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Dimensionality reduction methods allow for the study of high-dimensional systems
by producing low-dimensional descriptions that preserve the relevant structure and
features of interest. For dynamical systems, attractors are particularly important ex-
amples of such features, as they govern the long-term dynamics of the system, and
are typically low-dimensional even if the state space is high- or infinite-dimensional.
Methods for reduction need to be able to determine a suitable reduced state space
in which to describe the attractor, and to produce a reduced description of the cor-
responding dynamics. In the presence of a parameter space, a system can possess a
family of attractors. Parameters are important quantities that represent aspects of the
physical system not directly modelled in the dynamics, and may take different values
in different instances of the system. Therefore, including the parameter dependence in
the reduced system is desirable, in order to capture the model’s full range of behaviour.

Existing methods typically involve algebraically manipulating the original differ-
ential equation, either by applying a projection, or by making local approximations
around a fixed-point. In this work, we take more of a geometric approach, both for
the reduction process and for determining the dynamics in the reduced space. For
the reduction, we make use of an existing secant-based projection method, which has
properties that make it well-suited to the reduction of attractors. We also regard the
system to be a manifold and vector field, consider the attractor’s normal and tan-
gent spaces, and the derivatives of the vector field, in order to determine the desired
properties of the reduced system.

We introduce a secant culling procedure that allows for the number of secants to be
greatly reduced in the case that the generating set explores a low-dimensional space.
This reduces the computational cost of the secant-based method without sacrificing
the detail captured in the data set. This makes it feasible to use secant-based methods
with larger examples.

We investigate a geometric formulation of the problem of dimensionality reduction
of attractors, and identify and resolve the complications that arise. The benefit of this
approach is that it is compatible with a wider range of examples than conventional
approaches, particularly those with angular state variables. In turn this allows for
application to non-autonomous systems with periodic time-dependence. We also adapt
secant-based projection for use in this more general setting, which provides a concrete
method of reduction.

We then extend the geometric approach to include a parameter space, resulting in a
family of vector fields and a corresponding family of attractors. Both the secant-based
projection and the reproduction of dynamics are extended to produce a reduced model
that correctly responds to the parameter dependence. The method is compatible with
multiple parameters within a given region of parameter space. This is illustrated by a
variety of examples.
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Chapter 1

Introduction

One of the lessons learned from the study of dynamical systems is that large, complex
systems can exhibit simple behaviour, while small, simple systems can exhibit complex
behaviour. The canonical example of the latter is the Lorenz system, in which a simple
3-dimensional system gives rise to a chaotic attractor. On the other hand, large,
dissipative systems often possess simple long-term behaviour, such as fixed points and
periodic orbits. These observations suggest that it may be possible to describe some
large systems, at least partially, using small systems.

By ‘large’ and ‘small’, we are referring to the dimension of the state space of the
system, which reflects the number of variables needed to quantify the system’s config-
uration at any moment in time. In this work we investigate methods of obtaining low-
dimensional models that describe the long-term dynamics of given high-dimensional
systems. This is important as high-dimensional systems have a large computational
cost associated with their simulation and analysis. We are therefore interested in di-
menstonality reduction methods for dynamical systems, and so we begin by briefly

discussing the main types of dimensionality reduction methods and their uses.

1.1 Dimensionality Reduction

There are a number of situations in modern science in which one encounters high-
dimensional spaces. These are particularly common when dealing with physical sys-

tems whose configuration is described by a large number of variables. The study of

15



CHAPTER 1. INTRODUCTION 16

such systems is made complicated by its dimension; for example, the observation, iden-
tification and classification of structure is more challenging due to the greater degrees
of freedom and difficulties in visualizing the system. A further consequence of high-
dimensionality is the large computational cost associated with a numerical treatment
of the system, such as processing data or simulating dynamics. Thanks to modern
technology we also often have an abundance of data, particularly from experimen-
tal measurements, and in some cases multiple mathematical models of a system, of
varying shapes and sizes.

Despite their high-dimensionality, in many cases one finds that the structure of
interest is of intrinsically lower dimension. Dimensionality reduction refers to mathe-
matical methods that are designed to produce a low-dimensional description of a par-
ticular structure in a given high-dimensional system. We can classify existing methods
into three classes: data reduction, invariant manifolds and model reduction. Each of
these classes deals with rather different contexts and attempts to preserve structures
relevant to their particular context. In this section we describe the main manifesta-
tions of dimensionality reduction and discuss their similarities and differences in both

their objective and approach.

1.1.1 Data Reduction

In data reduction, one deals with a set of data points in a high-dimensional space, typ-
ically R". Such data may be the result of experimental measurements, for example,
a set of images of brain activity of a patient under varying stimuli. When analysing
such data sets, one wants to discover particular structures in the data in order to iden-
tify corresponding relationships in the physical system. Simple examples of structure
include statistical properties, such as correlation and clustering, while more advanced
examples may involve reverse engineering the topological structure of the data, by
regarding the data as living on a manifold embedded into the ambient space in a com-
plicated way. Data reduction techniques involve obtaining a description of the data

set in an ambient space of lower dimension, while preserving the structure of interest.
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Principal Component Analysis

A simple method of reducing a high-dimensional data set is via Principal Compo-
nent Analysis (PCA) [31, 24]. PCA produces an orthogonal basis for the space, with
a corresponding set of positive weights that quantify the variance in each direction,
called the principal components. The components are produced in order of decreasing
variance. This allows one to keep the most significant principal components and dis-
card the least significant components. By describing the data set using only the most
significant components, one has obtained a description of the data of lower dimension
that retains most of the statistical variance, i.e. the data remains ‘spread out’ in the
subspace.

The PCA can be performed by use of a singular value decomposition (§2.1.18)
of the data matrix (where each column describes a data point). The singular values
are related to the principal components, and the left-singular vectors provide the

corresponding orthonormal basis.

Multidimensional Scaling

Another classic method is Multidimensional Scaling (MDS) [9]. This method attempts
to preserve the pairwise distances between data points in the low-dimensional space.
The problem is phrased as an optimization problem for the low-dimensional data set,
with a cost function given in terms of the difference in pairwise distances between the

original and reduced data sets.

Nonlinear Methods

Nonlinear methods of data reduction regard the data as living on a low-dimensional
manifold embedded into the ambient space, R™. Rather than seeking an explicit non-
linear map from the high-dimensional space to a low-dimensional space, most nonlinear
methods attempt to produce a corresponding data set in a low-dimensional ambient
space that is regarded as a coordinate system parameterizing the manifold. The low-
dimensional parameterization is determined so that it preserves some of the properties

of the original data, which are chosen to reflect the underlying manifold structure.
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This often requires first determining the topological structure of the data set by con-
structing a neighbourhood graph, which quantifies which data points are ‘near’ to each
other. This is then used to compute quantities to be preserved in the reduced data

set.

Neighbourhood Graph

A neighbourhood graph is a graph with a vertex for each data point and edges defining
the local neighbourhood of each point. There are two common ways to connect the
vertices with edges in terms of a metric on the ambient space. The k-nearest neighbour
approach creates edges to the k closest vertices to each point. This means a graph
containing N vertices has at least Nk/2 edges in total. However, some inappropriately
long edges may be generated by this method in regions of low density.

The fixed-radius neighbourhood approach creates edges for all pairs of points that
are closer than a given distance, ¢ > 0. One must be careful to choose a suitable ¢
for use with the given data set, as the number of edges generated is sensitive to the

density of sampled data points relative to the fixed radius.

Isomap

The Isomap method [45] takes the approach of MDS (preserving pairwise distances),
but rather than using the Fuclidean distance through the ambient space, uses an
approximation of the geodesic distance along the underlying manifold. The method
begins by constructing a neighbourhood graph with each edge weighted by its corre-
sponding Euclidean distance. The graph is processed to compute the shortest distance
between each pair of vertices through the graph. For a sufficiently dense data set, this
shortest path approximates the geodesic distance along the underlying manifold. The

pairwise distances are then reproduced by a low-dimensional data set.

Local Linear Embedding

The Local Linear Embedding (LLE) [38] is based on the fact that a local piece of a
manifold can be approximated linearly. For each data point, the method constructs
an approximation of the position of the point as a linear combination of its k& nearest

neighbours, with appropriate constraints placed on the weights. As a result, these
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weights are invariant under rotations, scalings and translations of the data set in the
ambient space. The reduction then proceeds by by seeking a low-dimensional data set

that produces the same set of weights at each point.

Hessian Local Linear Embedding

The Hessian LLE method [11] is similar to the LLE, in that it computes local lin-
ear descriptions of the data set. The central object is the quadratic form H(f) =
Iy |Hf(m)|? dm, defined on smooth functions f : M — R, where Hy(m) is the
Hessian of f at m € M. The key property of this quadratic form is that it has a
(d + 1)-dimensional kernel. Excluding the zero eigenvalue that corresponds to the 1-
dimensional space of constant functions, this leaves a d-dimensional space containing
functions that parameterize the manifold.

The method uses a neighbourhood graph of the data set to find a d-dimensional
basis at each point that approximates each tangent space. These local bases are used
to construct a matrix that describes the discretized version of the quadratic form
(where the manifold becomes a finite data set, the smooth function becomes a finite
set of values, and ‘H becomes a symmetric matrix). An orthogonal basis for its kernel
is chosen in which the data points are then expressed.

Another method that considers the local geometric structure is Local Tangent

Space Alignment [51]. A quantitative comparison of these nonlinear methods can be

found in [47].

Secant-Based Projection

Secant-based projection [2] seeks an orthogonal projection that preserves the secants
generated by the data. Motivated by the Whitney embedding theorem, this results
in an embedding of the manifold into the subspace. This approach will be covered in

detail in §3.

1.1.2 Invariant Manifolds

When applying the notion of dimensionality reduction to the state space of a dy-

namical system, one can take advantage of invariant sets, whose orbits are confined
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to a subset of state space. In the linear case, one may have an invariant subspace:
a linear subspace invariant under the time evolution operator. In the more general
case, one may have an invariant manifold: a smooth object invariant under the flow
[23]. Attractors are particularly important examples of invariant manifolds, as their
attracting properties mean they dictate the long-term dynamics of the system. At-
tractors are also often compact and of low dimension, which motivates the search for
low-dimensional descriptions of the asymptotic dynamics.

As a result of these invariant structures, the reduction of dynamical systems pos-
sesses some similarities to nonlinear data reduction. In both cases one has a low-
dimensional compact manifold embedded in an ambient space that one wishes to
describe in a low-dimensional ambient space, and one also typically does not have
an explicit description of this object. However, for dynamical reduction one not only
has to produce a description of the geometric object, but also its dynamics in the
low-dimensional space. One therefore typically requires a map relating the original
state space and the reduced space in order to determine the corresponding reduced
dynamics. Although there are several methods of finding such a relation, projections
onto linear subspaces are a common theme, with the state space taken to be a vector
space with some additional structure (such as a Hilbert space). Nonlinear reductions

have also been developed [27, 42].

Galerkin Projection

The Galerkin projection is a method for obtaining a low-dimensional dynamical system
to describe the dynamics in a linear subspace of the state space. Let x € X be the state
variable with dynamics given by & = f(z). We can describe a subspace as the image
of an orthonormal map W : X = X, with WiW = idg, which means P = WWT
projects orthogonally onto the subspace W(X ). Assuming the attractor is preserved
in X under W, we can write the inverse as © = W& + r(z). Applying this to the
original dynamics gives the reduced dynamics z = W1f(Wz + r(#)). The Galerkin
approach is to choose a projection such that (&) = 0 on the attractor, i.e. to project
onto the subspace that the orbit explores. For a general subspace, » may be non-zero

and the attractor’s inverse projection & — x is a nonlinear map.

One of the limitations of the Galerkin procedure is that it demands a linear inverse.
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Since the quality of the reduced dynamics is determined by how well this linear inverse
approximates the true inverse, the quality of the reduced dynamics is intimately related
to the dimension of the subspace. As a result, improving the reduced dynamics requires
adding more modes/basis vectors (and hence dimensions) to the reduced space, even
though there may be no geometric reason to do so. Methods that attempt to describe
the nonlinear inverse are called nonlinear Galerkin methods, or approximate inertial
manifolds [32, 43].

