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Dimensionality reduction methods allow for the study of high-dimensional systems
by producing low-dimensional descriptions that preserve the relevant structure and
features of interest. For dynamical systems, attractors are particularly important ex-
amples of such features, as they govern the long-term dynamics of the system, and
are typically low-dimensional even if the state space is high- or infinite-dimensional.
Methods for reduction need to be able to determine a suitable reduced state space
in which to describe the attractor, and to produce a reduced description of the cor-
responding dynamics. In the presence of a parameter space, a system can possess a
family of attractors. Parameters are important quantities that represent aspects of the
physical system not directly modelled in the dynamics, and may take different values
in different instances of the system. Therefore, including the parameter dependence in
the reduced system is desirable, in order to capture the model’s full range of behaviour.

Existing methods typically involve algebraically manipulating the original differ-
ential equation, either by applying a projection, or by making local approximations
around a fixed-point. In this work, we take more of a geometric approach, both for
the reduction process and for determining the dynamics in the reduced space. For
the reduction, we make use of an existing secant-based projection method, which has
properties that make it well-suited to the reduction of attractors. We also regard the
system to be a manifold and vector field, consider the attractor’s normal and tan-
gent spaces, and the derivatives of the vector field, in order to determine the desired
properties of the reduced system.

We introduce a secant culling procedure that allows for the number of secants to be
greatly reduced in the case that the generating set explores a low-dimensional space.
This reduces the computational cost of the secant-based method without sacrificing
the detail captured in the data set. This makes it feasible to use secant-based methods
with larger examples.

We investigate a geometric formulation of the problem of dimensionality reduction
of attractors, and identify and resolve the complications that arise. The benefit of this
approach is that it is compatible with a wider range of examples than conventional
approaches, particularly those with angular state variables. In turn this allows for
application to non-autonomous systems with periodic time-dependence. We also adapt
secant-based projection for use in this more general setting, which provides a concrete
method of reduction.

We then extend the geometric approach to include a parameter space, resulting in a
family of vector fields and a corresponding family of attractors. Both the secant-based
projection and the reproduction of dynamics are extended to produce a reduced model
that correctly responds to the parameter dependence. The method is compatible with
multiple parameters within a given region of parameter space. This is illustrated by a
variety of examples.
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Chapter 1

Introduction

One of the lessons learned from the study of dynamical systems is that large, complex

systems can exhibit simple behaviour, while small, simple systems can exhibit complex

behaviour. The canonical example of the latter is the Lorenz system, in which a simple

3-dimensional system gives rise to a chaotic attractor. On the other hand, large,

dissipative systems often possess simple long-term behaviour, such as fixed points and

periodic orbits. These observations suggest that it may be possible to describe some

large systems, at least partially, using small systems.

By ‘large’ and ‘small’, we are referring to the dimension of the state space of the

system, which reflects the number of variables needed to quantify the system’s config-

uration at any moment in time. In this work we investigate methods of obtaining low-

dimensional models that describe the long-term dynamics of given high-dimensional

systems. This is important as high-dimensional systems have a large computational

cost associated with their simulation and analysis. We are therefore interested in di-

mensionality reduction methods for dynamical systems, and so we begin by briefly

discussing the main types of dimensionality reduction methods and their uses.

1.1 Dimensionality Reduction

There are a number of situations in modern science in which one encounters high-

dimensional spaces. These are particularly common when dealing with physical sys-

tems whose configuration is described by a large number of variables. The study of

15



CHAPTER 1. INTRODUCTION 16

such systems is made complicated by its dimension; for example, the observation, iden-

tification and classification of structure is more challenging due to the greater degrees

of freedom and difficulties in visualizing the system. A further consequence of high-

dimensionality is the large computational cost associated with a numerical treatment

of the system, such as processing data or simulating dynamics. Thanks to modern

technology we also often have an abundance of data, particularly from experimen-

tal measurements, and in some cases multiple mathematical models of a system, of

varying shapes and sizes.

Despite their high-dimensionality, in many cases one finds that the structure of

interest is of intrinsically lower dimension. Dimensionality reduction refers to mathe-

matical methods that are designed to produce a low-dimensional description of a par-

ticular structure in a given high-dimensional system. We can classify existing methods

into three classes: data reduction, invariant manifolds and model reduction. Each of

these classes deals with rather different contexts and attempts to preserve structures

relevant to their particular context. In this section we describe the main manifesta-

tions of dimensionality reduction and discuss their similarities and differences in both

their objective and approach.

1.1.1 Data Reduction

In data reduction, one deals with a set of data points in a high-dimensional space, typ-

ically Rn. Such data may be the result of experimental measurements, for example,

a set of images of brain activity of a patient under varying stimuli. When analysing

such data sets, one wants to discover particular structures in the data in order to iden-

tify corresponding relationships in the physical system. Simple examples of structure

include statistical properties, such as correlation and clustering, while more advanced

examples may involve reverse engineering the topological structure of the data, by

regarding the data as living on a manifold embedded into the ambient space in a com-

plicated way. Data reduction techniques involve obtaining a description of the data

set in an ambient space of lower dimension, while preserving the structure of interest.
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Principal Component Analysis

A simple method of reducing a high-dimensional data set is via Principal Compo-

nent Analysis (PCA) [31, 24]. PCA produces an orthogonal basis for the space, with

a corresponding set of positive weights that quantify the variance in each direction,

called the principal components. The components are produced in order of decreasing

variance. This allows one to keep the most significant principal components and dis-

card the least significant components. By describing the data set using only the most

significant components, one has obtained a description of the data of lower dimension

that retains most of the statistical variance, i.e. the data remains ‘spread out’ in the

subspace.

The PCA can be performed by use of a singular value decomposition (§2.1.18)

of the data matrix (where each column describes a data point). The singular values

are related to the principal components, and the left-singular vectors provide the

corresponding orthonormal basis.

Multidimensional Scaling

Another classic method is Multidimensional Scaling (MDS) [9]. This method attempts

to preserve the pairwise distances between data points in the low-dimensional space.

The problem is phrased as an optimization problem for the low-dimensional data set,

with a cost function given in terms of the difference in pairwise distances between the

original and reduced data sets.

Nonlinear Methods

Nonlinear methods of data reduction regard the data as living on a low-dimensional

manifold embedded into the ambient space, Rn. Rather than seeking an explicit non-

linear map from the high-dimensional space to a low-dimensional space, most nonlinear

methods attempt to produce a corresponding data set in a low-dimensional ambient

space that is regarded as a coordinate system parameterizing the manifold. The low-

dimensional parameterization is determined so that it preserves some of the properties

of the original data, which are chosen to reflect the underlying manifold structure.
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This often requires first determining the topological structure of the data set by con-

structing a neighbourhood graph, which quantifies which data points are ‘near’ to each

other. This is then used to compute quantities to be preserved in the reduced data

set.

Neighbourhood Graph

A neighbourhood graph is a graph with a vertex for each data point and edges defining

the local neighbourhood of each point. There are two common ways to connect the

vertices with edges in terms of a metric on the ambient space. The k-nearest neighbour

approach creates edges to the k closest vertices to each point. This means a graph

containing N vertices has at least Nk/2 edges in total. However, some inappropriately

long edges may be generated by this method in regions of low density.

The fixed-radius neighbourhood approach creates edges for all pairs of points that

are closer than a given distance, ε > 0. One must be careful to choose a suitable ε

for use with the given data set, as the number of edges generated is sensitive to the

density of sampled data points relative to the fixed radius.

Isomap

The Isomap method [45] takes the approach of MDS (preserving pairwise distances),

but rather than using the Euclidean distance through the ambient space, uses an

approximation of the geodesic distance along the underlying manifold. The method

begins by constructing a neighbourhood graph with each edge weighted by its corre-

sponding Euclidean distance. The graph is processed to compute the shortest distance

between each pair of vertices through the graph. For a sufficiently dense data set, this

shortest path approximates the geodesic distance along the underlying manifold. The

pairwise distances are then reproduced by a low-dimensional data set.

Local Linear Embedding

The Local Linear Embedding (LLE) [38] is based on the fact that a local piece of a

manifold can be approximated linearly. For each data point, the method constructs

an approximation of the position of the point as a linear combination of its k nearest

neighbours, with appropriate constraints placed on the weights. As a result, these
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weights are invariant under rotations, scalings and translations of the data set in the

ambient space. The reduction then proceeds by by seeking a low-dimensional data set

that produces the same set of weights at each point.

Hessian Local Linear Embedding

The Hessian LLE method [11] is similar to the LLE, in that it computes local lin-

ear descriptions of the data set. The central object is the quadratic form H(f) =∫
M ‖Hf (m)‖2

F dm, defined on smooth functions f : M → R, where Hf (m) is the

Hessian of f at m ∈ M. The key property of this quadratic form is that it has a

(d + 1)-dimensional kernel. Excluding the zero eigenvalue that corresponds to the 1-

dimensional space of constant functions, this leaves a d-dimensional space containing

functions that parameterize the manifold.

The method uses a neighbourhood graph of the data set to find a d-dimensional

basis at each point that approximates each tangent space. These local bases are used

to construct a matrix that describes the discretized version of the quadratic form

(where the manifold becomes a finite data set, the smooth function becomes a finite

set of values, and H becomes a symmetric matrix). An orthogonal basis for its kernel

is chosen in which the data points are then expressed.

Another method that considers the local geometric structure is Local Tangent

Space Alignment [51]. A quantitative comparison of these nonlinear methods can be

found in [47].

Secant-Based Projection

Secant-based projection [2] seeks an orthogonal projection that preserves the secants

generated by the data. Motivated by the Whitney embedding theorem, this results

in an embedding of the manifold into the subspace. This approach will be covered in

detail in §3.

1.1.2 Invariant Manifolds

When applying the notion of dimensionality reduction to the state space of a dy-

namical system, one can take advantage of invariant sets, whose orbits are confined
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to a subset of state space. In the linear case, one may have an invariant subspace:

a linear subspace invariant under the time evolution operator. In the more general

case, one may have an invariant manifold: a smooth object invariant under the flow

[23]. Attractors are particularly important examples of invariant manifolds, as their

attracting properties mean they dictate the long-term dynamics of the system. At-

tractors are also often compact and of low dimension, which motivates the search for

low-dimensional descriptions of the asymptotic dynamics.

As a result of these invariant structures, the reduction of dynamical systems pos-

sesses some similarities to nonlinear data reduction. In both cases one has a low-

dimensional compact manifold embedded in an ambient space that one wishes to

describe in a low-dimensional ambient space, and one also typically does not have

an explicit description of this object. However, for dynamical reduction one not only

has to produce a description of the geometric object, but also its dynamics in the

low-dimensional space. One therefore typically requires a map relating the original

state space and the reduced space in order to determine the corresponding reduced

dynamics. Although there are several methods of finding such a relation, projections

onto linear subspaces are a common theme, with the state space taken to be a vector

space with some additional structure (such as a Hilbert space). Nonlinear reductions

have also been developed [27, 42].

Galerkin Projection

The Galerkin projection is a method for obtaining a low-dimensional dynamical system

to describe the dynamics in a linear subspace of the state space. Let x ∈ X be the state

variable with dynamics given by ẋ = f(x). We can describe a subspace as the image

of an orthonormal map W : X̂ → X, with W †W = idX̂ , which means P = WW †

projects orthogonally onto the subspace W (X̂). Assuming the attractor is preserved

in X̂ under W †, we can write the inverse as x = Wx̂ + r(x̂). Applying this to the

original dynamics gives the reduced dynamics ˙̂x = W †f(Wx̂ + r(x̂)). The Galerkin

approach is to choose a projection such that r(x̂) = 0 on the attractor, i.e. to project

onto the subspace that the orbit explores. For a general subspace, r may be non-zero

and the attractor’s inverse projection x̂ 7→ x is a nonlinear map.

One of the limitations of the Galerkin procedure is that it demands a linear inverse.
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Since the quality of the reduced dynamics is determined by how well this linear inverse

approximates the true inverse, the quality of the reduced dynamics is intimately related

to the dimension of the subspace. As a result, improving the reduced dynamics requires

adding more modes/basis vectors (and hence dimensions) to the reduced space, even

though there may be no geometric reason to do so. Methods that attempt to describe

the nonlinear inverse are called nonlinear Galerkin methods, or approximate inertial

manifolds [32, 43].

Another limitation is that the differential equation for the low-dimensional state,

˙̂x = W †f(Wx̂+ r(x̂)), in general requires the evaluation of the high-dimensional non-

linear vector field, f , even if r(x̂) = 0. Only for certain forms of f can the RHS

be used to derive a function f̂(x̂) that can be evaluated without going through the

high-dimensional space. To address this, methods have been developed that construct

an approximation of f̂ , without algebraically deriving it from f . This bypasses the

need for restrictions on the form of f and the inverse projection. Methods of this type

were first developed by Broomhead and Kirby [4], who use radial basis functions to

reproduce f̂ and its derivatives on the attractor. A more recent method is the ‘discrete

empirical interpolation method’ [6], which is used to approximate the (nonlinear part

of) f̂ , and is an example of a mixed approach between the conventional top-down al-

gebraic manipulation of f (used for the linear part) and the bottom-up approximation

of f̂ (used for the nonlinear part).

Proper Orthogonal Decomposition

Also known as the Karhunen-Loève Decomposition, the Proper Orthogonal Decompo-

sition (POD) [20, 30] is a method for finding the best subspace for describing a given

data set. It is equivalent to the PCA. The POD gives the optimal Galerkin projection,

in the sense that it minimizes the mean square length of r over the data set,∑
x∈M

∥∥r(W †x)
∥∥2

=
∑
x∈M

‖(idX − P )x‖2 ,

for a given dimension of the subspace. For this reason, the use of the POD subspace

with the Galerkin procedure is referred to as the POD-Galerkin method.
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Centre Manifold Reduction

Another use of invariant manifolds is in the study of the dynamics around a fixed point.

Centre manifold reduction [26, 5, 18] involves producing a reduced description of the

dynamics around a fixed point. Using the linearization of the system at the fixed point,

p, the tangent space at p can be decomposed into three subspaces: stable, unstable

and centre, TpX = Es⊕Eu⊕Ec. The stable subspace corresponds to eigenvalues with

negative real part, the unstable subspace to eigenvalues with positive real part, and

the centre subspace to eigenvalues with zero real part. As they are eigenspaces, these

three subspaces are therefore invariant subspaces of the linearized dynamics. Each

of these subspaces has a corresponding invariant manifold to which it is the tangent

space at the fixed point: the stable manifold, unstable manifold, and centre manifold.

Centre manifold reduction involves obtaining a local description of the dynamics on

the centre manifold around the fixed point, which can be of much lower dimension

than that of the full state space.

Centre manifolds are important in the study of bifurcations, since local bifurcations

involve an eigenvalue crossing the imaginary axis as a parameter is varied. This means

the fixed point is non-hyperbolic and therefore has a nontrivial centre subspace.

Inertial Manifolds

Inertial manifolds are invariant manifolds that have additional properties. In par-

ticular, they are finite-dimensional objects that contain the global attractor and are

exponentially stable. They are used in the study of infinite-dimensional dissipative

systems to reduce the system to a finite-dimensional system that provides a simpli-

fied description of the asymptotic dynamics, without having to produce an explicit

description of the attractor itself. The theory of inertial manifolds takes place within

the setting of functional analysis and topological vector spaces. [35, 8, 34, 14, 39]

1.1.3 Model Reduction

In control engineering one deals with control systems, which are dynamical systems

under the influence of external inputs, and with outputs that allow for a limited

observation of the state of the system. A controller’s objective is to influence the system
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to produce desirable outputs by dynamically manipulating the available inputs. The

inputs represent the physical components directly under the influence of the controller

(such as a thermostat), the outputs correspond to sensors (such as a thermometer),

and the dynamical system is the relevant laws of physics that connect the two (such

as the heat equation). In order for a controller be able to perform its function it

Control Parameters

u(t)

Dynamical System Observables

x(t) y(t)

Input-Ouput Map

Figure 1.1: Control system.

needs to have an understanding of the relationship between inputs and outputs. Since

a controller also needs to act in real-time, this model needs to be simple enough to

be evaluated in a timely fashion. As the physics often produces high-dimensional

state spaces, dimensionality reduction techniques are not only beneficial, but in many

cases necessary, to reduce the dimension of the state space in order to produce a

reduced model that can be evaluated with lower computational cost, while attempting

to preserve the input-output behaviour found in the original model. This type of

reduction is referred to as model reduction, or model order reduction (where ‘order’

refers to the dimension of the state space).

Linear Time-Invariant Systems

The simplest and most well-studied type of control system are linear time-invariant

(LTI) systems [1], which are defined on the state space X, control space U , and

observation space Y , all of which are vector spaces, with

ẋ = Ax+Bu

y = Cx,
(1.1)

where A ∈ L(X), B ∈ L(U,X), and C ∈ L(X, Y ) are linear maps. This gives a linear

vector field under the influence of linear control, with the observation also given by a
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linear map.

A reduced model is an LTI system with a lower-dimensional state space X̂, related

to the original model by the linear maps W : X̂ → X and V : X̂ → X, satisfying

V †W = idX̂ . These maps describe a projection, WV †, onto the subspace W (X̂), which

gives the reduced model

˙̂x = V †AWx̂+ V †Bu

y = CWx̂,
(1.2)

where we can define the reduced linear maps Â = V †AW , B̂ = V †B, and Ĉ = CW .

In the case V = W , the reduction is an orthogonal projection. The key part of model

reduction methods therefore involves determining a suitable subspace for the reduced

state space.

Proper Orthogonal Decomposition

As in §1.1.2, one can use the POD to determine a subspace. For a particular initial

condition and inputs u(t), one can generate a sequence of ‘snapshots’ from the orbit

x(t), and use this to compute the POD.

1.2 Parameters

Parameters are quantities that are used in the specification of a dynamical system. In

models of physical systems, parameters can be used to represent aspects of the system

not dynamically modelled in detail. These may be complicated microscopic processes,

such as friction, whose detailed description is beyond the scope of the model, but whose

influence can be included via a simple abstraction, which is configured by parameters.

Such parameters are therefore of great importance to the scientists and engineers who

produce the models.

The existing methods of dimensionality reduction have not explicitly addressed the

problem of parameter dependence. If a dynamical system has a parameter space then,

rather than a single attractor, we can have a family of attractors in the state space.

Although a Galerkin procedure will retain any parameters, and this can correctly

preserve some of the parameter dependence in some cases [36], the method does not
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explicitly account for parameters and relies on choosing a subspace large enough to

span all of the attractors simultaneously.

Note that in model order reduction, the ‘parameters’ are dynamically-varying con-

trol inputs, and the objective of the reduction is to preserve input-output behaviour

[1], rather than particular geometric objects in the state space. In contrast to this,

Parameter Space

λ

Dynamical System

x(t)

λ1 λ2 λ3

Instances

Figure 1.2: Dynamical system with static parameters.

we consider static parameters; an autonomous view is taken without any inputs or

outputs. Studying the behaviour of a model by its response to variations in the values

of these parameters can be done via numerical methods such as computational steering

[7].

1.3 Sources of Relevant Examples

There are three main areas of application that are relevant to the dimensionality

reduction of attractors.

1.3.1 Complex Systems

A complex system is a system comprised of many interacting components. The in-

dividual components and their interactions may be very simple, or may themselves

be complex. In studying complex systems, one is particularly interested in emergent

features, where the system as a whole exhibits behaviour or dynamically acquires

properties that cannot be understood nor predicted from the study of the individual

components and interactions. These kinds of system are commonly found in the biolog-

ical sciences and in social science. Attractors may be regarded as one type of emergent
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feature, or as an underlying mechanism that is responsible for emergent behaviour.

1.3.2 Biological Systems

As life forms need to be dynamic in order to survive and propagate, the systems

that comprise them are necessarily dynamic. As a result, biology is full of rhythms,

oscillations and cycles. The period, amplitude and shape of these oscillations is some-

thing that is of interest to biologists. For example, oscillations can contain fast and

slow parts, such as spikes and waves, as in neurons or the heartbeat. The shape of

oscillation corresponds to the geometry of the orbit in the state space.

As biological systems are also the product of evolutionary processes and in contact

with an external environment, one would expect these systems to feature an element

of robustness. When the external environment perturbs the system, the system needs

to be able to recover from that perturbation in order to continue functioning and

surviving. We would therefore expect to find stable structures in the state space of

such systems, such as attractors.

1.3.3 PDEs

There are many physical systems, especially in physics and applied mathematics, whose

dynamics are described by PDEs. The state of these systems is usually a scalar

field or vector field over physical space, and the resulting state space is an infinite-

dimensional function space. Even though the space is of infinite dimension, low-

dimensional attractors can still be featured in the dynamics, particularly in systems

featuring dissipation. In studying these systems, it is common to discretize the physical

space in order to produce a model of finite dimension that is compatible with numerical

simulation. However, the dimension of these discretizations is often still very high

compared to the attractor, and reducing the number of samples in the discretization

as a means to reduce the dimension further is undesirable due to the presence of spatial

structure in the field.
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1.4 Hypothesis

In this work, we focus on methods of dimensionality reduction for attractors and their

dynamics. The objective of such a reduction is to produce a reduced model that

describes an attractor and its dynamics in a low-dimensional state space. In order to

do so we require a map between the original and reduced state spaces that preserves the

attractor. An inverse of this dimension-reducing map may also be useful for converting

reduced states back into original states (which carry a physical interpretation), and

for determining the dynamics in the reduced space. These requirements make secant-

based projection particularly appealing as a method of dimensionality reduction for

attractors, as not only does it provide an explicit map (an orthogonal projection), but

it also preserves the attractor by embedding it into the subspace.

Conventional methods of reduction, such as the POD-Galerkin, are applicable to

state spaces with a vector space structure and use linear algebra to perform the re-

duction. In contrast to this, we can take a more general approach by regarding the

state space to be a smooth manifold with dynamics provided by a vector field. Such

an approach would allow for the reduction of systems with angular variables, which

would not be compatible with existing methods, especially in the case of orbits wind-

ing around these circular dimensions. This would also allow for the problem to be

formulated in terms independent of the algebraic structure/form used to describe the

dynamics, which makes it applicable to a wide range of examples.

We are also interested in dynamical systems that have parameter spaces. In this

case, one may have a family of attractors, each associated with a different parameter

value. We would like the reduced model to respond to the parameter, producing an

accurate low-dimensional description of each attractor over a given parameter region.

1.5 Research Questions

Although it has useful properties, one of the downsides to secant-based projection

is that the number of secants is of the order N2, where N is the number of data

points sampled from the manifold. This is a potential barrier to scaling the method

to manifolds of larger dimension, or of more complex geometry, which would require a

larger number of samples to accurately capture. This raises the question of whether the
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computational cost resulting from a large number of secants can be reduced, without

sacrificing any relevant detail.

In formulating the problem of dimensionality reduction of attractors in terms of

smooth manifolds, vector fields and smooth maps, what problems arise in this more

general setting and can they be resolved? Does this more general formulation reduce

to the conventional description in the Euclidean case?

Can we extend this formulation for a family of attractors corresponding to a param-

eter space? Can this be used to produce a reduced model parameterized by the original

parameter space that produces the correct family of attractors in the low-dimensional

space? What about bifurcations?

1.6 Approach and Evaluation Criteria

The approach taken builds on work by Broomhead and Kirby [2, 4]. Their dimension

reduction method is based on the preservation of secants, which will be detailed in §3.

This has several useful properties that make it particularly suited to the reduction of

attractors, which other more common methods (such as the PCA/POD) lack. In order

to obtain the dynamics for the reduced space, we will consider both the well-known

Galerkin-style approach, and the optimization approach taken in [4].

Motivated by the geometric considerations of a secant-based approach, we will

investigate an approach to the problem in terms of smooth manifolds and vector fields,

rather than vector spaces and differential equations. This will allow us to focus on the

vector field and its orbits, without being constrained to working within the particular

algebraic structure used to specify the dynamics. This will be used to incorporate

parameter dependence into the reduced model.

In order to evaluate the effectiveness of the method, the family of attractors, and

their orbits, of the original and reduced systems will be compared in the reduced space

for a variety of examples.

1.7 Contributions

The original contributions made in this work include the following.
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• We develop a useful approximation to reduce the computational cost of secant-

based methods. In particular, we introduce approximate secants, motivated by

the practical constraint of finite data sets, which are used to reduce the total

number of secants via a culling procedure. This also gives a method to estimate

the dimension of the affine subspace explored by the attractor.

• We develop a geometric formulation of the problem of dimensionality reduction

of attractors for general state space manifolds, and extend both secant-based

projection and the reproduction of dynamics to this more general setting. We

identify and resolve the resulting issues with stability in a manner that allows

for practical implementation.

• We extend the formulation of the problem to allow for a parameter space with a

corresponding family of attractors. The secant-based projection and reproduc-

tion of dynamics are adapted to produce a reduced model parameterized by the

original parameter space that can accurately describe the family of attractors in

the reduced space.

• Source code of the C++ implementation has been made publicly available at

https://github.com/cwzx/DRDSP. Funding was obtained to further develop

the implementation of this work from the myGrid project as part of EPSRC

grant EP/G026238/1.

At the time of writing we have two publications [49, 50] and a third is planned.

1.8 Outline

This thesis is organized as follows.

• In §2 we revise the relevant mathematical background in order to arm the reader

with the required vocabulary, notation and reference that is used in the later

chapters.

• In §3 we discuss the existing secant-based projection in more detail, and in par-

ticular the use of optimization over Grassmann manifolds to obtain a projection.

We then introduce a new secant culling procedure to reduce computational cost,

https://github.com/cwzx/DRDSP
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and investigate its properties, which we demonstrate are useful for other pur-

poses, such as estimating the submanifold’s dimension of exploration.

• In §4 we formulate an approach to the dimensionality reduction of attractors

produced by vector fields on general state space manifolds. We consider the

properties required of both the dimension-reducing map, and the reduced vector

field, including stability and the derivatives of the vector field. This results in

interesting complications in contrast to the linear case, which we resolve. We

then adapt the existing secant-Grassmann projection and radial basis function

methods for use in this more general setting.

• In §5 we consider the introduction of a parameter space to the problem, where a

family of vector fields produces a family of attractors. We extend the geometric

formulation to this problem and use it to develop a new method for producing a

reduced family of vector fields, parameterized by the original parameter space,

that reproduces the family of attractors in a low-dimensional space.

• In §6 we present a number of example systems, including the reproduction of

period-doubling bifurcations in the Rössler system, the limit cycles of a non-

autonomous double pendulum, the limit cycles of the Brusselator PDE, and a

torus in a dynamo PDE.

• In §7 we conclude with a summary, a discussion of the method’s limitations, and

ideas for future work.
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Background Mathematics

In this chapter, we revise the background mathematics relevant to the work found in

the following chapters. In particular we cover multilinear algebra, differential geome-

try, dynamical systems, and optimization over Riemannian manifolds. The aim is to

arm the reader with a concise, modern summary of the concepts and notation that

will be used later, while presenting detail when it is relevant.

2.1 Linear and Multilinear Algebra

Linear algebra is the study of vector spaces and their morphisms, while multilinear

algebra deals with products of vector spaces, particularly with themselves and their

dual, and multilinear maps. Linear algebra is traditionally presented in terms of

matrices, especially at an undergraduate level, which allows for a more numerical

approach to the subject, while multilinear algebra is often considered separately, as a

more abstract extension of linear algebra. However, multilinear algebra can provide

a more elegant view of certain aspects of linear algebra, especially when taking a

geometric perspective; this is the approach we shall take. [16, 17, 10]

2.1.1 Linear Maps

Given vector spaces V and W over a field of scalars, F, a linear map (also called

a linear operator or transformation) A : V → W preserves the linear structure, i.e.

A(λx + y) = λA(x) + A(y) ∀x, y ∈ V, λ ∈ F. Linear maps preserve the null vector,

A(0) = 0, and the composition of linear maps is linear. Both the kernel and image

31
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of a linear map are vector subspaces (of V and W respectively); the dimension of the

kernel is known as the nullity, while the dimension of the image is called the rank. The

Rank-Nullity Theorem relates these dimensions: dim(kerA)+dim(imA) = dimV . We

denote the set of linear maps from V to W as L(V,W ). This set naturally inherits

a linear structure from the vector spaces, with null map 0(x) = 0, making it an F-

vector space of dimension dimV · dimW . For the case V = W , linear operators are

endomorphisms of vector spaces, denoted L(V ) = L(V, V ). This vector space has the

additional structure of multiplication in terms of composition, (AB)(x) = A(B(x)).

This multiplication distributes over addition and is bilinear, with the identity operator

1(x) = idV (x) = x. This gives L(V ) the structure of a unital associative algebra. The

set of invertible linear operators forms a group under composition, called the general

linear group, GL(V ).

2.1.2 Matrix Description

Each linear map A : V → W can be described by a matrix. A particular matrix is

determined by choosing frames for V and W . Let (e1, · · · , en) and (f1, · · · , fm) be

frames for V and W respectively, we can then write w = A(v) as∑
j

wjfj =
∑
i

viA(ei). (2.1)

As A(ei) is a vector in W , we can express it in the frame of W , A(ei) =
∑

j A
j
ifj,

∑
j

wjfj =
∑
j

(∑
i

Ajiv
i

)
fj. (2.2)

This gives us the relation between the components of w and v,

wj =
∑
i

Ajiv
i. (2.3)

Thus a linear map can be written as the matrix equation,
w1

...

wm

 =


A1

1 · · · A1
n

...
. . .

...

Am1 · · · Amn



v1

...

vn

 , (2.4)

where the ith column contains the components of A(ei) in the frame of W . The matrix

algebra of m×n matrices corresponds to the algebra of L(V,W ). Therefore invertible
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linear operators correspond to invertible matrices. Under a change in bases, described

by invertible linear operators S ∈ GL(V ) and T ∈ GL(W ), the matrix description

transforms according to A 7→ TAS−1.

We make use of the Einstein summation convention, where a repeated index in a

term (one superscript, one subscript) implies a summation over that index, Ai jx
j ⇔∑

j A
i
jx
j, and the sum is over the full range unless otherwise specified.

2.1.3 Norms

A norm on a real or complex vector space V is a map ‖·‖ : V → R that satisfies the

following properties.

• Null: ‖x‖ = 0 ⇔ x = 0,

• Homogeneity: ‖λx‖ = |λ| ‖x‖ ∀λ ∈ F, x ∈ V ,

• Triangle inequality: ‖x+ y‖ ≤ ‖x‖+ ‖y‖ ∀x, y ∈ V .

A vector space with a norm is called a normed vector space. Norms are non-negative,

which provides a notion of ‘length’ for vectors. A vector with unit length, ‖v‖ = 1, is

called a unit vector. Any non-zero vector can be ‘normalized’ by dividing it by its norm

to produce a unit vector, v 7→ v/ ‖v‖. A norm induces a metric, d(x, y) = ‖x− y‖,

which in turn gives the vector space a topology. For finite-dimensional vector spaces,

all norms are topologically equivalent, and under this topology the norm and all linear

maps are continuous. We can therefore take continuity for granted in finite-dimensional

linear algebra, but this is not the case for infinite-dimensional vector spaces.

2.1.4 Inner Product

An inner product, 〈·, ·〉 : V × V → F, maps each pair of vectors in V to a scalar in F

and satisfies the following axioms. Here F is either C or R.

