-packet if and only if

o [w,t] and [W',t'] are labelled by the same unipotent class in H;
o 0 |w,t] = 0,[w', '] for all z € C*.

Proof. Suppose that the two G-representations p°w,t] = m(®, p) and

piw' '] = w(®', p') belong to the same L-packet. By definition this means
that ® and ®' are G-conjugate. Hence they are labelled by the same unipo-
tent class, say [z] with « € 4. By choosing suitable representatives we may
assume that ® = &' and that {(®, p), (®, ')} C ®(G)en. Then

0(®,p,z) = 0(®,p,2) for all z € C*.

Although in general 0(®, p, z) # @(w, t), they differ only by an element of
We*. Hence 6,[w,t] = 0,[w, ] for all z € C*.

Conversely, suppose that [w,t], [w, '] fulfill the two conditions of the
lemma. Let z € i° be the representative for the unipotent class which
labels them. From the constructions in Theorem [.10] we see that there are
representatives for [w, ] and [w’, #] such that ¢(7%)° and ¢ (T%)° centralize
x. Then

0.(w,t) =thy(z) and O.(w,t) =t hy(2)
are W* conjugate for all z € C*. As these points depend continuously on z
and W? is finite, this implies that there exists a v € W* such that

v(thy(z)) =t hy(z) forall z € C*.

For z =1 we obtain v(t) = t/, so v fixes h;(z) for all z.
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Consider the minimal parabolic root subsystem Rp of R(G,T) that sup-
ports h,. In other words, the unique set of roots P such that h, lies in a
facet of type P in the chamber decomposition of X*(T") ®z R. We write

TP ={teT|at)=1VYac P}°.

Then t(T%)° and #(T%')° are subsets of TF and v stabilizes T¥. Tt fol-
lows from [Opd, Proposition B.4] that h,(q"/*)tT" and h,(¢"/?)t'T" are
residual cosets in the sense of Opdam. By the above, these two residual
cosets are conjugate via v € W*. Now [Opd|, Corollary B.5] says that the
pairs (he(q"/?)t,z) and (hy(¢"/?)t',z) are H-conjugate. Hence the associ-
ated Langlands parameters are conjugate, which means that p®[w,t] and
pélw’,¢'] are in the same L-packet. O

Corollary 4.13. Properties 1-5 from Section[2.3 hold for p° as in Theorem

with the morphism 6, from (35) and the labelling by unipotent classes
in H® from and Theorem

Together with Theorem this proves the conjecture from Section
for all Bernstein components in the principal series of a split reductive p-adic
group with connected centre (with mild restrictions on the residual charac-
teristic).

Proof. Property (1) was already shown in Theorem By the definition
of 0. (35)), property (4) holds. Property (3) is a consequence of property (4),

in combination with Theorems [4.6](3), and Property (2) follows
from Theorem and property (3). Property 5 is none other than Lemma

4. 12 U
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