Another limitation is that the differential equation for the low-dimensional state,
& = WTf(W2+r(i)), in general requires the evaluation of the high-dimensional non-
linear vector field, f, even if r(z) = 0. Only for certain forms of f can the RHS
be used to derive a function f () that can be evaluated without going through the
high-dimensional space. To address this, methods have been developed that construct
an approximation of f , without algebraically deriving it from f. This bypasses the
need for restrictions on the form of f and the inverse projection. Methods of this type
were first developed by Broomhead and Kirby [4], who use radial basis functions to
reproduce f and its derivatives on the attractor. A more recent method is the ‘discrete
empirical interpolation method’ [6], which is used to approximate the (nonlinear part
of) f , and is an example of a mixed approach between the conventional top-down al-
gebraic manipulation of f (used for the linear part) and the bottom-up approximation

of f (used for the nonlinear part).

Proper Orthogonal Decomposition

Also known as the Karhunen-Loeéve Decomposition, the Proper Orthogonal Decompo-
sition (POD) [20, 30] is a method for finding the best subspace for describing a given
data set. It is equivalent to the PCA. The POD gives the optimal Galerkin projection,
in the sense that it minimizes the mean square length of r over the data set,
STt = 3 lldy — P)al®,
reEM reM

for a given dimension of the subspace. For this reason, the use of the POD subspace

with the Galerkin procedure is referred to as the POD-Galerkin method.
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Centre Manifold Reduction

Another use of invariant manifolds is in the study of the dynamics around a fixed point.
Centre manifold reduction [26, 5, 18] involves producing a reduced description of the
dynamics around a fixed point. Using the linearization of the system at the fixed point,
p, the tangent space at p can be decomposed into three subspaces: stable, unstable
and centre, T, X = E*@® E"® E°. The stable subspace corresponds to eigenvalues with
negative real part, the unstable subspace to eigenvalues with positive real part, and
the centre subspace to eigenvalues with zero real part. As they are eigenspaces, these
three subspaces are therefore invariant subspaces of the linearized dynamics. Each
of these subspaces has a corresponding invariant manifold to which it is the tangent
space at the fixed point: the stable manifold, unstable manifold, and centre manifold.
Centre manifold reduction involves obtaining a local description of the dynamics on
the centre manifold around the fixed point, which can be of much lower dimension
than that of the full state space.

Centre manifolds are important in the study of bifurcations, since local bifurcations
involve an eigenvalue crossing the imaginary axis as a parameter is varied. This means

the fixed point is non-hyperbolic and therefore has a nontrivial centre subspace.

Inertial Manifolds

Inertial manifolds are invariant manifolds that have additional properties. In par-
ticular, they are finite-dimensional objects that contain the global attractor and are
exponentially stable. They are used in the study of infinite-dimensional dissipative
systems to reduce the system to a finite-dimensional system that provides a simpli-
fied description of the asymptotic dynamics, without having to produce an explicit
description of the attractor itself. The theory of inertial manifolds takes place within

the setting of functional analysis and topological vector spaces. [35, 8, 34, 14, 39|

1.1.3 Model Reduction

In control engineering one deals with control systems, which are dynamical systems
under the influence of external inputs, and with outputs that allow for a limited

observation of the state of the system. A controller’s objective is to influence the system
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to produce desirable outputs by dynamically manipulating the available inputs. The
inputs represent the physical components directly under the influence of the controller
(such as a thermostat), the outputs correspond to sensors (such as a thermometer),
and the dynamical system is the relevant laws of physics that connect the two (such

as the heat equation). In order for a controller be able to perform its function it

u(t) x(t) y(t)
Control Parameters Dynamical System Observables
* hi

Input-Ouput Map

Figure 1.1: Control system.

needs to have an understanding of the relationship between inputs and outputs. Since
a controller also needs to act in real-time, this model needs to be simple enough to
be evaluated in a timely fashion. As the physics often produces high-dimensional
state spaces, dimensionality reduction techniques are not only beneficial, but in many
cases necessary, to reduce the dimension of the state space in order to produce a
reduced model that can be evaluated with lower computational cost, while attempting
to preserve the input-output behaviour found in the original model. This type of
reduction is referred to as model reduction, or model order reduction (where ‘order’

refers to the dimension of the state space).

Linear Time-Invariant Systems

The simplest and most well-studied type of control system are linear time-invariant
(LTT) systems [1], which are defined on the state space X, control space U, and

observation space Y, all of which are vector spaces, with

T = Ax + Bu
(1.1)

y =Cu,
where A € L(X), B€ L(U,X), and C € L(X,Y) are linear maps. This gives a linear

vector field under the influence of linear control, with the observation also given by a
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linear map.

A reduced model is an LTT system with a lower-dimensional state space X , related
to the original model by the linear maps W : XS5 XandV:X = X, satisfying
VIW =id - These maps describe a projection, WVT, onto the subspace W(X ), which
gives the reduced model

& =VIAWZ + VIBu
(1.2)
y=CWz,
where we can define the reduced linear maps A = VIAW, B = ViB, and C = CW.
In the case V' = W, the reduction is an orthogonal projection. The key part of model
reduction methods therefore involves determining a suitable subspace for the reduced

state space.

Proper Orthogonal Decomposition

As in §1.1.2, one can use the POD to determine a subspace. For a particular initial
condition and inputs u(t), one can generate a sequence of ‘snapshots’ from the orbit

x(t), and use this to compute the POD.

1.2 Parameters

Parameters are quantities that are used in the specification of a dynamical system. In
models of physical systems, parameters can be used to represent aspects of the system
not dynamically modelled in detail. These may be complicated microscopic processes,
such as friction, whose detailed description is beyond the scope of the model, but whose
influence can be included via a simple abstraction, which is configured by parameters.
Such parameters are therefore of great importance to the scientists and engineers who
produce the models.

The existing methods of dimensionality reduction have not explicitly addressed the
problem of parameter dependence. If a dynamical system has a parameter space then,
rather than a single attractor, we can have a family of attractors in the state space.
Although a Galerkin procedure will retain any parameters, and this can correctly

preserve some of the parameter dependence in some cases [36], the method does not
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explicitly account for parameters and relies on choosing a subspace large enough to
span all of the attractors simultaneously.

Note that in model order reduction, the ‘parameters’ are dynamically-varying con-
trol inputs, and the objective of the reduction is to preserve input-output behaviour

[1], rather than particular geometric objects in the state space. In contrast to this,

A x(t)

Parameter Space Dynamical System

Instances

Figure 1.2: Dynamical system with static parameters.

we consider static parameters; an autonomous view is taken without any inputs or
outputs. Studying the behaviour of a model by its response to variations in the values
of these parameters can be done via numerical methods such as computational steering

[7]-

1.3 Sources of Relevant Examples

There are three main areas of application that are relevant to the dimensionality

reduction of attractors.

1.3.1 Complex Systems

A complex system is a system comprised of many interacting components. The in-
dividual components and their interactions may be very simple, or may themselves
be complex. In studying complex systems, one is particularly interested in emergent
features, where the system as a whole exhibits behaviour or dynamically acquires
properties that cannot be understood nor predicted from the study of the individual
components and interactions. These kinds of system are commonly found in the biolog-

ical sciences and in social science. Attractors may be regarded as one type of emergent
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feature, or as an underlying mechanism that is responsible for emergent behaviour.

1.3.2 Biological Systems

As life forms need to be dynamic in order to survive and propagate, the systems
that comprise them are necessarily dynamic. As a result, biology is full of rhythms,
oscillations and cycles. The period, amplitude and shape of these oscillations is some-
thing that is of interest to biologists. For example, oscillations can contain fast and
slow parts, such as spikes and waves, as in neurons or the heartbeat. The shape of
oscillation corresponds to the geometry of the orbit in the state space.

As biological systems are also the product of evolutionary processes and in contact
with an external environment, one would expect these systems to feature an element
of robustness. When the external environment perturbs the system, the system needs
to be able to recover from that perturbation in order to continue functioning and
surviving. We would therefore expect to find stable structures in the state space of

such systems, such as attractors.

1.3.3 PDEs

There are many physical systems, especially in physics and applied mathematics, whose
dynamics are described by PDEs. The state of these systems is usually a scalar
field or vector field over physical space, and the resulting state space is an infinite-
dimensional function space. Even though the space is of infinite dimension, low-
dimensional attractors can still be featured in the dynamics, particularly in systems
featuring dissipation. In studying these systems, it is common to discretize the physical
space in order to produce a model of finite dimension that is compatible with numerical
simulation. However, the dimension of these discretizations is often still very high
compared to the attractor, and reducing the number of samples in the discretization
as a means to reduce the dimension further is undesirable due to the presence of spatial

structure in the field.
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1.4 Hypothesis

In this work, we focus on methods of dimensionality reduction for attractors and their
dynamics. The objective of such a reduction is to produce a reduced model that
describes an attractor and its dynamics in a low-dimensional state space. In order to
do so we require a map between the original and reduced state spaces that preserves the
attractor. An inverse of this dimension-reducing map may also be useful for converting
reduced states back into original states (which carry a physical interpretation), and
for determining the dynamics in the reduced space. These requirements make secant-
based projection particularly appealing as a method of dimensionality reduction for
attractors, as not only does it provide an explicit map (an orthogonal projection), but
it also preserves the attractor by embedding it into the subspace.

Conventional methods of reduction, such as the POD-Galerkin, are applicable to
state spaces with a vector space structure and use linear algebra to perform the re-
duction. In contrast to this, we can take a more general approach by regarding the
state space to be a smooth manifold with dynamics provided by a vector field. Such
an approach would allow for the reduction of systems with angular variables, which
would not be compatible with existing methods, especially in the case of orbits wind-
ing around these circular dimensions. This would also allow for the problem to be
formulated in terms independent of the algebraic structure/form used to describe the
dynamics, which makes it applicable to a wide range of examples.

We are also interested in dynamical systems that have parameter spaces. In this
case, one may have a family of attractors, each associated with a different parameter
value. We would like the reduced model to respond to the parameter, producing an

accurate low-dimensional description of each attractor over a given parameter region.

1.5 Research Questions

Although it has useful properties, one of the downsides to secant-based projection
is that the number of secants is of the order N2, where N is the number of data
points sampled from the manifold. This is a potential barrier to scaling the method
to manifolds of larger dimension, or of more complex geometry, which would require a

larger number of samples to accurately capture. This raises the question of whether the
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computational cost resulting from a large number of secants can be reduced, without
sacrificing any relevant detail.

In formulating the problem of dimensionality reduction of attractors in terms of
smooth manifolds, vector fields and smooth maps, what problems arise in this more
general setting and can they be resolved? Does this more general formulation reduce
to the conventional description in the Euclidean case?

Can we extend this formulation for a family of attractors corresponding to a param-
eter space? Can this be used to produce a reduced model parameterized by the original
parameter space that produces the correct family of attractors in the low-dimensional

space? What about bifurcations?

1.6 Approach and Evaluation Criteria

The approach taken builds on work by Broomhead and Kirby [2, 4]. Their dimension
reduction method is based on the preservation of secants, which will be detailed in §3.
This has several useful properties that make it particularly suited to the reduction of
attractors, which other more common methods (such as the PCA/POD) lack. In order
to obtain the dynamics for the reduced space, we will consider both the well-known
Galerkin-style approach, and the optimization approach taken in [4].

Motivated by the geometric considerations of a secant-based approach, we will
investigate an approach to the problem in terms of smooth manifolds and vector fields,
rather than vector spaces and differential equations. This will allow us to focus on the
vector field and its orbits, without being constrained to working within the particular
algebraic structure used to specify the dynamics. This will be used to incorporate
parameter dependence into the reduced model.

In order to evaluate the effectiveness of the method, the family of attractors, and
their orbits, of the original and reduced systems will be compared in the reduced space

for a variety of examples.

1.7 Contributions

The original contributions made in this work include the following.
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e We develop a useful approximation to reduce the computational cost of secant-
based methods. In particular, we introduce approximate secants, motivated by
the practical constraint of finite data sets, which are used to reduce the total
number of secants via a culling procedure. This also gives a method to estimate

the dimension of the affine subspace explored by the attractor.

e We develop a geometric formulation of the problem of dimensionality reduction
of attractors for general state space manifolds, and extend both secant-based
projection and the reproduction of dynamics to this more general setting. We
identify and resolve the resulting issues with stability in a manner that allows

for practical implementation.

e We extend the formulation of the problem to allow for a parameter space with a
corresponding family of attractors. The secant-based projection and reproduc-
tion of dynamics are adapted to produce a reduced model parameterized by the
original parameter space that can accurately describe the family of attractors in

the reduced space.

e Source code of the C++ implementation has been made publicly available at
https://github.com/cwzx/DRDSP. Funding was obtained to further develop
the implementation of this work from the myGrid project as part of EPSRC
grant EP/G026238/1.