• Positive definiteness: 〈x, x〉 ≥ 0 ∀x ∈ V

• 〈x, x〉 = 0⇔ x = 0

• Linearity: 〈λx+ y, z〉 = λ 〈x, z〉+ 〈y, z〉 ∀x, y, z ∈ V, λ ∈ F
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• Conjugate symmetry: 〈y, x〉 = 〈x, y〉 ∀x, y ∈ V

This means the inner product is conjugate-linear in the second argument; in the real

case, the inner product is linear in both. A vector space with an inner product is called

an inner product space. In components, the inner product of two arbitrary vectors is

〈x, y〉 = gijx
i yj, where gij := 〈ei, ej〉. A pair of vectors, x, y ∈ V , are said to be

orthogonal if 〈x, y〉 = 0.

An inner product induces a norm, via ‖x‖2 = 〈x, x〉. This is a well-defined norm

as a result of the Cauchy-Schwarz inequality, |〈x, y〉| ≤ ‖x‖ ‖y‖, which ensures the

induced norm satisfies the triangle inequality. This inequality also motivates the use

of the inner product as a definition of angle between two (non-zero) vectors in a real

inner product space, via cos θxy = 〈x, y〉 / ‖x‖ ‖y‖, since the right-hand side is bounded

in [−1, 1]. The angle satisfies θxx = 0, θx,−x = π = 180◦, and, for a pair of orthogonal

vectors, θxy = π/2 = 90◦.

In the real case, we have the useful addition rule

‖x+ y‖2 = ‖x‖2 + ‖y‖2 + 2 〈x, y〉

= ‖x‖2 + ‖y‖2 + 2 ‖x‖ ‖y‖ cos θxy,
(2.5)

which is the abstract generalization of Pythagoras’ theorem.

2.1.5 Dual Vector Space

Given a vector space, V over F, we can define the dual space, V ∗, as the set of all linear

functionals, V → F. The dual space inherits the linear structure of a vector space from

V , and the elements of V ∗ are called covectors. A finite-dimensional vector space and

its dual are isomorphic. Given a basis for V , (e1, · · · , en), we write the corresponding

basis for V ∗ using superscript notation, (e1, · · · , en), defined by ei(ej) = δij, which

implies that for an arbitrary vector x ∈ V , ei(x) = xi. A particular isomorphism,

denoted ∗ : V → V ∗ : v 7→ v∗, is induced by a non-degenerate bilinear form B, via

v∗(x) = B(x, v). The non-degeneracy property is B(x, v) = 0 ∀x ⇒ v = 0, which

ensures that ∗ is an isomorphism.

At this point it is useful to borrow some notation from differential geometry. If

(V, g) is a real inner product space, the inner product is a non-degenerate bilinear

form, and the pair of isomorphisms induced by the inner product are called the musical
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isomorphisms, denoted [ : V → V ∗ and ] : V ∗ → V . In components these are given

by (x[)i = gijx
j =: xi and (ω])i = gijωj =: ωi, where (gij) is the matrix inverse of

(gij). Notationally these isomorphisms raise and lower the indices of the components,

hence the analogy with musical notation. The induced inner product on V ∗ is given

by 〈α, β〉 = g(α], β]) = gijα
iβj = gijαiβj.

2.1.6 Direct Sum

The direct sum of two F-vector spaces, V and W , is an F-vector space denoted V ⊕W .

The set is given by the Cartesian product of the underlying sets, and the vector space

structure is given by

(v, w) + (x, y) = (v + x,w + y)

λ(v, w) = (λv, λw)

The null vector is therefore the pairing of the individual nulls, (0, 0). As the name

suggests, the dimension of the sum is given by dim(V ⊕W ) = dimV + dimW . For

multiple products, we use the notation V ⊕k := V ⊕ · · · ⊕ V︸ ︷︷ ︸
k times

. The direct sum can be

given an inner product in terms of the inner products of V and W ,

〈(v, w), (x, y)〉V⊕W = 〈v, x〉V + 〈w, y〉W .

Under this inner product, V and W are orthogonal in V ⊕W , by identifying V with

(V, 0), and W with (0,W ).

IfW is a subspace of V , and g is an inner product on V , we can define the orthogonal

complement of W in V with respect to g as

W⊥ = {x ∈ V : g(x,w) = 0 ∀w ∈ W} .

This is a subspace of V , which contains all vectors orthogonal to W . The space V

can then be written as the orthogonal decomposition V = W ⊕W⊥, i.e. an arbitrary

vector is the sum of two orthogonal components.

2.1.7 Tensor Product

The tensor product, denoted ⊗, is a bilinear product of of two F-vector spaces, V

and W , that produces a new F-vector space. The tensor product space V ⊗W is the
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vector space spanned by elements of the form v ⊗ w. Not all elements of V ⊗W can

be expressed as a product of a pair of vectors from V and W – those that can are

called pure or decomposable – but rather a general element is a linear combination of

decomposable elements.

Extending the definition to multiple tensor products gives the kth tensor power of

V ,

T k(V ) := V ⊗k := V ⊗ · · · ⊗ V︸ ︷︷ ︸
k times

. (2.6)

This can be extended to include the dual space, V ∗,

T rs (V ) := V ⊗ · · · ⊗ V︸ ︷︷ ︸
r times

⊗ V ∗ ⊗ · · · ⊗ V ∗︸ ︷︷ ︸
s times

. (2.7)

Elements of this space are called tensors of type (r, s). Given a basis for V , (ei) and

the corresponding dual basis (ej), a tensor T is a linear combination

T = T i1···ir j1···js ei1 ⊗ · · · ⊗ eir ⊗ e
j1 ⊗ · · · ⊗ ejs , (2.8)

where T i1···ir j1···js ∈ F are the components of the tensor, T , in the basis

(ei1 ⊗ · · · ⊗ eir ⊗ ej1 ⊗ · · · ⊗ ejs). As each index runs over the n dimensions of V , the

dimension of the tensor space is dimT rs (V ) = nr+s.

The tensor product can be applied to a pair of tensors of types (r, s) and (p, q) to

produce a tensor of type (r+p, s+q). By convention, the (0, 0) tensor space is defined

to be the underlying field, F (which is a vector space over itself), therefore the tensor

product of a scalar and a vector is just scalar multiplication, λ⊗ v = λv.

Tensors as Multilinear Maps

A tensor of type (r, s) can be interpreted as a multilinear form (V ∗)r × V s → F.

As a map, we can evaluate the tensor using r covectors, (φ1, · · · , φr), and s vectors,

(v1, · · · , vs), to give a scalar value, via

T (φ1, · · · , φr, v1, · · · , vs)

= T i1···ir j1···js φ1(ei1)⊗ · · · ⊗ φr(eir)⊗ ej1(v1)⊗ · · · ⊗ ejs(vs)

= T i1···ir j1···js (φ1)i1 · · · (φr)ir(v1)j1 · · · (vs)js .

(2.9)

Each covector produces a scalar value when evaluated by a vector, and the tensor

product of scalars is just scalar multiplication.
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Similarly a (1, 1) tensor can be regarded as a linear operator A : V → V , by

evaluating only the covector part,

A(v) = Ai j ei ⊗ ej(v)

= Ai jv
j ei.

(2.10)

This is a natural isomorphism between tensors and operators, V ⊗ V ∗ ∼= L(V ), which

generalizes to linear maps between different vector spaces, W ⊗ V ∗ ∼= L(V,W ).

Trace of a Linear Map

The trace is a function tr : L(V ) → F that assigns a scalar value to each linear map.

It can be defined as a linear functional that acts on pure tensors of type (1, 1) by

tr(v ⊗ α) = α(v). (2.11)

The trace of an arbitrary (1, 1) tensor is then given by linearity,

tr(A) = Ai j tr(ei ⊗ ej)

= Ai jδ
j
i

= Ai i,

(2.12)

i.e. it is the sum of the diagonal elements of the matrix description in any basis. The

trace has the product rule

tr(AB) = tr(BA), (2.13)

the trace of the null map is 0, and the trace of the identity is the dimension of V .

2.1.8 Exterior Product

The wedge product or exterior product is a product of a vector space V with itself. Like

the tensor product, the wedge product is bilinear, but is also alternating, x∧y = −y∧x

∀x, y ∈ V . The vector space spanned by elements of the form x∧ y is denoted V ∧ V .

Elements that can be expressed as a pair x ∧ y are called decomposable.

Extending the definition to multiple wedge products allows us to define the kth

exterior power of V ,

Λk(V ) = V ∧ · · · ∧ V︸ ︷︷ ︸
k times

. (2.14)
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Elements of Λk(V ) are called k-vectors and elements of Λk(V ∗) are called k-forms.

Given a basis for V , (e1, · · · , en), we can write T ∈ Λk(V ) as a linear combination

of the wedge products of the basis vectors, ei1 ∧ · · · ∧ eik . However, the alternating

property of the wedge product means an arbitrary linear combination is non-unique.

By removing terms that are null or linearly dependent, the basis for Λk(V ) can be

written as

{ei1 ∧ · · · ∧ eik : 1 ≤ i1 < · · · < ik ≤ n} , (2.15)

and the component description can be made unique by requiring T i1···ik to be totally

anti-symmetric,

T =
∑

i1<···<ik

T i1···ik ei1 ∧ · · · ∧ eik

=
1

k!
T i1···ik ei1 ∧ · · · ∧ eik .

(2.16)

This also allows us to identify k-vectors with anti-symmetric k-tensors,

1

k!
T i1···ik ei1 ∧ · · · ∧ eik ←→ T i1···ik ei1 ⊗ · · · ⊗ eik . (2.17)

The dimension is given by the binomial coefficient

dim Λk(V ) =

 n

k

 :=
n!

k!(n− k)!
, (2.18)

where n = dimV . Note that dim Λk(V ) = dim Λn−k(V ); for this reason n-vectors

k dim Λk(V )
0 1
1 n
2 1

2
n(n− 1)

...
...

n− 2 1
2
n(n− 1)

n− 1 n
n 1

Table 2.1: Dimension of the exterior powers.

are referred to as pseudo-scalars, (n−1)-vectors are referred to as pseudo-vectors, and

Λn(V ) is referred to as the ‘top’ exterior power. The terminology ‘bivector’ is also

used for 2-vectors.

A consequence of the alternating property is that the wedge product of set of

vectors is only non-zero if the set is linearly independent. This explains why Λk(V )
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is the trivial vector space for all k > n, since, for an n-dimensional space, a linearly-

independent set of vectors contains at most n vectors.

The wedge product of a p-vector α with a q-vector β is a (p + q)-vector. When

reversing the order of the product, α∧ β = (−1)pq β ∧α, since there are pq individual

wedges to be reversed, each contributing a factor of −1,

α ∧ β =
1

p!q!
αi1···ipβj1···jq ei1 ∧ · · · ∧ eip ∧ ej1 ∧ · · · ∧ ejq . (2.19)

The component description of the product must be anti-symmetrized, by summing

over permutations, which gives

(α ∧ β)i1···ip+q =
1

p!q!

∑
σ∈Sp+q

sgn(σ) αiσ(1)···iσ(p)βiσ(p+1)···iσ(p+q) , (2.20)

where Sk is the Symmetric group of permutations of {1, · · · , k}, and sgn() is the

signature of the permutation: +1 for even and −1 for odd.

Since k-forms can be identified with anti-symmetric (0, k) tensors, they can be used

as alternating multilinear forms, α : V k → F, given by

α(v1, · · · , vk) = αi1···ik (v1)i1 · · · (vk)ik . (2.21)

Notation

The Levi-Civita symbol is a useful notation,

εi1···in = εi1···in =


+1, (i1, · · · , in) is an even permutation of (1, · · · , n),

−1, (i1, · · · , in) is an odd permutation of (1, · · · , n),

0, otherwise,

which satisfies

εi1···inε
i1···in = n!. (2.22)

The following anti-symmetrization notation is also convenient,

T [i1···ip] :=
1

p!

∑
σ∈Sp

sgn(σ) T iσ(1)···iσ(p)

=
1

p!(n− p)!
εi1···ipj1···jn−pεk1···kpj1···jn−pT

k1···kp .

(2.23)

Therefore the components of the wedge product are given by

(α ∧ β)i1···ip+q =
(p+ q)!

p!q!
α[i1···ipβip+1···ip+q ]. (2.24)
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2.1.9 Determinant

Given a linear operator A : V → V on an n-dimensional vector space, we can define a

corresponding linear operator on the exterior power, ΛkA : ΛkV → ΛkV via

(ΛkA)(v1 ∧ · · · ∧ vk) := A(v1) ∧ · · · ∧ A(vk). (2.25)

For the case k = n, we have dim ΛnV = 1, and so the action of this linear operator

corresponds to scalar multiplication. The determinant of A is then defined as this

scalar,

A(e1) ∧ · · · ∧ A(en) = (detA) e1 ∧ · · · ∧ en. (2.26)

Clearly, the inverse of ΛnA is given by ΛnA−1, and so the determinant of the inverse

must be the reciprocal. Hence invertible linear maps have non-zero determinant. Other

useful properties of the determinant are readily obtainable from this definition with

very little effort:

• detA−1 = 1/ detA,

• det 0 = 0,

• det idV = 1,

• det(λA) = λn detA,

• det
∏

iAi =
∏

i detAi.

Due to the product rule and the inverse rule, the determinant is independent of the

choice of basis. An explicit formula for the determinant can also be obtained from the

definition by expanding the LHS by linearity,

detA = εi1···inA
i1

1 · · ·Ainn. (2.27)

The first few dimensions are as follows,

n = 1 : detA = A1
1,

n = 2 : detA = A1
1A

2
2 − A2

1A
1
2,

n = 3 : detA = A1
1A

2
2A

3
3 − A1

1A
3
2A

2
3 − A2

1A
1
2A

3
3

+ A2
1A

3
2A

1
3 + A3

1A
1
2A

2
3 − A3

1A
2
2A

1
3.

(2.28)

This component formula can be used to define the determinant for an arbitrary matrix,

and therefore for the inner product in a particular basis, gij.
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2.1.10 Orientation

Two frames for V that are related by the invertible linear operator J ∈ GL(V ) are

said to have the same orientation if det J > 0, else have opposite orientations. This is

related to even and odd permutations of the wedge product respectively. This classifies

frames on V into two equivalence classes. An orientation form is a way of specifying a

choice of standard orientation for V . It is a normalized n-form, ω ∈ Λn(V ∗), which is

unique up to the choice of orientation. Given a particular frame that has the standard

orientation, the orientation form can be expressed in terms of the inner product, g, as

ω =
√

det g e1 ∧ · · · ∧ en, (2.29)

ωi1···in =
√

det g εi1···in , (2.30)

where the role of the inner product is to provide the normalization factor. A frame

(fi)
n
i=1 has the standard orientation if ω(f1, · · · , fn) > 0. An orientation form can be

thought of as specifying a choice of the ‘positive’ direction on the 1-dimensional space

Λn(V ∗).

2.1.11 Hodge Dual

As noted above, since the dimension of the kth exterior power is equal to that of the

(n − k)th exterior power, we can seek an isomorphism between the two. The Hodge

star ∗ : Λk(V ∗)→ Λn−k(V ∗) is a particular isomorphism between k-forms and (n−k)-

forms that is generated by an inner product and choice of orientation specified by an

orientation form, ω. It is defined by

∗ (ei1 ∧ · · · ∧ eik) =
1

(n− k)!
gi1j1 · · · gikjk ωj1···jn ejk+1 ∧ · · · ∧ ejn (2.31)

For a k-form β, this gives

(∗β)i1···in−k =
1

k!
ωi1···in−kj1···jk β

j1···jk (2.32)

Note that ∗ω = 1, and ∗1 = ω. The Hodge star also satisfies

∗ ∗β = (−1)k(n−k)β, (2.33)

which means ∗2 = 1 whenever n is odd, or k is even.
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2.1.12 Cross Product

Consider the product of two 1-forms, α and β, defined by ∗(α ∧ β). The result of this

product is an (n− 2)-form, given by

(∗(α ∧ β))i1···in−2 =
√

det g εi1···in−2j1j2 α
j1βj2 (2.34)

In the case n = 3, the result is also a 1-form. Since we can identify 1-forms with

vectors, we can use this to define a bilinear anti-symmetric vector product V ×V → V

called the cross product,

v × w := (∗(v[ ∧ w[))], (2.35)

giving

(v × w)k =
√

det g gkaεaij v
iwj. (2.36)

If the basis is orthogonal, then g is diagonal (gij) = diag(g1, g2, g3), giving

(v × w)1 =

√
g2g3

g1

(v2w3 − v3w2)

(v × w)2 =

√
g3g1

g2

(v3w1 − v1w3)

(v × w)3 =

√
g1g2

g3

(v1w2 − v2w1).

(2.37)

In an orthonormal basis this reduces to the well-known ad hoc construction from vector

calculus,

(v × w)1 = v2w3 − v3w2

(v × w)2 = v3w1 − v1w3

(v × w)3 = v1w2 − v2w1.

(2.38)

2.1.13 Eigenvalues

Consider a linear operator A : V → V . The eigenvalue equation is

A(v) = λv

(λ1− A)(v) = 0
(2.39)

Clearly this has the trivial solution, v = 0. For (λ1 − A) invertible, this is the only

solution. Hence to find nontrivial solutions we consider the non-invertible case. A

linear operator is non-invertible when its determinant is zero,

det(λ1− A) = 0 (2.40)
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The values of λ that satisfy this equation are the eigenvalues of A. Let n = dimV .

Using the definition of the determinant,

det(λ1− A) e1 ∧ · · · ∧ en = (λ1− A)(e1) ∧ · · · ∧ (λ1− A)(en), (2.41)

and expanding the brackets via the multilinearity of the wedge gives a degree n poly-

nomial in λ, called the characteristic polynomial,

pA(λ) := det(λ1− A) =
∑
i1···in

εi1···in

n∏
j=1

(λδ
ij
j − A

ij
j). (2.42)

For real or complex vector spaces, the polynomial has n roots in the complex plane.

For example, the case n = 2 gives

λ2 − (A1
1 + A2

2)λ+ (A1
1A

2
2 − A2

1A
1
2) = 0. (2.43)

For each eigenvalue λi, the vectors that satisfy the corresponding eigenvalue equation

are the eigenvectors,

A(vi) = λivi. (2.44)

Each eigenvector is determined up to scalar multiplication, i.e. if vi is an eigenvector

for λi, then µvi is also an eigenvector for λi, for all µ ∈ F. For this reason we can

choose to normalize the eigenvectors (if we have a norm). The set of eigenvectors

corresponding to a given eigenvalue form a subspace, called an eigenspace. If a set

of eigenvectors form a basis for V we call this an ‘eigenbasis’. If (a1, · · · , an) is an

eigenbasis of A, with eigenvalues (λ1, · · · , λn), then in this basis A becomes diagonal,

A =
∑
i

λi ai ⊗ ai. (2.45)

The determinant of a linear operator is the product of its eigenvalues,

A(a1) ∧ · · · ∧ A(an) = λ1 · · ·λn a1 ∧ · · · ∧ an

= (detA) a1 ∧ · · · ∧ an,
(2.46)

detA =
n∏
i=1

λi. (2.47)

The trace can also be expressed in terms of the eigenvalues,

trA =
n∑
i=1

λi. (2.48)
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2.1.14 Adjoint

Given two inner product spaces, (V, g) and (W,h), and a linear map A : V → W , we

can define the adjoint A† : W → V , via

g(v, A†(w)) = h(A(v), w) ∀v ∈ V, w ∈ W. (2.49)

The adjoint is also a linear map. In components this is

(A†)ia = hab Abj g
ji. (2.50)

For orthonormal frames, gij = δij and hab = δab, the adjoint corresponds to the

matrix conjugate-transpose, but this is not the case for non-orthonormal frames. The

map † : L(V,W ) → L(W,V ) is conjugate-linear and an involution, (A†)† = A and

(AB)† = B†A†. In the real case, the complex conjugate disappears, so the conjugate-

linearity of † becomes full linearity. The determinant of the adjoint is given by detA† =

det g ·detA ·det g−1 = detA. For an invertible map, the adjoint is also invertible, with

(A†)−1 = (A−1)†.

2.1.15 Orthonormal Maps

An orthonormal map A : V → W is a map between inner product spaces that preserves

the inner product,

g(x, y) = h(A(x), A(y)) ∀x, y ∈ V, (2.51)

i.e. it is a linear isometry. It follows that the adjoint is the left-inverse of an orthonor-

mal map, A†A = idV . This means that A is injective, and therefore W must be large

enough to accommodate V , i.e. dimW ≥ dimV . Orthonormal maps preserve the

norm and angles (which are induced by the inner product).

2.1.16 Orthogonal Operators

Given a symmetric bilinear form, g, an orthogonal operator is an invertible operator

A : V → V that preserves g, i.e. g(A(x), A(y)) = g(x, y). These operators collectively

form a group under composition, called the orthogonal group, denoted O(V, g).

On real inner product spaces, the inner product is a symmetric bilinear form. For

the corresponding orthogonal operators, the adjoint is the inverse, A−1 = A†. It follows
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that the determinant has unit modulus, |detA| = 1. Orthogonal operators describe

rotations of the vector space about the null vector. Rotations can be classified as

proper (those with detA = 1) or improper (those with detA = −1). Proper rotations

preserve the orientation of the space, while improper rotations reverse it. The proper

rotations form a subgroup, called the special orthogonal group, SO(V, g), and coincide

with the conventional usage of the word ‘rotation’.

By choosing an orthonormal frame for V , the operators are identified with invertible

matrices, the adjoint with the matrix transpose, and the inner product with the dot

product. The corresponding orthogonal groups of matrices are denoted O(n,R) and

SO(n,R), or just O(n) and SO(n), where n = dimV .

2.1.17 Projections

A linear operator P : V → V that satisfies P 2 = P is called a projection, or a

projector. This means a projection leaves vectors in its image unchanged, P (x) =

x ∀x ∈ P (V ). Therefore, two projections with the same image agree on the image,

but may have different kernels, i.e. the way in which they ‘collapse’ V onto P (V )

differs. A projection is determined by specifying its image and kernel. This is because

we can write V = imP ⊕ kerP (since these subspaces are linearly independent and

their dimensions sum to dimV ), and the behaviour of P on both of these subspaces

is fixed (it preserves the image and nullifies the kernel). It is common to refer to the

dimension of the subspace P (V ) as the dimension of the projection. Let A : V → W

and B : W → V . The composition BA is a projection if AB = idW .

imP

ker P
x

Px

Figure 2.1: Projection P .
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An orthogonal projection is a projection whose image is orthogonal to its kernel,

i.e. g(Px, y − Py) = 0 for all x, y ∈ V . It follows that P = P †P . Since P = P 2, this

corresponds to P = P †, i.e. P is self-adjoint. The kernel of an orthogonal projection

is therefore the orthogonal complement of the image, kerP = (imP )⊥. For a given

subspace, the orthogonal projection onto that subspace is unique, since its kernel is

determined by its image (for a fixed inner product).

If A is an orthonormal map then AA† is an orthogonal projection onto the image

of A, since A†A = idW . We can therefore write an arbitrary x ∈ V as the orthogonal

decomposition

x = AA†x+ (idV − AA†)x, (2.52)

where AA†x is the component of x in the subspace A(W ), and (idV − AA†)x is the

component in the orthogonal complement, A(W )⊥.

The norm of a projection satisfies,

‖Px‖ ≤ ‖x‖ , (2.53)

with equality for x ∈ imP , and ‖Px‖ = 0 for x ∈ kerP . The inequality follows

by decomposing an arbitrary x into these two components, and using the triangle

inequality of the norm. For an orthogonal projection described by an orthonormal

map A, it follows that ∥∥A†x∥∥ ≤ ‖x‖ . (2.54)

2.1.18 Singular Value Decomposition

In the context of linear maps, the singular value decomposition (SVD) can be described

as a decomposition of a linear map V → W , thought of as an element of W ⊗V ∗, into

a weighted sum of pure components. Let A ∈ W ⊗ V ∗, n = dimV and m = dimW .

The SVD of A is a decomposition of the form

A =

min(m,n)∑
k=1

σk wk ⊗ (vk)
[, (2.55)

where (σk)
min(m,n)
k=1 are non-negative real numbers called the singular values, and both

(wk)
m
k=1 and (vk)

n
k=1 are orthonormal frames (for W and V respectively) called the left-

and right-singular vectors respectively. The terms in the decomposition are ordered
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such that σ1 ≥ · · · ≥ σmin(m,n). The pure components are mutually orthogonal and

linearly independent, which means that if r is the number of non-zero singular values,

then r = rank(A). Furthermore, the first r left-singular vectors provide an orthonormal

frame for the image of A. By evaluating the map with an arbitrary x ∈ V , we get

A(x) =

min(m,n)∑
k=1

g(x, σkvk)wk. (2.56)

Under the adjoint, the left- and right-singular vectors are exchanged,

A† =

min(m,n)∑
k=1

σk vk ⊗ (wk)
[. (2.57)

Also note that A†(wi) = σi vi and A(vi) = σiwi for 1 ≤ i ≤ min(m,n), and null

otherwise. Combining these gives AA†(wi) = σ2
iwi and A†A(vi) = σ2

i vi, i.e. the

singular values are the square roots of the (largest) eigenvalues of AA† and A†A, and

the singular vectors are their respective eigenvectors. In components,

Ai j =

min(m,n)∑
k=1

σk (wk)
i(vk)j = gjc

min(m,n)∑
k=1

σk (wk)
i(vk)c. (2.58)

Given orthonormal frames for V and W , the matrix description can be written as the

matrix factorization,

A =WΣV†, (2.59)

whereW ∈ Fm×m and V ∈ Fn×n are unitary matrices whose columns describe the left-

and right-singular vectors respectively, Σ ∈ Fm×n is a diagonal matrix containing the

singular values, and F is either R or C.

Low Rank Approximations

The SVD can be used to obtain an approximation of A with a given rank of d < r.

This is given by truncating the SVD expansion after the first d terms,

Ad =
d∑

k=1

σk wk ⊗ (vk)
[, (2.60)

i.e. by keeping the largest d singular values, and discarding the rest.
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Using the norm induced by the inner product on W ⊗V ∗, the error in this approx-

imation is bounded by the sum of the discarded singular values,

‖A− Ad‖ =

∥∥∥∥∥
r∑

k=d+1

σk wk ⊗ (vk)
[

∥∥∥∥∥
≤

r∑
k=d+1

σk,

(2.61)

where we have used the triangle inequality of the norm, and

∥∥wk ⊗ (vk)
[
∥∥ = ‖wk‖ ‖vk‖ = 1. (2.62)

It can be shown that Ad is the best rank d approximation of A in this norm, by the

Eckart-Young theorem.

2.2 Differential Geometry

Differential geometry involves extending many of the concepts from multilinear algebra

to vector bundles over differentiable manifolds. Doing so allows for the study of curved

spaces and quantities defined on them, such as vector fields. [25, 28, 48, 22]

2.2.1 Vector Bundles

A vector bundle can be thought of as a parameterized family of vector spaces. Let F be

a finite-dimensional vector space, E and B be spaces, called the total and base spaces

respectively, and π : E → B be a continuous surjection called the bundle projection.

The total space is locally trivial, i.e. for each open set U ⊂ B, π−1(U) is homeomorphic

to U × F . This means that locally E looks like the product space B × F . A local

trivialization for U is a particular homeomorphism, ϕ : π−1(U) → U × F , that maps

π−1({x}) to {x} × F , which allows us to identify Ex := π−1({x}), the fibre at x, with

F . We say E is a vector bundle over B with fibre F .

One may take a slightly more general definition, in which the dimension of the fibre

is not required to be constant over the base, however, the continuity of the projection

means that the dimension must at least be constant over connected components.

For each pair of local trivializations, (ϕα, Uα) and (ϕβ, Uβ), with non-empty inter-

section, we can define the transition map gαβ : Uα ∩Uβ → GL(F ) via (x, gαβ(x)(v)) =
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E

B
x

Ex

π

Figure 2.2: Vector bundle.

ϕαϕ
−1
β (x, v). These are invertible linear operators that convert between different local

descriptions of the bundle; they satisfy gαα(x) = idF , gαβ(x)−1 = gβα(x), and the

cocycle condition on triple intersections, gαβ(x)gβγ(x) = gαγ(x).

Bundle Maps

A morphism between vector bundles π1 : E1 → B1 and π2 : E2 → B2 is given by a

pair of continuous maps, ψ : E1 → E2 and φ : B1 → B2, such that π2 ◦ψ = φ ◦ π1 and

ψ acts linearly on fibres, i.e. π−1
1 ({x})→ π−1

2 ({φ(x)}) is a linear map for all x ∈ B1.

ψ

E1 −−−−→ E2

π1

y
y π2

B1 −−−−→ B2

φ

Sections

A section of a vector bundle is a continuous map s : B → E such that π ◦ s = idB,

i.e. it is a continuous choice of an element in F for each point in B. The space of

sections is denoted Γ(E). This space can be given an algebraic structure by pointwise

vector addition and pointwise scalar multiplication by continuous functions C(B,F).

This is not quite a vector space, since C(B,F) is only a ring, rather than a field, and

so Γ(E) is a module over C(B,F). Alternatively, Γ(E) can be regarded as a (usually

infinite-dimensional) vector space over F.
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Due to their local triviality, vector bundles admit a local basis of sections, i.e. for

each open set, one can choose a set of sections (e1, · · · , en) defined on the open set

which, at each point, provide a basis for the corresponding fibre. However, only trivial

bundles admit a global basis of sections.

Fibrewise Operations

Most of the operations and products of vector spaces discussed in §2.1 can be extended

to vector bundles over the same base space by fibrewise application. At each point on

the base each bundle has a fibre that is a vector space, and these vector spaces can be

producted in the usual way. For example, the direct sum bundle E1 ⊕ E2, the tensor

product bundle E1 ⊗ E2, the exterior power bundle ΛkE and the dual vector bundle

E∗.

2.2.2 Manifolds

In differential topology and differential geometry, we deal with a base space that

has additional structure, in that it locally looks like Rn. This allows us to use our

existing knowledge of Rn to describe objects that are globally very different. An n-

dimensional topological manifold is a second-countable Hausdorff space, M, that is

locally homeomorphic to Rn. An open set U with a corresponding map, ϕ : U → Rn,

that maps U homeomorphically to an open subset of Rn, is called a chart. A collection

of charts that covers M is called an atlas. Therefore each chart provides a local

description of the manifold via a set of n numbers called coordinates, (x1, · · · , xn) ∈ Rn.

As with vector bundles, we can define transition maps for manifolds. Transition

maps give a ‘change of coordinates’, from one copy of Rn to another. Consider two

charts (Uα, ϕα) and (Uβ, ϕβ) with non-empty intersection, Uαβ = Uα∩Uβ. The transi-

tion map gαβ : ϕβ(Uαβ)→ ϕα(Uαβ) is given by gαβ = ϕα ◦ ϕ−1
β |ϕβ(Uαβ). The transition

maps satisfy gαα = id, gβα = (gαβ)−1, and gαγ = gαβ ◦ gβγ on triple intersections.

Additional structure can be given to the manifold by requiring the transition maps

to satisfy additional properties. In differential topology, we require the transition

maps to be differentiable. An atlas is said to be of differentiability class Ck if all of its

transition maps are k-times differentiable (as partial functions from Rn to Rn). Since

the union of two Ck atlases is a Ck atlas, there is a maximal Ck atlas that contains
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Figure 2.3: Transition map between charts.

all others. This maximal Ck atlas is called the differential structure of M, which can

be thought of as an object containing all coordinate systems on M. A manifold with

such a differential structure is described as a Ck manifold. A C∞ manifold is called a

smooth manifold.

Maps

A map between two manifolds, φ :M→N is Ck if it is k-times differentiable in any

pair of charts, e.g. for charts (ϕ,U) on M and (ψ, V ) on N , the map ψ ◦ φ ◦ ϕ−1 :

ϕ(U) → ψ(V ) is k-times differentiable. A smooth map is a C∞ map and a Ck-

diffeomorphism is a Ck bijection with Ck inverse.

For a function f : N → R, the pullback of f by φ is a function φ∗f :M→ R given

by φ∗f = f ◦ φ.

The Tangent Bundle

Manifolds and vector bundles are similar topological constructions in that both have

a notion of simple local descriptions that can be ‘glued’ together to describe the whole

object. When given a differential structure, a manifold possesses a canonical vector

bundle called the tangent bundle, whose fibres are n-dimensional real vector spaces

called tangent spaces. As the name suggests, the tangent space at a particular point

contains the velocities by which one can move along the manifold. Consider a point

p ∈ M, with a path γ : (−ε, ε) → M such that γ(0) = p. We can define the notion

of a tangent vector to the path at p by taking a derivative along the path – however

we first need to assign some values in R to the path in order to have the algebraic
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structure required by the ordinary derivative. Consider a smooth function f :M→ R

on the manifold. This can be composed with the path γ to give f ◦ γ : (−ε, ε) → R,

which can be differentiated at p, giving a linear map f 7→ (f ◦ γ)′(0). This allows us

to define an equivalence relation on paths through p, as those that produce the same

derivative for each function f . Each equivalence class is a derivation on the vector

space of smooth functions, i.e. a linear map Xp : C∞(M,R) → R that satisfies the

product rule,

Xp(fg) = Xp(f)g(p) + f(p)Xp(g), (2.63)

where function addition and multiplication are defined pointwise. The set of deriva-

tions is a real n-dimensional vector space called the tangent space, denoted TpM. Ap-

plying this construction to each point on the manifold produces a real n-dimensional

vector bundle overM, denoted TM, called the tangent bundle, with fibres TpM. For

a Ck manifold, the tangent bundle is itself a manifold, possessing a Ck−1 differential

structure.

The coordinate description of the base manifold provided by the charts gives a

natural basis for the tangent space at each point, called the coordinate basis. Let

(x1, · · · , xn) ∈ Rn be local coordinates in a neighbourhood of p ∈M. The correspond-

ing partial derivatives (∂1, · · · , ∂n) at p are a set of n linearly-independent derivations

that provide a basis for TpM, i.e. an arbitrary tangent vector is Xp = X i
p ∂i. The

partial derivative ∂i is the tangent vector in the direction of increasing xi. The cor-

responding dual basis is denoted (dx1, · · · , dxn), which describes the cotangent space

T∗pM, and the cotangent bundle, T∗M. The meaning of this notation will be discussed

in §2.2.5.

Scalar and Vector Fields

A scalar field is a section of the trivial bundle M× R, i.e. a continuous R-valued

function on M. We shall deal with smooth scalar fields unless otherwise specified. A

vector field on M is a section of the tangent bundle, X ∈ Γ(TM). We usually deal

with Ck vector fields, denoted Xk(M) or smooth vector fields, X(M) = X∞(M). As

tangent vectors are defined as derivations on functions, the action of a vector field on

a scalar field, f , gives another scalar field, denoted Xf , which is given pointwise by

(Xf)(p) = Xp(f). We can also define a Lie bracket on smooth vector fields as the
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commutator

[X, Y ]f := X(Y f)− Y (Xf). (2.64)

In a general basis (Ei)
n
i=1 of vector fields this is

[X, Y ]i = X(Y i)− Y (X i) + Ci
jkX

jY k. (2.65)

where [Ej, Ek] = Ci
jkEi. This indexed set of scalar fields, Ci

jk, is anti-symmetric

in the lower two indices, Ci
jk = −Ci

kj. If the scalar fields Ci
jk vanish everywhere

(i.e. the basis commutes), we call the basis holonomic. For a coordinate basis, the

basis vectors are the partial derivatives, Ei = ∂i, which commute and are therefore

holonomic.

A tensor field of type (r, s) is a section of the tensor power bundle, T rs (TM).

Maps

Given a C1 map, φ : M → N , there is a corresponding map between the tangent

bundles, called the differential, φ∗ : TM → TN , which is defined by φ∗(p,Xp) =

(φ(p), (φ∗)pXp) where (φ∗)p is a linear map between fibres (φ∗)p : TpM → Tφ(p)N

defined by

((φ∗)pXp)f = Xp(φ
∗f). (2.66)

In coordinates this is

((φ∗)p)
i
j = ∂jφ

i|p, (2.67)

The differential has alternate notations Dφ, dφ (not to be confused with the exterior

derivative), and Tφ. If (φ∗)x is injective for each x ∈M then φ is called an immersion.

If (φ∗)x is surjective for each x ∈ M, then φ is called a submersion. An embedding

is an injective immersion that is also a homeomorphism onto its image. An injective

immersion of a compact manifold is an embedding.

If φ is an injective immersion, the differential can be applied to a vector field X

on M to give a vector field φ∗X on φ(M) called the pushforward of X by φ, giving

(φ∗X)f = X(φ∗f) and (φ∗X)i = ∂jφ
iXj. The pushforward of the Lie bracket is given

by the Lie bracket of the pushforward,

φ∗[X, Y ] = [φ∗X,φ∗Y ]. (2.68)
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Paths and Loops

A path on M is a continuous map γ : I →M, where I is an interval of the real line,

and a loop is a continuous map γ : S1 → M. By interpreting γ as a map between

manifolds, we can define the tangent to a path/loop in terms of the differential γ∗ by

choosing the value 1 ∈ R to be pushed-forward, corresponding to ∂t ∈ TtI. Note that

both TtI and TtS
1 coincide with R, as they are both 1-dimensional. This allows us to

define the ‘time derivative’ of the path/loop,

γ̇(t) = (γ∗)t(∂t) ∈ Tγ(t)M. (2.69)

One can regard the tangent vector as the velocity along the path, and the choice of 1

as the corresponding rate of increase in the parameterization.

Flow of a Vector Field

Given a smooth vector field, X, at each p ∈ M the vector field defines an ODE in

local coordinates for a smooth path γ : (−ε, ε)→M,

γ̇(t) = Xγ(t),
d

dt
γi(t) = X i

γ(t), (2.70)

with γ(0) = p. As a result of the existence and uniqueness of solutions for ODEs,

there is exactly one such path that satisfies this equation, called an integral curve of

X. One can use these integral curves to define diffeomorphisms, Φt
X : M →M, for

small t, by moving each point along its local integral curve,

Φt
X(p) = γ(t). (2.71)

Note that γ depends on both p and X, as does its domain, (−ε, ε).

If the integral curves can be defined for all t ∈ R, the vector field is called complete,

and Φt
X is a diffeomorphism for any t. The map t 7→ Φt

X is therefore a one-parameter

group of diffeomorphisms, R→ Diff(M), with multiplication Φt
X ◦Φs

X = Φt+s
X , identity

Φ0
X = idM, and inverse (Φt

X)−1 = Φ−tX .

Lie Derivative

The Lie derivative is a way of defining the derivative of a vector field over a mani-

fold. Its definition is motivated by analogy with the ordinary derivative of elementary
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calculus,

(LXY )p = lim
t→0

1

t

(
(Φ−tX )∗YΦtX(p) − Yp

)
,

=
d

dt

∣∣∣∣
t=0

(Φ−tX )∗YΦtX(p),
(2.72)

where the vector field X provides the ‘direction’ in which the derivative of Y is being

taken. In other words, this is the derivative of Y along the integral curves of X. The

result is also a vector field.

It can be shown that this coincides with the Lie bracket,

LXY = [X, Y ]. (2.73)

As a result, some authors introduce the Lie derivative as the Lie bracket. Although

this is simpler, it is void of motivation and lacks direct interpretation. However, it

does demonstrate that the Lie derivative is antisymmetric, LXY = −LYX, and that

the result depends on the first partial derivatives of both X and Y . This means that

in order to compute the Lie derivative at a point, one needs both vector fields X and

Y to be defined in a neighbourhood of the point.

The Lie derivative is extended to covector fields by the product rule

X(α(Y )) = (LXα)(Y ) + α(LXY ), (2.74)

and then to arbitrary tensor fields by

LX(T ⊗ S) = LXT ⊗ S + T ⊗ LXS, (2.75)

where the Lie derivative of a scalar field is just the usual derivative, LXf = X(f).

Metric Tensors

A metric tensor for a vector bundle E is a smooth section of E∗ ⊗ E∗ that provides

a symmetric non-degenerate bilinear form on each fibre. If g is a metric then at each

point we have a gp : Ep × Ep → F that can be applied to sections X, Y to produce a

scalar function g(X, Y ),

g(X, Y )(p) = gp(Xp, Yp). (2.76)

It therefore provides musical isomorphisms between the bundle and its dual, [ : E →

E∗, ] : E∗ → E. For the tangent bundle it is a type (0, 2) tensor field, which in
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coordinates is

g = gij dxi ⊗ dxj, (2.77)

and is applied to a pair of vector fields to produce a scalar field,

g(X, Y ) = gijX
iY j. (2.78)

We can extend the metric to arbitrary tensor fields, S, T of type (p, q),

g(S, T ) = gi1j1 · · · gipjpga1b1 · · · gaqbqSi1···ipa1···aqT
j1···jp
b1···bq .

i.e. corresponding indices are contracted with the usual metric. Some authors include

a pre-factor of 1/p!q! for later convenience, we shall not.

A Riemannian metric is a metric tensor for the tangent bundle that is positive

definite. It therefore gives a fibrewise inner product, which can be used to induce a

fibrewise norm on the tangent bundle. A smooth manifold with a Riemannian metric

is called a Riemannian manifold.

Metrics that are not positive definite are often described as pseudo-Riemannian,

or semi-Riemannian. These are commonly encountered in modern physics, where

both time and physical space are combined into a single spacetime manifold, with the

temporal dimension contributing a negative eigenvalue to the spacetime metric.

Pullback Metric

If φ : M → N is an injective immersion, and h is a metric on N , we can use φ to

induce a metric g on M, via

g(X, Y ) = h(φ∗X,φ∗Y ). (2.79)

In coordinates this is

gij = hab φ
a
,i φ

b
,j, (2.80)

where we have made use of the comma notation for partial derivatives, φa,i := ∂iφ
a.

This is also called the pullback metric of h by φ, denoted φ∗h.

Adjoint

Let φ : M → N be an injective C1 map between Riemannian manifolds. Then we

can define the adjoint of the differential, φ†∗ : Tφ(M)N → TM, as the map that sends
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(φ(x), w) to (x, ((φ∗)x)
†w), i.e. we are applying the linear algebraic adjoint (§2.1.14)

to the differential at each point, and using the injectivity of φ to select which tangent

space. Note that although we require φ to be injective, φ∗ may not be injective.

If φ is an immersion and the metric onM is the pullback by φ, then the differential

is an orthonormal linear map at each point and we have φ†∗φ∗ = idTM. Also φ∗φ
†
∗ :

Tφ(M)N → Tφ(M)N is the orthogonal projection onto φ∗(TM) at each point.

Normalizing the Coordinate Basis

A coordinate chart (x1, · · · , xn) gives a natural basis for the tangent spaces via the par-

tial derivatives (∂1, · · · , ∂n). Since the coordinate basis is also holonomic, it provides

a convenient basis in which to work.

In many cases, the coordinate basis is orthogonal with respect to a given metric, g.

This means the metric is diagonal when expressed in this basis, g = diag(g1, · · · , gn).

If one wishes to normalize the basis to produce an orthonormal basis, we must divide

by the scale factors,
√
gi,

(∂1, · · · , ∂n) 7→ (ê1, · · · , ên) =

(
1
√
g1

∂1, · · · ,
1
√
gn
∂n

)
. (2.81)

However, after normalization the basis may no longer be holonomic. The Lie bracket

is

[êi, êj] =
1

2

1
√
gigj

(
∂jgi
gi

∂i −
∂igj
gj

∂j

)
, (2.82)

and so the normalized basis is only holonomic if ∂jgi = 0 for i 6= j, i.e. gi is only a

function of the corresponding coordinate xi.

Product Manifold

IfM and N are topological manifolds, the Cartesian productM×N is a topological

manifold under the product topology. The dimension of the product is the sum of the

dimensions of the individual manifolds, dimM×N = dimM+dimN . Given a chart

(φ, U) for M and (ψ, V ) for N , the map U × V → Rm+n : (x, y) 7→ (φ(x), ψ(y)) is a

chart for the product manifold. If the manifolds are Cr, the product is also Cr.
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2.2.3 Connection

A linear connection on a real vector bundle E is a map ∇ : Γ(E)→ Γ(E⊗T∗M) that

satisfies∇(fs) = s⊗df+f∇s, where s is a section and f is a scalar field. Given a vector

field X ∈ Γ(TM), the connection defines a covariant derivative, ∇X : Γ(E) → Γ(E),

via ∇Xs = (∇s)(X), giving

∇X(fs) = X(f)s+ f∇Xs. (2.83)

The covariant derivative is linear in X and additive in s,

∇X(s1 + s2) = ∇Xs1 +∇Xs2

∇X1+X2s = ∇X1s+∇X2s

∇fXs = f∇Xs,

(2.84)

and provides a notion of a directional derivative over the manifold.

Given local bases (ei) for TxM and (fj) for Ex, we can consider

∇ejfk = ∇jfk = ω i
j kfi, (2.85)

where we have defined the connection coefficients of∇ in the given bases as the indexed

set of scalar fields, ω i
j k. Applying this to an arbitrary section, s, gives

∇Xs = Xj(∇js)
ifi

= Xj(ej(s
i) + ω i

j ks
k)fi.

(2.86)

The connection on E can be used to define a corresponding connection on E∗ by

requiring the product rule

X(α(s)) = (∇Xα)(s) + α(∇Xs), (2.87)

where X ∈ Γ(TM), s ∈ Γ(E), and α ∈ Γ(E∗), which gives

∇jf
i = −ω i

j kf
k (2.88)

and

∇Xα = Xj(∇jα)kf
k

= Xj(ej(αk)− ω i
j kαi)f

k.
(2.89)
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For the simplest case of the trivial bundle,M×R, the covariant derivative is just

the usual directional derivative of scalar fields,

∇Xf = X(f). (2.90)

The above can be used to extend the connection to arbitrary tensor product bundles

by the product rule

∇X(T ⊗ S) = ∇XT ⊗ S + T ⊗∇XS. (2.91)

This means for a type (p, q) tensor field,

(∇iA)µ1···µpν1···νq = ei(A
µ1···µp
ν1···νq )

+ ω µ1
i jA

jµ2···µp
ν1···νq + · · ·+ ω

µp
i jA

µ1···µp−1j
ν1···νq

− ω j
i ν1

A
µ1···µp
jν2···νq − · · · − ω

j
i νq

A
µ1···µp
ν1···νq−1j

.

(2.92)

For connections on the tangent bundle, the connection coefficients are often written

using the notation Γi jk = ω i
j k.

Torsion

The torsion of a connection on the tangent bundle is a map T : Γ(TM)× Γ(TM)→

Γ(TM) given by

T (X, Y ) := ∇XY −∇YX − [X, Y ]. (2.93)

This is bilinear and antisymmetric, T (X, Y ) = −T (Y,X), which means T is an anti-

symmetric type-(1, 2) tensor field, with components

T ijk = 2Γi [jk] − Ci
jk. (2.94)

This means that for a torsionless connection, the Lie derivative can be expressed simply

in terms of the covariant derivative,

LXY = ∇XY −∇YX. (2.95)

Levi-Civita Connection

The Levi-Civita connection is a connection on the tangent bundle that is

• compatible with the metric,

X(g(Y, Z)) = g(∇XY, Z) + g(Y,∇XZ), (2.96)
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• torsion-free, T (X, Y ) = 0.

For a given Riemannian metric, the Levi-Civita connection is unique and its connection

coefficients are expressed in terms of the metric as

Γi jk =
1

2
gia(ej(gak) + ek(gja)− ea(gjk) + Cajk + Ckja − Cjak) (2.97)

where Cajk = gaiC
i
jk. In a coordinate basis, these are called the Christoffel symbols,

Γi jk =
1

2
gia(∂jgak + ∂kgja − ∂agjk). (2.98)

The Christoffel symbols generated by a pullback metric can be expressed in terms of

the inducing map, φ, as

Γi jk = (φ†∗)
i
aφ

a
,jk. (2.99)

Geodesics

A geodesic is a C2 path γ : I →M : t 7→ γ(t) that is locally the shortest path between

two points. In order to use the word ‘shortest’, we first require a distance metric on

M. The length of a path on M is given by

L(γ) =

∫ b

a

√
gγ(t)(γ̇(t), γ̇(t)) dt. (2.100)

This functional can be minimized via variational calculus. In local coordinates, geo-

desics are described by the 2nd-order ODE

γ̈i + Γi jkγ̇
j γ̇k = 0, (2.101)

called the geodesic equation, where Γi jk are the Christoffel symbols. Therefore an

initial position γ(0) and velocity γ̇(0) is sufficient to determine the path via an initial

value problem. When the Christoffel symbols vanish, the geodesic equation describes

paths with constant velocity, i.e. straight lines, in local coordinates.

If the geodesics extend for all time t ∈ R, the manifold is called geodesically com-

plete. Compact manifolds are geodesically complete, by the Hopf-Rinow theorem.

Parallel Translation

Let γ : I →M be a path and E be a vector bundle. The notion of a parallel translation

is the method of moving a vector in the fibre at γ(a) along the path to the fibre at
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γ(b) in a consistent manner. In other words a parallel translation is an isomorphism

between fibres generated by a path, P (γ)ab : Eγ(a) → Eγ(b). These isomorphisms are

consistent in the sense that the parallel translation along a concatenation of two paths

coincides with the composition of the individual parallel translations, and that the

parallel translation along the trivial path γ(t) = p is the identity, Pab(γ) = idEp .

A section V of the bundle defined on the path, γ(I), is called parallel if ∇γ̇V = 0,

where ∇ is the connection on E. This is given locally by

V̇ i + ω i
j k γ̇

j V k = 0. (2.102)

Note that a geodesic can be described as a parallel translation of the velocity vector

along itself.

Exponential Map

The exponential map is a (partial) map from each tangent space to the base manifold,

expp : TpM → M, that depends on the choice of connection. The map is defined

in terms of geodesics as expp(X) = γ(1), where γ is the geodesic with γ(0) = p and

γ̇(0) = X. If the manifold is geodesically complete, the exponential map’s domain is

the whole tangent space.

2.2.4 Curvature

There are two notions of curvature for a manifold: intrinsic and extrinsic. A manifold’s

intrinsic curvature is independent of its embedding into an ambient space, whereas the

extrinsic curvature is dependent on the embedding.

Intrinsic Curvature

The existence of intrinsic curvature is the topic of Gauss’ Theorema Egregium (remark-

able theorem), which shows that the Gaussian curvature (a particular quantification

of curvature for surfaces in R3) is independent of the embedding, even though its

construction explicitly depends on it. Therefore one can talk about the (intrinsic)

curvature of a manifold without needing an ambient space to refer to.

In modern differential geometry, the intrinsic curvature of a (semi-)Riemannian

manifold is a function of the metric, via the Levi-Civita connection. The Riemann
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tensor R ∈ Γ(T 1
3 (TM)) is given by

R(X, Y )Z =
(
∇X∇Y −∇Y∇X −∇[X,Y ]

)
Z. (2.103)

It measures the extent to which the covariant derivative is non-commutative. Geomet-

rically, this quantifies how Z changes when it undergoes parallel translation around

an infinitesimal closed loop defined by X and Y . In a coordinate basis, the partial

derivatives of the three vector fields cancel out, and so the Riemann tensor can be

expressed in terms of the Christoffel symbols and their derivatives,

Ri
jkl = ∂kΓ

i
jl − ∂lΓi jk + ΓikaΓ

a
jl − Γi laΓ

a
jk, (2.104)

where the indices are given in the order R(∂k, ∂l)∂j = Ri
jkl∂i.

From the Riemann tensor one can define the Ricci tensor, Ric, as a (0, 2) tensor

field defined as

Ric(Z, Y ) = tr(X 7→ R(X, Y )Z). (2.105)

In coordinates this is just the contraction of the first and third indices of the Riemann

tensor,

Ric(∂i, ∂j) = Rij = Rk
ikj. (2.106)

The Ricci scalar is given by the trace of the (1, 1) Ricci tensor,

R = Rj
j = gjiRij. (2.107)

Extrinsic Curvature

Given a Riemannian manifold (M, g) and an embedding ϕ : N → M, the extrinsic

curvature of N in M can be thought of as a measure of the difference between the

intrinsic curvature of N (as measured by the pullback metric), and the curvature of

N as measured using g in M. In other words it is the ‘additional’ curvature that has

been introduced to N by its embedding into M.

Let ∇g be the Levi-Civita connection for g, and let h be the pullback metric

h = ϕ∗g, with connection ∇h. At each point on ϕ(N ), let P be the orthogonal

projection onto the tangent space Tϕ(N ). Then for vector fields defined on ϕ(N ), we

can perform the orthogonal decomposition of the covariant derivative,

∇g
XY = P (∇g

XY ) + (id− P )(∇g
XY ). (2.108)
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The normal component is defined as the second fundamental form,

II(X, Y ) = (id− P )(∇g
XY ), (2.109)

which is a (0, 2) tensor field on ϕ(N ) whose values lie in the normal bundle of ϕ(N )

in M. For tangential vector fields X and Y , II is symmetric,

II(Y,X) = (id− P )(∇g
YX)

= (id− P )(∇g
XY )− (id− P )(LXY )

= II(X, Y ),

(2.110)

since LXY is tangential.

If X and Y are vector fields on N , then ϕ∗X and ϕ∗Y are tangential vector fields

on ϕ(N ). In this case, the tangential component of (2.108) coincides with ∇h
XY , i.e.

P (∇g
ϕ∗X

(ϕ∗Y )) = ϕ∗∇h
XY , giving

∇g
ϕ∗X

(ϕ∗Y ) = ϕ∗∇h
XY + II(ϕ∗X,ϕ∗Y ). (2.111)

This leads to the Gauss equation, which relates the curvatures,

g(Rg(ϕ∗X,ϕ∗Y )ϕ∗Z,W ) = g(ϕ∗(R
h(X, Y )Z),W )

+ g(II(ϕ∗X,ϕ∗Z), II(ϕ∗Y,W ))

− g(II(ϕ∗Y, ϕ∗Z), II(ϕ∗X,W )).

(2.112)

This is rather messy, so we can drop some notation by identifying N with ϕ(N ), TN

with Tϕ(N ), and X with ϕ∗X, etc.

g(Rg(X, Y )Z,W ) = g(Rh(X, Y )Z,W )

+ g(II(X,Z), II(Y,W ))

− g(II(Y, Z), II(X,W )).

(2.113)

Note that the difference between Rg and Rh is given in terms of II,

g(Rg(X, Y )Z −Rh(X, Y )Z,W ) = g(II(X,Z), II(Y,W ))

− g(II(Y, Z), II(X,W )).
(2.114)

Therefore it is the normal components of the covariant derivatives that are relevant to

expressing the extrinsic curvature.
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2.2.5 Differential Forms

Differential p-forms are sections of the pth exterior power of the cotangent bundle,

Γ(Λp(T∗M)), which we denote as simply Ωp(M). The operations described in §2.1.8,

such as the exterior product, can be extended to differential forms by fibrewise appli-

cation. We shall refer to a differential p-forms as just p-forms from here on. A p-form

provides an alternating multilinear map, which takes p vector fields, and gives a scalar

field as a value.

Exterior Derivative

The exterior derivative is a map from p-forms to (p+1)-forms, d : Ωp(M)→ Ωp+1(M).

For a 0-form, f (a scalar field), the exterior derivative is defined as the 1-form that

gives the directional derivative, df(X) = X(f). Since the coordinates on the manifold

are a set of (locally defined) scalar fields, (x1, · · · , xn), we can consider the exterior

derivatives (dx1, · · · , dxn), which turns out to be the dual basis for the cotangent space

corresponding to the partial derivatives, i.e. dxi(∂j) = ∂j(x
i) = δij.

The exterior derivative of a p-form, α, is a (p+ 1)-form given by

dα =
1

p!
∂iαj1···jp dxi ∧ dxj1 ∧ · · · ∧ dxjp . (2.115)

Anti-symmetrizing this description gives

dαij1···jp = (p+ 1) ∂[iαj1···jp]. (2.116)

This has the following properties, where α is a p-form and β is a q-form,

d(α ∧ β) = dα ∧ β + (−1)pα ∧ dβ, (2.117)

d(α + β) = dα + dβ, (2.118)

d2α = 0. (2.119)

A p-form, α, is exact if there exists a (p− 1)-form, β, such that α = dβ. A p-form, α,

is closed if dα = 0. Note that exact implies closed. Given φ :M→ N with a p-form

α on N , the pullback form, denoted φ∗α, is a p-form on M defined by

(φ∗α)(X1, · · · , Xp) = α(φ∗X1, · · · , φ∗Xp), (2.120)
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which gives

(φ∗α)j1···jp = αi1···ip∂j1φ
i1 · · · ∂jpφip . (2.121)

The pullback satisfies

φ∗(α ∧ β) = φ∗α ∧ φ∗β, (2.122)

φ∗(α + β) = φ∗α + φ∗β, (2.123)

φ∗dα = d(φ∗α). (2.124)

Lie Derivative

As with tensor fields, we can apply the Lie derivative to differential forms. For a given

vector field, X, the Lie derivative maps p-forms to a p-forms, LX : Ωp(M)→ Ωp(M).

It satisfies the product rule under the wedge product,

LX(α ∧ β) = LXα ∧ β + α ∧ LXβ, (2.125)

and commutes with the exterior derivative,

d(LXα) = LX(dα). (2.126)

Orientation and the Volume Form

A vector bundle is called orientable if its transition maps have positive determinant.

This allows for a choice of orientation on each fibre that is consistent over the bundle.

A differentiable manifold is said to be orientable if its tangent bundle is an orientable

vector bundle.

On an orientable manifold we can specify a choice of orientation using a volume

form, which is an n-form that provides a fibrewise orientation form for the tangent

bundle. For the coordinate basis, this is

ν =
√

det g dx1 ∧ · · · ∧ dxn (2.127)

νi1···in =
√

det g εi1···in . (2.128)

Gradient

The gradient of a scalar field is a vector field defined by grad f = (df)] and given in

coordinates by

(grad f)i = gij∂jf = gijf,j. (2.129)
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It follows that g(grad f,X) = X(f) = df(X).

Curl

The curl of a p-form, α, is a (n− p− 1)-form defined by

curlα = ∗(dα). (2.130)

Curl in 3D On an oriented 3-manifold, the curl of a 1-form is also a 1-form. Hence

we can define the curl of a vector field using the musical isomorphisms,

curlX = (curl (X[))]. (2.131)

For a coordinate basis and a diagonal metric, (gij) = diag(g1, g2, g3), this gives

(curlX)1 =
1√

det g

(
∂2(g3X

3)− ∂3(g2X
2)
)

(curlX)2 =
1√

det g

(
∂3(g1X

1)− ∂1(g3X
3)
)

(curlX)3 =
1√

det g

(
∂1(g2X

2)− ∂2(g1X
1)
) (2.132)

If we wish to normalize the basis, (∂1, ∂2, ∂3) 7→ (ê1, ê2, ê3) =
(

∂1√
g1
, ∂2√

g2
, ∂3√

g3

)
, this

becomes

(curlX)1 =
1

√
g2g3

(
∂2(
√
g3X

3)− ∂3(
√
g2X

2)
)

(curlX)2 =
1

√
g1g3

(
∂3(
√
g1X

1)− ∂1(
√
g3X

3)
)

(curlX)3 =
1

√
g1g2

(
∂1(
√
g2X

2)− ∂2(
√
g1X

1)
)
.

(2.133)

For example, in cylindrical coordinates (ρ, φ, z), with metric g = diag(1, ρ2, 1), the

normalization of the basis is (∂ρ, ∂φ, ∂z) 7→ (∂ρ,
1
ρ
∂φ, ∂z), and in this basis the curl is

(curlX)ρ =
1

ρ
∂φX

z − ∂zXφ

(curlX)φ = ∂zX
ρ − ∂ρXz

(curlX)z =
1

ρ

(
∂ρ(ρX

φ)− ∂φXρ
)
.

(2.134)
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2.3 Dynamical Systems

Dynamical systems concerns the abstract study of quantities that change over time

according to a fixed rule of time evolution. There are two main notions of time,

referred to as continuous time and discrete time, quantified by the reals and integers

respectively, which correspond to the two main classes of time evolution: flows and

iterated maps. Stochastic (containing random/probabilistic contributions) and hybrid

(including both continuous and discrete parts) dynamics are also studied. As a result,

dynamical systems theory involves the use of many different areas of mathematics,

including group theory, topology, analysis, differential geometry, linear algebra, and

measure theory. Numerical and computational methods are also important tools.

[23, 21, 44, 40, 46]

A dynamical system is a collection (X, T , ψ) of three objects: a state space, X, a

time monoid, (T ,+), and an evolution function, ψ : T × X → X. The state space,

X, contains all possible configurations the system can take and is sometimes called

a ‘phase space’ or a ‘configuration space’. The monoid T is usually R or Z with

addition, and is used to quantify the notion of time and serves as a parameterization

of the evolution of the system. The evolution function ψ evolves the system forwards in

time from its current state, by a specified time interval, causing a change in state. The

evolution function is also written as ψt(x) := ψ(t, x); it satisfies ψt+s = ψt◦ψs = ψs◦ψt
and ψ0 = idX .

2.3.1 Discrete Time

In discrete-time dynamics, the time evolution is produced by repeated application of

a map f : X → X, and thus the evolution function is simply

ψn(x) = fn(x) = f ◦ · · · ◦ f︸ ︷︷ ︸
n times

(x). (2.135)

Time is therefore quantified by either non-negative integers, T = N0, or, if f is invert-

ible, the integers, T = Z. The orbit of an iterated map therefore produces a sequence

of states, {x0, x1, x2, · · · }, corresponding to jumps in the state space.
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2.3.2 Continuous Time

In continuous-time dynamics, time is quantified by the reals, T = R, and the time

evolutions are given by a one-parameter group R → Ψ : t 7→ ψt. The group Ψ

therefore has identity ψ0, inverse ψ−1
t = ψ−t, and a right-action on the state space, X,

known as a flow. The orbit of a flow is a path through the state space.

2.3.3 Systems of ODEs

The flow is usually described in terms of a system of ODEs. When written in first-order

form, these describe a vector field V on X in local coordinates, Vx(t) = ẋ(t), where X

is a smooth manifold. If this vector field is complete, then the integral curves of the

vector field exist for all time and generate a one-parameter group of diffeomorphisms,

ψt = Φt
V ∈ Diff(X).