At the time of writing we have two publications [49, 50] and a third is planned.

1.8 Outline

This thesis is organized as follows.

e In §2 we revise the relevant mathematical background in order to arm the reader
with the required vocabulary, notation and reference that is used in the later

chapters.

e In §3 we discuss the existing secant-based projection in more detail, and in par-
ticular the use of optimization over Grassmann manifolds to obtain a projection.

We then introduce a new secant culling procedure to reduce computational cost,
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and investigate its properties, which we demonstrate are useful for other pur-

poses, such as estimating the submanifold’s dimension of exploration.

e In §4 we formulate an approach to the dimensionality reduction of attractors
produced by vector fields on general state space manifolds. We consider the
properties required of both the dimension-reducing map, and the reduced vector
field, including stability and the derivatives of the vector field. This results in
interesting complications in contrast to the linear case, which we resolve. We
then adapt the existing secant-Grassmann projection and radial basis function

methods for use in this more general setting.

e In §5 we consider the introduction of a parameter space to the problem, where a
family of vector fields produces a family of attractors. We extend the geometric
formulation to this problem and use it to develop a new method for producing a
reduced family of vector fields, parameterized by the original parameter space,

that reproduces the family of attractors in a low-dimensional space.

e In §6 we present a number of example systems, including the reproduction of
period-doubling bifurcations in the Rossler system, the limit cycles of a non-
autonomous double pendulum, the limit cycles of the Brusselator PDE, and a

torus in a dynamo PDE.

e In §7 we conclude with a summary, a discussion of the method’s limitations, and

ideas for future work.



Chapter 2

Background Mathematics

In this chapter, we revise the background mathematics relevant to the work found in
the following chapters. In particular we cover multilinear algebra, differential geome-
try, dynamical systems, and optimization over Riemannian manifolds. The aim is to
arm the reader with a concise, modern summary of the concepts and notation that

will be used later, while presenting detail when it is relevant.

2.1 Linear and Multilinear Algebra

Linear algebra is the study of vector spaces and their morphisms, while multilinear
algebra deals with products of vector spaces, particularly with themselves and their
dual, and multilinear maps. Linear algebra is traditionally presented in terms of
matrices, especially at an undergraduate level, which allows for a more numerical
approach to the subject, while multilinear algebra is often considered separately, as a
more abstract extension of linear algebra. However, multilinear algebra can provide
a more elegant view of certain aspects of linear algebra, especially when taking a

geometric perspective; this is the approach we shall take. [16, 17, 10]

2.1.1 Linear Maps

Given vector spaces V and W over a field of scalars, F, a linear map (also called
a linear operator or transformation) A : V' — W preserves the linear structure, i.e.
A(Az +y) = M(z) + A(y) Vz,y € V, A € F. Linear maps preserve the null vector,

A(0) = 0, and the composition of linear maps is linear. Both the kernel and image

31



CHAPTER 2. BACKGROUND MATHEMATICS 32

of a linear map are vector subspaces (of V' and W respectively); the dimension of the
kernel is known as the nullity, while the dimension of the image is called the rank. The
Rank-Nullity Theorem relates these dimensions: dim(ker A)+dim(im A) = dim V. We
denote the set of linear maps from V to W as L(V,W). This set naturally inherits
a linear structure from the vector spaces, with null map 0(z) = 0, making it an F-
vector space of dimension dim V' - dim W. For the case V' = W, linear operators are
endomorphisms of vector spaces, denoted L(V') = L(V, V). This vector space has the
additional structure of multiplication in terms of composition, (AB)(z) = A(B(z)).
This multiplication distributes over addition and is bilinear, with the identity operator
1(z) = idy(x) = =. This gives L(V') the structure of a unital associative algebra. The
set of invertible linear operators forms a group under composition, called the general

linear group, GL(V).

2.1.2 Matrix Description

Each linear map A : V' — W can be described by a matrix. A particular matrix is
determined by choosing frames for V and W. Let (e1,--- ,e,) and (fi,---, fm) be

frames for V and W respectively, we can then write w = A(v) as

ijfj = ZviA(ei). (2.1)

i %

As A(e;) is a vector in W, we can express it in the frame of W, A(e;) = >, A f5,

ijfj = Z (Z Ajz'vi) [i- (2.2)

J

This gives us the relation between the components of w and v,
w = Z Al 2, (2.3)

Thus a linear map can be written as the matrix equation,

where the ith column contains the components of A(e;) in the frame of W. The matrix

algebra of m x n matrices corresponds to the algebra of L(V,W'). Therefore invertible
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linear operators correspond to invertible matrices. Under a change in bases, described
by invertible linear operators S € GL(V) and T € GL(WW), the matrix description
transforms according to A+ TAS™1L.

We make use of the Einstein summation convention, where a repeated index in a
term (one superscript, one subscript) implies a summation over that index, A’;2/ <

> ; Al j:vj , and the sum is over the full range unless otherwise specified.

2.1.3 Norms

A norm on a real or complex vector space V' is a map ||-|| : V — R that satisfies the

following properties.
e Null: ||z]| =0 & 2 =0,
e Homogeneity: |[\z|| = |\|||z|| VAeTF,z eV,
e Triangle inequality: ||z + y|| < ||z| + |ly]| Vz,y € V.

A vector space with a norm is called a normed vector space. Norms are non-negative,
which provides a notion of ‘length’ for vectors. A vector with unit length, ||v|| = 1, is
called a unit vector. Any non-zero vector can be ‘normalized’ by dividing it by its norm
to produce a unit vector, v — v/ ||v]|. A norm induces a metric, d(z,y) = ||z — y||,
which in turn gives the vector space a topology. For finite-dimensional vector spaces,
all norms are topologically equivalent, and under this topology the norm and all linear
maps are continuous. We can therefore take continuity for granted in finite-dimensional

linear algebra, but this is not the case for infinite-dimensional vector spaces.

2.1.4 Inner Product

An inner product, (-,-) : V x V — F, maps each pair of vectors in V' to a scalar in F

and satisfies the following axioms. Here F is either C or R.
e Positive definiteness: (z,2) >0 VreV
e (r,2)=0&2=0

e Linearity: (\x +y,2) = A{(x,2) + (y,2) Vz,y,z€V, A€F
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e Conjugate symmetry: (y,z) = (z,y) Vr,yeV

This means the inner product is conjugate-linear in the second argument; in the real
case, the inner product is linear in both. A vector space with an inner product is called
an inner product space. In components, the inner product of two arbitrary vectors is
(z,y) = gija’ yi, where gi; = (es,ej). A pair of vectors, z,y € V, are said to be
orthogonal if (z,y) = 0.

An inner product induces a norm, via ||z||* = (x,z). This is a well-defined norm
as a result of the Cauchy-Schwarz inequality, |(z,y)| < ||| ||ly||, which ensures the
induced norm satisfies the triangle inequality. This inequality also motivates the use
of the inner product as a definition of angle between two (non-zero) vectors in a real
inner product space, via cos 0, = (x,y) / ||z| ||y||, since the right-hand side is bounded
in [—1,1]. The angle satisfies 6., =0, 0, _, = m = 180°, and, for a pair of orthogonal
vectors, 8, = m/2 = 90°.

In the real case, we have the useful addition rule

lz +yll* = l=ll” + llylI* + 2 (z, )
(2.5)

2 2
= [lzI” + Iyl + 2 [l [ly[l cos by,

which is the abstract generalization of Pythagoras’ theorem.

2.1.5 Dual Vector Space

Given a vector space, V over IF, we can define the dual space, V*, as the set of all linear
functionals, V' — F. The dual space inherits the linear structure of a vector space from
V', and the elements of V* are called covectors. A finite-dimensional vector space and
its dual are isomorphic. Given a basis for V', (e1,--- ,e,), we write the corresponding

basis for V* using superscript notation, (e',---,e"), defined by e‘(e;) = ', which

Y
implies that for an arbitrary vector x € V, ¢‘(z) = z'. A particular isomorphism,
denoted * : V. — V* : v +— v*, is induced by a non-degenerate bilinear form B, via
v*(x) = B(z,v). The non-degeneracy property is B(z,v) = 0 Vo = v = 0, which
ensures that x is an isomorphism.

At this point it is useful to borrow some notation from differential geometry. If

(V,g) is a real inner product space, the inner product is a non-degenerate bilinear

form, and the pair of isomorphisms induced by the inner product are called the musical
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isomorphisms, denoted b : V' — V* and ¢ : V* — V. In components these are given
by (2°); = g7 =t 2; and (w*)’ = g¥w; =: W', where (¢%) is the matrix inverse of
(9i7). Notationally these isomorphisms raise and lower the indices of the components,

hence the analogy with musical notation. The induced inner product on V* is given

by (a,B) = g(of, 8%) = gy’ 7 = g, 3.

2.1.6 Direct Sum

The direct sum of two F-vector spaces, V and W, is an F-vector space denoted V & W.
The set is given by the Cartesian product of the underlying sets, and the vector space

structure is given by

(v,w) + (z,y) = (v+z,w+y)

A(v,w) = (Av, Aw)

The null vector is therefore the pairing of the individual nulls, (0,0). As the name
suggests, the dimension of the sum is given by dim(V & W) = dimV + dim W. For

multiple products, we use the notation Ve* := V @ -.. @ V. The direct sum can be
—_———

k times
given an inner product in terms of the inner products of V and W,

<(U7 ’LU), (x>y)>V®W = <Uv x>V + <wv y>W'

Under this inner product, V' and W are orthogonal in V' & W, by identifying V' with
(V,0), and W with (0, W).
If W is a subspace of V', and ¢ is an inner product on V', we can define the orthogonal

complement of W in V' with respect to g as
Wr={zecV :glx,w)=0VYweW}.

This is a subspace of V', which contains all vectors orthogonal to W. The space V
can then be written as the orthogonal decomposition V = W & W+, i.e. an arbitrary

vector is the sum of two orthogonal components.

2.1.7 Tensor Product

The tensor product, denoted ®, is a bilinear product of of two F-vector spaces, V

and W, that produces a new F-vector space. The tensor product space V ® W is the
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vector space spanned by elements of the form v ® w. Not all elements of V ® W can
be expressed as a product of a pair of vectors from V and W — those that can are
called pure or decomposable — but rather a general element is a linear combination of
decomposable elements.
Extending the definition to multiple tensor products gives the kth tensor power of
v,
T"(V) =V* =V V. (2.6)
N

k times

This can be extended to include the dual space, V*,

TT(V)=V® -0V eV e oV, (2.7)

S

TV TV
T times s times

Elements of this space are called tensors of type (r,s). Given a basis for V, (e;) and

the corresponding dual basis (¢7), a tensor T is a linear combination

T=T"", 6@ Qe @ @, (2:8)

where 771 € F are the components of the tensor, 7', in the basis

Jreds
(€;, @+ ®@e;, ®el' ®---®e¥). As each index runs over the n dimensions of V| the
dimension of the tensor space is dim 77 (V') = n"**.

The tensor product can be applied to a pair of tensors of types (r,s) and (p, q) to
produce a tensor of type (r+p, s+¢). By convention, the (0,0) tensor space is defined

to be the underlying field, F (which is a vector space over itself), therefore the tensor

product of a scalar and a vector is just scalar multiplication, A ® v = \wv.

Tensors as Multilinear Maps

A tensor of type (r,s) can be interpreted as a multilinear form (V*)" x V* — F.
As a map, we can evaluate the tensor using r covectors, (¢1,--- ,¢,), and s vectors,

(v1, -+ ,vs), to give a scalar value, via

T(¢la"' 7¢T7U1>"' avs)
=T, di(en) @ @ ¢p(e) @ (01) @ -+ @ e (vy) (2.9)
=T @0 (B () ().

Each covector produces a scalar value when evaluated by a vector, and the tensor

product of scalars is just scalar multiplication.
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Similarly a (1,1) tensor can be regarded as a linear operator A : V' — V., by
evaluating only the covector part,
Aw) = A" e; ® € (v)
o (2.10)
= A" ;v e
This is a natural isomorphism between tensors and operators, V @ V* = L(V'), which

generalizes to linear maps between different vector spaces, W @ V* = L(V, W).