2.3.4 PDEs and Infinite-Dimensional State Spaces

Partial differential equations (PDEs) typically describe the evolution of scalar or vector

fields on some physical space, φ(x, t),

F (x, φ, ∂xφ, ∂tφ, · · · ) = 0 (2.136)

The state of such a system is therefore an infinite-dimensional function space, usually

quantified by a real or complex Hilbert space, H,

φ̇ = f(φ), φ ∈ H. (2.137)

If the physical space is discretized, for example by use of a finite element scheme, the

state space is approximated by a finite-dimensional space, with dynamics described

by a system of ODEs,

φ̇i = fi(φ1, · · · , φN), (2.138)

where i indexes the points used in the discretization of the physical space, and each

φi is the field value at the corresponding point.

2.3.5 Invariant Structures in State Space

Given an initial condition x0 ∈ X, the orbit of the system is the set of states,

{ψt(x0) : t ∈ T }, that are reached from x0 via ψ.
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An invariant set, S, is a subset of X such that all states in the subset remain in the

subset under evolution, i.e. ψt(S) ⊆ S ∀t. The simplest example of an invariant set

is a fixed point, or equilibrium, which is a single point x∗ ∈ X, such that ψt(x
∗) = x∗,

i.e. if the system is in a fixed point configuration, it remains there indefinitely.

A periodic orbit is a subset L ⊂ X, such that ψt+τ (x) = ψt(x) ∀x ∈ L ∀t, where

τ is called the period of the orbit. Note that ψt+nτ (x) = ψt(x) ∀n ∈ N, so we must

define the period τ to be the smallest such value in order to make it unique. In the

case of an iterated map, a periodic orbit is a finite sequence of points that repeats

indefinitely, while in the case of a flow, it is a closed loop in the state space.

More generally, one has invariant manifolds. A submanifold M ⊂ X is invariant

under a diffeomorphism, f : X → X, if f(M) =M. If the diffeomorphism is the flow

of a vector field V on X, i.e. f(x) = Φt
V (x), thenM is invariant under all time-t maps

if V is tangent to M. This means the orbits of the flow on M remain on M forever.

An attractor, A, is an invariant set that attracts nearby states from its basin of

attraction, BA ⊂ X, and that contains no proper subset with these properties.

A limit cycle is a periodic orbit of a flow that is isolated. This means that there

are no neighbouring loops.

2.3.6 Stability of Invariant Sets

Stability refers to the properties of the time evolution near to an invariant set. This

depends on the behaviour of the time evolution in a neighbourhood of the set.

An invariant set S is Liapunov stable if points nearby S stay nearby under (for-

wards) time evolution. For any neighbourhood U of S, there is a neighbourhood V of

S such that ψt(V ) ⊆ U for all t > 0.

An invariant set S is asymptotically stable if points nearby S tend towards S

eventually. There is a neighbourhood U of S such that limt→∞ ψt(x) ∈ S ∀x ∈ U . If

S is both Liapunov stable and asymptotically stable it is called stable.

Linear Systems

A linear dynamical system has state space Rn and time evolution given by a linear

differential equation

ẋ = Ax, (2.139)
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where A ∈ Rn×n. Although most systems of interest are nonlinear, linear systems are

useful tools for studying the local behaviour of nonlinear systems around a fixed point.

The solution to a linear ODE is given by the exponential map, exp : Rn×n →

GL(n,R),

x(t) = exp(At)x(0), (2.140)

where Rn×n can be regarded as the tangent space to the Lie group GL(n,R) at the

identity. When expressed in an eigenbasis of A, the complexified problem becomes

diagonal,

ẋj = λjx
j, (2.141)

and so does the solution,

xj(t) = eλjt xj(0). (2.142)

By writing λ = α + iβ,

eλt = eαt(cos(βt) + i sin(βt)) (2.143)

shows the real part of λ describes an exponential growth for Re(λ) > 0 and decay for

Re(λ) < 0, while the imaginary part describes an oscillation.

Due to its linearity, every point in the kernel of A is a fixed point. Therefore the

origin is always a fixed point in a linear system. Given a nonlinear system on Rn,

ẋ = f(x), with fixed point x∗ ∈ X, one can construct the linearization around x∗,

ξ̇ = Jx∗ξ, (2.144)

where J is the Jacobian of f (the matrix of partial derivatives) evaluated at x∗, and

ξ = x− x∗ is the relative position.

Monodromy Matrix

Given a trajectory x(t), the monodromy matrix M is a time-dependent matrix that

describes how perturbations to the orbit change over time,

ξ(t) = M(t)ξ0. (2.145)

It is given in terms of the Jacobian by the variational equation,

Ṁ(t) = Jx(t)M(t). (2.146)
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For a periodic orbit of period τ , M(τ) describes how perturbations change due to one

period’s worth of time evolution. The eigenvalues of M(τ) therefore describe the sta-

bility of the periodic orbit and are called the Floquet multipliers. Every periodic orbit

has a unit Floquet multiplier, which describes motion along the orbit (the tangential

component). The remaining n−1 multipliers affect stability (the normal components)

– if they all have modulus less than one then all perturbations contract, corresponding

to a stable periodic orbit.

Normally Hyperbolic Invariant Manifolds

Normally hyperbolic invariant manifolds (NHIMs) [13, 23] are a class of invariant man-

ifolds that have particular stability properties. A NHIM, M⊂ X, is a compact man-

ifold, invariant under a diffeomorphism f : X → X such that along M the tangent

bundle admits a splitting into tangential, stable and unstable subbundles,

TMX = TM⊕ Es ⊕ Eu, (2.147)

i.e. there are no normal directions that are neither stable nor unstable. Both the

stable bundle Es and the unstable bundle Eu must be f∗-invariant, along with TM,

which is automatically f∗-invariant due to M being f -invariant.

Compact NHIMs are particularly important examples of invariant manifolds as

they persist under small differentiable perturbations of the vector field. The simplest

example of a NHIM is a hyperbolic fixed-point, M = {x∗}, Tx∗M = {0}. If x∗ is

a hyperbolic fixed point, there is a neighbourhood of x∗ in which the full dynamics

is topologically equivalent to the linearization around x∗, by the Hartman-Grobman

theorem.

2.3.7 Parameters and Bifurcations

Typically, an evolution function, ψ, is partly specified by a number of parameters.

In the continuous-time case, this gives a family of ODEs, ẋ = f(x;λ), describing a

family of vector fields. The parameters are held constant during the evolution of the

system, however the time evolution may take on different parameter values in different

instances of the system. There may be a region of parameter space of relevance, for

example in which physically plausible values lie. Therefore it is necessary to study how



CHAPTER 2. BACKGROUND MATHEMATICS 72

the features of the dynamics, such as the invariant sets and their stability, respond to

changes in the parameter to understand the full range of behaviours possessed by the

system.

Structural stability

Structural stability is a notion of stability that applies to perturbations of the system

itself (e.g. via a parameter). Although two time evolutions may be different, possessing

different orbits, we are often primarily interested in qualitative features such as the

number, and type of, invariant sets, rather than the particular geometric shape of the

orbits.

Two time evolutions on a state space X, ψ, φ, are said to be topologically equivalent

if there is a homeomorphism h : X → X that maps the orbits of one onto the orbits

of the other. Furthermore, the two systems are said to be topologically conjugate if

hφ = ψh. This is stronger than the topological equivalence above, as not only does it

map orbits to orbits (as sets), but it also preserves the way time increases along each

orbit.

A system with parameter λ ∈ U is said to be structurally stable at λ if there is a

neighbourhood of λ in which each system is topologically conjugate to the system at

λ.

Bifurcations

When varying the parameters of a model, the structures present in the state space can

change in response. Even if the vector field depends smoothly on the parameters, the

structures resulting from its flow can change in a wide variety of complicated ways. In

the simplest case, structures may move around in state space, or may vary in geometry.

The stability properties of structures may also vary – for example, a stable fixed point

may become unstable. Structures can also be created and destroyed, or change in

dimension, such as a limit cycle becoming a torus.

A parameter value at which the system is structurally unstable is called a bifur-

cation point. These are therefore points at which a (topologically) significant change

occurs in the orbits of the system. Bifurcations are classified as being local or global,

depending on the scale and impact of the changes. Local bifurcations have an impact
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that can be confined to a small piece of the state space, usually a neighbourhood

of a non-hyperbolic fixed point. Global bifurcations, on the other hand, involve the

collision of invariant structures that produces topological changes in the orbits of the

system throughout the state space.

The normal form of a bifurcation is the simplest low-dimensional system, with

the fewest parameters necessary, that exhibits the bifurcation. They are given by

low-degree polynomial vector fields. This allows for the bifurcation to be studied in

a simple example, and allows one to detect such bifurcations in more complicated

systems by transforming the system into the normal form.

2.3.8 Symmetry

Let G be a group with actions on sets X and Y . A function f : X → Y is said to be

G-equivariant if f(gx) = gf(x) for all g ∈ G. In the smooth case, we deal with a Lie

group G with smooth action on a smooth manifold, X. We can use the action on a

manifold X to define an action on its tangent bundle TX given by the differentials g∗

(i.e. we are thinking of each g as a smooth map X → X and g∗ as its differential).

This is a well-defined action since (idX)∗ = idTX and (gh)∗ = g∗h∗. If φ : X → Y is

a smooth G-equivariant map then the differential φ∗ is a smooth G-equivariant map

under the tangent bundle actions.

A dynamical system is said to have a symmetry group G if its time evolutions are

G-equivariant, i.e. they commute with the group G. For a flow this is

g ◦ Φt
V = Φt

V ◦ g ∀t ∈ R, ∀g ∈ G. (2.148)

i.e. Φt
V = g−1 ◦Φt

V ◦ g. By taking the time derivative of this we get the corresponding

equation for the vector field,

d

dt

∣∣∣∣
t=0

gΦt
V (x) =

d

dt

∣∣∣∣
t=0

Φt
V (gx)

(g∗)xVx = Vgx

(g∗V )gx = Vgx

(g∗V )y = Vy ∀y ∈ X, ∀g ∈ G,

(2.149)

i.e. the vector field is equal to its pushforward, g∗V = V . This means the underlying

vector field V is G-equivariant as a map X → TX.
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The existence of a symmetry places constraints on the dynamics of the system. For

example, if x is fixed by g (i.e. gx = x) then g also fixes every point on the orbit of x,

gΦt
V (x) = Φt

V (x) ∀t. Therefore if we denote by fix(H) the set of points fixed by H ⊆ G,

then fix(H) is a subset of X invariant under the flow, and H ⊂ J ⇒ fix(H) ⊇ fix(J).

For each point x ∈ X we can define an isotropy subgroup, Σx, as the set of elements

in G that fix x. This is a subgroup of G that is constant along each orbit of the flow.

As a result, if M is an attractor in X and g(M) ∩M = ∅ then we can regard

g(M) to be another ‘copy’ of the same attractor elsewhere in the state space – the

symmetry maps the orbits of M onto the orbits of g(M).

2.4 Optimization on Riemannian Manifolds

Optimization deals with finding a point in a space that is ‘optimal’. The definition of

optimality is usually given in terms of a cost function, which is a real-valued function

on the space, where the optimal point minimizes the cost. There are various types

of spaces on which one can define optimization problems, but the particular type of

optimization relevant to this work is optimization over Riemannian manifolds, with

Euclidean space as a special case. [19, 33]

Optimization over a manifold can be viewed from an intrinsic perspective as un-

constrained optimization over a curved space. Alternatively, given an embedding of

the manifold into an ambient Euclidean space, one can take an extrinsic view, where

the manifold is a constraint with respect to optimization over the ambient space.

2.4.1 Smooth Cost Function

Let (M, g) be an n-dimensional Riemannian manifold and S : M→ R be a smooth

cost function on the manifold that we wish to minimize. Given an initial point x0 ∈M,

we seek a sequence (x1, · · · , xN) such that S(xi+1) < S(xi) ∀i. An optimization algo-

rithm is an iterative method that computes xk+1 from (x1, · · · , xk). For optimization

over a manifold, we will consider algorithms that follow these three steps.

1. Determine a suitable tangent vector as a search direction, Λk ∈ TxkM. This

tangent determines a geodesic path, γk(t), with γk(0) = xk and γ̇(0) = Λk.
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2. Perform a line search of the function S ◦ γk : R → R to determine how ‘far’

to move in the search direction, i.e. a real number αk > 0 that approximately

minimizes S ◦ γk.

3. Move along the geodesic in the search direction by the amount determined in

the line search, i.e. xk+1 = γk(αk).

Such algorithms aim to find a local minimum of S near to x0.

We will use the notation τVk to denote the parallel translation of a vector Vk from

xk to xk+1 along the geodesic γk,

τVk := P (γk)0αk(Vk). (2.150)

2.4.2 Line Search

Given a search direction, Λ, we need to find a suitable α > 0 such that S(γ(α)) <

S(γ(0)). This is determined by minimizing the smooth real function φ = S ◦ γ in a

process called a line search. This is itself an optimization problem, albeit a simpler

one than the main problem as it is 1-dimensional. However, as φ is nonlinear, the

problem may be difficult to solve exactly. Despite this, an approximate solution can

be sufficient so long as it results in a cost decrease, since this constitutes only a single

step in the optimization of S. This is called an inexact line search.

Let φ(t) = S(γ(t)) and G = gradS. The derivative φ′ is the directional derivative

of S along the path γ,

φ′ = dS(γ̇) = g(G, γ̇). (2.151)

2.4.3 Wolfe Conditions

The Wolfe conditions are designed to assist in the inexact line search by providing cri-

teria to evaluate whether a given α is good enough to terminate the line search. These

conditions consider the change in the value of the cost function, and the curvature of

the cost function.

1. The first condition considers the decrease in the cost function relative to the

gradient,
ψ(α)− ψ(0)

ψ′(0)
≤ µ. (2.152)



CHAPTER 2. BACKGROUND MATHEMATICS 76

2. The second condition considers the ratio of gradients

|ψ′(α)|
|ψ′(0)|

≤ η. (2.153)

Here µ and η are constants which are typically chosen to be approximately µ = 0.00001

and η = 0.9. If α satisfies both of these conditions, the line search is terminated.

In order to perform the inexact line search a number of methods can be employed.

We shall outline the two popular ones.

Bounding The Minimum

Methods for minimizing φ(t) commonly require the turning point first be bounded in

an interval [a, b], i.e. φ′(a) < 0 and φ′(b) > 0. Since the search direction, Λ, is chosen

to be a descent direction, we can choose a = 0.

In order to find an upper bound, we use the value of α from the previous optimiza-

tion step, denoted αold. If ψ′(αold) > 0 we can use b = αold. If not, αold is repeatedly

multiplied by a factor of ξ > 1 until ψ′(ξnαold) > 0, we then use b = ξnαold. We use

ξ = 2 by default.

Once the bounds have been established, an iterative procedure is used to refine the

interval, via one of the following methods.

Bisection Method

The bisection method begins with a bounding interval [a, b]. The interval is refined

by testing the mid-point, c = (a + b)/2. If φ′(c) is negative, c becomes the new lower

bound; if it is positive, c becomes the new upper bound.

False Position

The false position method begins with a bounding interval [a, b]. The interval is refined

by testing the point

c =
aφ′(b)− bφ′(a)

φ′(b)− φ′(a)
, (2.154)

which is the root of secant from (a, φ′(a)) to (b, φ′(b)). If φ′(c) is negative, c becomes

the new lower bound; if it is positive, c becomes the new upper bound.
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2.4.4 Methods for Choosing a Search Direction

Gradient Descent

The gradient descent method uses the search direction Λk = −(gradS)xk ,

(Λk)
i = −gij∂jS|xk . (2.155)

This is the simplest method and is easy to implement, but it converges slowly and

therefore takes a large number of iterations to obtain an accurate result.

Conjugate Gradient

In the conjugate gradient method, the search direction for the kth step is determined

by a combination of the gradient at the current position and the (k − 1)th search

direction. Let Gk be the gradient of S at xk, and Λk be the kth search direction. The

(k − 1)th search direction, Λk−1 is first parallely translated from xk−1 to xk along the

previous geodesic γk−1, giving τΛk−1. This is then combined with the gradient to give

the search direction,

Λk = −Gk + βk τΛk−1, (2.156)

using a factor βk ∈ R, which is determined by one of three popular methods.

• Fletcher-Reeves

βk =
g(Gk, Gk)

g(Gk−1, Gk−1)
(2.157)

• Polak-Ribière

βk =
g(Gk, Gk − τGk−1)

g(Gk−1, Gk−1)
(2.158)

• Hestenes-Stiefel

βk =
g(Gk, Gk − τGk−1)

g(τGk−1, Gk − τGk−1)
(2.159)

Newton

The Newton method makes use of the second derivatives of the cost function. The

Hessian of S can be defined as a (1, 1) tensor field,

(HessS)(X) = ∇X(gradS). (2.160)



CHAPTER 2. BACKGROUND MATHEMATICS 78

In coordinates this is

(HessS)i j = gik∇j∂kS

= gik(∂j∂kS − Γajk∂aS).
(2.161)

Note that some authors define the Hessian as a type (0, 2) tensor field, but for our

purposes it’s more convenient to use the corresponding (1, 1) tensor field. The search

direction Λ is then determined by solving the linear equation

(HessS)(Λ) = −gradS. (2.162)

2.4.5 Least-Squares Problems

Let (V, g) and (W,h) be real inner product spaces and fk : V → W be a number of

smooth (possibly nonlinear) functions and yk ∈ W be data points. A least-squares

problem is a cost function S : V → R given by

S(x) =
∑
k

‖yk − fk(x)‖2 , (2.163)

where the norm is induced by h. We can express the optimization in terms of the

derivatives of fk, rather than S. This gives the gradient

(gradS)i = −2gichab
∑
k

∂c(fk)
a (yk − fk(x))b (2.164)

gradS = −2
∑
k

(∇fk)†(yk − fk(x)) (2.165)

and the Hessian

(HessS)i j = −2gichab
∑
k

[
∂j∂c(fk)

a (yk − fk)b − ∂c(fk)a ∂j(fk)b
]

(2.166)

(HessS)i j = −2
∑
k

gichab∂j∂c(fk)
a (yk − fk)b

+ 2
∑
k

((∇fk)†∇fk)i j
(2.167)

2.4.6 Linear Least-Squares Fitting Problems

Let V and W be real inner product spaces, and (xk ∈ V )Nk=1 and (yk ∈ W )Nk=1 be data

sets. Let A ∈ L(V,W ) be a linear map. By setting fk(A) = Axk, the optimization
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problem for A is a least-squares

S(A) =
N∑
k=1

‖yk − Axk‖2 . (2.168)

By setting gradS = 0, the optimal A is then given by the linear problem,

Ai j

(
1

N

N∑
k=1

(xk)
j(xk)

a

)
=

1

N

N∑
k=1

(yk)
i(xk)

a. (2.169)

By using the block data matrices, this is

A(XXT) = YXT, (2.170)

where X =
[
x1 · · · xN

]
and Y =

[
y1 · · · yN

]
.

2.4.7 Affine Least-Squares Fitting Problems

Let V and W be real inner product spaces, and (xk ∈ V )Nk=1 and (yk ∈ W )Nk=1 be data

sets. We seek the best affine map V → W that relates the two data sets. By writing

the affine map in the form

A(x− x̄) + b, (2.171)

where x̄ is the mean of the data set,

x̄ =
1

N

N∑
i=k

xk, (2.172)

the solution to the least-squares problem

S =
N∑
k=1

‖yk − (A(xk − x̄) + b)‖2 (2.173)

can be decoupled into two separate parts. The solution for b is given by

b =
1

N

N∑
k=1

yk = ȳ, (2.174)

i.e. the mean of the values, independent of A. The solution for the linear term is given

by

Ai j

(
1

N

N∑
k=1

(xk − x̄)j(xk − x̄)a

)
=

1

N

N∑
k=1

(yk)
i(xk − x̄)a, (2.175)

which can be written in block matrices as

A(XXT) = YXT, (2.176)

where X =
[
x1 − x̄ · · · xN − x̄

]
and Y =

[
y1 · · · yN

]
.
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Secant-Based Projection

In this chapter, we begin by explaining an existing secant-based projection method,

the Whitney embedding theorem that motivates it, and its use of optimization over

the Grassmann manifold to find a good projection (§3.1–3.7). In §3.8 we detail an

affine inverse of the orthogonal projection, which will be important for later chapters.

Then from §3.9 onwards, we develop the theory of approximate secants – geometric

objects that are produced by allowing a secant’s direction to be perturbed. Whereas

secants correspond to lines, approximate secants correspond to infinite double cones.

The properties of these objects are investigated and used to develop a practical method

of secant culling, which can reduce the computational cost of secant-based methods,

and can also be used to estimate the dimension of the hyperplane explored by the

attractor.

3.1 Introduction

In 2000, Broomhead and Kirby [2] introduced a new approach to the dimensionality

reduction of an embedded manifold based on the preservation of its secants. This

approach was motivated by a proof of the (easy) Whitney embedding theorem, which

makes use of secants in order to show that an m-dimensional manifold can be embed-

ded into R2m+1. The method finds an orthogonal projection onto a subspace of the

ambient space that preserves the secants and therefore embeds the manifold into the

subspace. This makes it particularly suited for application to attractors of dynamical

systems, as not only does it preserve the attractor, but it also provides an explicit

80
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smooth map between the high- and low-dimensional ambient spaces, allowing for the

vector field to be pushed forward, which is essential for determining the dynamics

in the low-dimensional space. An additional benefit of method is a guarantee that

these projections are, in a technical sense, easy to find, provided the dimension of the

projection is at least 2m + 1, which makes practical implementations feasible. Other

methods of dimensionality reduction that attempt to preserve a manifold – especially

those focusing on data reduction – often do not produce an explicit map between

the two spaces, and are therefore not well-suited to the problem of dynamics. The

application of this method to attractors was investigated in [4].

3.2 Secants and Projections

Given an inner product space X and a pair of distinct points x, y ∈ X, the secant

is the unique line in X that intersects x and y. This line can be parameterized as

γxy : R→ X : t 7→ x+ (y− x)t. For a subset Y ⊂ X, we can generate a set of secants

by each distinct pair of points,

Γ(Y ) = {γxy : x 6= y, x, y ∈ Y } . (3.1)

A secant-preserving projection is a projection P : X → X that preserves the secants

generated by Y , i.e. t 7→ P (γ(t)) is injective for all γ ∈ Γ(Y ). This is true as long as

P (y − x) 6= 0 for all x 6= y ∈ Y . Therefore for each pair of points, we only need to

check the vector (y − x). As P is linear, we in fact only need to check the direction

parallel to (y − x), and hence we can consider the set of directions,

K(Y ) =

{
x− y
‖x− y‖

: x 6= y, x, y ∈ Y
}
, (3.2)

which we call unit secants. If P (k) 6= 0 ∀k ∈ K(Y ), then P preserves the secants

generated by Y . Note that if Y is a finite set of N points, then |K(Y )| = N(N − 1).

3.3 Whitney Embedding Theorem

The (easy) Whitney embedding theorem is a key result in differential topology [22]. It

states that for a compact differentiable manifold, M, of dimension m, there exists an
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embedding M → R2m+1. This is important for the dimensionality reduction of at-

tractors of dynamical systems, as it means that it is feasible to describe the attractor

in an ambient space whose dimension is the same order of magnitude as the attractor

itself. Moreover, the proof of the Whitney embedding theorem provides a direct moti-

vation to using a secant-based approach to dimension reduction. As a result, we give

a qualitative description of the role of secants in the proof.

To prove the Whitney embedding theorem, one first establishes the existence of an

embedding of the manifoldM→ Rn for some n > 0. Then, given such an embedding,

one shows that the dimension n can be systematically reduced until one arrives at

n = 2m+1. It is this second part that makes use of secants and projections. Since the

manifold is assumed to be compact, it is sufficient to produce an injective immersion,

i.e. to consider the injectivity of both the map and its differential.

The first part takes advantage of the compactness ofM by using a finite subcover

of an atlas. By extending each of the chart maps to the whole ofM in a smooth way,

one constructs a smooth map of M into Rn where n = mk + k and k is the (finite)

number of open sets in the subcover. This map is shown to be an injective immersion

and hence an embedding.

In order to prove the existence for dimension 2m+1, one starts with an embedding

j : M → Rn with n > 2m + 1 and proves the existence of a projection onto a

codimension-1 subspace such that the composition with j remains an embedding.

Every codimension-1 projection P has a kernel spanned by a unit vector v ∈ Rn. As

discussed in the previous section, as long as this vector is not parallel to any secant,

the projection preserves the secants generated byM and is therefore injective onM.

Therefore we are interested in viewing K(M) as a subset of the unit sphere, Sn−1.

The proof demonstrates that under the assumed n > 2m + 1, the unit secants are

nowhere dense in Sn−1, and so codimension-1 secant-preserving projections are, in

this topological sense, easy to find.

In order for the composition P ◦j to be an embedding, P must also be an immersion

on TM, i.e. (P∗)x must be injective on each TxM. Note that since P is linear,

(P∗)x = P . We can identify each tangent vector v ∈ TxM with a vector in Rn, by

TM→ Rn : (x, v) 7→ (j∗)x(v). Since j is an immersion, each non-zero tangent vector

is non-zero in Rn and therefore has a corresponding unit vector, which is a point in
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Sn−1. This gives the map τ : TM−M→ Sn−1 : (x, v) 7→ (j∗)x(v)/ ‖(j∗)x(v)‖, where

M is identified with the subset of TM with zero vectors, (x, 0). Since all tangential

directions are included in the set of secants, we need only consider the set of secants

generated byM. Therefore, by preserving the secants, P ◦ j is an injective immersion

and hence an embedding.

This argument can then be applied iteratively, producing a sequence of codim-

ension-1 projections that reduce the dimension until n = 2m+ 1. By using orthogonal

projections, the projection is uniquely determined by its kernel. Since the kernels in

the sequence are mutually orthogonal, the composition of the orthogonal projections

is an orthogonal projection, by Proposition A.2.8.

3.4 Orthogonal Projections and Subspaces

Given a real inner product space, (X, g), an orthogonal projection P : X → X is

uniquely determined by the subspace onto which it projects. A subspace can be

identified as the image of a linear injection, W : X̂ → X. This can be used to pull

back the inner product from X to X̂, giving W †W = idX̂ , i.e. W is an orthonormal

map. The orthogonal projection onto W (X̂) is then given by P = WW †. Note that

under orthogonal transformations Q ∈ O(X̂, ĝ),

• WQ(X̂) = W (X̂),

• (WQ)†(WQ) = idX̂ = W †W ,

• (WQ)(WQ)† = WW † = P ,

i.e. the subspace, orthonormality, and projection are invariant. This sets up an equiv-

alence relation on orthonormal maps,

W1 ∼ W2 ⇔ ∃Q ∈ O(X̂, ĝ) : W1 = W2Q. (3.3)

We can therefore identify each subspace of X with an orthogonal projection P , and

with the equivalence class [W ] containing orthonormal maps related by orthogonal

transformations. These two descriptions are related by P = WW †, which is well-

defined.



CHAPTER 3. SECANT-BASED PROJECTION 84

3.5 The Grassmann Manifold

Given a vector space X of dimension n, the set of d-dimensional subspaces of X forms

the Grassmann manifold, Grd(X), also known as the Grassmannian. The Grassman-

nian is a compact smooth manifold that provides a topological structure that param-

eterizes linear subspaces of a given dimension. Since, under a given inner product,

each subspace corresponds to an orthogonal projection, we can regard Grd(X) as a

configuration space for orthogonal projections of a given dimension.

In the real case, the Grassmannian has dimension d(n − d). The Grassmannian

can be given a geometric structure, which permits optimization over the Grassmannian

to be performed. Although in differential geometry one usually works with intrinsic

descriptions of a manifold, by describing the manifold and its geometry extrinsically,

in terms of orthonormal maps, the geodesics and parallel translation can be expressed

in closed form, rather than as nonlinear ODEs that must be numerically integrated.

This makes optimization over the Grassmannian a feasible method for finding a good

orthogonal projection.

3.5.1 Projective Space and the Plücker Embedding

The Grassmannian Gr1(X), the set of 1-dimensional subspaces, is called the projective

space, denoted P(X). Let W : X̂ → X be an orthonormal map that identifies a d-

dimensional subspace, W (X̂). Each basis for the subspace is given by a basis for X̂,

by wi = W (ei). We can show that the wedge product of the d-frame (w1, · · · , wd)

only depends on the subspace up to scalar multiplication. To see this, consider a pair

of frames for X̂, which are related by an invertible linear operator J ∈ GL(X̂), i.e.

w̃i = WJ(ei), then

w̃1 ∧ · · · ∧ w̃d = WJ(e1) ∧ · · · ∧WJ(ed)

= (det J) W (e1) ∧ · · · ∧W (ed)

= (det J) w1 ∧ · · · ∧ wd.

(3.4)

This means we can identify each subspace, described by the d-frame (w1, · · · , wd),

with a line in ΛdX, spanned by w1 ∧ · · · ∧wd. This map Grd(X)→ P(ΛdX) is in fact

an embedding of the Grassmannian into the projective space of the exterior power,
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called the Plücker embedding. Note that w1∧ · · · ∧wd is non-zero since the vectors are

linearly independent, and det J 6= 0.

3.6 Cost Function on the Grassmannian

In order to systematically find a good projection, we can define a cost function on the

Grassmannian, F : Grd(X)→ R+, and use optimization to find a local minimum. In

order to be a well-defined function on the Grassmannian, the cost function may need

to satisfy certain symmetries depending on how we are parameterizing the manifold.

• Using orthogonal projections P : X → X of rank d.

• Using orthonormal maps W : X̂ → X, with dim X̂ = d, and the orthogonal

symmetry

F(W ) = F(WQ) ∀Q ∈ O(X̂, ĝ). (3.5)

• Using decomposable d-vectors, w = w1∧· · ·∧wd ∈ Λd(X), with scale invariance,

F(w) = F(λw) ∀λ 6= 0 ∈ R. (3.6)

Since the objective is to preserve the secants, the cost function is constructed to

reflect this objective in terms of the lengths of the projected unit secants,

F(W ) =
1

|K|
∑
k∈K

∥∥W †k
∥∥−1

. (3.7)

Note that in practice we will be using a finite sample of points from the manifold

with a corresponding finite set of secants. This cost function is sensitive to individual

secants, so that if any secant becomes small under the projection, the contribution

to the cost function can become arbitrarily large. This sensitivity ensures that every

secant is preserved by the optimization (at least those in the data set). This is a

well-defined function on the Grassmannian as it satisfies the orthogonal symmetry

F(WQ) = F(W ), since orthogonal maps preserve the inner product and norm. It is

also invariant under translations of the data, so the data does not need to be centred

on the origin.

In terms of the projection P , the cost function can also be written as

F(P ) =
1

|K|
∑
k∈K

‖Pk‖−1 . (3.8)
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Figure 3.1: Illustration of a good (right) and bad (left) projection of a secant. The
bad projection gives a projected length of zero, corresponding to a non-injective map.

Note that F(WW †) = F(W ), since
∥∥WW †k

∥∥ =
∥∥W †k

∥∥. The partial derivatives of

the cost function are (
∂F
∂W

) j

i

=
∂F
∂W i

j

= − 1

|K|
∑
k∈K

ki(W
†k)j

‖W †k‖3 . (3.9)

3.7 Geometry and Optimization on the Grassman-

nian

In order to perform the optimization of the cost function over the Grassmannian, we

refer the reader to [12] for the details; a concise summary is given here. By param-

eterizing the Grassmannian using equivalence classes of orthonormal maps, [W ], we

can make use of the ambient space of linear maps L(X̂,X) and its algebraic structure.

In this representation, the tangent space at [W ] corresponds to the set of linear maps

∆ ∈ L(X̂,X) satisfying W †∆ = 0. This is well-defined since (WQ)†∆ = Q†W †∆ = 0.

The dimension of these tangent spaces is therefore given by the dimension of X̂ (the

maximum rank of ∆) multiplied by the nullity of W † (the dimension of the kernel),

which is d(n− d). Note that (id−WW †)A is a tangent vector for any A ∈ L(X̂,X).

3.7.1 Riemannian Metric

The Grassmannian can be given a Riemannian metric in terms of the ambient space

by

g[W ](∆1,∆2) = 〈∆1,∆2〉 = tr(∆1∆†2), (3.10)
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which is independent of W and is just the extension of the inner products on the

underlying vector spaces to the tensor space X ⊗ X̂∗, described in §2.1.7 and §2.2.2.

Note that under this metric W is orthogonal to the tangent space at [W ], i.e. it

is in the normal space. In fact, WW †A is orthogonal to the tangent space for any

A. Therefore id −WW † is the orthogonal projection onto the tangent space, giving

the tangential component (id −WW †)A, and the normal component WW †A, of an

arbitrary map A ∈ L(X̂,X).

It is convenient to use the matrix description of the linear maps by choosing or-

thonormal frames for X and X̂, under which W becomes an n× d matrix, the adjoint

becomes the transpose, and the inner product is Frobenius.

3.7.2 Gradient and Geodesics

The gradient of the cost function F (with respect to the Grassmannian) is given by

the tangential component of the gradient with respect to the ambient space,

gradF = (In −WWT)
∂F
∂W

. (3.11)

The geodesic along the Grassmannian from initial point [W ] and initial velocity Λ =

AΣBT (compact singular value decomposition) is given by

W (t) :=
[
WB A

] cos Σt

sin Σt

BT. (3.12)

Note that sin(diag(x1, · · · , xn)) = diag(sinx1, · · · , sinxn) and similar for cos. The

simplest choice of velocity is the gradient descent, given by Λ = −gradF , although

other methods, such as conjugate gradient and Newton, are also possible (2.4.4).

3.7.3 Line Search and Parallel Translation

The step amount, t, is determined by a line search of the function ψ(t) = F(W (t)).

Typical line search methods require the derivative ψ′(t), which is given by

ψ′(t) = 〈G(t),Λ(t)〉 , (3.13)

where G(t) is the gradient of F at W (t), and Λ(t) is the tangent to the geodesic at

W (t). Since geodesics can be described as parallel translations of the velocity vector
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along itself, Λ(t) corresponds to the parallel translation of the initial velocity Λ at W

along the geodesic to W (t). The parallel translation of a tangent vector ∆ at W along

the geodesic with initial velocity Λ = AΣBT is given by

∆(t) :=

[ WB A
] − sin Σt

cos Σt

AT + (In − AAT)

∆. (3.14)

3.8 An Affine Inverse

By preserving the secants, the projection embeds the submanifold generating the se-

cants into the subspace. Although the projection is a linear map, in general the inverse

of the projection restricted to the submanifold is nonlinear. Here we consider a simple

type of nonlinear inverse, an affine map, and consider the cases in which an affine

inverse is an accurate description of the true inverse.

A point xi can be written as xi = Wx̂i + zi, where x̂i := W †xi and zi :=

(id − WW †)xi. We shall refer to Wx̂i as the horizontal component and zi as the

vertical component. The projected length of a unit secant, kij := (xi− xj)/ ‖xi − xj‖,

corresponds to ∥∥W †kij
∥∥2

= 1− ‖zi − zj‖
2

‖xi − xj‖2 , (3.15)

so minimizing
∥∥W †kij

∥∥−1
corresponds to minimizing ‖zi − zj‖. This means that, in

a sense, the optimization tries to make z uniform over the data set – the minimum

possible value the cost function can take is when zi = zj ∀i, j. If the optimal projection

is good enough, i.e. the variance of z is low enough, we can approximate the inverse

of the projection with the affine map

x̂ 7→ Wx̂+ z̄, (3.16)

where z̄ is the mean of zi over the data set,

z̄ := (id−WW †)
1

N

∑
i

xi = (id−WW †)x̄. (3.17)

The mean square error in the affine inverse approximation over the data corresponds

to the variance of z, which can be bounded from above,

1

N

∑
i

‖xi − (Wx̂i + z̄)‖2 =
1

N

∑
i

‖zi − z̄‖2

≤ (1− κ2
min)

1

N2

∑
ij

‖xi − xj‖2 ,
(3.18)
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where κmin := mink∈K
∥∥W †k

∥∥ is the minimum projected length. Therefore we can place

a requirement on κmin to be close to 1 in order for the inverse to be well approximated

by an affine map. If the optimal W does not satisfy this requirement, the dimension

d is too small (see [3] for a method of finding a suitable d).

3.8.1 Inverse of Convex Polytopes

We can also consider how this error extends to points not included in the data set by

looking at the linear interpolation of data points, or, more generally, convex polytopes

formed from the data. Let r(z) := ‖z − z̄‖ be the residual. Given a set of k vertices,

(v1, · · · , vk) ⊂ Rn, every point in the convex hull Conv(v1, · · · , vk) has a residual that

is bounded from above by the maximum vertex residual,

r(p) ≤ max
i
r(vi) ∀p ∈ Conv(v1, · · · , vk). (3.19)

This can be proven using the norm’s triangle inequality together with the fact that

convex combinations have non-negative coefficients that sum to unity. Since linear

maps preserve convexity, the vertical component of a convex combination of data

points is a convex combination of the vertical components of the data points. This

means that if the affine map is a good approximation on the data, and points on the

attractor not included in the data are well-approximated by convex combinations of

the data, then the affine map is a good approximation for the whole attractor.

3.9 Approximate Secants

In order to use the secant-based method in practice, we must use a finite sample of data

points from the manifold and the resulting finite set of secants in order to evaluate the

cost function (3.7) and perform the optimization over the Grassmannian. Secants that

are parallel (or anti-parallel) produce the same contribution to this cost function, since

the contribution depends only on the norm of the projected unit secant. Furthermore,

because these contributions are continuous with respect to the unit secant, secants that

are approximately parallel produce approximately the same contribution to the cost

function. We therefore investigate the consequences of approximate secants, where we

allow each secant to be perturbed by a small amount. Whereas unit secants describe
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lines through the origin, approximate secants correspond to infinite double cones. In

this section we study the properties of objects and devise two useful applications for

dimensionality reduction that we will discuss in §3.10.

Consider Rn with the Euclidean inner product 〈 , 〉. We can allow for approximate

parallelism by defining a tolerance in terms of the inner product.

Definition 3.9.1. Two unit secants (ka, kb) are said to be approximately parallel if

|〈ka, kb〉|2 ≥ 1− ε, (3.20)

where 0 ≤ ε ≤ 1 is a given tolerance.

Since 〈ka, kb〉 = cos θab, we can express the tolerance as an angle,

θ := arccos(
√

1− ε). (3.21)

The definition above then becomes cos2 θab ≥ cos2 θ, with angular tolerance 0 ≤ θ ≤

π/2. As a binary relation on the set of unit secants, this is reflexive and symmetric,

but not transitive.

Given a secant with direction k ∈ Rn, and an angular tolerance, θ, the set of lines

through the origin that are approximately parallel to k defines an infinite double cone

with apex fixed to the origin,

Cn
θ (k) =

{
x ∈ Rn : |〈x, k〉|2 ≥ ‖x‖2 ‖k‖2 cos2 θ

}
. (3.22)

Clearly this description is invariant under non-zero scaling, Cn
θ (λk) = Cn

θ (k), so we can

choose k to be of unit length without loss of generality. From here on we shall use the

word ‘cone’ to refer to an infinite cone with apex fixed to the origin. We shall describe

span {k} as the axis of the cone. Each double n-cone contains all lines through the

θ
k

Figure 3.2: Double cone of size θ and direction k in 2-dimensions, C2
θ (k).

origin that are approximately parallel to its axis.
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3.9.1 Symmetry of the Double Cone

Symmetries of the double cone are maps f : Rn → Rn that leave the cone invariant,

f(Cn
θ (k)) = Cn

θ (k).

Proposition 3.9.2. Let Q ∈ O(n,R) be an orthogonal map with an eigenvector k.

Then Q is a symmetry of Cn
θ (k).

Proof. An orthogonal transformation satisfies Q† = Q−1 and has eigenvalues of unit

modulus. Therefore,

|〈Qx, k〉|2 =
∣∣〈x,Q†k〉∣∣2

=
∣∣〈x,Q−1k

〉∣∣2
=

∣∣∣∣〈x, 1

λ
k

〉∣∣∣∣2
= |〈x, k〉|2

≥ ‖x‖2 ‖k‖2 cos2 θ

= ‖Qx‖2 ‖k‖2 cos2 θ.

(3.23)

Hence x ∈ Cn
θ (k)⇒ Qx ∈ Cn

θ (k) and similar for the inverse.

For example, a reflection in the codimension-1 subspace orthogonal to k,

x 7→ x− 2
〈x, k〉
‖k‖2 k (3.24)

is an orthogonal map featuring an eigenvector k with eigenvalue −1,

k 7→ −k. (3.25)

Any rotation around the axis k is an orthogonal map with eigenvector k and eigenvalue

1, although the existence of rotational axes depends on the dimension of the space.

Scalar multiplication is also a symmetry, x ∈ Cn
θ (k)⇔ λx ∈ Cn

θ (k) ∀λ 6= 0 ∈ R.

3.9.2 Intersection with the Unit Sphere

Although the cones are infinite in extent, their intersection with the unit (n − 1)-

sphere is of finite area. We can make use of the area of intersection to determine a

lower bound for the number of cones required to cover the space, and an upper bound

for the packing problem, as a function of the cones’ angular size, θ.
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The intersection of a single cone with the unit (n − 1)-sphere coincides with a

spherical cap. Spherical caps are defined as the pieces of a sphere produced by slicing

the sphere with a codimension-1 hyperplane.

θ

Figure 3.3: Schematic of the cone-sphere intersection and the corresponding plane-
sphere intersection, resulting in a spherical cap.

Lemma 3.9.3. Let an (n − 1)-dimensional hyperplane be described by the injective

affine map A : Rn−1 → Rn such that the linear part L(y) := A(y)−A(0) is orthogonal

to the translational part A(0), i.e. 〈A(0), L(y)〉 = 0 for all y ∈ Rn−1. The intersection

of the hyperplane with the unit sphere is an (n − 2)-dimensional sphere with centre

A(0) and radius
√

1− ‖A(0)‖2, provided ‖A(0)‖ < 1.

Proof. The intersection with the unit sphere is

A(Rn−1) ∩ Sn−1 =
{
A(y) : ‖A(y)‖ = 1, y ∈ Rn−1

}
(3.26)

Since ‖A(y)‖2 = ‖A(0)‖2 + ‖L(y)‖2 + 2 〈A(0), L(y)〉 = ‖A(0)‖2 + ‖L(y)‖2, this means

‖L(y)‖2 = 1− ‖A(0)‖2 on the sphere. As ‖A(0)‖ is constant, this equation describes

a (n− 2)-sphere in A(Rn−1) ⊂ Rn of radius
√

1− ‖A(0)‖2, with centre A(0). Clearly

if ‖A(0)‖ > 1 the intersection is empty.

Lemma 3.9.4. The intersection of the boundary of a single n-cone of angle θ and

direction k̂ with the unit (n− 1)-sphere is equal to the intersection of an (n− 1)-plane

with the unit (n− 1)-sphere.

Proof. The intersection of the boundary of the single n-cone with the unit sphere is{
x ∈ Rn :

〈
x, k̂
〉

= cos θ, ‖x‖ = 1
}
. (3.27)

We can write an arbitrary x ∈ Rn as the orthogonal decomposition,

x = projk̂ x+ (idRn − projk̂)x = x‖ + x⊥, (3.28)
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which means on the intersection x‖ = cos θ k̂ and ‖x⊥‖2 = 1 − cos2 θ. Since x‖ is

constant on the intersection, we can consider it fixed, which leaves x⊥ describing an

(n − 1)-dimensional subspace. Hence we can identify x‖ with the translational part,

and x⊥ with the linear part, of an injective affine map

A(y) = cos θ k̂ + L(y) (3.29)

describing an (n− 1)-plane in Rn with intersection corresponding to ‖A(y)‖ = 1.

For 0 < θ < π/2, the area of the intersection of the double n-cone with the unit

sphere is therefore given by the area of a disjoint pair of antipodal spherical caps. This

area can be expressed relative to the total area of the sphere by [29]

A
(n)
θ = Isin2 θ

(
n− 1

2
,
1

2

)
, (3.30)

where I is the regularized incomplete beta function,

Ix(a, b) =
B(x; a, b)

B(a, b)
, (3.31)

B(x; a, b) is the incomplete beta function,

B(x; a, b) =

∫ x

0

ta−1(1− t)b−1 dt, (3.32)

and B(a, b) = B(1; a, b) is the beta function. It is straightforward to compute the

derivative of A
(n)
θ ,

d

dθ
A

(n)
θ =

2 sinn−2 θ

B(n−1
2
, 1

2
)
. (3.33)

We can use this to determine the lowest-order non-zero term in the Taylor series in θ

around 0. When taking the higher derivatives of A
(n)
θ , each derivative will consist of

terms containing a constant coefficient with powers of sin θ and cos θ. Since any term

containing a positive power of sin θ will vanish when evaluated at 0, the first non-zero

term in the series will be one whose corresponding derivative contains a term without

sin θ. The first derivative to satisfy this is the (n− 1)th derivative, which will contain

a single such term,

dn−1

dθn−1
A

(n)
θ =

2

B(n−1
2
, 1

2
)

(
(n− 2)! cosn−2 θ + · · ·

)
. (3.34)

There other terms in this derivative must contain positive powers of sin θ and are

therefore irrelevant. The resulting Taylor series is therefore

A
(n)
θ =

2θn−1

(n− 1)B(n−1
2
, 1

2
)

+O(θn), (3.35)
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which can be used as an approximation for small θ. Note that this is an (n − 1)-

dimensional area, and so it makes sense that the first non-zero term contains the

(n− 1)th power of θ.

The Covering Problem

The covering problem asks how many double n-cones of size θ are required to cover

the whole of Rn? We can compute a lower bound for this problem by using the area

of intersection with the unit sphere. In order for a set of m cones generated by vectors

(k1, · · · , km) to cover the space,
⋃m
i=1C

n
θ (ki) = Rn, their areas of intersection with the

sphere must sum to at least the area of the sphere. This gives a lower bound for the

number of cones needed,

m ≥
⌈
1/A

(n)
θ

⌉
. (3.36)

Alternatively, if m is given and n is unknown, assuming the cones cover the space gives

an upper bound for n.

The Packing Problem

Dual to the covering problem is the packing problem, which asks how many double

n-cones of angle θ can be packed into Rn with no nontrivial intersections? In this case

we define a trivial intersection to be the singleton {0}, since by definition every cone

contains the origin. In order for a set of m cones generated by vectors (k1, · · · , km) to

be packed into Rn, their interiors must have pairwise disjoint intersections with the

unit sphere. The total area of intersections can therefore be at most the area of the

sphere, which gives an upper bound on m in terms of n,

m ≤
⌊
1/A

(n)
θ

⌋
. (3.37)

Alternatively if m is given and n is unknown, this gives a lower bound for n. In other

words, if n is smaller than this lower bound then Rn isn’t large enough to pack m

double n-cones of size θ.

3.9.3 Intersection with a Subspace

Proposition 3.9.5. Let W : Rd → Rn be an orthonormal map that defines a d-

dimensional subspace of Rn. The intersection of the subspace W (Rd) with a double
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n
⌊
1/A

(n)
π/36

⌋ ⌊
1/A

(n)
π/18

⌋
2 18 9
3 262 65
4 3550 445
5 46097 2903
6 584062 18451

Table 3.1: Table for θ = π/36 = 5◦ and θ = π/18 = 10◦

cone Cn
θ (k) corresponds to a double cone Cd

α(z) in Rd, with z = W †k and

α = arccos

(
‖k‖ cos θ

‖W †k‖

)
(3.38)

provided
∥∥W †k

∥∥ ≥ ‖k‖ cos θ, i.e. W (Rd) ∩ Cn
θ (k) = W (Cd

α(z)).

Proof. The intersection is

W (Rd) ∩ Cn
θ (k) =

{
Wy : |〈Wy, k〉|2 ≥ ‖Wy‖2 ‖k‖2 cos2 θ, y ∈ Rd

}
. (3.39)

Let z ∈ Rd define a double cone in Rd, Cd
α(z). Under W this is

W (Cd
α(z)) =

{
Wy : |〈y, z〉|2 ≥ ‖y‖2 ‖z‖2 cos2 α, y ∈ Rd

}
. (3.40)

By definition of the adjoint, 〈Wy, k〉 =
〈
y,W †k

〉
, and sinceW is orthonormal, ‖Wy‖ =

‖y‖. Therefore (3.39) and (3.40) coincide when z = W †k and

∥∥W †k
∥∥2

cos2 α = ‖k‖2 cos2 θ. (3.41)

This only has a solution for α when
∥∥W †k

∥∥ ≥ ‖k‖ cos θ.

Corollary 3.9.6. If k ∈ W (Rd) then W (Rd) ∩ Cn
θ (k) = W (Cd

θ (W †k)).

Proof. Since k ∈ W (Rd), there exists z ∈ Rd such that k = Wz. Hence, since

W is orthonormal, z = W †k and
∥∥W †k

∥∥ = ‖z‖ = ‖Wz‖ = ‖k‖. It follows that

cos2 α = cos2 θ and since 0 ≤ θ ≤ π/2, α = θ.

3.9.4 Orthogonal Projection of Double Cones

Proposition 3.9.7. Let W : Rd → Rn be an orthonormal map. If k ∈ W (Rd) then

W †(Cn
θ (k)) = Cd

θ (W †k).
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Proof. By definition of the adjoint,
〈
W †x,W †k

〉
=
〈
x,WW †k

〉
. Since k is in the

image of W , WW †k = k,
〈
W †x,W †k

〉
= 〈x, k〉, and ‖k‖ =

∥∥WW †k
∥∥ =

∥∥W †k
∥∥. We

also have ‖x‖ ≥
∥∥W †x

∥∥. Hence

W †Cn
θ (k) =

{
W †x : x ∈ Cn

θ (k)
}

=
{
W †x : |〈x, k〉|2 ≥ ‖x‖2 ‖k‖2 cos2 θ, x ∈ Rn

}
=
{
W †x :

∣∣〈W †x,W †k
〉∣∣2 ≥ ∥∥W †x

∥∥2 ∥∥W †k
∥∥2

cos2 θ, x ∈ Rn
}
.

(3.42)

As W † is surjective,{
W †x :

∣∣〈W †x,W †k
〉∣∣2 ≥ ∥∥W †x

∥∥2 ∥∥W †k
∥∥2

cos2 θ, x ∈ Rn
}

=
{
y ∈ Rd :

∣∣〈y,W †k
〉∣∣2 ≥ ‖y‖2

∥∥W †k
∥∥2

cos2 θ
}

= Cd
θ (W †k).

(3.43)

Theorem 3.9.8. Let W : Rd → Rn be an orthonormal map, k ∈ W (Rd), and P =

WW † be the orthogonal projection onto W (Rd). Then P (Cn
θ (k)) = W (Rd) ∩ Cn

θ (k).

Proof. By Proposition 3.9.7 and Corollary 3.9.6.

3.9.5 Secants and Convex Combinations

Let X1 and X2 be finite sets of points in Rn, and let

S(X1, X2) = {y − x : x ∈ X1, y ∈ X2} (3.44)

be the set of secant vectors from X1 to X2. Consider the convex hulls of X1 and X2.

Pick an arbitrary point in both, which are given by the convex combinations

x =
∑
i

αixi

y =
∑
j

βjyj,
(3.45)

where xi ∈ X1, yj ∈ X2, and both sets of coefficients are non-negative and sum to

unity. Is the secant y − x in the convex hull of S(X1, X2)? Let kij = yj − xi then the

two coincide when∑
j

βjyj −
∑
i

αixi =
∑
ij

γijkij

=
∑
j

(∑
i

γij

)
yj −

∑
i

(∑
j

γij

)
xi,

(3.46)
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hence

αi =
∑
j

γij

βj =
∑
i

γij.

(3.47)

If the convex coefficients (γij) are given, this determines (αi) and (βj) as valid convex

coefficients, since ∑
ij

γij = 1⇔
∑
i

αi = 1

∑
ij

γij = 1⇔
∑
j

βj = 1

γij ≥ 0 ∀ij ⇒ αi ≥ 0 ∀i

γij ≥ 0 ∀ij ⇒ βj ≥ 0 ∀j.

(3.48)

This gives a map ConvS(X1, X2)→ ConvX1×ConvX2, and we also have ConvX1×

ConvX2 → S(ConvX1,ConvX2) : (x, y) 7→ (y − x), which when composed gives the

map ConvS(X1, X2)→ S(ConvX1,ConvX2). This map sends secants to themselves,

and therefore ConvS(X1, X2) ⊆ S(ConvX1,ConvX2).

If (αi) and (βj) are given convex coefficients, then any set of scalars (γij) that

satisfy the two equations (3.45) automatically satisfies
∑

ij γij = 1, however they must

be required to be non-negative in order to be valid convex coefficients.

3.9.6 Relation to the Wedge Product

Qualitatively, the double cone contains all lines through the origin that are approxi-

mate to the central axis of the cone. We can also quantify this using the norm of the

wedge product – the norm is greatest when the vectors are perpendicular and zero

when (anti-)parallel. We can therefore formulate the double cone in terms of the norm

of the wedge product, rather than the inner product.

For decomposable bivectors, the inner product on Λ2(V ) can be written in terms

of the inner product on V as

1

2
g(x ∧ y, v ∧ w) = g(x, v)g(y, w)− g(x,w)g(y, v), (3.49)
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and therefore the norm,

1

2
‖v ∧ w‖2 = ‖v‖2 ‖w‖2 − |g(v, w)|2

= ‖v‖2 ‖w‖2 sin2 θvw.

(3.50)

Hence the definition of the double n-cone Cn
θ (k) can be written as

Cn
θ (k) =

{
x ∈ Rn : ‖x ∧ k‖ ≤ ‖x‖ ‖k‖

√
2 sin θ

}
. (3.51)

3.10 Secant Culling Optimization

One of the limitations of secant-based methods is that the number of secants is of the

order N2, which can make the method expensive when N is large. Placing limitations

on the size of N is not ideal, since a complicated submanifold may naturally require

a large number of data points to accurately capture its geometry. However, we can

seek to lower the computational cost by pre-processing the set of unit secants K to

produce a new set of unit secants K̃ whose cardinality is lower. We shall use the term

culling to describe the process of removing secants from K that are either redundant,

or approximately redundant, for our problem. The justification for this approach is

based on two observations that we will now discuss.

Firstly, secants that are parallel or anti-parallel produce the same contribution to

the cost function (3.7), since the contribution to the cost function depends only on the

norm of the projected unit secant. This means we can replace a set of secants that

are mutually parallel or anti-parallel by a single representative secant, weighted by the

number of secants it is representing. Therefore the cost function can be rewritten as

F(W ) =
1

|K|
∑
k∈K̃

ρk
∥∥W †k

∥∥−1
, (3.52)

where ρk is a positive integer weight for k that satisfies
∑

k∈K̃ ρk = |K|, and K̃ is the

set of representative secants.

The second observation is that if the submanifold is exploring a low-dimensional

space (i.e. it is confined to a d-dimensional hyperplane in Rn), then regardless of

how large N is, the secants span a space of dimension at most d. If we allow for

approximate parallelism in the culling process, up to a given tolerance, then there will

be a finite number of representative secants needed to account for every possibility
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in the d-dimensional subspace. As we will show momentarily, the maximum number

of representative secants only depends on the dimension d and the tolerance – it is

independent of both n and N .

3.10.1 The Representative Secants

The culling process produces a set of unit secants (k1, · · · , km) that satisfy ki /∈ Cn
θ (kj),

i 6= j, i.e. ki is not approximately parallel to kj. Note that the cones may still have

nontrivial intersections. However, we can show that the corresponding set of cones

with half-angle, Cn
θ/2(ki), have no nontrivial intersections, Cn

θ/2(ki) ∩ Cn
θ/2(kj) = {0},

i 6= j, and therefore their intersections with the unit sphere are pairwise disjoint.

Proposition 3.10.1. Let Cn
θ (k1) and Cn

θ (k2) be double cones. If k1 /∈ Cn
θ (k2) and

k2 /∈ Cn
θ (k1) then Cn

β (k1) ∩ Cn
β (k2) = {0} when β ≤ θ/2.

Proof. Since k1 /∈ Cn
θ (k2) and k2 /∈ Cn

θ (k1),

|〈k1, k2〉|2 < ‖k1‖2 ‖k2‖2 cos2 θ. (3.53)

Hence cos2 α < cos2 θ, where α is the angle between k1 and k2. By Lemma B.0.10,

two double cones of angle β intersect nontrivially when cos2 α ≥ cos2 2β, therefore two

cones of angle β ≤ θ/2 have no nontrivial intersections.

As these half-angle cones have no nontrivial intersections, we can apply the results

of the double cone packing problem, §3.9.2. Specifically, we have the upper bound on

the number of representative secants,

m ≤
⌊
1/A

(n)
θ/2

⌋
. (3.54)

However, this upper bound can be greatly improved in the case that the set generating

the secants is confined to a d-dimensional hyperplane within Rn, where d < n.

3.10.2 Confinement to a Hyperplane

Lemma 3.10.2. Let Y ⊂ Rn. If Y is confined to a d-dimensional hyperplane, given

by the injective affine map A : Rd → Rn, then the secant vectors generated by Y are

confined to a d-dimensional subspace of Rn.
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Proof. For each pair of points (y1, y2) in Y , since Y ⊂ A(Rd), there is a unique pair

of points (x1, x2) in Rd such that A(x1) = y1 and A(x2) = y2. Since A is affine,

y1 − y2 = A(x1)− A(x2) = L(x1 − x2) as the translational terms cancel, leaving only

the linear part, L. Hence since L is a rank d linear map, each secant vector lives in

the d-dimensional subspace given by the image of L.

This means the unit secants lie in a d-dimensional slice of the double cones, which

are d-dimensional double cones with the same angles, by Corollary 3.9.6. Therefore,

when the attractor explores a d-dimensional hyperplane of the state space, we have

the improved upper bound for the number of representative secants,

m ≤
⌊
1/A

(d)
θ/2

⌋
. (3.55)

When d is small, this upper bound can be much smaller than the total number of

secants (Table 3.1), in which case the secant culling procedure is guaranteed to remove

a large number of secants from the data set.

3.10.3 Implementation of Secant Culling

Let (k1, · · · , kM) be the total set of unit secants and (ρi ∈ N0)Mi=1 be counts, one for

each secant. The algorithm compares each pair of secants for approximate parallelism.

If the two are approximately parallel, the count of one is incremented, and the count

of the other is zeroed. After the algorithm has terminated, the secants with a zero

count are the culled secants, and those with non-zero counts are the representative

secants.

An unsigned integer data type can be used for the counts. Since a large number of

secants may be culled, the value of the non-zero counts may be quite large. Therefore

the data type needs to have enough bits of precision to avoid overflow during incre-

mentation. We recommend adding an explicit test to detect overflow, and to increase

the size of the data type if overflow occurs. Note that the total number of secants, M ,

may be very large, and each has a count, so using large integers may not be feasible due

to limited amounts of memory (which is also being used to store the high-dimensional

data set among other things). We found that 16-bit unsigned integers were sufficient

for our larger examples. In fact, we can use the upper bound on the number of rep-

resentative secants (3.55) to give a lower bound for the maximum count, by dividing
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Algorithm 1 Secant culling implementation.

Initialize ρi ← 1 ∀i.
for i = 1, · · · ,M do

if ρi = 0 then
continue

end if
for j = i+ 1, · · · ,M do

if ρj = 0 then
continue

end if
if |〈ki, kj〉|2 ≥ cos2 θ then

ρi ← ρi + 1
ρj ← 0

end if
end for

end for

Note that ‘continue’ means to jump to the next iteration of the current loop, as in the
C/C++ languages.

the culled secants evenly between the representative secants, M⌊
1/A

(d)
θ/2

⌋
 ≤ max

i
ρi ≤M. (3.56)

For example, with 10 million secants exploring a 3-dimensional subspace and a toler-

ance of 10◦, the max count is at least 38168, which would require a data type of at

least 16-bits and at most 24-bits.

3.10.4 Minimum Projected Length

When working with the smaller set of representative secants, rather than the full set

of secants, we are no longer able to determine the minimum projected length, κmin, or

may not want to iterate over the full set of secants to compute it. However, we can

compute a lower bound for this value in terms of the representative secants and the

tolerance.

Let k̃ be a representative unit secant and Cn
θ (k̃) be its double n-cone. Also, let
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∥∥∥ = cosα. Then for all unit secants k in Cn

θ (k̃),

∥∥W †k
∥∥ ≥ cos(α + θ)

= cosα cos θ − sinα sin θ

=
∥∥∥W †k̃

∥∥∥ cos θ −
√

1−
∥∥∥W †k̃

∥∥∥2

sin θ.

(3.57)

For a given angle 0 ≤ θ < π/2, this lower bound is strictly increasing w.r.t.
∥∥∥W †k̃

∥∥∥
in the domain [0, 1]. For sin θ = 0 this is trivial. For sin θ 6= 0, it has a single turning

point at − cos θ with value −1 and second derivative 1/ sin2 θ (a minimum). When

0 < θ < π/2, this turning point is below 0. Therefore the minimum projected length

of all secants can be given a lower bound in terms of the minimum projected length

of the representative secants,

κmin = min
k∈K

∥∥W †k
∥∥

≥ κ̃min cos θ −
√

1− κ̃2
min sin θ,

(3.58)

where

κ̃min = min
k̃∈K̃

∥∥∥W †k̃
∥∥∥ . (3.59)



Chapter 4

Reproducing Dynamics From

General State Space Manifolds

Most conventional methods of dimensionality reduction for dynamical systems are

designed for state spaces with a vector space structure, and make use of linear pro-

jections onto subspaces. In this chapter, we formulate the problem for general state

space manifolds and investigate both the reproduction of the dynamics on the attrac-

tor, and the reproduction of the stability of the attractor in the reduced space. This

introduces interesting complications in contrast to the case of linear projections, which

we resolve in a way that allows for a practical implementation. We then adapt the

secant-Grassmann projection method discussed in §3 for use with state space manifolds

beyond Rn. We present two practical implementations, a Galerkin-style method appli-

cable in a special case, and an optimization approach used in [4], which is applicable

in generality.

4.1 Introduction

The goal of a method of dimension reduction is to produce a low-dimensional system

that captures a particular structure found in a given high-dimensional system. In

the case of attractors of dynamical systems, the relevant structure consists of a low-

dimensional manifold together with the dynamics on the manifold. Also of relevance

is the stability of the attractor, which describes the attractor’s relationship with its

ambient state space.