Trace of a Linear Map

The trace is a function tr : L(V) — F that assigns a scalar value to each linear map.

It can be defined as a linear functional that acts on pure tensors of type (1, 1) by
tr(v ® o) = a(v). (2.11)
The trace of an arbitrary (1,1) tensor is then given by linearity,

tr(A) = A’ tr(e; ® €)
= Aijajz. (2.12)

i.e. it is the sum of the diagonal elements of the matrix description in any basis. The

trace has the product rule

tr(AB) = tr(BA), (2.13)

the trace of the null map is 0, and the trace of the identity is the dimension of V.

2.1.8 Exterior Product

The wedge product or exterior product is a product of a vector space V with itself. Like
the tensor product, the wedge product is bilinear, but is also alternating, tAy = —yAx
Va,y € V. The vector space spanned by elements of the form x Ay is denoted V A V.
Elements that can be expressed as a pair x A y are called decomposable.

Extending the definition to multiple wedge products allows us to define the kth

exterior power of V,

ANVY=V A AV (2.14)

k times
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Elements of A*(V) are called k-vectors and elements of A¥(V*) are called k-forms.
Given a basis for V, (e1, -+ ,¢e,), we can write T € A*(V) as a linear combination
of the wedge products of the basis vectors, e;; A --- Ae;,. However, the alternating
property of the wedge product means an arbitrary linear combination is non-unique.
By removing terms that are null or linearly dependent, the basis for A*(V) can be
written as

{eag N Nej, + 1<y <--- <ip<n}, (2.15)
and the component description can be made unique by requiring 7% % to be totally

anti-symmetric,

T = Z T“Zk €i VANRIEIVAN €i,

<<l (2.16)
_ 1 ECSRE
—E eil/\---/\eik.
This also allows us to identify k-vectors with anti-symmetric k-tensors,
! Tt Tt 2.17
H eil/\---/\eik — €i1®"'®€ik. ( )

The dimension is given by the binomial coefficient

dimA vy = [ "] = 2

where n = dim V. Note that dim A*(V) = dim A"7%(V); for this reason n-vectors

k dim Ak(V)
0 1

1 n

2 2

n—21 in(n—1)
n—1 n

n 1

Table 2.1: Dimension of the exterior powers.

are referred to as pseudo-scalars, (n — 1)-vectors are referred to as pseudo-vectors, and
A™(V) is referred to as the ‘top’ exterior power. The terminology ‘bivector’ is also
used for 2-vectors.

A consequence of the alternating property is that the wedge product of set of

vectors is only non-zero if the set is linearly independent. This explains why A*(V)
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is the trivial vector space for all k > n, since, for an n-dimensional space, a linearly-
independent set of vectors contains at most n vectors.

The wedge product of a p-vector a with a g-vector 3 is a (p + ¢)-vector. When
reversing the order of the product, a A f = (—1)P? § A «, since there are pq individual

wedges to be reversed, each contributing a factor of —1,

Oé/\ﬂ_ 11 Zpﬁjl i iy A /\eip/\ejl/\“‘/\ejq' (219)

plgl”
The component description of the product must be anti-symmetrized, by summing

over permutations, which gives

(A B)rivres = il Z sgn (o) ol lom Blowin iowra) (2.20)
0€Sp+q
where Sy is the Symmetric group of permutations of {1,--- k}, and sgn() is the

signature of the permutation: +1 for even and —1 for odd.
Since k-forms can be identified with anti-symmetric (0, k) tensors, they can be used

as alternating multilinear forms, o : V¥ — F, given by

vy, k) = gy, (V1) (). (2.21)

Notation

The Levi-Civita symbol is a useful notation,

+1, (41, ,4,) is an even permutation of (1,---,n),
Eiyoiy, =TI = ¢ 1, (11, ,1,) is an odd permutation of (1,--- n),
0, otherwise,
which satisfies
Eiyi, €1 = . (2.22)

The following anti—symmetrization notation is also convenient,

11 Zp] — E Sgn TZU(l) “io(p)

= (2.23)
1 il"'ipjl"'jnfp kl"'kp
= m& Skl"'kpjl"'jnpr .

Therefore the components of the wedge product are given by

(Oé A 6>i1---ip+q _ (p + ?) [ll'“ip/Bierl'"iP‘l’q]. (224)
plg!
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2.1.9 Determinant

Given a linear operator A : V' — V on an n-dimensional vector space, we can define a

corresponding linear operator on the exterior power, A¥A : A¥V — A*V via
(A*A)(vy A - Ag) i= A(vr) A=+ A A(vg). (2.25)

For the case k = n, we have dim A"V = 1, and so the action of this linear operator
corresponds to scalar multiplication. The determinant of A is then defined as this
scalar,

Aler) N+~ NA(e,) = (det A) ey A -+ A ey, (2.26)

Clearly, the inverse of A"A is given by A"A~!, and so the determinant of the inverse
must be the reciprocal. Hence invertible linear maps have non-zero determinant. Other
useful properties of the determinant are readily obtainable from this definition with

very little effort:

o det A7 =1/det A,

e det0 =0,

o detidy =1,

o det(AA) = A"det A,

o det [, A; =[], det A,.

Due to the product rule and the inverse rule, the determinant is independent of the
choice of basis. An explicit formula for the determinant can also be obtained from the

definition by expanding the LHS by linearity,

det A = €i1...7;nAi11 tee AZ" . (227)

The first few dimensions are as follows,
n=1: detA=A",
n=2: detA=AYA% — A% A
e e (2.28)
n=3: detA=A"A%A% — A A% A% — A% AL A5,
This component formula can be used to define the determinant for an arbitrary matrix,

and therefore for the inner product in a particular basis, g;;.
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2.1.10 Orientation

Two frames for V' that are related by the invertible linear operator J € GL(V) are
said to have the same orientation if det J > 0, else have opposite orientations. This is
related to even and odd permutations of the wedge product respectively. This classifies
frames on V' into two equivalence classes. An orientation form is a way of specifying a
choice of standard orientation for V. It is a normalized n-form, w € A™(V*), which is
unique up to the choice of orientation. Given a particular frame that has the standard

orientation, the orientation form can be expressed in terms of the inner product, g, as
w=+/detge' A---Ae", (2.29)

Wiy ey = V detg Eirrvin s (230)

where the role of the inner product is to provide the normalization factor. A frame
(fi)~; has the standard orientation if w(fi,---, f,) > 0. An orientation form can be
thought of as specifying a choice of the ‘positive’ direction on the 1-dimensional space

AP (V).

2.1.11 Hodge Dual

As noted above, since the dimension of the kth exterior power is equal to that of the
(n — k)th exterior power, we can seek an isomorphism between the two. The Hodge
star * : A*(V*) — A" %(V*) is a particular isomorphism between k-forms and (n — k)-
forms that is generated by an inner product and choice of orientation specified by an

orientation form, w. It is defined by

(A N ) = o g A A (23)
For a k-form f, this gives
1 J1Jk
(*/8)1127171@ = E Wiy iy g1k B (2'32)

Note that xw = 1, and %1 = w. The Hodge star also satisfies
w18 = (—1)Rg, (2.33)

which means *?> = 1 whenever n is odd, or k is even.
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2.1.12 Cross Product

Consider the product of two 1-forms, a and [, defined by *(a A ). The result of this

product is an (n — 2)-form, given by

(*(Oé A 5))1'1...1'"_2 = 1/ detg €i1-in_2j1Jo O{jlﬁjz (234)
In the case n = 3, the result is also a 1-form. Since we can identify 1-forms with
vectors, we can use this to define a bilinear anti-symmetric vector product VxV — V
called the cross product,
v xw = (%" Auw’))?, (2.35)
giving
(v x w)F = y/det g g*euij v'w. (2.36)

If the basis is orthogonal, then ¢ is diagonal (g;;) = diag(g1, g2, g3), giving

(v xw)' =, /%(1}2103 — v3w?)
g1
(v xw)* =, /%@3101 —v'w?) (2.37)
2

(v x w)® = @(vluﬂ —v?wh).
93

In an orthonormal basis this reduces to the well-known ad hoc construction from vector
calculus,

(v x w)! = v*w?® — v*w?

(v x w)? = v*w' —v'w? (2.38)

2.1.13 Eigenvalues

Consider a linear operator A : V' — V. The eigenvalue equation is

A(v) = M
(2.39)
(Al —A)(v) =0
Clearly this has the trivial solution, v = 0. For (Al — A) invertible, this is the only

solution. Hence to find nontrivial solutions we consider the non-invertible case. A

linear operator is non-invertible when its determinant is zero,

det(Al — A) =0 (2.40)
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The values of A that satisfy this equation are the eigenvalues of A. Let n = dim V.
Using the definition of the determinant,

det(Al—A)e; A~ Nep = (A1 —A)(er) A--- A(AL = A)(en), (2.41)

and expanding the brackets via the multilinearity of the wedge gives a degree n poly-

nomial in A, called the characteristic polynomial,

n

pa(A) == det(\L — A) = > g, [ (N7 — AY). (2.42)

i1eein j=1
For real or complex vector spaces, the polynomial has n roots in the complex plane.

For example, the case n = 2 gives
2N — (Al + AZ)N + (A1 A% — A% AL) = 0. (2.43)

For each eigenvalue \;, the vectors that satisfy the corresponding eigenvalue equation
are the eigenvectors,

A(v;) = N\ (2.44)

Each eigenvector is determined up to scalar multiplication, i.e. if v; is an eigenvector
for \;, then pwv; is also an eigenvector for \;, for all 4 € F. For this reason we can
choose to normalize the eigenvectors (if we have a norm). The set of eigenvectors

corresponding to a given eigenvalue form a subspace, called an eigenspace. If a set

of eigenvectors form a basis for V' we call this an ‘eigenbasis’. If (a1, -+ ,a,) is an
eigenbasis of A, with eigenvalues (A1, -+, \,), then in this basis A becomes diagonal,
A= Z N a; @a. (2.45)

The determinant of a linear operator is the product of its eigenvalues,

Aan) A A A(m) = M Ay Ao A

(2.46)
= (det A) ag A -+ A ay,
det A =]\ (2.47)
=1

The trace can also be expressed in terms of the eigenvalues,

trA=> \. (2.48)
=1
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2.1.14 Adjoint

Given two inner product spaces, (V, g) and (W, h), and a linear map A : V — W, we
can define the adjoint AT : W — V| via

gv, AT(w)) = h(A(v),w) Yv eV, weW. (2.49)
The adjoint is also a linear map. In components this is
(A7), = hay A, g7 (2.50)

For orthonormal frames, g;; = 0;; and hg = J4, the adjoint corresponds to the
matrix conjugate-transpose, but this is not the case for non-orthonormal frames. The
map T : L(V,W) — L(W,V) is conjugate-linear and an involution, (A")" = A and
(AB)T = BTAT. In the real case, the complex conjugate disappears, so the conjugate-
linearity of ¥ becomes full linearity. The determinant of the adjoint is given by det AT =
det g-det A-det g~* = det A. For an invertible map, the adjoint is also invertible, with
(AN~ = (A"t

2.1.15 Orthonormal Maps

An orthonormal map A : V — W is a map between inner product spaces that preserves

the inner product,

9(x,y) = h(A(x), A(y)) Va,y €V, (2.51)

i.e. it is a linear isometry. It follows that the adjoint is the left-inverse of an orthonor-
mal map, ATA = idy. This means that A is injective, and therefore W must be large
enough to accommodate V, i.e. dimW > dim V. Orthonormal maps preserve the

norm and angles (which are induced by the inner product).

2.1.16 Orthogonal Operators

Given a symmetric bilinear form, ¢, an orthogonal operator is an invertible operator
A :V — V that preserves g, i.e. g(A(z), A(y)) = g(x,y). These operators collectively
form a group under composition, called the orthogonal group, denoted O(V, g).

On real inner product spaces, the inner product is a symmetric bilinear form. For

the corresponding orthogonal operators, the adjoint is the inverse, A~! = Af. It follows



CHAPTER 2. BACKGROUND MATHEMATICS 45

that the determinant has unit modulus, |det A| = 1. Orthogonal operators describe
rotations of the vector space about the null vector. Rotations can be classified as
proper (those with det A = 1) or improper (those with det A = —1). Proper rotations
preserve the orientation of the space, while improper rotations reverse it. The proper
rotations form a subgroup, called the special orthogonal group, SO(V, g), and coincide
with the conventional usage of the word ‘rotation’.