103



CHAPTER 4. GENERAL STATE SPACE MANIFOLDS 104

In many examples of dynamical systems, the state space of the system has an

algebraic structure that is used to describe its dynamics. Particularly common are

vector spaces with some additional structure, such as Euclidean spaces in the finite-

dimensional case, and topological vector spaces (e.g. Hilbert/Banach) in the infinite-

dimensional case. This algebraic/analytic structure is used to express the time evolu-

tion, for example, by a differential equation. Because of this, many existing methods

centre around using the algebraic structure to perform the reduction, both to map

the high-dimensional space to a low-dimensional space, and to determine the reduced

dynamics. For example, orthogonal projections are a common choice of dimension-

reducing map on an inner product space, such as those produced by the POD / KL

/ SVD, and the Galerkin projection is a method for finding reduced dynamics by

algebraically manipulating the original differential equation.

In contrast to this, we can take a more geometric approach by regarding the sys-

tem as a state space manifold with dynamics provided by a vector field, independent

of any algebraic structure that may be used to describe the vector field. This allows

us to focus on the relevant structure (the orbits in the state space), while not being

constrained to working within a particular algebraic structure, such as the linear al-

gebra commonly used in the literature. The limitations of a direct linear algebraic

approach are particularly felt when dealing with nonlinear dynamics, where one must

resort to local approximations (such as a Taylor polynomial around a fixed point) or

by constraining oneself to particular classes of nonlinearity, in order to be able to fully

apply linear methods.

An additional benefit to taking a geometric approach is that it allows for examples

that contain angular variables. A simple example of this is the pendulum, whose

state consists of an angular position and angular velocity, i.e. the cylinder S1 × R.

The angular nature of this position variable must be taken into account in order to

properly identify periodic behaviour in orbits that wind around the cylinder. However,

an algebraic treatment of this system usually regards the state space to be R2 (i.e.

using the universal cover of the circle), in which the periodicity of the angle must be

manually accounted for.

For a system that contains an explicit time dependence, one may describe its
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dynamics as a time-dependent vector field, corresponding to a non-autonomous dif-

ferential equation. The downside to this interpretation is that the manifold no longer

enjoys the properties of a conventional state space. In particular, the future orbit is

no longer determined solely by the current state – the current time is also required.

It therefore explicitly couples the parameterization of the orbit (i.e. time) to the dy-

namics of the system. However, an alternate perspective can be taken in which the

non-autonomous system is made autonomous by encapsulating the time dependence

in additional state variables. In the case of periodic time dependence, the time de-

pendence is determined by an angular variable that forms the circle, S1, and the new

state space is the product manifold of S1 with the original state space. The orbits

of this new system wind around the circle, and hence the angular nature of the extra

variable must be acknowledged in order to correctly identify periodic behaviour in the

whole system. By allowing for general state space manifolds, we can use our approach

with some non-autonomous examples by encapsulating the explicit time dependence

as additional state.

4.2 Use of Data From Numerical Simulations

One of the main obstacles in developing a method of dimensionality reduction for

attractors is that one does not have an explicit description of the attractor. The

attractor is an object that results from the long-term behaviour of the orbits of the

flow of the vector field, and in general one does not have a closed form expression of

the flow, which would require solving a large system of nonlinear differential equations.

One therefore doesn’t have any information about the properties of an attractor, such

as its dimension, shape, or particular location in the state space. Instead, data points

from numerical simulations can be used to approximately describe the attractor.

When obtaining data one must take care to obtain data that explores the full extent

of the attractor, with sufficient density to capture high-frequency details. If there are

multiple attractors each with a basin of attraction, one must obtain data from each.
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4.3 Geometric Formulation

We begin by formulating the problem of the reduction of attractors and reproduction

of their dynamics in a general geometric setting. Autonomous systems can be thought

of as a state space manifold with a vector field. The flow of the vector field provides the

dynamical evolution of the system, which produces orbits that are integral curves of the

underlying vector field. We are interested in attractors that are invariant submanifolds

under the flow of the vector field. Geometrically, this invariance corresponds to the

vector field being tangent to the submanifold.

Let X be the state space as a smooth manifold and V ∈ X(X) be a smooth vector

field. Let M ⊂ X be a compact submanifold without boundary invariant under the

flow of V . We wish to map the original system (X, V ) to a reduced system (X̂, V̂ ) by

obtaining the map ϕ : X → X̂. Note that in this general formulation, both X and

X̂ are smooth manifolds, and while (X, V ) is given, we have the freedom to choose X̂

such that ϕ and V̂ are easy to find.

X
ϕ−−−−−→ X̂

V

y yV̂
TX

ϕ∗−−−−−→ TX̂

We will describe ϕ as the state-space map/dimension-reducing map. As we wish

to reproduce the attractor and its dynamics, we require the map to satisfy certain

properties. In particular, we require ϕ to be a smooth map that embeds M into X̂.

This makes it possible to reproduce the orbits on the submanifold ϕ(M) by the flow

of a vector field on X̂ and ensures no discontinuous jumps are introduced into the

reduced dynamics.

4.3.1 Preserving the Flow

Given a state-space mapping, ϕ, that satisfies the above properties, we want to repro-

duce the dynamics on M in the reduced space. This means the corresponding vector

field V̂ on X̂ is chosen such that ϕ preserves the flow on M,

Φt
V̂

(ϕ(x)) = ϕ
(
Φt
V (x)

)
∀x ∈M, ∀t, (4.1)
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where Φt
V is the flow of V for a time t. As one would expect, taking the derivative of

this shows that we require,

V̂ϕ(x) = ϕ∗Vx ∀x ∈M, (4.2)

where ϕ∗ : TX → TX̂ is the differential of ϕ.

4.4 Reproducing a Stable Attractor

Although matching the tangent vectors is sufficient to reproduce the flow on the sub-

manifold itself, we would also like to reproduce the stability of the submanifold in

order to produce a stable attractor in the reduced space. This is especially important

since the reduced vector field may be subject to approximation error in a practi-

cal implementation. In order to achieve this, the behaviour of the vector field in the

neighbourhood of ϕ(M) must be specified. We therefore must consider the derivatives

of the vector field on X̂ in directions normal to the submanifold.

4.4.1 Tangent and Normal Spaces

In order to produce a stable attractor in the reduced system, we can make use of

knowledge of the original vector field and its derivatives along the attractor, however

we need to be careful as we are dealing with vector fields on two different manifolds,

each with its own metric and connection. This raises the question of how to make use

of the original vector field to specify the derivatives of the reduced vector field in a

meaningful way that has the desired interpretation.

Let (X, g) and (X̂, ĝ) be Riemannian manifolds, V be a vector field on X,M⊂ X

be a V -invariant submanifold of X, and ϕ : X → X̂ be a smooth map that embedsM

into X̂. We can make a few observations regarding the normal and tangent bundles

of M in X and ϕ(M) in X̂.

• Since ϕ embedsM into X̂, the tangent spaces ofM are preserved under ϕ∗, i.e.

ϕ∗(TM) = Tϕ(M).

• The normal bundle of M in X, NM, may not be preserved. In fact, since we

are dealing with dimension-reducing maps, it is likely that the normal bundle

will be collapsed significantly by ϕ∗.
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• Since ϕ∗|TMX is not necessarily surjective, the tangent spaces of X̂ along ϕ(M)

may contain directions not present in ϕ∗(TMX). Also note that ϕ∗(TMX) may

not be a vector bundle since the rank of ϕ∗ may not be constant over connected

components of M. This means each tangent space can be written as

Tϕ(x)X̂ = im (ϕ∗)x ⊕ (im (ϕ∗)x)
⊥, x ∈M, (4.3)

where (im (ϕ∗)x)
⊥ is only empty if (ϕ∗)x is surjective.

As a result of these observations, the reduced tangent space at each point can be

written as

Tϕ(x)X̂ = im (ϕ∗)x ⊕ (im (ϕ∗)x)
⊥

= (ϕ∗)x(TxM)⊕ (ϕ∗)x(NxM)⊕ (im (ϕ∗)x)
⊥

= Tϕ(x)ϕ(M)⊕ (ϕ∗)x(NxM)⊕ (im (ϕ∗)x)
⊥

(4.4)

i.e. we have directions that are tangential to the attractor, all of which are preserved

in the reduced space, the image of directions normal to the original attractor, and

directions normal to the attractor in the reduced space that are not mapped onto by

ϕ∗. Note that (ϕ∗)x(NxM) may not be orthogonal to Tϕ(x)ϕ(M) in the reduced space.

This is important for the stability of the attractor, as we need to specify the

directional derivative of the vector field in all of the normal directions, and a lack of

surjectivity of ϕ∗ means that there are directions for which the original vector field

cannot provide any information about stability. This is reflected in the kernel of the

adjoint of ϕ∗, since at each point kerϕ†∗ = (imϕ∗)
⊥, by Theorem A.1.1.

4.4.2 Pushforward of the Covariant Derivative

One method of using the original vector field to specify the derivatives of the reduced

vector field is to compute the derivatives of V on X and then apply ϕ∗ to push the

result forward to X̂,

∇̂Ẑ V̂ = ϕ∗∇ZV. (4.5)

In order to relate each Ẑ ∈ TX̂ to a Z ∈ TX, we can require ĝ(Ẑ, ∇̂Ẑ V̂ ) = g(Z,∇ZV ),

ĝ(Ẑ, ∇̂Ẑ V̂ ) = ĝ(Ẑ, ϕ∗∇ZV )

= g(ϕ†∗Ẑ,∇ZV ).
(4.6)
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Therefore ĝ(Ẑ, ∇̂Ẑ V̂ ) = g(Z,∇ZV ) when Z = ϕ†∗Ẑ, giving

∇̂Ẑ V̂ = ϕ∗∇ϕ†∗Ẑ
V. (4.7)

We can now observe two issues with this method. Firstly, by Theorem A.1.1, ϕ†∗Ẑ = 0

for all Ẑ in the orthogonal complement of imϕ∗. This means that, as expected, this

approach can only be used to specify the derivatives for directions in the image of

ϕ∗. Therefore, if ϕ∗ is non-surjective, there are directions whose derivative cannot be

specified in terms of the original vector field.

Secondly, since we are computing the derivative on X with ∇ and then pushing the

result forward to X̂, the values of these directional derivatives always lie within the

image of ϕ∗. This means that this approach cannot capture the extrinsic curvature

introduced by ϕ, which is quantified by the normal components of the derivatives

(§2.2.4).

Lemma 4.4.1. Let (X, g) be a Riemannian manifold with Levi-Civita connection ∇,

and V be a smooth vector field on X. If g(∇eiV, ej) = −ciδij, where ci > 0, for all

i, j = 1, · · · , k, then g(∇ZV, Z) < 0 for all Z 6= 0 ∈ span {e1, · · · , ek}.

Proof. Let Z = Ziei, then

g(∇ZV, Z) =
∑
ij

ZiZjg(∇eiV, ej)

= −
∑
ij

ZiZjciδij

= −
∑
i

∣∣Zi
∣∣2 ci

< 0.

(4.8)

4.4.3 Constructing a Vector Field in the Neighbourhood

Rather than computing the derivative on X with ∇, we can instead construct a vector

field in a neighbourhood of ϕ(M) in X̂ and then use ∇̂ to compute the derivative.

This has the advantage of being able to capture the extrinsic curvature introduced

by ϕ. Let N be a neighbourhood of ϕ(M) in X̂, and let ψ : N → X be a smooth
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map that provides a non-unique choice of inverse. Then define a vector field on N by

Yp = ϕ∗Vψ(p). The covariant derivative of this is given in coordinates by

∇̂jY
i =

(
∂aϕ

i ∂cV
a + ∂c∂aϕ

i V a
)
∂̂jψ

c + Γ̂ijb ∂aϕ
b V a (4.9)

Note the three terms on the RHS: the first is the derivative in X, the second accounts

for the extrinsic curvature introduced by ϕ, and the third accounts for the intrinsic

curvature of X̂.

This approach is better than the pushforward of the covariant derivative as it is

able to capture extrinsic curvature. However, it is still not appropriate for directions

in (im (ϕ∗)x)
⊥, due to a lack of information in the original.

4.4.4 Enforcing Stability

The original vector field cannot provide any information about the derivatives for

directions in (im (ϕ∗)x)
⊥. In order to specify the derivatives in these directions, we

can manually enforce stability. However to do so, we need to ensure that this does

not disrupt the dynamics on the attractor itself, i.e. the derivatives in the tangential

directions are unaffected.

To solve this problem, we can look for an orthogonal decomposition of each tangent

space along ϕ(M), Tx̂X̂ = Ex̂⊕Fx̂. If Tx̂ϕ(M) ⊆ Ex̂ ⊆ im (ϕ∗)x then we can use the

original vector field to specify derivatives for directions in Ex̂, and manually specify the

derivatives for directions in Fx̂. This condition is required as we do not wish to disturb

the dynamics on the attractor, so Ex̂ must contain the tangents to the attractor.

Let A be a (1, 1) tensor at x̂ that provides an orthogonal projection onto Ex̂. This

allows us to decompose an arbitrary vector Ẑ ∈ Tx̂X̂ as

Ẑ = Ẑ‖ + Ẑ⊥ := AẐ + (id− A)Ẑ. (4.10)

As Ẑ‖ is in the image of (ϕ∗)x, we can use information from the original model to

specify the derivative in this direction, using §4.4.3.

For the component Ẑ⊥, the original vector field cannot provide any information,

and so we can enforce local stability in this direction. To achieve this we require

ĝ(∇̂Ẑ⊥
V̂ , Ẑ⊥) < 0, and we can choose to specify the derivative as

∇̂Ẑ⊥
V̂ = −kẐ⊥, (4.11)
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where k > 0 is a parameter that dictates the strength of attraction (we use k = 1 by

default). The two directional derivatives can be combined via linearity to give

∇̂Ẑ V̂ = ∇̂Ẑ‖
V̂ + ∇̂Ẑ⊥

V̂

= ∇̂AẐY − k(id− A)Ẑ,
(4.12)

which is a linear equation in Ẑ. This allows us to specify the derivatives of V̂ on the

submanifold in all directions on X̂. In coordinates, this is

∇̂jV̂
i = (∇̂aY )iAaj − k(δij − Aij). (4.13)

The only problem that remains is to determine the orthogonal projectionA from the

available information. We typically don’t have an explicit description of the attractor

or its tangent spaces, but we do know ϕ. Therefore we can choose Ex̂ = im (ϕ∗)x.

4.4.5 Decomposition via SVD

If we choose Ex̂ = im (ϕ∗)x, we can construct A at each point by taking an SVD of

(ϕ∗)x.

Proposition 4.4.2. Let r = rank(ϕ∗)x and (ua)
r
a=1 be the first r left-singular vectors

of (ϕ∗)x. Then

A =
r∑

a=1

ua ⊗ (ua)
[, Ai j = ĝjk

r∑
a=1

(ua)
i(ua)

k, (4.14)

is an orthogonal projection onto im (ϕ∗)x.

Proof. A pure (1,1) tensor v ⊗ α under the adjoint is (v ⊗ α)† = α] ⊗ v[. Hence,

A† =
r∑

a=1

(ua ⊗ (ua)
[)† =

r∑
a=1

ua ⊗ (ua)
[ = A (4.15)

A is self-adjoint. Also,

A2 =
r∑

a=1

r∑
b=1

ua ⊗ (ua)
[(ub)⊗ (ub)

[

=
r∑

a=1

r∑
b=1

δab ua ⊗ (ub)
[

=
r∑

a=1

ua ⊗ (ua)
[

= A

(4.16)
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A is a projection. Hence A is an orthogonal projection. The image is given by

span {u1, · · · , ur} = im (ϕ∗)x.

When ϕ is a submersion, then imϕ∗ = Tϕ(X)X̂ and no decomposition is needed,

so we can choose A = id.

4.5 A Worked Example: The Cylinder

To illustrate the above, we consider a simple example. Let the state space be the

cylinder, X = S1 × R with (θ, z) ∈ X. Let V be a vector field on the cylinder of the

form

V = ∂θ + f(θ, z)∂z, (4.17)

where f : X → R is a smooth function. As a system of ODEs this is θ̇

ż

 =

 1

f(θ, z)

 . (4.18)

This means all orbits wind around the cylinder with an angular velocity of 1. Let the

attractor M be a periodic orbit winding around the cylinder.

We can embed the cylinder into R3 in the usual way, and then orthogonally

project onto the xy-plane. This gives the state-space map ϕ : X → R2 : (θ, z) 7→

(x, y) = (cos θ, sin θ). Let the inverse approximation be ψ : R2 \ {0} → X : (x, y) 7→

(atan2 (y, x) , c), where c ∈ R is a constant. We can compute the following quantities,

which we express using matrix notation,

ϕ∗ =

 − sin θ 0

cos θ 0

 =

 −y 0

x 0

 (4.19)

ψ∗ =

 −y x

0 0

 = ϕ†∗ (4.20)

ϕ∗V =

 −y
x

 (4.21)

∂V =

 0 0

∂θf ∂zf

 (4.22)
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(∂∂ϕ)V =

 − cos θ 0

− sin θ 0

 =

 −x 0

−y 0

 (4.23)

ϕ∗∂V =

 −y 0

x 0

 0 0

∂θf ∂zf

 = 0 (4.24)

∇̂(ϕ∗Vψ(x,y)) =

 −x 0

−y 0

 −y x

0 0

 =

 xy −x2

y2 −xy

 (4.25)

(a) S1 × R

(b) S1 × R→ R3 (c) S1 × R→ R3 → R2

Figure 4.1: Schematic of an orbit winding around the cylinder, its embedding into R3,
and projection onto R2.

Since ϕ is non-submersive, we need to decompose the tangent space in R2. The

image of ϕ∗ is just the tangent space to the circle, and its orthogonal complement is

the radial direction. At a point (x, y) the tangential component is spanned by (−y, x),

and the radial component is spanned by (x, y). The derivative along the orbit gives

∇̂ϕ∗V (ϕ∗Vψ(x,y)) =

 xy −x2

y2 −xy

 −y
x

 = −

 x

y

 , (4.26)
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which is the expected radial acceleration associated with circular motion. The orthog-

onal projection onto the tangential component is given by

A = (−y, x)⊗ (−y, x)[

=

 −y
x

[ −y x
]

=

 y2 −xy

−xy x2

 .
(4.27)

Therefore the reduced vector field on R2 should have values on the unit circle given by

V̂(x,y) = ϕ∗V =

 −y
x

 , (4.28)

and derivatives on the circle of

∇̂V̂(x,y) = ∇Vψ(x,y)A− k(I − A)

=

 xy −x2

y2 −xy

 y2 −xy

−xy x2

− k
 1− y2 xy

xy 1− x2


=

 xy −x2

y2 −xy

− k
 x2 xy

xy y2


=

 x

y

[ y −x ]− k
 x

y

[ x y
]
.

(4.29)

Note that these derivatives always take values in the radial direction.

We can also illustrate what would happen if one were to compute the derivatives

on X and then push the result forward to X using the method of §4.4.2. If X is given

the Riemannian metric induced by its embedding into R3, then we can compute the

following quantities.

α∗ =


− sin θ 0

cos θ 0

0 1

 =


−y 0

x 0

0 1

 (4.30)

(∂∂α)V =


− cos θ 0

− sin θ 0

0 0

 =


−x 0

−y 0

0 0

 (4.31)
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g =

 x2 + y2 0

0 1

 = I (4.32)

α†∗ =

 −y x 0

0 0 1

 (4.33)

ϕ∗α
†
∗ =

 −y 0

x 0

 −y x 0

0 0 1

 =

 y2 −xy 0

−xy x2 0

 (4.34)

Therefore the pushforward of the covariant derivative is

ϕ∗∇V = ϕ∗∂V + ϕ∗α
†
∗ (∂∂α)V

= 0 +

 y2 −xy 0

−xy x2 0



−x 0

−y 0

0 0


= 0.

(4.35)

This demonstrates that the method of constructing a vector field in a neighbourhood

is superior to using the pushforward of the covariant derivative, since the latter fails

to produce derivatives that describe the circular motion in the plane, which is a result

of the embedding of the state space.

4.6 Special Case: Multilinear Series

Here we define a special case where the family of reduced vector fields can be obtained

directly using a top-down algebraic manipulation of the original. This case generalizes

many of the examples that are used with a Galerkin procedure, with linear maps used

for the projection and its inverse, and a particular form of nonlinear dynamics that

allows for the computation of low-dimensional reduced dynamics. This includes local

approximations of general nonlinearities, since a Taylor polynomial also has this form.

We refer to this form of dynamics as a multilinear series.

Let X be a vector space. Define a multilinear series as a map M : X → X of the

form

M(x) =
m∑
k=0

Mk(x, · · · , x︸ ︷︷ ︸
k times

), (4.36)
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where Mk : Xk → X is a k-linear map in X, and m ∈ N0 is the degree of M . Since

each multilinear term is being evaluated by a single repeated argument, we can require

each Mk to be totally symmetric without loss of generality. Given a basis for X, M

can be written in components as

(M(x))i =
m∑
k=0

(Mk)
i
j1···jkx

j1 · · ·xjk , (4.37)

Addition and scalar multiplication can be defined in the usual way, (M + N)(x) =

M(x) +N(x) and (λM)(x) = λM(x), to give the set of degree m multilinear series a

vector space structure. The dimension of this vector space is

n

m∑
k=0

(
n+ k − 1

k

)
= n

(
m+ n

m

)
=

(m+ n)!

m!(n− 1)!
, (4.38)

where n = dimX > 0. The space of degree m multilinear series is closed under

composition with linear maps A,

(M ◦ A(x))i =
m∑
k=0

(Mk)
i
a1···akA

a1
j1
· · ·Aakjkx

j1 · · ·xjk ,

(A ◦M(x))i =
m∑
k=0

Aia(Mk)
a
j1···jkx

j1 · · · xjk .
(4.39)

It also satisfies

M(λx) =
m∑
k=0

λk(Mk)
i
j1···jkx

j1 · · ·xjk (4.40)

and M(0) = M0.

Let X and X̂ be vector spaces and ϕ : X → X̂ be a surjective linear map. Since we

are dealing with vector spaces and linear maps, ϕ and ϕ∗ coincide. Let ψ be a linear

map defined on the whole of X̂. Let the original vector field be given by a multilinear

series for state dependence,

Vx =
m∑
k=0

Mk(x, · · · , x︸ ︷︷ ︸
k times

). (4.41)

Then we can apply (4.2),

V̂x̂ = ϕ∗ Vψ(x̂)

= ϕ∗
∑
k

Mk(ψ(x̂), · · · , ψ(x̂))

=
∑
k

M̂k(x̂, · · · , x̂)

(4.42)
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where M̂k : X̂k → X̂ is an k-linear map in X̂ given by

(M̂k)
µ
ν1···νk = ϕµi (Mk)

i
j1···jk ψ

j1
ν1
· · ·ψjkνk . (4.43)

One can pre-compute these quantities to produce an explicitly low-dimensional vector

field. It is straightforward to verify that this reduced vector field has derivatives that

satisfy (4.12),

∇̂Ẑ(V̂x̂) =
∑
k

kM̂k(Ẑ, x̂, · · · , x̂)

=
∑
k

kϕ∗Mk(ψ(Ẑ), ψ(x̂), · · · , ψ(x̂))

= ∇̂Ẑ(ϕ∗Vψ(x̂)).

(4.44)

This shows that the common top-down approach to obtaining reduced dynamics pro-

duces vector fields that satisfy the properties described in §4.3.1 and §4.4, assuming

a linear inverse. In practice, a linear map may only be an approximation of the true

(nonlinear) inverse.

4.7 Using Secant-Grassmann Projection with State

Space Manifolds

To make use of the secant-based projection method discussed in §3, the attractor needs

to be an embedded submanifold of some ambient vector space in order to make use

of its secants. This makes attractors of a dynamical system with state space Rn a

compatible example. However, when dealing with more general state space manifolds,

we do not have this required structure.

In order to use secant-based projection in this case, we can embed the state space X

into Rn for some n by the Whitney embedding theorem, and choose the reduced state

space to be X̂ = Rd. If α : X → Rn is the chosen embedding, and the orthonormal

map W : Rd → Rn describes the orthogonal projection onto the subspace W (Rd), then

the dimension-reducing map is ϕ = W † ◦ α, and its differential is ϕ∗ = W †α∗ with

adjoint ϕ†∗ = α†∗W . By using the Euclidean inner product 〈 , 〉 on this intermediate

space, Rn, the embedding induces the pullback metric on X,

g(V1, V2) = 〈α∗V1, α∗V2〉 , (4.45)
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and similarly W induces the Euclidean inner product on Rd by definition. This makes

α∗ an orthonormal map, α†∗α∗ = idTX . This is useful, as we typically aren’t given a

particular metric on the state space of a dynamical system.

The set of unit secants can then be generated by α(M) in Rn,

K(α(M)) =

{
x− y
‖x− y‖

: x 6= y, x, y ∈ α(M)

}
. (4.46)

4.7.1 Inverse

In §4.4 we require a (non-unique) choice of inverse of ϕ in a neighbourhood of the

attractor, denoted ψ, in order to determine the reduced dynamics. In particular we

only need the differential ψ∗ along ϕ(M) to specify the stability, (4.9). In §3.8 we

detailed a simple affine inverse for the orthogonal projection generated by the secant-

Grassmann method. Therefore if we choose ψ = αL(Wx̂+z), where αL is a left-inverse

of α, we can compute the differential, ψ∗ = αL∗W . Since α∗ is orthonormal, the adjoint

is its left-inverse, therefore ψ∗ = α†∗W = ϕ†∗. In practice the affine inverse of the

orthogonal projection will be an approximate inverse, and so ψ∗ ≈ ϕ†∗.

4.7.2 Computing the Adjoint

In order to compute the adjoint of the differential of the embedding, α†∗, we need the

metric g on X and the Euclidean metric δ on Rn. Since g is the pullback of δ by α, it

is defined in terms of α∗.

Theorem 4.7.1. Let (X, g) and (X̂, h) be Riemannian manifolds and φ : X → X̂ be

a local isometry, i.e. g is the pullback of h by φ, g = φ∗h. Then the adjoint of the

differential φ†∗ is given by

[φ†∗] =
(
[φ∗]

T[h][φ∗]
)−1

[φ∗]
T[h], (4.47)

where [φ∗], [g] and [h] denote the matrix descriptions of the tensors at each point in

arbitrary frames.

Proof. The pullback metric is

[g] = [φ∗]
T[h][φ∗], (4.48)
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and the definition of the adjoint is

[φ†∗] = [g]−1[φ∗]
T[h]. (4.49)

Therefore

[φ†∗] =
(
[φ∗]

T[h][φ∗]
)−1

[φ∗]
T[h]. (4.50)

Corollary 4.7.2. Let (X, g) and (X̂, h) be Riemannian manifolds and φ : X → X̂ be

a local isometry, i.e. g is the pullback of h by φ, g = φ∗h. Then the adjoint of the

differential φ†∗ in an orthonormal frame for TX̂ and an arbitrary frame for TX is given

by

[φ†∗] =
(
[φ∗]

T[φ∗]
)−1

[φ∗]
T. (4.51)

Corollary 4.7.3. Let (X, g) and (X̂, h) be Riemannian manifolds and φ : X → X̂ be

a local isometry, i.e. g is the pullback of h by φ, g = φ∗h. Then the adjoint of the

differential φ†∗ in orthonormal frames is given by

[φ†∗] = [φ∗]
T. (4.52)

4.8 Reduced Vector Field by Optimization

Given a dimension-reducing map, ϕ, we need to obtain a reduced vector field, V̂ , that

has the desired properties discussed in §4.3 and §4.4. In order to determine the reduced

vector field for a general nonlinear original vector field, we can use the optimization

approach taken in [4], and apply it to general state space manifolds. This approach

uses a finite sample of snapshots from the attractor, X ⊂ M, and matches tangent

vectors and derivatives at each point with those in the reduced space by minimizing a

cost function. The cost function S : Û → R is defined on a parameter space, Û , that

parameterizes a family of reduced vector fields. As we are dealing with an attractor, a

set of snapshots can be easily obtained by numerically flowing along the vector field.

The cost function is constructed using the least-squares residuals from the vector

field and its derivatives. Let S be given by the weighted sum

S(β) := ω1S
(1)(β) + ω2S

(2)(β), (4.53)
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where

S(1)(β) :=
∑
x∈X

∥∥∥ϕ∗V − V̂ (β)
∥∥∥2

S(2)(β) :=
∑
x∈X

∥∥∥∇̂(ϕ∗V )A− k(I − A)− ∇̂V̂ (β)
∥∥∥2

.
(4.54)

The norms are those induced by the metric. We can use the weights ω1 and ω2 to

divide out any scale factors,

ω−1
1 :=

∑
x∈X

‖ϕ∗V ‖2 ,

ω−1
2 :=

∑
x∈X

∥∥∥∇̂(ϕ∗V )A− k(I − A)
∥∥∥2

.
(4.55)

If V̂x̂ is linearly dependent on β ∈ Û , then this optimization problem is linear, i.e.

gradS = 0 is a linear equation for β. In this case, let

V̂ i = Bi
cβ

c

∇̂aV̂
i = Ci

acβ
c,

(4.56)

then the optimal β ∈ Û is given by the solution to the linear problem Aβ = B, where

Akc :=
∑
x∈X

(
ω1ĝijB

j
kB

i
c + ω2ĝij ĝ

abCj
bkC

i
ac

)
Bk :=

∑
x∈X

(
ω1ĝij(ϕ∗V )iBj

k + ω2ĝij ĝ
abCj

bk

(
∇̂(ϕ∗V )A− k(I − A)

)i
a

)
.

(4.57)

4.8.1 Radial Basis Functions

The particular family of reduced vector fields, V̂ : Û → X(X̂), used in [4] was con-

structed from radial basis functions, which can provide a good fit to a wide range of

examples. This allows us describe the reduced dynamics without having prior knowl-

edge of its form. Let the reduced parameter space be Û = Rd(d+J), i.e. a parameter

β ∈ Û consists of a d× d matrix, L, and J weights, wγ ∈ Rd, corresponding to centres

cγ ∈ Rd, 1 ≤ γ ≤ J . The centres are considered to be fixed a priori. The generic vector

field on X̂ is then expressed as a linear term with a sum of radial basis functions, each

with a weight and a centre,

V̂x̂(β) = Lx̂+
J∑
γ=1

wγφ(‖x̂− cγ‖). (4.58)
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The function φ : R→ R can be any sensible radial basis function; we use φ(r) = r2 log r

by default. As the centres are fixed, β 7→ V̂x̂(β) is a linear map. For practical

application it is convenient (and better numerically conditioned) to use block matrices,

rather than the tensor notation of (4.57). The vector field can be written as

V̂x̂ = Z

 x̂

Φ(x̂)

 , (4.59)

where

Z :=
[
L w1 · · · wJ

]
, Φ(x̂) :=


φ(‖x̂− c1‖)

...

φ(‖x̂− cJ‖)

 .
Note that Z is the block matrix description of β ∈ Û . By further forming the block

matrices

Y1 := ϕ∗

[
Vx1 · · · VxN

]
, C1 :=

 x̂1 · · · x̂N

Φ(x̂1) · · · Φ(x̂N)

 ,

Y2 :=
[
ξ(x1) · · · ξ(xN)

]
, C2 :=

 Id,Nd

Ψ(x̂1) · · · Ψ(x̂N)

 ,
where

Ψjb(x̂) := φ′(‖x̂− cj‖)
(x̂− cj)b

‖x̂− cj‖
,

ξij(x) := (∇̂kY )iAkj − k(δij − Aij),
(4.60)

we can write the linear problem as

(
2∑

h=1

ωhChCT
h

)
ZT =

2∑
h=1

ωhChYT
h , (4.61)

for Z. These matrices have sizes Y1 ∈ Rd×N , C1 ∈ R(d+J)×N , Y2 ∈ Rd×Nd, C2 ∈

R(d+J)×Nd, Z ∈ Rd×(d+J).

Placing Radial Basis Centres

Before the problem for the reduced dynamics can be solved, the centres (c1, · · · , cJ) for

the radial basis functions need to be placed in Rd. We adopt a brute force strategy by

generating random configurations. To do this we compute an axis-aligned bounding
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box that contains all attractors in the parameter region. This can be obtained by

iterating over all data points and recording the minimum and maximum coordinates on

each axis. Given a bounding box, we select the position of each centre from a uniform

distribution over the box. Since this takes place in the low-dimensional space it is

typically cheaper to generate multiple configurations, solve for each, then choose the

best configuration than it is to use nonlinear optimization on the combined problem.

On a practical note, we found that scaling up the size of the bounding box to

around 1.5 times the default data box tended to result in lower cost solutions.

4.9 Reduction with Symmetry

In the presence of a symmetry group on the original system, we can ask whether the

symmetry can be preserved in the reduced system. Let G be a symmetry group for the

original system (X, V ), i.e. the vector field is G-equivariant. Let M be an attractor

that is also G-invariant, i.e. g(M) = M for all g ∈ G. If we give G an action on

the reduced state space X̂ and require ϕ : X → X̂ to be G-equivariant then ϕ(M)

is G-invariant and the pushforward ϕ∗V along ϕ(M) is a G-equivariant vector field.

Therefore in order to preserve the symmetry, the task is to determine an action of G

on X̂ such that ϕ is G-equivariant.

With a secant-based method of reduction, our dimension-reducing map consists

of an embedding and an orthogonal projection, ϕ = W † ◦ α. Since we are free to

choose the embedding α, and free to extend the symmetry to the embedding space, we

focus on the orthogonal projection and finding actions that make W † G-equivariant,

W †g = gW † ∀g ∈ G.

Theorem 4.9.1. Let X and X̂ be inner product spaces and W : X̂ → X be an

orthonormal map. Given a (possibly nonlinear) action of G on X̂, the corresponding

action on X,

gx = Wg(W †x) + (idX −WW †)x (4.62)

is a well-defined action under which W and W † are G-equivariant.
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Proof. ex = x is straightforward and h(gx) is given by

h(gx) = Wh(g(W †x)) + (idX −WW †)(Wg(W †x) + (idX −WW †)x)

= Wh(g(W †x)) + (idX −WW †)x

= W (hg)(W †x) + (idX −WW †)x

= (hg)x.

(4.63)

Hence this is a well-defined action on X. Under these actions,

W †gx = W †Wg(W †x) +W †(idX −WW †)x

= g(W †x)
(4.64)

and

g(Wx̂) = Wg(W †Wx̂) + (idX −WW †)Wx̂

= Wgx̂,
(4.65)

so both W and W † are G-equivariant.

This gives a way of generating an action on X given an action on X̂. Since W

is G-equivariant, we can also relate these actions via gx̂ = W †g(Wx̂). For example,

translation in X̂, x̂ 7→ x̂+a, corresponds to translation in X by x 7→ x+Wa. However,

what we really want is a way of generating an action on X̂ given one on X.

Theorem 4.9.2. Let X and X̂ be inner product spaces and let G have a (possibly

nonlinear) action on X. Let W : X̂ → X be an orthonormal map such that W (X̂) is

a G-invariant subspace of X. The corresponding action on X̂,

gx̂ = W †g(Wx̂) (4.66)

is a well-defined action under which W is G-equivariant.

Proof. Since imW is G-invariant, Pg(Wx̂) = g(Wx̂), where P = WW † is the orthog-

onal projection onto imW . ex = x is straightforward and h(gx) is given by

h(gx̂) = W †h(WW †g(Wx̂))

= W †h(g(Wx̂))

= W †(hg)(Wx̂)

= (hg)x̂

(4.67)
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Hence this is a well-defined action on X̂. Under these actions,

Wgx̂ = WW †g(Wx̂)

= g(Wx̂)
(4.68)

W is G-equivariant.

Theorem 4.9.3. Let X and X̂ be real inner product spaces and let G act orthogonally

on X. Let W : X̂ → X be an orthonormal map such that W (X̂) is a G-invariant

subspace of X. The corresponding action on X̂,

gx̂ = W †g(Wx̂) (4.69)

is a well-defined action under which W , W † and P = WW † are G-equivariant.

Proof. By Theorem 4.9.2, the action is well-defined and W is G-equivariant. Since

G acts orthogonally, (imW )⊥ is also an invariant subspace, which by Theorem A.1.1

coincides with kerW † = kerP . Hence

Pgx = PgPx+ Pg(idX − P )x

= PgPx

= gPx,

(4.70)

P is G-equivariant. Also,

g(Px) = Pg(x)

Wg(W †x) = WW †g(x)

g(W †x) = W †g(x),

(4.71)

W † is G-equivariant.

Therefore, we have a method of preserving the symmetry under the conditions that

the group acts orthogonally, and the reduced state space is chosen to be an invariant

subspace of the group action.

The simplest nontrivial example of an orthogonal symmetry is Z2 acting by reflec-

tion. For this group action, every subspace is an invariant subspace, and the resulting

action on the reduced space is also reflection.

Another example is a group of rotations with a common axis of rotation. Note that

the ‘axis’ may have more than one dimension, depending on the dimension of the state
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space. Since both the axis and its orthogonal complement are invariant subspaces, we

can choose to project onto the orthogonal complement. In this case the resulting

action on the reduced space is rotation in the subspace.



Chapter 5

Dimensionality Reduction with

Parameter Dependence

In this chapter we develop a method of dimensionality reduction that is able to re-

produce a family of attractors associated to a parameter space. We extend the for-

malism developed in the previous chapter to include a parameter space, and adapt

secant-Grassmann projection for use with multiple attractors. We develop a practical

implementation by extending the optimization approach from §4.8 by constructing a

linear optimization problem over a space of affine maps.

5.1 Introduction

The parameters of a model are often a set of individual real numbers, (λi ∈ R)li=1.

For each of these, one may have an interval of R which is of interest, or of physical

relevance, [ai, bi]. The total parameter space under investigation is then given by the

product of these intervals, U = [a1, b1] × · · · × [al, bl], which is a convex subset of Rl.

We can therefore think of U as a smooth manifold and also make use of linear algebra

on Rl. In the presence of a parameter space, we can regard the system as a family of

vector fields.
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5.2 Formulation

If we have a parameter space then, rather than a single vector field, we have a parame-

terized family of vector fields. As the attractor results from the flow of the vector field,

we can have a corresponding family of attractors. Even though the resulting attractor

can change in a wide variety of complicated ways, especially over bifurcations, the

tangent vectors often depend smoothly on the parameter. This is something we can

take advantage of, by reproducing the relevant parts of the underlying vector fields

and allowing the attractors to emerge naturally, rather than attempting to describe

them explicitly.

Let X be the state space as a smooth manifold and U be the parameter space. Let

a smooth family of smooth vector fields be given by the map V : U → X(X). We will

use the notation V λ = V (λ). We are interested in a given original system (X,U, V )

such that for each parameter value λ ∈ U , the flow of V λ has an attractor Mλ ⊂ X.

The objective is to construct a reduced system (X̂, Û , V̂ ). In general, the state-space

map that relates X to X̂ may depend on the parameter. Let ϕ : X × U → X̂ be

a smooth map and let ϕλ : X → X̂ : x 7→ ϕ(x, λ). We also need to relate the

original parameters to the parameters of the reduced system. Let the parameter map

Q : U → Û be a smooth map. The objective is to obtain a ϕ and Q such that each

attractor’s vector field and derivatives are reproduced by V̂ (Q(λ)) in X̂ under ϕλ, as

in §4.

5.2.1 Product Manifold

Consider the product manifold X × U . Let iλ : X → X × U : x 7→ (x, λ) and

jx : U → X×U : λ 7→ (x, λ) be inclusions, and πX : X×U → X and πU : X×U → U

be the canonical projections. The tangent space of a product manifold is the direct

sum of the component spaces, T(x,λ)(X × U) = TxX ⊕ TλU . We refer to the X

component as horizontal, and the U component as vertical. Each vector field on the

product manifold can be written as a sum of a horizontal and vertical vector field.

The smooth family of vector fields on X can be expressed as a single smooth vector

field on the product manifold, V ∈ X(X × U), via

V(x,λ) = (iλ∗)xV
λ
x . (5.1)



CHAPTER 5. PARAMETER DEPENDENCE 128

This vector field is horizontal,

((πX)∗)(x,λ)V(x,λ) = V λ
x (5.2)

(πU)∗V = 0. (5.3)

The reduced system can also be formulated as a product manifold, X̂ × Û , with a

horizontal vector field, V̂ ∈ X(X̂ × Û) satisfying (πÛ)∗V̂ = 0. In this formulation, the

reduction consists of a smooth map ξ : X×U → X̂×Û that preserves horizontality. If ξ

is of the form ξ(x, λ) = (ϕ(x, λ), Q(λ)) then ξ preserves horizontality, since ∂Q/∂x = 0,

[(ξ∗)(x,λ)V(x,λ)] =

 ∂ϕ/∂x ∂ϕ/∂λ

∂Q/∂x ∂Q/∂λ

 V λ
x

0


=

 (ϕλ∗)x ∂ϕ/∂λ

0 (Q∗)λ

 V λ
x

0


=

 (ϕλ∗)xV
λ
x

0

 .
(5.4)

5.2.2 Family of Attractors

For each λ ∈ U let Mλ ⊂ X be a compact submanifold without boundary invariant

under the flow of V λ. Note that we are not assuming that the family (Mλ)λ∈U is

a submanifold of X × U , since the dimension of the attractor may change with λ,

producing singular points; rather each horizontal slice of the product manifold contains

an attractor.

As in §4.3, we need to embed each individual attractor into the reduced state

space, i.e. ϕλ is an embedding ofMλ into X̂ for each λ ∈ U . The parameter map, Q,

allows for a given parameter λ to determine a vector field on the reduced state space,

V̂ (Q(λ)). Given a parameter-dependent dimension-reducing map, ϕ, that embeds the

family of attractors into the reduced space, we seek a parameter map such that for

each parameter, the reduced vector field has the properties discussed in §4, i.e. it

reproduces the flow on the attractor, and has derivatives that are stable.

V̂ (Q(λ)) = ϕλ∗V (λ) ∀x ∈Mλ ∀λ ∈ U (5.5)

In §4.4 we need to choose an inverse within a neighbourhood of the attractor. Let Nλ
be a neighbourhood of ϕλ(Mλ) and N = ∪λ∈UNλ. Let ψ : N × U → X be a smooth
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map that coincides with the inverse of ϕλ on each attractor, i.e.

ψλ(ϕλ(x)) = x ∀x ∈Mλ ∀λ ∈ U. (5.6)

and ψλ : N → X : x̂ 7→ ψ(x̂, λ). Then Y λ
p = ϕλ∗V

λ
ψ(p,λ) is a smooth family of vector

fields defined on N , which can be used to specify the derivatives of the reduced vector

fields along each submanifold.

5.2.3 Parameter-Independent Reduction

In order to simplify the problem, we can seek a single state-space map that is suitable

for the whole parameter region, i.e. ϕ is independent of λ. In this case we write

ϕ : X → X̂ and Q : U → Û .

X
ϕ−−−−−→ X̂

U
Q−−−−−→ Û

V

y yV̂
X(X) X(X̂)

Doing so allows us to decouple the problem into two parts; first, finding a ϕ that

satisfies the necessary topological requirements, and then using ϕ to find a Q that

produces the corresponding dynamics in the reduced space. Even though ϕ does not

depend on the parameter, the inverse of ϕ|Mλ
can indeed depend on the parameter,

and therefore ψ retains a parameter dependence.

5.3 Extending Secant-Grassmann Projection

We can extend the secant-Grassmann projection method discussed in §3 and §4.7 to a

family of submanifolds indexed by a parameter space, U , in a straightforward manner.

Let α : X → Rn be an embedding of the state space into an ambient Euclidean space.

Each submanifold, α(Mλ), generates a set of unit secants, K(α(Mλ)). For a finite

sample of these secants, Kλ ⊂ K(α(Mλ)), we have the cost function (3.7),

Fλ(W ) =
1

|Kλ|
∑
k∈Kλ

∥∥W †k
∥∥−1

, (5.7)
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where W : Rd → Rn is an orthonormal map. We can construct a single cost function

using a finite collection of parameter values, U ⊂ U , via

G(W ) =
1

|U|
∑
λ∈U

Fλ(W ). (5.8)

This is a well-defined cost function on the Grassmannian as it satisfies the orthogonal

symmetry G(WQ) = G(W ). Like the individual cost functions, this takes values in

the range [1,∞]. For finite values, all sampled secants on all sampled submanifolds

are preserved. Therefore minimizing G obtains a good projection for the family of

submanifolds in the region of parameter space described by U . Note that we do not

include secants generated by pairs of points with differing parameter values. This is

because two attractors from different parameter values are allowed to intersect both in

the original space and in the reduced space. The minimum projected length becomes

κmin = min
λ∈U

min
k∈Kλ

∥∥W †k
∥∥ . (5.9)

5.3.1 Inverse of the State-Space Map

In order to determine the reduced dynamics, we need to make use of an inverse of

the state-space map for each attractor. By using a parameter-independent state-space

map, consisting of an embedding and an orthogonal projection, the inverse has the

general form

ψ(x̂, λ) = αL(Wx̂+ η(x̂, λ)), (5.10)

where η : Rd×U → Rn is a smooth map that gives the vertical component, W †η(x̂, λ) =

0. Note that since the embedding α and the orthonormal map W are parameter-

independent, the parameter dependence of ψ is confined to the vertical component

given by η. We will also use the notation ηλ(x̂) = η(x̂, λ).

As discussed in §4.4.3 and §4.8, we in fact only require the derivative of the inverse

(in (4.9)), which is

ψλ∗ = α†∗W + α†∗η
λ
∗

= ϕ†∗ + α†∗η
λ
∗ .

(5.11)

In practice we will use an approximation of the true inverse by choosing a function η

to fit the available data. For a given α and W , the vertical component map η should
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(approximately) satisfy

η(W †α(x), λ) = (id−WW †)α(x) ∀x ∈Mλ. (5.12)

For each λ, this can be phrased as an optimization problem with least-squares cost∑
y∈α(Xλ)

∥∥ηλ(W †y)− (id−WW †)y
∥∥2

(5.13)

for the map ηλ. Combining the optimization problems over the parameter space gives

the single cost function

1

|U|
∑
λ∈U

1

|Xλ|
∑

y∈α(Xλ)

∥∥η(W †y, λ)− (id−WW †)y
∥∥2

(5.14)

for the function η.

An Affine Vertical Component

In order to obtain an inverse whose derivative is parameter-independent, we can look

for an η that is affine in the parameter λ and independent of x̂,

η(x̂, λ) = B(λ− λ̄) + c, (5.15)

where c ∈ Rn, B ∈ L(Rl,Rn), and λ̄ is the mean parameter value over the parameter

samples,

λ̄ :=
1

|U|
∑
λ∈U

λ. (5.16)

The derivative of this is clearly null, ηλ∗ = 0, and therefore the corresponding inverse

does indeed have a parameter-independent derivative, ψλ∗ = ϕ†∗. By writing the affine

map in this form, we can determine the optimal B and c separately, as explained in

§2.4.7. Assuming c is given, the optimal B is given by the linear problem

Bi
j

1

|U|
∑
λ∈U

(λ− λ̄)j(λ− λ̄)b =
1

|U|
∑
λ∈U

(z̄λ)
i(λ− λ̄)b, (5.17)

which is independent of the choice of c, where

z̄λ :=
1

|Xλ|
∑

y∈α(Xλ)

(id−WW †)y (5.18)

is the mean vertical component over the data set for parameter λ.
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Similarly, assuming B is given and c is to be found, the solution to the least-squares

problem for c is

c =
1

|U|
∑
λ∈U

z̄λ, (5.19)

which is independent of B. The inverse is then given in closed form for both x̂ and λ

as

ψ(x̂, λ) = αL(Wx̂+B(λ− λ̄) + c). (5.20)

We can also show that η(x̂, λ) is orthogonal to the subspace W (Rd).

Proposition 5.3.1. η(x̂, λ) is orthogonal to the subspace W (Rd) for all λ.

Proof. By Theorem A.1.1, the orthogonal complement of the subspace W (Rd) is given

by the kernel of W †. Therefore we need to verify W †η(x̂, λ) = 0.

W †c =
1

|U|
∑
λ∈U

W †z̄λ

= 0

(5.21)

Applying W † to (5.17) gives

(W †)aiB
i
j

1

|U|
∑
λ∈U

(λ− λ̄)j(λ− λ̄)b = (W †)ai
1

|U|
∑
λ∈U

(z̄λ)
i(λ− λ̄)b,

=
1

|U|
∑
λ∈U

(W †z̄λ)
a(λ− λ̄)b,

= 0.

(5.22)

Since B is defined by the linear problem (5.17), 1
|U|
∑

λ∈U(λ− λ̄)j(λ− λ̄)b has a right-

inverse, and so W †B = 0. Hence W †ηλ = 0.

5.4 Special Case: Multilinear Series

In §4.6 we considered a special case where both state spaces are vector spaces, the

reduction is linear, and the vector field is given by a multilinear series. In this case a

Galerkin approach can be used to determine the reduced dynamics. We now extend

this to include parameter dependence.

Let X and X̂ be vector spaces and ϕ : X → X̂ be a surjective linear map. Let

ψ(x̂, λ) be linear in both x̂ and λ. Let the original vector field be given by a multilinear



CHAPTER 5. PARAMETER DEPENDENCE 133

series for state and parameter dependence,

V λ
x =

∑
pq

Mpq(x, · · · , x︸ ︷︷ ︸
p times

;λ, · · · , λ︸ ︷︷ ︸
q times

). (5.23)

where Mpq : Xp × U q → X̂ is p-linear in X and q-linear in U . Then we can choose

Û = U and Q = idU , and apply (4.2),

V̂ λ
x̂ = ϕ∗ V

λ
ψλ(x̂)

= ϕ∗
∑
pq

Mpq(ψ
λ(x̂), · · · , ψλ(x̂);λ, · · · , λ)

=
∑
pq

M̂p,p+q(x̂, · · · , x̂;λ, · · · , λ).

(5.24)

Since ψ(x̂, λ) is multilinear,

ψ(x̂, λ) = ψjνbx̂
νλb, (5.25)

M̂ is given by

(M̂p,p+q)
µ
ν1···νp b1···bpa1···aq = ϕµi (Mpq)

i
j1···jp a1···aq ψ

j1
ν1b1
· · ·ψjpνpbp . (5.26)

The error in the reduced vector field is given by∥∥∥V̂ λ
ϕ(x) − ϕ∗V λ

x

∥∥∥
=

∥∥∥∥∥ϕ∗∑
pq

[
Mpq(ψ

λ(ϕ(x)), · · · , ψλ(ϕ(x));λ, · · · , λ)−Mpq(x, · · · , x;λ, · · · , λ)
]∥∥∥∥∥ .
(5.27)

Note that the error vanishes when ψλ(ϕ(x)) = x, and therefore for a given ϕ, the error

is determined by the quality of the inverse ψ.

5.5 Obtaining a Parameter Map by Optimization

In §4.8 we used optimization to obtain a single reduced vector field, which we can

think of as corresponding to a fixed parameter in U . We now extend this approach to

the parameter map, where we are interested in obtaining the map Q : U → Û from the

original parameter that determines the original vector field to the reduced parameter

that determines the reduced vector field.

In order to find a suitable mapping we can consider a space of such maps, and

select the optimal map by extending the optimization approach from §4.8. Let µ ∈ Rp
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parameterize a family of maps Qµ : U → Û . We can construct an optimization

problem for µ using a finite sample of original parameter values, U ⊂ U , to extend the

single-parameter case. For each λ ∈ U we want the original vector field to match the

reduced vector field, V̂ (Qµ(λ)), in the sense described above. To this end we construct

the cost function T : Rp → R,

T (µ) :=
1

|U|
∑
λ∈U

Sλ(Qµ(λ)), (5.28)

where Sλ is the single-parameter cost function for λ, (4.54). If µ 7→ Qµ(λ) is a linear

map from Rp to Û for all λ ∈ U , then gradT = 0 describes a linear problem for µ.

Note that each map Qµ does not need to be linear itself, just the parameterization.

In this case, let Qµ(λ) = Dµ, where D is a linear map (w.r.t. µ) which may contain

nonlinear dependence on λ. The optimal µ is then given by the solution to the linear

problem (∑
λ∈U

DTAD

)
µ =

∑
λ∈U

DTB, (5.29)

where A and B are as defined in (4.57) (both depend on λ implicitly). We choose Q

to be Qµ with optimal µ.

5.5.1 An Affine Parameter Map

If the original tangent vectors have a simple dependence on the parameter space, for

example an affine map, then the projection of these vectors, ϕ∗V
λ, are also affinely

dependent on the parameter. For a more general parameter dependence, a first-order

Taylor expansion around a particular parameter point will give an affine map that

approximates the parameter dependence in a neighbourhood of the point. Therefore

if the parameter region U is small enough such that an affine map is an accurate

approximation, we can seek an affine parameter map Q : U → Û , and a reduced

family of vector fields V̂ that is also affine in Û . The composition V̂ ◦ Q is then an

affine map.

The space of affine maps is parameterized by µ ∈ Û ⊕ L(U, Û), i.e. µ = (q0, q1),

where q0 ∈ Û and q1 is a linear map from U to Û . This is clearly linear in µ,

Qµ(λ) = q0 + q1λ. (5.30)
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With Radial Basis Functions

The concrete family of reduced vector fields used in §4.8.1 is linearly dependent on Û

and therefore compatible with an affine parameter dependence in the original system.

Recall that J is the number of radial basis functions, d is the dimension of the reduced

space, and l is the dimension of the parameter space. To make this compatible with

the block matrix representation, we write Z = ΘΛ, where Θ ∈ Rd×(d+J)(l+1) contains

the µ-dependence, and Λ ∈ R(d+J)(l+1)×(d+J) contains the λ-dependence,

Θ =
[
z0 z1 · · · zl

]
, Λ =


I

λ1I
...

λlI

 , (5.31)

where l = dimU and I is the (d+ J)× (d+ J) identity matrix. The linear problem to

solve for Θ is then given by(∑
λ∈U

Λ

(
2∑

h=1

ωhChCT
h

)
ΛT

)
ΘT =

∑
λ∈U

Λ

(
2∑

h=1

ωhChYT
h

)
. (5.32)



Chapter 6

Examples

To demonstrate the method, we consider some examples. A variety of examples are

used, both low-dimensional simple systems and discretizations of PDEs, which are

high-dimensional. Although the method supports multiple parameters, we shall con-

sider examples where a single parameter is varied. In each case, we consider a region

of (1-dimensional) parameter space, and for a number of parameter values we generate

a data set of points from the attractor numerically. Using these data sets, we apply

the secant-Grassmann projection method to obtain a projection that is good for the

parameter region (§5.3). This projection is then used to obtain a family of reduced vec-

tor fields, by finding an affine map between the original parameter space and reduced

parameter space (§5.5.1). The family of attractors produced by the reduced model is

compared with the projection of those of the original system in the low-dimensional

space. We use the strategy from §4.8.1 for placing the radial basis centres.

The first example illustrates the accurate reproduction of parameter dependence in

period-doubling bifurcations without any dimension reduction; the second illustrates

a non-autonomous system with a state consisting of multiple angular variables; the

third illustrates a high-dimensional system produced by a discretized PDE.

In the future, we plan to conduct a more comprehensive survey of applications of the

method to various examples, including more complex PDEs, and examples with large

numbers of angular variables that the POD-Galerkin method is not compatible with.

Examples with multiple parameters can also be investigated. Such an undertaking is

beyond the scope of this work, in which we have focused on developing the approach.

136
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6.1 Rössler

The Rössler system [37] is a well-known 3-dimensional dynamical system featuring

a chaotic attractor. In particular it features the classic route to chaos via period-

doubling bifurcations of a limit cycle. Since the system is already of low dimension,

we do not attempt to reduce its dimension, but rather use it as a test of the method’s

ability to the reconstruct dynamics with parameter variation. This is a particularly

good example as it features not only a family of attractors with bifurcations, but the

individual attractors also feature slow and fast parts. This is particularly noticeable

in the z-coordinate, which rapidly spikes to large values. This will test the method’s

ability to reproduce vector fields with large variations over the attractor.

The system has state (x, y, z) ∈ R3 = X and parameters (a, b, c) ∈ R3 with a vector

field given by

V(x,y,z) =


−y − z

x+ ay

b+ z(x− c)

 (6.1)

We fix a = b = 0.1 and vary c. At c = 4 the system possesses a period-1 limit cycle.

We consider the parameter region U = [4, 8.8], which contains a number of period-

doubling bifurcations (from period 1 to 8), and choose 21 equally-spaced parameter

values from this interval. Since we are not reducing the dimension, X̂ = X, ϕ = idX ,

and ψλ = idX .

The derivative of the vector field is

∇V(x,y,z) =


0 −1 −1

1 a 0

z 0 x− c

 . (6.2)

Since the ϕ is a submersion, we do not need to decompose the tangent space.

6.1.1 Results

All simulations were performed with an RK4 integrator with a time-step of 0.001. For

reference the period-1 limit cycle at c = 4 has a period of approximately 6 units of

time. To reproduce the dynamics, 40 radial basis centres were used. This number was

determined by trial-and-error to be large enough to give a good reproduction of the
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attractors over the majority of the parameter region while keeping the computational

cost reasonable. We found that the radial basis function φ(r) = r3 was a superior

choice for this example over the thin-plate spline.

The reconstruction obtained demonstrates an accurate reproduction of both indi-

vidual attractors and their period-doubling bifurcations. Fig. 6.1 compares a selection

of individual attractors and Fig. 6.2 shows the two bifurcation diagrams for the pa-

rameter region.

To quantify the accuracy of the reproduction, we use several measures of error:

• The per-sample error,

E(t) = ‖x̂(t)− x(t)‖ .

• The root-mean-square (RMS) error over N samples,

ERMS =

√√√√ 1

N

N∑
i=1

‖x̂(ti)− x(ti)‖2.

• The maximum error over N samples,

Emax = max
i
‖x̂(ti)− x(ti)‖ .

• The set distance – the maximum of the minima over N samples,

Emaxmin = max
i

min
j
‖x̂(ti)− x(tj)‖ .

As these are absolute errors it is important to take them in context with the scale

of the attractors in the state space. At c = 4 the attractor is contained within a ball

of diameter 14 units, increasing to 36 units at c = 8.8. Fig. 6.3 shows the time series

errors for a number of parameter values over a time interval of 100 units. Fig. 6.4

shows the parameter dependence of the various error meansurements.

As we are not doing any dimensionality reduction in this particular case, we can

also compare the Floquet multipliers of the original and reconstruction. One of the

two non-unity multipliers is approximately zero, the other is real and shown in Fig. 6.5.

Since the optimization explicitly tries to reproduce the derivatives of the vector field

along the orbit, we expect the Floquet multipliers to be a close match to those of the

original.
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Figure 6.1: The Rössler system. Comparison of the attractors of the original model
with those of the reconstruction in the full 3-dimensions. Points are from the original
model and lines are from the reconstruction.
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(a) Original

(b) Reconstruction

Figure 6.2: The Rössler system. Bifurcation diagrams for both the original and recon-
struction over the investigated parameter region. Sampled values are the x-coordinates
when the orbit crosses from negative-y to positive-y. Samples were captured over a
time interval of 500 units.
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Figure 6.3: The Rössler system. Absolute error in the time series over a time interval
of 100 units. The spikes coincide with the fast parts of the attractor.
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Figure 6.4: The Rössler system. Parameter dependence of the absolute errors in the
time series over a time interval of 100 units. The error worsens towards the upper end
of the parameter region as the system moves towards chaos.
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Figure 6.5: The Rössler system. Parameter dependence of the Floquet multipliers.
Plusses are from the original, crosses are from the reconstruction. The period of each
limit cycle was determined by manually inspecting the time series and the Floquet
multipliers were computed by numerically integrating the variational equation over
the period.
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6.2 Pendulum

A forced damped double pendulum [41] has a state space given by X = T3 × R2

with coordinates (φ, θ, ψ, vφ, vθ). The angle ψ encapsulates an explicit periodic time

dependence in order to make the system autonomous. The vector field is given by

φ̇ = vφ

θ̇ = vθ

ψ̇ = Ω

v̇φ = −f5(φ)v2
θ − δ2vφ − f3(ψ) sinφ cos θ

v̇θ = (f1(φ)vθvφ − δ1vθ − f2(φ)f3(ψ) sin θ) /f4(φ),

(6.3)

where

f1(φ) = (3L+ 2 cosφ) sinφ

f2(φ) = (M + 2)L+ cosφ

f3(ψ) = 1 + AΩ2 cosψ

f4(φ) = (M + 3)L2 + 3L cosφ+ cos2 φ

f5(φ) = f1(φ)/2

We use the parameter values M = 7, L = 1.1, δ1 = 0.245, δ2 = 0.245, A = 0.15, and

vary Ω in the region U = [1.8, 1.82]. A simple flat torus embedding is used to embed

X into R8,

α(φ, θ, ψ, vφ, vθ) = (cosφ, sinφ, cos θ sin θ, cosψ, sinψ, vφ, vθ). (6.4)

We choose this particular embedding due to its simplicity and its ability to generalize

to higher dimensions.

6.2.1 Derivatives

f ′1(φ) = −2 + (3L+ 4 cosφ) cosφ

f ′2(φ) = − sinφ

f ′3(ψ) = −AΩ2 sinψ

f ′4(φ) = −(3L+ 2 cosφ) sinφ

f ′5(φ) = f ′1(φ)/2
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∂φφ̇ = ∂θφ̇ = ∂ψφ̇ = ∂vθ φ̇ = ∂φθ̇ = ∂θθ̇

= ∂ψθ̇ = ∂vφ θ̇ = ∂φψ̇ = ∂θψ̇ = ∂ψψ̇ = ∂vφψ̇ = ∂vθ ψ̇ = 0
(6.5)

∂vφφ̇ = ∂vθ θ̇ = 1 (6.6)

∂φv̇φ = −f ′5(φ)v2
θ − f3(ψ) cosφ cos θ

∂θv̇φ = f3(ψ) sinφ sin θ

∂ψv̇φ = −f ′3(ψ) sinφ cos θ

∂vφ v̇φ = −δ2

∂vθ v̇φ = −f1(φ)vθ

(6.7)

∂φv̇θ =
f ′1(φ)vθvφ − f ′2(φ)f3(ψ) sin θ

f4(φ)
− [f1(φ)vθvφ − δ1vθ − f2(φ)f3(ψ) sin θ] f ′4(φ)

[f4(φ)]2

∂θv̇θ =
−f2(φ)f3(ψ) cos θ

f4(φ)

∂ψv̇θ =
−f2(φ)f ′3(ψ) sin θ

f4(φ)

∂vφ v̇θ =
f1(φ)vθ
f4(φ)

∂vθ v̇θ =
f1(φ)vφ − δ1

f4(φ)

(6.8)
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6.2.2 Embedding Derivatives

Let (x1, · · · , x8) = α(φ, θ, ψ, vφ, vθ). Then the non-zero first partial derivatives are as

follows.