By choosing an orthonormal frame for V', the operators are identified with invertible
matrices, the adjoint with the matrix transpose, and the inner product with the dot

product. The corresponding orthogonal groups of matrices are denoted O(n,R) and

SO(n,R), or just O(n) and SO(n), where n = dim V.

2.1.17 Projections

A linear operator P : V — V that satisfies P? = P is called a projection, or a
projector. This means a projection leaves vectors in its image unchanged, P(z) =
x Yo € P(V). Therefore, two projections with the same image agree on the image,
but may have different kernels, i.e. the way in which they ‘collapse’ V' onto P(V)
differs. A projection is determined by specifying its image and kernel. This is because
we can write V' = im P @ ker P (since these subspaces are linearly independent and
their dimensions sum to dim V'), and the behaviour of P on both of these subspaces
is fixed (it preserves the image and nullifies the kernel). It is common to refer to the
dimension of the subspace P(V') as the dimension of the projection. Let A: V — W
and B : W — V. The composition BA is a projection if AB = idy .

ker P

imP

Px

Figure 2.1: Projection P.
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An orthogonal projection is a projection whose image is orthogonal to its kernel,
i.e. g(Pz,y— Py) =0 for all z,y € V. It follows that P = P'P. Since P = P2, this
corresponds to P = PT ie. P is self-adjoint. The kernel of an orthogonal projection
is therefore the orthogonal complement of the image, ker P = (im P)*. For a given
subspace, the orthogonal projection onto that subspace is unique, since its kernel is
determined by its image (for a fixed inner product).

If A is an orthonormal map then AA' is an orthogonal projection onto the image
of A, since ATA = idy,. We can therefore write an arbitrary € V as the orthogonal

decomposition

r = AATx + (idy — AANz, (2.52)

where AAtz is the component of z in the subspace A(W), and (idy — AA")x is the
component in the orthogonal complement, A(W)*.

The norm of a projection satisfies,
[Pz < |l (2.53)

with equality for z € im P, and ||Pz|| = 0 for x € ker P. The inequality follows
by decomposing an arbitrary x into these two components, and using the triangle
inequality of the norm. For an orthogonal projection described by an orthonormal
map A, it follows that

|ATz|| < ||z - (2.54)

2.1.18 Singular Value Decomposition

In the context of linear maps, the singular value decomposition (SVD) can be described
as a decomposition of a linear map V' — W, thought of as an element of W ® V*, into
a weighted sum of pure components. Let A € W ® V*, n =dimV and m = dim W.
The SVD of A is a decomposition of the form

min(m,n)
A= op wi ® (vg)’, (2.55)
k=1
where (ak)zl:iri(m’n) are non-negative real numbers called the singular values, and both

(wg)p; and (vg)}_, are orthonormal frames (for W and V respectively) called the left-

and right-singular vectors respectively. The terms in the decomposition are ordered
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such that oy > -+ > Ominm,n). The pure components are mutually orthogonal and
linearly independent, which means that if r is the number of non-zero singular values,
then r = rank(A). Furthermore, the first r left-singular vectors provide an orthonormal
frame for the image of A. By evaluating the map with an arbitrary x € V', we get

min(m,n)

A(z) = Z g(x, opvg) wy. (2.56)

k=1
Under the adjoint, the left- and right-singular vectors are exchanged,

min(m,n

)
Al = orve @ (w). (2.57)
k=1

Also note that Af(w;) = o;v; and A(v;) = o;w; for 1 < 4 < min(m,n), and null
otherwise. Combining these gives AAT(w;) = o?w; and ATA(v;) = o?v;, i.e. the
singular values are the square roots of the (largest) eigenvalues of AAT and ATA, and

the singular vectors are their respective eigenvectors. In components,

min(m,n) min(m,n)
Azj = Z O (wk)l(vk)j = Gjc Z O (wk)‘(vk)c. (258)
k=1 k=1

Given orthonormal frames for V' and W, the matrix description can be written as the

matrix factorization,

A=WIVi (2.59)

where W € F"*™ and V € F™*™ are unitary matrices whose columns describe the left-
and right-singular vectors respectively, > € F™*™ is a diagonal matrix containing the

singular values, and FF is either R or C.

Low Rank Approximations

The SVD can be used to obtain an approximation of A with a given rank of d < r.

This is given by truncating the SVD expansion after the first d terms,

d
Ag= Z% wi ® (v3)’, (2.60)
=1

i.e. by keeping the largest d singular values, and discarding the rest.
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Using the norm induced by the inner product on W ® V*, the error in this approx-

imation is bounded by the sum of the discarded singular values,

A=Al = || Y onwr ® (i) ‘
Ed (2.61)
S Z Ok,
k=d+1
where we have used the triangle inequality of the norm, and
Jwe @ (v8)’[] = [lwgll flogll = 1. (2.62)

It can be shown that A, is the best rank d approximation of A in this norm, by the
Eckart-Young theorem.

2.2 Differential Geometry

Differential geometry involves extending many of the concepts from multilinear algebra
to vector bundles over differentiable manifolds. Doing so allows for the study of curved

spaces and quantities defined on them, such as vector fields. [25, 28, 48, 22|

2.2.1 Vector Bundles

A vector bundle can be thought of as a parameterized family of vector spaces. Let F' be
a finite-dimensional vector space, EF and B be spaces, called the total and base spaces
respectively, and 7 : F — B be a continuous surjection called the bundle projection.
The total space is locally trivial, i.e. for each open set U C B, 7' (U) is homeomorphic
to U x F. This means that locally E looks like the product space B x F. A local
trivialization for U is a particular homeomorphism, ¢ : 7= 1(U) — U x F, that maps
71 ({z}) to {z} x F, which allows us to identify E, := 7~ '({z}), the fibre at x, with
F. We say E is a vector bundle over B with fibre F'.

One may take a slightly more general definition, in which the dimension of the fibre
is not required to be constant over the base, however, the continuity of the projection
means that the dimension must at least be constant over connected components.

For each pair of local trivializations, (y,,U,) and (pg, Ug), with non-empty inter-

section, we can define the transition map gap : Uy N Uz — GL(F) via (x, gag(x)(v)) =
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Figure 2.2: Vector bundle.

goagpgl(x, v). These are invertible linear operators that convert between different local
descriptions of the bundle; they satisfy goo(z) = idp, gas(x)™! = gsa(z), and the

cocycle condition on triple intersections, gns(2)gsy (%) = gay ().

Bundle Maps

A morphism between vector bundles 7 : E; — B; and 7y : Ey — By is given by a
pair of continuous maps, ¢ : By — Es and ¢ : By — By, such that my 019 = ¢ om; and

v acts linearly on fibres, i.e. 7 ({z}) — m5 ' ({¢(2)}) is a linear map for all = € B.

(8

FEF, —— Es

B14>BQ

¢

Sections

A section of a vector bundle is a continuous map s : B — FE such that 7 o s = idp,
i.e. it is a continuous choice of an element in F' for each point in B. The space of
sections is denoted I'(E). This space can be given an algebraic structure by pointwise
vector addition and pointwise scalar multiplication by continuous functions C'(B,F).
This is not quite a vector space, since C'(B,F) is only a ring, rather than a field, and
so I'(F) is a module over C(B, ). Alternatively, I'(E) can be regarded as a (usually

infinite-dimensional) vector space over F.
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Due to their local triviality, vector bundles admit a local basis of sections, i.e. for
each open set, one can choose a set of sections (ey,--- ,e,) defined on the open set
which, at each point, provide a basis for the corresponding fibre. However, only trivial

bundles admit a global basis of sections.

Fibrewise Operations

Most of the operations and products of vector spaces discussed in §2.1 can be extended
to vector bundles over the same base space by fibrewise application. At each point on
the base each bundle has a fibre that is a vector space, and these vector spaces can be
producted in the usual way. For example, the direct sum bundle F; & FEs, the tensor
product bundle E; ® Ej, the exterior power bundle A¥E and the dual vector bundle
E*.

2.2.2 Manifolds

In differential topology and differential geometry, we deal with a base space that
has additional structure, in that it locally looks like R™. This allows us to use our
existing knowledge of R™ to describe objects that are globally very different. An n-
dimensional topological manifold is a second-countable Hausdorff space, M, that is
locally homeomorphic to R™. An open set U with a corresponding map, ¢ : U — R",
that maps U homeomorphically to an open subset of R", is called a chart. A collection
of charts that covers M is called an atlas. Therefore each chart provides a local
description of the manifold via a set of n numbers called coordinates, (z',---  z") € R™.
As with vector bundles, we can define transition maps for manifolds. Transition
maps give a ‘change of coordinates’, from one copy of R” to another. Consider two
charts (Uy, pa) and (Ug, ¢g) with non-empty intersection, U,z = U, NUs. The transi-
tion map gas : ©s(Uap) = ©a(Uap) is given by gas = @a © 05" oy (., The transition
maps satisfy gao = id, gga = (gap) ', and gay = gas © gz, On triple intersections.
Additional structure can be given to the manifold by requiring the transition maps
to satisfy additional properties. In differential topology, we require the transition
maps to be differentiable. An atlas is said to be of differentiability class C* if all of its
transition maps are k-times differentiable (as partial functions from R" to R™). Since

the union of two C* atlases is a C* atlas, there is a mazimal C* atlas that contains
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gaB

Figure 2.3: Transition map between charts.

all others. This maximal C* atlas is called the differential structure of M, which can
be thought of as an object containing all coordinate systems on M. A manifold with
such a differential structure is described as a C* manifold. A C*° manifold is called a

smooth manifold.

Maps

A map between two manifolds, ¢ : M — N is C* if it is k-times differentiable in any
pair of charts, e.g. for charts (¢,U) on M and (¢, V) on N, the map ¢ o po ™! :
o(U) — (V) is k-times differentiable. A smooth map is a C*° map and a C*-
diffeomorphism is a C* bijection with C* inverse.

For a function f : N'— R, the pullback of f by ¢ is a function ¢*f : M — R given
by ¢*f = foo.

The Tangent Bundle

Manifolds and vector bundles are similar topological constructions in that both have
a notion of simple local descriptions that can be ‘glued’ together to describe the whole
object. When given a differential structure, a manifold possesses a canonical vector
bundle called the tangent bundle, whose fibres are n-dimensional real vector spaces
called tangent spaces. As the name suggests, the tangent space at a particular point
contains the velocities by which one can move along the manifold. Consider a point
p € M, with a path v : (—¢,&) — M such that v(0) = p. We can define the notion
of a tangent vector to the path at p by taking a derivative along the path — however

we first need to assign some values in R to the path in order to have the algebraic
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structure required by the ordinary derivative. Consider a smooth function f: M — R
on the manifold. This can be composed with the path v to give fo~y: (—¢,e) = R,
which can be differentiated at p, giving a linear map f — (f o~)’(0). This allows us
to define an equivalence relation on paths through p, as those that produce the same
derivative for each function f. Each equivalence class is a derivation on the vector
space of smooth functions, i.e. a linear map X, : C°(M,R) — R that satisfies the

product rule,

X,(fg) = X, (f)g(p) + f(p)X,(9), (2.63)

where function addition and multiplication are defined pointwise. The set of deriva-
tions is a real n-dimensional vector space called the tangent space, denoted T, M. Ap-
plying this construction to each point on the manifold produces a real n-dimensional
vector bundle over M, denoted T M, called the tangent bundle, with fibres T, M. For
a C* manifold, the tangent bundle is itself a manifold, possessing a C*~! differential
structure.

The coordinate description of the base manifold provided by the charts gives a
natural basis for the tangent space at each point, called the coordinate basis. Let
(x',--- ™) € R™ be local coordinates in a neighbourhood of p € M. The correspond-
ing partial derivatives (01, -+ ,0,) at p are a set of n linearly-independent derivations
that provide a basis for T, M, i.e. an arbitrary tangent vector is X, = X;) 0;. The
partial derivative 0; is the tangent vector in the direction of increasing z'. The cor-
responding dual basis is denoted (dz?,--- ,dz™), which describes the cotangent space

T, M, and the cotangent bundle, T* M. The meaning of this notation will be discussed
in §2.2.5.

Scalar and Vector Fields

A scalar field is a section of the trivial bundle M x R, i.e. a continuous R-valued
function on M. We shall deal with smooth scalar fields unless otherwise specified. A
vector field on M is a section of the tangent bundle, X € I'(TM). We usually deal
with C* vector fields, denoted X*(M) or smooth vector fields, X(M) = X>*°(M). As
tangent vectors are defined as derivations on functions, the action of a vector field on
a scalar field, f, gives another scalar field, denoted X f, which is given pointwise by

(Xf)(p) = X,(f). We can also define a Lie bracket on smooth vector fields as the
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commutator

(X, Y]f = X(Y[f)=Y(XS) (2.64)

In a general basis (E;), of vector fields this is

(X, Y] =X(V') - Y(X') + C",, XY™, (2.65)
where [E;, Ey] = CijkEl-. This indexed set of scalar fields, C’ijk, is anti-symmetric
in the lower two indices, C";, = —C" . If the scalar fields C*;; vanish everywhere

(i.e. the basis commutes), we call the basis holonomic. For a coordinate basis, the
basis vectors are the partial derivatives, F; = 0;, which commute and are therefore
holonomic.

A tensor field of type (r,s) is a section of the tensor power bundle, T7(TM).

Maps

Given a C!' map, ¢ : M — N, there is a corresponding map between the tangent
bundles, called the differential, ¢. : TM — TN, which is defined by ¢.(p, X,) =
(&(p), (¢4)pX,) where (¢.), is a linear map between fibres (¢.), : TpM — TypN
defined by

((¢*)po)f = Xp(¢*f) (2.66)
In coordinates this is

((Qb*)p)ij = j¢i|pv (2-67)

The differential has alternate notations D¢, d¢ (not to be confused with the exterior
derivative), and T¢. If (¢.), is injective for each © € M then ¢ is called an immersion.
If (¢.), is surjective for each x € M, then ¢ is called a submersion. An embedding
is an injective immersion that is also a homeomorphism onto its image. An injective
immersion of a compact manifold is an embedding.

If ¢ is an injective immersion, the differential can be applied to a vector field X
on M to give a vector field ¢, X on ¢(M) called the pushforward of X by ¢, giving
(0. X)f = X(¢*f) and (¢.X)" = 9;¢'X7. The pushforward of the Lie bracket is given
by the Lie bracket of the pushforward,

¢ X, Y] = [9.X, 0.Y]. (2.68)
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Paths and Loops

A path on M is a continuous map 7 : I — M, where [ is an interval of the real line,
and a loop is a continuous map v : S' — M. By interpreting v as a map between
manifolds, we can define the tangent to a path/loop in terms of the differential v, by
choosing the value 1 € R to be pushed-forward, corresponding to 0; € T;I. Note that
both T,I and T,.S! coincide with R, as they are both 1-dimensional. This allows us to

define the ‘time derivative’ of the path/loop,

1) = (3:):(0) € Ty M. (2.69)

One can regard the tangent vector as the velocity along the path, and the choice of 1

as the corresponding rate of increase in the parameterization.

Flow of a Vector Field

Given a smooth vector field, X, at each p € M the vector field defines an ODE in

local coordinates for a smooth path v : (—¢,¢) — M,

: d ; i

Y(t) = X500 &’Y (t) = X'y(t)? (2.70)
with 7(0) = p. As a result of the existence and uniqueness of solutions for ODEs,
there is exactly one such path that satisfies this equation, called an integral curve of
X. One can use these integral curves to define diffeomorphisms, ®% : M — M, for

small ¢, by moving each point along its local integral curve,

O (p) = (1) (2.71)

Note that v depends on both p and X, as does its domain, (—¢,¢).

If the integral curves can be defined for all t € R, the vector field is called complete,
and ®% is a diffeomorphism for any ¢. The map t — % is therefore a one-parameter
group of diffeomorphisms, R — Diff (M), with multiplication ®% o ®5 = ®'F* identity

Y, = idry, and inverse (®%) 71 = &

Lie Derivative

The Lie derivative is a way of defining the derivative of a vector field over a mani-

fold. Its definition is motivated by analogy with the ordinary derivative of elementary
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calculus,

1 _
(LxY), =lim i (((IDXt)*Yq,t

t—0

!
Cdt

(2.72)

t=0

where the vector field X provides the ‘direction’ in which the derivative of Y is being
taken. In other words, this is the derivative of Y along the integral curves of X. The
result is also a vector field.

It can be shown that this coincides with the Lie bracket,
LxY =[X,Y]. (2.73)

As a result, some authors introduce the Lie derivative as the Lie bracket. Although
this is simpler, it is void of motivation and lacks direct interpretation. However, it
does demonstrate that the Lie derivative is antisymmetric, LxY = —Ly X, and that
the result depends on the first partial derivatives of both X and Y. This means that
in order to compute the Lie derivative at a point, one needs both vector fields X and
Y to be defined in a neighbourhood of the point.

The Lie derivative is extended to covector fields by the product rule
X(a(Y)) = (Lxa)(Y) +a(LxY), (2.74)
and then to arbitrary tensor fields by
Lx(T®S)=LxT®RS+T®LxS, (2.75)

where the Lie derivative of a scalar field is just the usual derivative, Ly f = X (f).

Metric Tensors

A metric tensor for a vector bundle F is a smooth section of E* ® E* that provides
a symmetric non-degenerate bilinear form on each fibre. If g is a metric then at each
point we have a g, : F, X E, — [F that can be applied to sections X, Y to produce a

scalar function g(X,Y),
It therefore provides musical isomorphisms between the bundle and its dual, b : E —

E* t: E* — E. For the tangent bundle it is a type (0,2) tensor field, which in
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coordinates is

g = gij dz' @ da’, (2.77)

and is applied to a pair of vector fields to produce a scalar field,
g(X,Y) = g X'Y7. (2.78)
We can extend the metric to arbitrary tensor fields, S, T of type (p,q),

g(S, T) = Giyjp " gipjpgalbl oo gaqquil---iP le"'jp

ai-aq” bybg -

i.e. corresponding indices are contracted with the usual metric. Some authors include
a pre-factor of 1/plq! for later convenience, we shall not.

A Riemannian metric is a metric tensor for the tangent bundle that is positive
definite. It therefore gives a fibrewise inner product, which can be used to induce a
fibrewise norm on the tangent bundle. A smooth manifold with a Riemannian metric
is called a Riemannian manifold.

Metrics that are not positive definite are often described as pseudo-Riemannian,
or semi-Riemannian. These are commonly encountered in modern physics, where
both time and physical space are combined into a single spacetime manifold, with the

temporal dimension contributing a negative eigenvalue to the spacetime metric.

Pullback Metric

If $ : M — N is an injective immersion, and h is a metric on N, we can use ¢ to

induce a metric g on M, via
9XY) = h(6.X,6.Y). (2.79)

In coordinates this is
Gij = hap qba,i gbb,j? (280)
where we have made use of the comma notation for partial derivatives, ¢, := 0;¢".

This is also called the pullback metric of h by ¢, denoted ¢*h.

Adjoint

Let ¢ : M — N be an injective C' map between Riemannian manifolds. Then we

can define the adjoint of the differential, ¢! : To N — TM, as the map that sends
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(¢(x),w) to (x,((¢s).)Tw), i.e. we are applying the linear algebraic adjoint (§2.1.14)
to the differential at each point, and using the injectivity of ¢ to select which tangent
space. Note that although we require ¢ to be injective, ¢, may not be injective.

If ¢ is an immersion and the metric on M is the pullback by ¢, then the differential
is an orthonormal linear map at each point and we have ¢l¢, = idprs. Also ¢, :

TN = TN is the orthogonal projection onto ¢.(TM) at each point.

Normalizing the Coordinate Basis

A coordinate chart (z!,--- ™) gives a natural basis for the tangent spaces via the par-
tial derivatives (0y,--- ,0,). Since the coordinate basis is also holonomic, it provides
a convenient basis in which to work.

In many cases, the coordinate basis is orthogonal with respect to a given metric, g.
This means the metric is diagonal when expressed in this basis, g = diag(g1, -+ , gn)-
If one wishes to normalize the basis to produce an orthonormal basis, we must divide
by the scale factors, /g,

1 1
O 0n) > (Er, oy 8n) = | —=01, -, —=0, ] . 2.81
(1 ) (1 ) <rg11 /—gn) ( )

However, after normalization the basis may no longer be holonomic. The Lie bracket

18

1 1 0 0
Ee) =2 (@%&—@%@), (2.82)
N A

and so the normalized basis is only holonomic if 9;g; = 0 for ¢ # j, i.e. g; is only a

function of the corresponding coordinate z°.

Product Manifold

If M and N are topological manifolds, the Cartesian product M x A is a topological
manifold under the product topology. The dimension of the product is the sum of the
dimensions of the individual manifolds, dim M x A" = dim M +dim N. Given a chart
(¢,U) for M and (¢, V) for N, the map U x V — R™™ : (z,y) — (¢(x),9(y)) is a
chart for the product manifold. If the manifolds are C", the product is also C".



CHAPTER 2. BACKGROUND MATHEMATICS 58

2.2.3 Connection

A linear connection on a real vector bundle £ is a map V : ['(F) — ['(E ® T* M) that
satisfies V(fs) = s@d f+ fVs, where s is a section and f is a scalar field. Given a vector
field X € I'(TM), the connection defines a covariant derivative, Vx : I'(E) — I'(E),
via Vxs = (Vs)(X), giving

Vx(fs) = X(f)s + fVxs. (2.83)

The covariant derivative is linear in X and additive in s,

Vx(s1+s3) =Vxs1 + Vxss
vX1+X25:VX15+vX23 (284)

Vixs = fVxs,

and provides a notion of a directional derivative over the manifold.

Given local bases (e;) for T, M and (f;) for E,, we can consider
vejfk = ijk = wjikf’h (285)

where we have defined the connection coefficients of V in the given bases as the indexed

set of scalar fields, wjik. Applying this to an arbitrary section, s, gives

Vxs= X' (V;s) f;
S | (2.86)
= X7 (e;(s") + wj’ksk)fi.
The connection on E can be used to define a corresponding connection on E* by

requiring the product rule
X(a(s)) = (Vxa)(s) +a(Vxs), (2.87)
where X € ['(TM), s € I'(F), and o € I'(E*), which gives
Vif' = —w S (2.88)
and

Vya= Xj(Vjoz)kfk

= Xj(ej(@k) - Wjik@i)fk-

(2.89)
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For the simplest case of the trivial bundle, M x R, the covariant derivative is just

the usual directional derivative of scalar fields,
Vxf=X(f) (2.90)

The above can be used to extend the connection to arbitrary tensor product bundles
by the product rule
Vx(T®S)=VxT®S+T®VxS. (2.91)

This means for a type (p, q) tensor field,

(VA — o (AR H)

v1-Vg v1-lg
H1 AJp2-bp 4, . Hp Ap1-pp—1J
+w LA P AR (2.92)
3 pAM1Hp JAMHp
— W lllAjUQ"'Vq — Wy l/qull---l/q_lj'

For connections on the tangent bundle, the connection coefficients are often written

using the notation I" ;= w,’.

Torsion

The torsion of a connection on the tangent bundle is a map 7': I'(TM) x I'(TM) —
['(TM) given by
T(X,)Y):=VxY -VyX - [X,)Y] (2.93)

This is bilinear and antisymmetric, T'(X,Y) = —=T(Y, X), which means T is an anti-

symmetric type-(1,2) tensor field, with components
T =20y — O (2.94)

This means that for a torsionless connection, the Lie derivative can be expressed simply

in terms of the covariant derivative,

LxY =VxY — Vy X. (2.95)

Levi-Civita Connection
The Levi-Civita connection is a connection on the tangent bundle that is
e compatible with the metric,

X(9(Y,2)) =g(VxY,Z)+ g(Y,VxZ), (2.96)
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e torsion-free, T'(X,Y) = 0.