∂φα
1 = −x2

∂φα
2 = x1

∂θα
3 = −x4

∂θα
4 = x3

∂ψα
5 = −x6

∂ψα
6 = x5

∂vφα
7 = 1

∂vθα
8 = 1

(6.9)

Therefore we can compute the pullback metric in the coordinate basis,

[g] = [α∗]
T[α∗]

=



−x2 x1 0 0 0 0 0 0

0 0 −x4 x3 0 0 0 0

0 0 0 0 −x6 x5 0 0

0 0 0 0 0 0 1 0

0 0 0 0 0 0 0 1





−x2 0 0 0 0

x1 0 0 0 0

0 −x4 0 0 0

0 x3 0 0 0

0 0 −x6 0 0

0 0 x5 0 0

0 0 0 1 0

0 0 0 0 1


= I

(6.10)

Therefore the coordinate basis on TX is orthonormal under the pullback metric.
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The non-zero second partial derivatives are

∂φφα
1 = −x1

∂φφα
2 = −x2

∂θθα
3 = −x3

∂θθα
4 = −x4

∂ψψα
5 = −x5

∂ψψα
6 = −x6.

(6.11)

6.2.3 Results

Using 5 parameter values, U = {1.8, 1.805, 1.81, 1.815, 1.82}, and 1000 state sam-

ples from each attractor, a projection was found from R8 to R4 using the secant-

Grassmannian method. Since the composition of the embedding and orthogonal pro-

jection is non-submersive, the reduced tangent space needed to be decomposed using

the SVD method detailed in §4.4.4. The dynamics in R4 was obtained using 100 ra-

dial basis functions, which produced stable attractors that correspond to those of the

original (Fig. 6.6).
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Figure 6.6: Double Pendulum. Attractors from the original model (left) and reduced
model (right) for several parameter values. The x3x4-plane is shown. In the x1x2-
plane, all attractors form the unit circle in both original and reduced systems.

The double pendulum demonstrates an example that is not compatible with the

POD-Galerkin method, due to both the state space structure and the type of nonlin-

earities in the dynamics. Although the example is quite low-dimensional, and is only
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reduced by a single dimension, it does demonstrate the method can successfully deal

with the additional complications raised by such systems.

6.3 Brusselator

The Brusselator is a reaction diffusion equation that describes an autocatalytic chem-

ical reaction, notable for its oscillatory dynamics [15]. Its dynamics are specified by

the coupled PDEs for the pair of scalar fields (φ1, φ2) given by

∂tφ1 = a− (b+ 1)φ1 + φ2
1φ2 + d1∇2φ1

∂tφ2 = bφ1 − φ2
1φ2 + d2∇2φ2.

(6.12)

We choose a 2-dimensional physical space and apply a 32×32 square spatial discretiza-

tion with periodic boundaries, giving a 2048-dimensional state space, X = R2048. We

fix the parameters a = d1 = d2 = 1 and vary b in the range U = [2.5, 2.6] with 11

parameter samples and 272 state samples per attractor.

6.3.1 Discretization

For the spatial discretization, we use a centred space scheme,

(∇2φ)ij =
φi+1,j − 2φij + φi−1,j

(∆x)2
+
φi,j+1 − 2φij + φi,j−1

(∆y)2
, (6.13)

giving the system of ODEs,

(φ̇1)ij = a+ (φ1)2
ij(φ2)ij − (b+ 1)(φ1)ij + d1(∇2φ1)ij

(φ̇2)ij = b(φ1)ij − (φ1)2
ij(φ2)ij + d2(∇2φ2)ij.

(6.14)
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6.3.2 Derivatives

The partial derivatives of the finite-dimensional vector field are

∂(∇2φ)ij
∂φµν

=
δi+1,µδjν − 2δiµδjν + δi−1,µδjν

(∆x)2
+
δiµδj+1,ν − 2δiµδjν + δiµδj−1,ν

(∆y)2
(6.15)

∂(φ̇1)ij
∂(φ1)µν

= (2(φ1)ij(φ2)ij − b− 1)δiµδjν + d1
∂(∇2(φ1))ij
∂(φ1)µν

(6.16)

∂(φ̇1)ij
∂(φ2)µν

= (φ1)2
ijδiµδjν (6.17)

∂(φ̇2)ij
∂(φ1)µν

= (b− 2(φ1)ij(φ2)ij)δiµδjν (6.18)

∂(φ̇2)ij
∂(φ2)µν

= −(φ1)2
ijδiµδjν + d2

∂(∇2φ2)ij
∂(φ2)µν

. (6.19)

6.3.3 Results

For each parameter value there were 36856 secants with 16 to 18 secants remaining

after secant culling. The fact that at most 18 secants remain is a reflection of the limit

cycles exploring a 2-dimensional subspace, as Table 3.1 indicates. This is confirmed

by the singular values of the combined data set, the first few of which are 5046, 1471,

15.69, 11.73. The 2-dimensional subspace represents 99.998% of the signal energy.

Applying the method obtains a projection onto X̂ = R2. The dynamics in X̂ are

reproduced with 30 radial basis functions, producing the corresponding family of limit

cycles, as shown in Fig. 6.7, and Fig. 6.8 shows the family of attractors on a single

plot.

6.3.4 POD-Galerkin

The POD-Galerkin method is very suitable for describing the limit cycles of the Brus-

selator, as the limit cycles explore a subspace that is approximately 2-dimensional.

The 2-dimensional POD produces a projection onto this subspace, whose linear in-

verse is highly accurate as a result. As the dynamics are of the form in §4.6, the

Galerkin dynamics can also be evaluated without going through the high-dimensional

space. However, we note that the POD requires performing an SVD of a large data

matrix (2048× 2992 in our example), which took much longer than our secant-based

method with the secant culling optimization (50 seconds for secant culling followed
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Figure 6.7: The Brusselator. Comparison of the attractors of the original model with
the reduced model. Points are from the original model and lines are from the reduced
model.

by 2 seconds for optimization over the Grassmannian, compared with 38 minutes for

the POD). The attractors of the 2-dimensional POD-Galerkin system are shown in

Fig. 6.9 and Fig. 6.10.
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Figure 6.8: The Brusselator. Attractors for several parameter values from the reduced
model.
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Figure 6.9: The Brusselator. POD-Galerkin. Comparison of the attractors of the
original model with the reduced model. Points are from the original model and lines
are from the reduced model.
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Figure 6.10: The Brusselator. POD-Galerkin. Attractors for several parameter values
from the reduced model.
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6.4 Dynamo

A 3-dimensional physical space is described by a Riemannian manifold with toroidal

coordinates (η, θ, ϕ) and metric

[g] = diag(gη, gθ, gϕ) =
1

c2
diag(1, 1, sinh2 η), (6.20)

where c := cosh η − cos θ, given in the coordinate basis. We also make use of the

normalized non-holonomic basis

(η̂, θ̂, ϕ̂) =

(
1
√
gη
∂η,

1
√
gθ
∂θ,

1
√
gϕ
∂ϕ

)
= c

(
∂η, ∂θ,

1

sinh η
∂ϕ

)
. (6.21)

and the coordinate s := exp(η0− η), with η0 constant. A vector field, B, is defined by

a pair of scalar fields, a(η, θ) and b(η, θ), via

B = curl (aϕ̂) + bϕ̂, (6.22)

which gives

B = Bηη̂ +Bθθ̂ +Bϕϕ̂

Bη = c∂θa− a sin θ

Bθ = a

(
cosh η cos θ − 1

sinh η

)
+ cs∂sa

Bϕ = b.

(6.23)

The time evolution of B is therefore determined by the time evolution of a and b,

which is prescribed by the coupled PDEs

∂ta = Cααb+D2a,

∂tb = CωF + CαG+D2b.
(6.24)

Cα and Cω are constants, and α(η, θ, a, b), F (η, θ, a) and G(η, θ, a, b) are scalar fields.

D2 is the diffusion operator, given by

D2A := −g(curl (curl (Aϕ̂)), ϕ̂) (6.25)

D2 = c2

[
s2∂2

s + s

(
1− coth η +

sinh η

c

)
∂s + ∂2

θ −
sin θ

c
∂θ −

1

sinh2 η

]
. (6.26)

α :=
sin θ

1 + αB ‖B‖2 , (6.27)



CHAPTER 6. EXAMPLES 153

αB is a constant. The norm is given by

‖B‖2 = (Bη)2 + (Bθ)2 + (Bϕ)2. (6.28)

F := −3

2
$−3/2 [(1− cosh η cos θ)∂θa− s sinh η sin θ∂sa] , (6.29)

where $ := sinh η/c.

G := −αD2a− cs∂sα
(

1− cosh η cos θ

sinh η
a+ cs∂sa

)
− c∂θα (c∂θa− a sin θ) (6.30)

6.4.1 Discretization

We discretize the space in (s, θ) using a rectangular lattice with separations ∆s and

∆θ. s has range [0, 1] and θ is periodic, [0, 2π). For a field φ we use the notation

φij := φ(si, θj),

ȧij = Cααijbij + (D2a)ij,

ḃij = CωFij + CαGij + (D2b)ij.
(6.31)

The spatial derivatives are discretized using a central difference scheme,

∂sφij =
φi+1,j − φi−1,j

2∆s
, ∂θφij =

φi,j+1 − φi,j−1

2∆θ
(6.32)

∂2
sφij =

φi+1,j − 2φij + φi−1,j

(∆s)2
, ∂2

θφij =
φi,j+1 − 2φij + φi,j−1

(∆θ)2
(6.33)

∂sθφij =
φi+1,j+1 − φi+1,j−1 − φi−1,j+1 + φi−1,j−1

4∆s∆θ
(6.34)

6.4.2 Derivatives

The partial derivatives of the finite-dimensional vector field are

∂ȧij
∂aµν

= Cα
∂αij
∂aµν

bij +
∂(D2a)ij
∂aµν

∂ȧij
∂bµν

= Cα
∂αij
∂bµν

bij + Cααijδiµδjν

∂ḃij
∂aµν

= Cω
∂Fij
∂aµν

+ Cα
∂Gij

∂aµν

∂ḃij
∂bµν

= Cα
∂Gij

∂bµν
+
∂(D2b)ij
∂bµν

(6.35)

The derivatives of the discretized spatial derivatives are

∂∂sφij
∂φµν

=
δjν

2∆s
(δµ,i+1 − δµ,i−1),

∂∂θφij
∂φµν

=
δiµ

2∆θ
(δν,j+1 − δν,j−1)
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∂∂2
sφij

∂φµν
=

δjν
(∆s)2

(δµ,i+1 − 2δµi + δµ,i−1),
∂∂2

θφij
∂φµν

=
δiµ

(∆θ)2
(δν,j+1 − 2δνj + δν,j−1)

∂∂sθφij
∂φµν

=
1

4∆s∆θ
(δµ,i+1δν,j+1 − δµ,i−1δν,j+1 − δµ,i+1δν,j−1 + δµ,i−1δν,j−1)

The other derivatives are

∂Fij
∂aµν

= −3

2
$
−3/2
ij

[
(1− cosh ηi cos θj)

∂∂θaij
∂aµν

− si sinh ηi sin θj
∂∂saij
∂aµν

]
∂(D2φ)ij
∂φµν

= c2
ij

[
s2
i

∂∂2
sφij

∂φµν
+ si

(
1− coth ηi +

sinh ηi
cij

)
∂∂sφij
∂φµν

+
∂∂2

θφij
∂φµν

− sin θj
cij

∂∂θφij
∂φµν

− δiµδjν

sinh2 ηi

] (6.36)

∂Gij

∂aµν
=− ∂αij

∂aµν
(D2a)ij − αij

∂(D2a)ij
∂aµν

− cijsi
∂∂sαij
∂aµν

(
1− cosh ηi cos θj

sinh ηi
aij + cijsi∂saij

)
− cijsi∂sαij

(
1− cosh ηi cos θj

sinh ηi
δiµδjν + cijsi

∂∂saij
∂aµν

)
− cij

∂∂θαij
∂aµν

(cij∂θaij − aij sin θj)

− cij∂θαij
(
cij
∂∂θaij
∂aµν

− δiµδjν sin θj

)
(6.37)

∂Gij

∂bµν
=− (D2a)ij

∂αij
∂bµν

− cijsi
∂∂sαij
∂bµν

(
1− cosh ηi cos θj

sinh ηi
aij + cijsi∂saij

)
− cij

∂∂θαij
∂bµν

(cij∂θaij − aij sin θj)

(6.38)

∂αij
∂φµν

=
−αijαB

1 + αB ‖B‖2
ij

∂

∂φµν
‖B‖2

ij

∂ ‖B‖2
ij

∂aµν
= 2

(
Bη
ij

∂Bη
ij

∂aµν
+Bθ

ij

∂Bθ
ij

∂aµν

)
∂ ‖B‖2

ij

∂bµν
= 2bijδiµδjν

(6.39)

∂Bη
ij

∂aµν
= cij

∂∂θaij
∂aµν

− δiµδjν sin θj

∂Bθ
ij

∂aµν
= δiµδjν

(
cosh ηi cos θj − 1

sinh ηi

)
+ cijsi

∂(∂sa)ij
∂aµν

(6.40)
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6.4.3 Boundary Conditions

At s = 0, the boundary rows are given by the average of the adjacent row,

ȧ1j =
1

Nθ

Nθ∑
k=1

ȧ2k ∀j

ḃ1j =
1

Nθ

Nθ∑
k=1

ḃ2k ∀j.

(6.41)

At s = 1, the row of boundary points in a are given by a linear combination of the

two adjacent rows.

ȧNs,j =

Nθ∑
k=1

A
(1)
jk ȧNs−1,k +

Nθ∑
k=1

A
(2)
jk ȧNs−2,k, (6.42)

where the matrices A(1) and A(2) are given. b is zero on the boundary,

ḃNs,j = 0 ∀j. (6.43)

The derivatives are

∂ȧ1j

∂φµν
=

1

Nθ

Nθ∑
k=1

∂ȧ2j

∂φµν

∂ḃ1j

∂φµν
=

1

Nθ

Nθ∑
k=1

∂ḃ2k

∂φµν
.

(6.44)

∂ȧNs,j
∂φµν

=

Nθ∑
k=1

A
(1)
jk

∂ȧNs−1,k

∂φµν
+

Nθ∑
k=1

A
(2)
jk

∂ȧNs−2,k

∂φµν
, (6.45)

∂ḃNs,j
∂φµν

= 0. (6.46)

6.4.4 Results

The constants were fixed to η0 = 1, αB = 1, and Cω = −1000. The spatial discretiza-

tion consisted of 41 × 160 points, resulting in a state space of X = R13120. At the

parameter value of Cα = 4, the system exhibits quasi-periodic behaviour on a torus.

Using 1326 data points to describe this attractor, there were 878475 secants and 5436

secants remaining after secant culling (more than 99% of the secants were culled). A

projection was found onto R4, which is shown in Fig. 6.11. This represents a huge

reduction in dimension, 13120 to 4. The secant culling procedure resulted in approx-

imately half the time requirement versus no culling, a saving of around 24 hours in

this example.
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Chapter 7

Conclusion

7.1 Summary

In this work we have considered the problem of describing a low-dimensional attractor

and its dynamics in a low-dimensional ambient space. We have made use of an existing

secant-based projection method due to its desirable topological features, rather than

other projection methods (such as the PCA) which do not possess these features.

There are three primary original contributions developed in this work. Firstly, we

have proposed the idea of approximate secants, which correspond to double infinite

cones, and studied their properties (§3.9). The two applications of this are a secant

culling procedure that can greatly reduce the number of secants in a data set (§3.10),

and a method of estimating the dimension of the plane explored by the attractor

(§3.10.2).

Secondly, we have formulated the problem from a differential geometric perspec-

tive, which allows for general state space manifolds with dynamics given by a vector

field (§4). We discussed and resolved issues with reproducing a stable attractor using

the derivatives of the vector field that arise due to a lack of submersiveness in the

dimension-reducing map (§4.4). We showed that our more general criteria is satisfied

by the special case of a Galerkin-style linear projection (§4.6). For the more general

case, we adapted an existing optimization method to produce a practical implemen-

tation using radial basis functions (§4.8).

Thirdly, we extended our geometric formulation to the problem of parameter de-

pendence, where a family of attractors are to be reproduced in a low-dimensional space

157
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(§5). We began by formulating the problem in full generality, where the dimension-

reducing map is permitted to depend on the parameter (§5.2). We considered a product

manifold formulation in which the family of vector fields becomes a single horizontal

vector field on the product manifold (§5.2.1). We then simplified the problem by re-

stricting ourselves to parameter-independent reduction, which permits a decoupling

of the problem into two stages – obtaining a single dimension-reducing map, and

then obtaining a corresponding parameter map (§5.2.3). This decoupling allows for

the secant-based projection to be extended straightforwardly to include a parameter

space (§5.3). A similar extension was used to develop an optimization method for

obtaining the parameter map, by constructing a linear optimization problem over a

space of affine maps (§5.5.1).

We demonstrated the dimensionality reduction with parameters in §6 using a va-

riety of example systems, including a nonautonomous system, a high-dimensional dis-

cretized PDE, and a small system with period-doubling bifurcations.

7.2 Limitations of the Method

The method requires data sets containing samples of points from the attractors for

multiple parameter values. The role of this data is to describe the attractors in order to

identify their location, shape and size within the state space. Although the data can be

produced by a numerical simulation of the original system, care must be taken to ensure

the data fully explores each attractor, and that a sufficient number of parameter values

are sampled. This data requirement makes the approach less feasible for investigating

many parameters. For example, if the parameter space under investigation is of the

form [a1, b1] × · · · × [al, bl] ⊂ Rl and each interval is sampled N times, the total

number of parameter samples is N l, which increases exponentially with the parameter

dimension, l.

In order to use an orthogonal projection in the presence of a parameter space,

we made use of an affine inverse approximation §5.3.1, as the derivative of the affine

inverse is independent of the parameter (5.11). This allowed us to determine the

reduced model without needing to construct the parameter dependence of the inverse.
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However, this affine inverse is only accurate when the each attractor explores a low-

dimensional hyperplane. In order to use a non-affine inverse, the parameter dependence

of the inverse needs to be constructed.

The method requires the a priori choice of a family of reduced vector fields. The

particular family of reduced vector fields used in the method consists of radial basis

functions, which work well for a variety of examples. However, adding more radial basis

functions to the summation (4.58) increases the dimension of the reduced parameter

space Û , which in turn increases the size of the linear problem for the parameter map,

potentially leading to rank deficiency. This can be a limiting factor on the size of the

parameter region used in the reduction.

The particular parameter map used is affine, which may place limits on the size

of the parameter space under consideration if the original parameter dependence is

non-affine. However, the approach can support non-affine parameter maps.

7.3 Future Work

The work completed so far suggests a number of avenues for further research.

7.3.1 Secant-Based Method For Classification Problems

With a small modification, the secant-Grassmann projection method (§3) lends itself

to classification problems. A classification problem is a type of data reduction problem

in which one has a typed data set (each data point has a ‘type’, e.g. colour). The

objective is to learn which regions of space correspond to each type so that a data

point of unknown type can be correctly classified based on its position. Reducing the

dimension of such a data set while preserving the separation of types would be useful

before the analysis and learning stages.

By using only the secants generated by pairs of points with different types, one

can use the secant-Grassmann method to obtain an orthogonal projection that best

separates the different types from each other, without caring about the separation of

same-type points. This approach would have an advantage over classic methods such

as the PCA, which is unable to distinguish between the relevant variance (spreading

out points of different type) from the irrelevant variance (spreading out points of the
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same type).

7.3.2 Dimensionality Reduction with Noise

Models of physical systems are often deterministic, being derived from fundamental

physical laws. However in large systems, there may be microscopic details or external

influences that have not been included in the deterministic model. Rather than mod-

elling these in detail as complicated deterministic processes, one can model them as a

simple but stochastic contribution to the dynamics. This noise can then account for

small fluctuations around the driving deterministic dynamics.

The presence of noise can produce behaviour not possible in a purely deterministic

system. For example, multistability occurs where the noise causes an orbit to move

from one basin of attraction to another nearby basin, allowing a single orbit to en-

counter multiple attractors. Noise can also destroy features of the deterministic model

that are sensitive to perturbations. Such features would therefore be unlikely to be

observed in the physical system.

Random Variables on the Tangent Bundle

When reducing the dimension of a noisy system, rather than treating the system as a

completely stochastic system, we can separate the deterministic and stochastic parts.

We can therefore take a geometric approach with the deterministic part of the system,

and regard the noise to be produced by random variables on the tangent spaces of the

state space. One could then produce a corresponding set of random variables on the

reduced tangent space that have the appropriate distribution.

7.3.3 A Zoo of Models

In formulating the problem of dimensionality reduction with parameter dependence

(§5), we saw that the problem is equivalent to taking two dynamical systems (with

different state and parameter spaces), and obtaining a relationship between them such

that their dynamics agree on a subset of the state space (the attractors) for a region of

parameter space. In this work, we were free the choose the second system (the reduced

model) to make it easy to obtain a solution.
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A similar problem is produced by taking two different models of a physical system

(which may have very different state and parameter spaces) and seeking a relationship

between them. This situation is common in sciences such as biology, where the systems

studied are large and complex, which results in a ‘zoo’ of models of varying shapes,

sizes, and levels of complexity, yet all describing the same underlying physical system.

For example, the most complex models are often those derived from fundamental

physics applied to all components of the system. The parameters in these models are

often physically meaningful, but the state space is high-dimensional and the dynamics

are highly nonlinear. One is therefore constrained to numerical investigations with

such models. At the other end of the spectrum, there are small simple models that are

not derived from physics, but are constructed abstractly in order to mimic observations

made in either experiment or complex models. The parameters in these systems do

not usually have any direct physical interpretation, although the dynamics is simple

enough to permit analysis.

The approaches taken in this work could be adapted for finding connections be-

tween different models of a physical system. This could allow the parameters of a

simple abstract model to be converted into the physically-meaningful parameters of a

complex model.



Appendix A

Linear Algebra

A.1 Adjoint

Theorem A.1.1. Let A : X → X̂ be a linear map between inner product spaces.

Then kerA† = (imA)⊥.

Proof. Since inner products are non-degenerate, we have

g(x, y) = 0 ∀y ⇔ x = 0. (A.1)

Given x̂ ∈ (imA)⊥,

ĝ(x̂, Ay) = 0 ∀y ∈ X. (A.2)

By the definition of the adjoint,

g(A†x̂, y) = 0 ∀y ∈ X. (A.3)

By the non-degeneracy of the inner product, this implies A†x̂ = 0, i.e. x̂ ∈ kerA†.

Similarly, given x̂ ∈ kerA†,

g(A†x̂, y) = 0 ∀y ∈ X. (A.4)

By the definition of the adjoint,

ĝ(x̂, Ay) = 0 ∀y ∈ X, (A.5)

hence x̂ ∈ (imA)⊥. Therefore kerA† = (imA)⊥.

Theorem A.1.2. Let A : X → X̂ be a linear map between inner product spaces.

Then imA† = (kerA)⊥.
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Proof. By Theorem A.1.1,

kerA = ker(A†)†

= (imA†)⊥
(A.6)

Hence imA† = (kerA)⊥.

Theorem A.1.3. Let A : X → X̂ be a linear map between inner product spaces.

Then X = kerA⊕ imA† and X̂ = imA⊕ kerA† are orthogonal decompositions of the

domain and codomain respectively.

Proof. By Theorem A.1.1 and Theorem A.1.2.

Corollary A.1.4. Let A : X → X be a self-adjoint linear operator on an inner product

space. Then X can be written as the orthogonal decomposition X = imA⊕ kerA.

Theorem A.1.5. Let A : X → X̂ be a linear map between inner product spaces.

Then rankA = rankA†.

Proof. By the rank-nullity theorem we have

dim imA+ dim kerA = dimX

dim imA† + dim kerA† = dim X̂.
(A.7)

By Theorem A.1.3, X = kerA⊕ imA† and X̂ = imA⊕ kerA†, and so

dim kerA+ dim imA† = dimX

dim imA+ dim kerA† = dim X̂.
(A.8)

Combining these gives dim imA = dim imA†.

A.2 Projections

Lemma A.2.1. Let P1 and P2 be projections. If [P1, P2] = 0 then P1P2 is a projection.

Furthermore, if P1 and P2 are orthogonal projections then so is P1P2.

Proof.

(P1P2)2 = P1P2P1P2

= P1 (P1P2 − [P1, P2])P2

= P 2
1P

2
2 − P1 [P1, P2]P2

= P1P2 − P1 [P1, P2]P2.

(A.9)
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If [P1, P2] = 0 then (P1P2)2 = P1P2 and so P1P2 is a projection. Also consider the

adjoint,

(P1P2)† = (P2P1 + [P1, P2])†

= P †1P
†
2 + [P1, P2]†

(A.10)

If [P1, P2] = 0, P †1 = P1 and P †2 = P2, then P1P2 is self-adjoint. Therefore P1P2 is an

orthogonal projection.

Lemma A.2.2. If P is a projection then id− P is a projection with kernel imP and

image kerP . Furthermore, if P is an orthogonal projection, id − P is an orthogonal

projection.

Proof. If P 2 = P then

(id− P )2 = P 2 − 2P + id2

= id− P,
(A.11)

so id − P is a projection. Note that (id − P )x = x − x = 0 for all x ∈ imP and

(id−P )x = x for all x ∈ kerP . Therefore im (id−P ) = kerP and ker(id−P ) = imP .

Furthermore, if P is self-adjoint then

(id− P )† = id† − P †

= id− P
(A.12)

and so id− P is an orthogonal projection.

Lemma A.2.3. If P1 and P2 are projections that anti-commute, {P1, P2} = 0, then

P1 +P2 is a projection. Furthermore, if P1 and P2 are orthogonal projections, P1 +P2

is an orthogonal projection.

Proof. If P 2 = P and {P1, P2} = 0 then

(P1 + P2)2 = P 2
1 + P1P2 + P2P1 + P 2

2

= P1 + P2 + {P1, P2}

= P1 + P2

(A.13)

so P1 + P2 is a projection.

Furthermore, if P1 and P2 are self-adjoint then

(P1 + P2)† = P †1 + P †2 = P1 + P2 (A.14)

and so P1 + P2 is an orthogonal projection.
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Lemma A.2.4. If P1 and P2 are orthogonal projections with orthogonal images, then

P1P2 = P2P1 = 0 and so [P1, P2] = 0 and {P1, P2} = 0.

Proof. The kernel of an orthogonal projection is the orthogonal complement of its

image. Therefore imP1 ⊆ (imP2)⊥ = kerP2 and imP2 ⊆ (imP1)⊥ = kerP1. Hence

P1P2 = P2P1 = 0, [P1, P2] = 0 and {P1, P2} = 0.

Lemma A.2.5. If P1 and P2 are orthogonal projections with orthogonal kernels, then

[P1, P2] = 0.

Proof. By Lemma A.2.2, id − P1 and id − P2 are orthogonal projections onto kerP1

and kerP2 respectively. Since these have orthogonal images, applying Lemma A.2.4

gives

0 = [id− P1, id− P2]

= [id, id]− [id, P2]− [P1, id] + [P1, P2]

= [P1, P2] .

(A.15)

Lemma A.2.6. If P1 and P2 are orthogonal projections with orthogonal kernels, then

kerP1P2 = kerP1 ⊕ kerP2.

Proof. kerP2 ⊆ (kerP1)⊥ = imP1 and kerP1 ⊆ (kerP2)⊥ = imP2, therefore the kernel

of one projection is preserved by the other. This means we can write

kerP1P2 = (imP2 ∩ kerP1)⊕ kerP2

= kerP1 ⊕ kerP2.
(A.16)

Proposition A.2.7. If P1 and P2 are orthogonal projections with orthogonal images,

then P1 + P2 is an orthogonal projection.

Proof. By Lemma A.2.4 and Lemma A.2.3.

Proposition A.2.8. If P1 and P2 are orthogonal projections with orthogonal kernels,

then P1P2 is an orthogonal projection with kernel kerP1 ⊕ kerP2.

Proof. By Lemma A.2.5, Lemma A.2.1 and Lemma A.2.6.
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Proposition A.2.9. Let {v1, · · · , vd} be a set of mutually orthogonal vectors. The or-

thogonal projection with kernel span {v1, · · · , vd} can be decomposed into the sequence

of codimension-1 orthogonal projections,

P = Pv1 · · ·Pvd , (A.17)

which is independent of the order of composition.

Proof. Since the vectors are mutually orthogonal, by Proposition A.2.8 the RHS is an

orthogonal projection with kerPv1 · · ·Pvd = kerPv1⊕· · ·⊕kerPvd = span {v1, · · · , vd}.

Therefore, as orthogonal projections are uniquely determined by their kernels, P =

Pv1 · · ·Pvd . By Lemma A.2.5 the codimension-1 projections commute and therefore

the decomposition is independent of the order.



Appendix B

Cones

Lemma B.0.10. Let Cn
θ (k1) and Cn

θ (k2) be double cones with θ < π/2. The two cones

have a nontrivial intersection iff cos2 α ≥ cos2 2θ, where cosα = 〈k1, k2〉 / ‖k1‖ ‖k2‖.

Proof. If k1 and k2 are linearly dependent then cos2 α = 1 ≥ cos2 2θ for any θ, and

the two cones are equal. Therefore we consider the case when k1 and k2 are linearly

independent. We can reduce the n-dimensional problem to two dimensions by project-

ing onto the 2-dimensional subspace containing k1 and k2. Let W : R2 → Rn be an

orthonormal map such that W (R2) = span {k1, k2}. Since θ < π/2, the intersection of

the kernel of W † with the cones is {0}. By Proposition 3.9.7, W † applied to both cones

produces a pair of double 2-cones in R2 of angle θ. Therefore if the intersection of the

cones in R2 is trivial, the intersection of the original cones is trivial. Similarly, if the 2-

cones intersect nontrivially, the original cones intersect nontrivially. This allows us to

reduce the n-dimensional case to the 2-dimensional case, which is straightforward.

Lemma B.0.11. Let Cn
θ (k) be a double cone and P : Rn → Rn be an orthogonal

projection with k ∈ imP . Then PCn
θ (k) ⊆ Cn

θ (k).

Proof. By Proposition 3.9.7, PCn
θ (k) is a double cone of dimension imP and angle θ

with axis Pk. For each y ∈ PCn
θ (k),

|〈y, Pk〉|2 ≥ ‖y‖2 ‖Pk‖2 cos2 θ. (B.1)

Since k ∈ imP , Pk = k and

|〈y, k〉|2 ≥ ‖y‖2 ‖k‖2 cos2 θ. (B.2)

Hence y ∈ Cn
θ (k).
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Lemma B.0.12. Let Cn
θ (k1) and Cn

θ (k2) be double cones and P : Rn → Rn be

the orthogonal projection onto span {k1, k2}. Then PCn
θ (k1) ∩ PCn

θ (k2) = {0} iff

Cn
θ (k1) ∩ Cn

θ (k2) = {0}.

Proof. By Lemma B.0.11.
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