For a given Riemannian metric, the Levi-Civita connection is unique and its connection

coefficients are expressed in terms of the metric as
) 1 .
I = 59" (€(9ar) + exlgja) = €algn) + Caji + Chjo — Cjar) (2.97)
where Coji, = gaiCijk. In a coordinate basis, these are called the Christoffel symbols,
) 1 ia
I = 59 (0j9ak + OkGja — Oagjt)- (2.98)

The Christoffel symbols generated by a pullback metric can be expressed in terms of

the inducing map, ¢, as

Fijk - (¢Dia¢a,jk' (2.99)

Geodesics

A geodesic is a C? path v : I — M : t — v(t) that is locally the shortest path between
two points. In order to use the word ‘shortest’, we first require a distance metric on

M. The length of a path on M is given by

o) = [ Voot d. (2.100)

This functional can be minimized via variational calculus. In local coordinates, geo-

desics are described by the 2nd-order ODE
4T AR =0, (2.101)

called the geodesic equation, where I' jr are the Christoffel symbols. Therefore an
initial position (0) and velocity (0) is sufficient to determine the path via an initial
value problem. When the Christoffel symbols vanish, the geodesic equation describes
paths with constant velocity, i.e. straight lines, in local coordinates.

If the geodesics extend for all time ¢ € R, the manifold is called geodesically com-

plete. Compact manifolds are geodesically complete, by the Hopf-Rinow theorem.

Parallel Translation

Let v : I — M be a path and F be a vector bundle. The notion of a parallel translation
is the method of moving a vector in the fibre at v(a) along the path to the fibre at
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~(b) in a consistent manner. In other words a parallel translation is an isomorphism
between fibres generated by a path, P(7)a : Ey) — E,@p). These isomorphisms are
consistent in the sense that the parallel translation along a concatenation of two paths
coincides with the composition of the individual parallel translations, and that the
parallel translation along the trivial path y(t) = p is the identity, Pu(y) = idg, .

A section V' of the bundle defined on the path, (1), is called parallel if V5V = 0,

where V is the connection on E. This is given locally by
Vitw! 47 VE=0. (2.102)

Note that a geodesic can be described as a parallel translation of the velocity vector

along itself.

Exponential Map

The exponential map is a (partial) map from each tangent space to the base manifold,
exp, : T,M — M, that depends on the choice of connection. The map is defined
in terms of geodesics as exp,(X) = v(1), where v is the geodesic with 7(0) = p and
4(0) = X. If the manifold is geodesically complete, the exponential map’s domain is

the whole tangent space.

2.2.4 Curvature

There are two notions of curvature for a manifold: intrinsic and extrinsic. A manifold’s
intrinsic curvature is independent of its embedding into an ambient space, whereas the

extrinsic curvature is dependent on the embedding.

Intrinsic Curvature

The existence of intrinsic curvature is the topic of Gauss’ Theorema Egregium (remark-
able theorem), which shows that the Gaussian curvature (a particular quantification
of curvature for surfaces in R3) is independent of the embedding, even though its
construction explicitly depends on it. Therefore one can talk about the (intrinsic)
curvature of a manifold without needing an ambient space to refer to.

In modern differential geometry, the intrinsic curvature of a (semi-)Riemannian

manifold is a function of the metric, via the Levi-Civita connection. The Riemann
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tensor R € T'(T§(TM)) is given by
R(X,Y)Z = (VxVy — VyVx —Vixy]) Z. (2.103)

It measures the extent to which the covariant derivative is non-commutative. Geomet-
rically, this quantifies how Z changes when it undergoes parallel translation around
an infinitesimal closed loop defined by X and Y. In a coordinate basis, the partial
derivatives of the three vector fields cancel out, and so the Riemann tensor can be

expressed in terms of the Christoffel symbols and their derivatives,

where the indices are given in the order R(dy,d;)d; = R’ ix10i-
From the Riemann tensor one can define the Ricci tensor, Ric, as a (0,2) tensor
field defined as
Ric(Z,Y) =tr(X — R(X,Y)Z). (2.105)

In coordinates this is just the contraction of the first and third indices of the Riemann
tensor,

Ric(9;,0;) = Rij = R";. (2.106)

The Ricci scalar is given by the trace of the (1,1) Ricci tensor,
R=FR, =¢'Ry. (2.107)

Extrinsic Curvature

Given a Riemannian manifold (M, g) and an embedding ¢ : N' — M, the extrinsic
curvature of A/ in M can be thought of as a measure of the difference between the
intrinsic curvature of A/ (as measured by the pullback metric), and the curvature of
N as measured using ¢ in M. In other words it is the ‘additional’ curvature that has
been introduced to A by its embedding into M.

Let V9 be the Levi-Civita connection for g, and let h be the pullback metric
h = ¢*g, with connection V. At each point on p(N'), let P be the orthogonal
projection onto the tangent space Typ(N). Then for vector fields defined on p(N), we

can perform the orthogonal decomposition of the covariant derivative,

V4Y = P(V4Y) + (id — P)(V4Y). (2.108)
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The normal component is defined as the second fundamental form,
I(X,Y) = (id — P)(V%Y), (2.109)

which is a (0,2) tensor field on ¢(N') whose values lie in the normal bundle of p(N)
in M. For tangential vector fields X and Y, II is symmetric,

I(Y, X) = (id — P)(V{.X)
(id = P)(V%Y) — (id — P)(LxY) (2.110)

=1I(X,Y),

since LxY is tangential.

If X and Y are vector fields on NV, then ¢, X and ¢,Y are tangential vector fields
on o(N). In this case, the tangential component of (2.108) coincides with V%Y, i.e.
P(VY x(@.Y)) = 9. VXY, giving

VI x(9Y) = 0. VY + 1(p.X, .Y). (2.111)
This leads to the Gauss equation, which relates the curvatures,
9(R (0. X, .Y ). Z,W) = g(p.(R"(X,Y)Z), W)
+ g(I( s X, s Z), L, Y, W)) (2.112)
— 9(L(p.Y, 0. Z), L0 X, W)).

This is rather messy, so we can drop some notation by identifying N with ¢(N'), TN
with To(N), and X with ¢, X, etc.

g(RI(X,Y)Z,W) = g(R"X,Y)Z,W)
+9(I(X, 2), (Y, W)) (2.113)
—g(I(Y, 2), (X, W)).
Note that the difference between R9 and R" is given in terms of I,

J(R(X,Y)Z — RMX,Y)Z, W) = g(I(X, Z), I(Y, W) i
— g(I(Y, 2),T(X, W)). '

Therefore it is the normal components of the covariant derivatives that are relevant to

expressing the extrinsic curvature.
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2.2.5 Differential Forms

Differential p-forms are sections of the pth exterior power of the cotangent bundle,
[(AP(T*M)), which we denote as simply QP(M). The operations described in §2.1.8,
such as the exterior product, can be extended to differential forms by fibrewise appli-
cation. We shall refer to a differential p-forms as just p-forms from here on. A p-form
provides an alternating multilinear map, which takes p vector fields, and gives a scalar

field as a value.

Exterior Derivative

The exterior derivative is a map from p-forms to (p+1)-forms, d : QP(M) — QPTL(M).
For a O-form, f (a scalar field), the exterior derivative is defined as the 1-form that
gives the directional derivative, df(X) = X(f). Since the coordinates on the manifold
are a set of (locally defined) scalar fields, (x',---,2"), we can consider the exterior
derivatives (da', - - - ,dz™), which turns out to be the dual basis for the cotangent space
corresponding to the partial derivatives, i.e. dz*(9;) = 0;(z") = 0.

The exterior derivative of a p-form, «, is a (p + 1)-form given by
1 . , .
da = = O ..., dz' Ada? A~ Ada??. (2.115)
p!
Anti-symmetrizing this description gives
daiﬁmjp = (p-f‘ ].) 8[7;0@‘1‘..]‘17]. (2116)

This has the following properties, where « is a p-form and [ is a ¢-form,

d(aAB)=danpf+ (—1)PaAdp, (2.117)
d(a + 3) = da + dg, (2.118)
d*a = 0. (2.119)

A p-form, «, is exact if there exists a (p — 1)-form, §, such that a = d5. A p-form, «,
is closed if da = 0. Note that exact implies closed. Given ¢ : M — N with a p-form
a on N, the pullback form, denoted ¢*«, is a p-form on M defined by

(P a) (X1, -+, Xp) = a(d Xy, -, 0. X)), (2.120)
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which gives

(§* )y gy = iy 05, O™ - - 05, 7. (2.121)
The pullback satisfies
6'(a A B) = ¢"a A o', (2.122)
P*(a+f) = ¢ a+ ¢*p, (2.123)
¢*da = d(¢*a). (2.124)

Lie Derivative

As with tensor fields, we can apply the Lie derivative to differential forms. For a given
vector field, X, the Lie derivative maps p-forms to a p-forms, Lx : QP(M) — QP(M).

It satisfies the product rule under the wedge product,
Lx(aNp)=LxaNB+aNLxf, (2.125)
and commutes with the exterior derivative,

d(Lxa) = Lx(da). (2.126)

Orientation and the Volume Form

A vector bundle is called orientable if its transition maps have positive determinant.
This allows for a choice of orientation on each fibre that is consistent over the bundle.
A differentiable manifold is said to be orientable if its tangent bundle is an orientable
vector bundle.

On an orientable manifold we can specify a choice of orientation using a wvolume
form, which is an n-form that provides a fibrewise orientation form for the tangent

bundle. For the coordinate basis, this is

v=+/detgdas' A---Ada" (2.127)
Vijiiy = detg Eiqrvin (2128)

Gradient

The gradient of a scalar field is a vector field defined by grad f = (df)* and given in

coordinates by

(grad f)' = g”0;f = g" f ;. (2.129)
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It follows that g(grad f, X) = X (f) = df(X).
Curl
The curl of a p-form, «, is a (n — p — 1)-form defined by

curl = *(da). (2.130)

Curl in 3D On an oriented 3-manifold, the curl of a 1-form is also a 1-form. Hence

we can define the curl of a vector field using the musical isomorphisms,
curl X = (curl (X))*. (2.131)

For a coordinate basis and a diagonal metric, (g;;) = diag(gi, g2, g3), this gives

1
(CurlX)l = detg (82<g3X3) — 83(92X2))
1
(curl X)? = Totg (05(1 X") — 91(g3X?)) (2.132)
1
(curl X)? = Jdetg (D (g2X?) — Do X))
If we wish to normalize the basis, (0,0s,05) — (é1,6éq,63) = (%, %, \?—%), this
becomes
(url X)! = —— (Bh(y/3:X°) ~ (V32 X?)
V9233
1
(curl X)? = — (03(v/1 X") — 01(\/9:X7)) (2.133)
1
(el X)° = ——— (01(V3X") - u(VGiX")).
192

For example, in cylindrical coordinates (p, ¢, z), with metric ¢ = diag(1, p?, 1), the

normalization of the basis is (0,, 0y, 0;) — (0,, %a¢, 0.), and in this basis the curl is

1
(curl X)P = =9y X* — 0.X?
P
(curl X)? = 9,X" — 9,X* (2.134)

(curl X)* = % (9,(pX?) — 0X") .
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2.3 Dynamical Systems

Dynamical systems concerns the abstract study of quantities that change over time
according to a fixed rule of time evolution. There are two main notions of time,
referred to as continuous time and discrete time, quantified by the reals and integers
respectively, which correspond to the two main classes of time evolution: flows and
iterated maps. Stochastic (containing random/probabilistic contributions) and hybrid
(including both continuous and discrete parts) dynamics are also studied. As a result,
dynamical systems theory involves the use of many different areas of mathematics,
including group theory, topology, analysis, differential geometry, linear algebra, and
measure theory. Numerical and computational methods are also important tools.
(23, 21, 44, 40, 46]

A dynamical system is a collection (X, T, ) of three objects: a state space, X, a
time monoid, (7, +), and an evolution function, ¢» : T x X — X. The state space,
X, contains all possible configurations the system can take and is sometimes called
a ‘phase space’ or a ‘configuration space’. The monoid 7T is usually R or Z with
addition, and is used to quantify the notion of time and serves as a parameterization
of the evolution of the system. The evolution function i evolves the system forwards in
time from its current state, by a specified time interval, causing a change in state. The
evolution function is also written as ¥y (z) := ¥(t, z); it satisfies Yy, s = P01y = 501,

and wo = ldX

2.3.1 Discrete Time

In discrete-time dynamics, the time evolution is produced by repeated application of
amap f: X — X, and thus the evolution function is simply
Un(x) = f*(z) = fo-- o f(a) (2.135)

—_—

n times
Time is therefore quantified by either non-negative integers, 7 = Ny, or, if f is invert-
ible, the integers, 7 = Z. The orbit of an iterated map therefore produces a sequence

of states, {xg, 1,2, - }, corresponding to jumps in the state space.
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2.3.2 Continuous Time

In continuous-time dynamics, time is quantified by the reals, 7 = R, and the time
evolutions are given by a one-parameter group R — ¥ : ¢ +— 1);. The group V¥
therefore has identity 1o, inverse ¥, ' = 1)_,, and a right-action on the state space, X,

known as a flow. The orbit of a flow is a path through the state space.

2.3.3 Systems of ODEs

The flow is usually described in terms of a system of ODEs. When written in first-order
form, these describe a vector field V' on X in local coordinates, V) = @(t), where X
is a smooth manifold. If this vector field is complete, then the integral curves of the

vector field exist for all time and generate a one-parameter group of diffeomorphisms,

W = !, € Diff(X).

2.3.4 PDEs and Infinite-Dimensional State Spaces

Partial differential equations (PDEs) typically describe the evolution of scalar or vector

fields on some physical space, ¢(z,t),

The state of such a system is therefore an infinite-dimensional function space, usually

quantified by a real or complex Hilbert space, H,

o= f(¢), €. (2.137)

If the physical space is discretized, for example by use of a finite element scheme, the
state space is approximated by a finite-dimensional space, with dynamics described

by a system of ODEs,

¢i = fil¢r,--+ ,on), (2.138)

where ¢ indexes the points used in the discretization of the physical space, and each

¢; is the field value at the corresponding point.

2.3.5 Invariant Structures in State Space

Given an initial condition vy € X, the orbit of the system is the set of states,

{ti(x0) : t € T}, that are reached from xq via .
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An invariant set, S, is a subset of X such that all states in the subset remain in the
subset under evolution, i.e. ¥,(S) C S Vt. The simplest example of an invariant set
is a fized point, or equilibrium, which is a single point z* € X, such that ¢,(z*) = x*,
i.e. if the system is in a fixed point configuration, it remains there indefinitely.

A periodic orbit is a subset L C X, such that ¢ (z) = ¥(x) Vo € L Vt, where
7 is called the period of the orbit. Note that ¥ ,.(z) = ¥y (x) Vn € N, so we must
define the period 7 to be the smallest such value in order to make it unique. In the
case of an iterated map, a periodic orbit is a finite sequence of points that repeats
indefinitely, while in the case of a flow, it is a closed loop in the state space.

More generally, one has invariant manifolds. A submanifold M C X is invariant
under a diffeomorphism, f: X — X if f(M) = M. If the diffeomorphism is the flow
of a vector field V on X, i.e. f(x) = ®! (z), then M is invariant under all time-t maps
if V' is tangent to M. This means the orbits of the flow on M remain on M forever.

An attractor, A, is an invariant set that attracts nearby states from its basin of
attraction, By C X, and that contains no proper subset with these properties.

A limit cycle is a periodic orbit of a flow that is isolated. This means that there

are no neighbouring loops.

2.3.6 Stability of Invariant Sets

Stability refers to the properties of the time evolution near to an invariant set. This
depends on the behaviour of the time evolution in a neighbourhood of the set.

An invariant set S is Liapunov stable if points nearby S stay nearby under (for-
wards) time evolution. For any neighbourhood U of S, there is a neighbourhood V' of
S such that ¢ (V) C U for all £ > 0.

An invariant set S is asymptotically stable if points nearby S tend towards S
eventually. There is a neighbourhood U of S such that lim; . ¢ (z) € S Vo € U. If

S is both Liapunov stable and asymptotically stable it is called stable.

Linear Systems

A linear dynamical system has state space R™ and time evolution given by a linear
differential equation

i = Az, (2.139)
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where A € R™*". Although most systems of interest are nonlinear, linear systems are
useful tools for studying the local behaviour of nonlinear systems around a fixed point.
The solution to a linear ODE is given by the exponential map, exp : R™" —

GL(n,R),
x(t) = exp(At) z(0), (2.140)

where R"*" can be regarded as the tangent space to the Lie group GL(n,R) at the

identity. When expressed in an eigenbasis of A, the complexified problem becomes

diagonal,
il = N\l (2.141)
and so does the solution,
2 (t) = et 29(0). (2.142)
By writing A = a + 0,
eM = e (cos(Bt) + isin(Bt)) (2.143)

shows the real part of A describes an exponential growth for Re(A) > 0 and decay for
Re(A) < 0, while the imaginary part describes an oscillation.

Due to its linearity, every point in the kernel of A is a fixed point. Therefore the
origin is always a fixed point in a linear system. Given a nonlinear system on R",

& = f(x), with fixed point 2* € X, one can construct the linearization around x*,
£ = Jp&, (2.144)

where J is the Jacobian of f (the matrix of partial derivatives) evaluated at z*, and

& = x — x* is the relative position.

Monodromy Matrix

Given a trajectory x(t), the monodromy matriz M is a time-dependent matrix that

describes how perturbations to the orbit change over time,
§(t) = M(t)&. (2.145)
It is given in terms of the Jacobian by the wvariational equation,

M(t) = JuuyM(t). (2.146)
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For a periodic orbit of period 7, M(7) describes how perturbations change due to one
period’s worth of time evolution. The eigenvalues of M (1) therefore describe the sta-
bility of the periodic orbit and are called the Floquet multipliers. Every periodic orbit
has a unit Floquet multiplier, which describes motion along the orbit (the tangential
component). The remaining n— 1 multipliers affect stability (the normal components)
— if they all have modulus less than one then all perturbations contract, corresponding

to a stable periodic orbit.

Normally Hyperbolic Invariant Manifolds

Normally hyperbolic invariant manifolds (NHIMs) [13, 23] are a class of invariant man-
ifolds that have particular stability properties. A NHIM, M C X, is a compact man-
ifold, invariant under a diffeomorphism f : X — X such that along M the tangent

bundle admits a splitting into tangential, stable and unstable subbundles,
TuX=TMe E°* & E", (2.147)

i.e. there are no normal directions that are neither stable nor unstable. Both the
stable bundle E*® and the unstable bundle £* must be f,-invariant, along with TM,
which is automatically f,-invariant due to M being f-invariant.

Compact NHIMs are particularly important examples of invariant manifolds as
they persist under small differentiable perturbations of the vector field. The simplest
example of a NHIM is a hyperbolic fixed-point, M = {z*}, T,-M = {0}. If z* is
a hyperbolic fixed point, there is a neighbourhood of z* in which the full dynamics
is topologically equivalent to the linearization around z*, by the Hartman-Grobman

theorem.

2.3.7 Parameters and Bifurcations

Typically, an evolution function, 1, is partly specified by a number of parameters.
In the continuous-time case, this gives a family of ODEs, & = f(z;\), describing a
family of vector fields. The parameters are held constant during the evolution of the
system, however the time evolution may take on different parameter values in different
instances of the system. There may be a region of parameter space of relevance, for

example in which physically plausible values lie. Therefore it is necessary to study how
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the features of the dynamics, such as the invariant sets and their stability, respond to
changes in the parameter to understand the full range of behaviours possessed by the

system.

Structural stability

Structural stability is a notion of stability that applies to perturbations of the system
itself (e.g. via a parameter). Although two time evolutions may be different, possessing
different orbits, we are often primarily interested in qualitative features such as the
number, and type of, invariant sets, rather than the particular geometric shape of the
orbits.

Two time evolutions on a state space X, 1, ¢, are said to be topologically equivalent
if there is a homeomorphism h : X — X that maps the orbits of one onto the orbits
of the other. Furthermore, the two systems are said to be topologically conjugate if
h¢ = 1h. This is stronger than the topological equivalence above, as not only does it
map orbits to orbits (as sets), but it also preserves the way time increases along each
orbit.

A system with parameter A € U is said to be structurally stable at X if there is a

neighbourhood of A in which each system is topologically conjugate to the system at

A

Bifurcations

When varying the parameters of a model, the structures present in the state space can
change in response. Even if the vector field depends smoothly on the parameters, the
structures resulting from its flow can change in a wide variety of complicated ways. In
the simplest case, structures may move around in state space, or may vary in geometry.
The stability properties of structures may also vary — for example, a stable fixed point
may become unstable. Structures can also be created and destroyed, or change in
dimension, such as a limit cycle becoming a torus.

A parameter value at which the system is structurally unstable is called a bifur-
cation point. These are therefore points at which a (topologically) significant change
occurs in the orbits of the system. Bifurcations are classified as being local or global,

depending on the scale and impact of the changes. Local bifurcations have an impact
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that can be confined to a small piece of the state space, usually a neighbourhood
of a non-hyperbolic fixed point. Global bifurcations, on the other hand, involve the
collision of invariant structures that produces topological changes in the orbits of the
system throughout the state space.

The normal form of a bifurcation is the simplest low-dimensional system, with
the fewest parameters necessary, that exhibits the bifurcation. They are given by
low-degree polynomial vector fields. This allows for the bifurcation to be studied in
a simple example, and allows one to detect such bifurcations in more complicated

systems by transforming the system into the normal form.

2.3.8 Symmetry

Let G be a group with actions on sets X and Y. A function f: X — Y is said to be
G-equivariant if f(gz) = gf(z) for all ¢ € G. In the smooth case, we deal with a Lie
group G with smooth action on a smooth manifold, X. We can use the action on a
manifold X to define an action on its tangent bundle T X given by the differentials g,
(i.e. we are thinking of each g as a smooth map X — X and g, as its differential).
This is a well-defined action since (idx), = idry and (gh). = g.hs. If ¢ : X — YV is
a smooth G-equivariant map then the differential ¢, is a smooth G-equivariant map
under the tangent bundle actions.

A dynamical system is said to have a symmetry group G if its time evolutions are

G-equivariant, i.e. they commute with the group GG. For a flow this is
go®, =dog VteR, Vgeq. (2.148)

ie. !, = g7 'o®! 0g. By taking the time derivative of this we get the corresponding

equation for the vector field,

d d
s (I)t - q)t
i, v(e) =5 » v(gz)

(g*v)gx = V;;x
(9:V)y =V, Vye X, VgeQq,

i.e. the vector field is equal to its pushforward, ¢,V = V. This means the underlying

vector field V' is G-equivariant as a map X — TX.
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The existence of a symmetry places constraints on the dynamics of the system. For
example, if x is fixed by ¢ (i.e. gz = x) then g also fixes every point on the orbit of z,
g®t (x) = ! (x) Vt. Therefore if we denote by fix(H) the set of points fixed by H C G,
then fix(H) is a subset of X invariant under the flow, and H C J = fix(H) D fix(J).

For each point x € X we can define an isotropy subgroup, .., as the set of elements
in GG that fix . This is a subgroup of G that is constant along each orbit of the flow.

As a result, if M is an attractor in X and g(M) N M = & then we can regard
g(M) to be another ‘copy’ of the same attractor elsewhere in the state space — the

symmetry maps the orbits of M onto the orbits of g(M).

2.4 Optimization on Riemannian Manifolds

Optimization deals with finding a point in a space that is ‘optimal’. The definition of
optimality is usually given in terms of a cost function, which is a real-valued function
on the space, where the optimal point minimizes the cost. There are various types
of spaces on which one can define optimization problems, but the particular type of
optimization relevant to this work is optimization over Riemannian manifolds, with
Euclidean space as a special case. [19, 33]

Optimization over a manifold can be viewed from an intrinsic perspective as un-
constrained optimization over a curved space. Alternatively, given an embedding of
the manifold into an ambient Euclidean space, one can take an extrinsic view, where

the manifold is a constraint with respect to optimization over the ambient space.

2.4.1 Smooth Cost Function

Let (M, g) be an n-dimensional Riemannian manifold and S : M — R be a smooth
cost function on the manifold that we wish to minimize. Given an initial point zq € M,
we seek a sequence (xy,- -+ ,xy) such that S(z;11) < S(x;) Vi. An optimization algo-
rithm is an iterative method that computes xj1 from (z1,--- ,xx). For optimization

over a manifold, we will consider algorithms that follow these three steps.

1. Determine a suitable tangent vector as a search direction, A, € T,, M. This

tangent determines a geodesic path, v (t), with 7%(0) = zx and §(0) = Ay.
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2. Perform a line search of the function S o~ : R — R to determine how ‘far’
to move in the search direction, i.e. a real number a; > 0 that approximately

minimizes S o Y.

3. Move along the geodesic in the search direction by the amount determined in

the line search, i.e. xpy1 = V().

Such algorithms aim to find a local minimum of S near to x,.
We will use the notation 7V}, to denote the parallel translation of a vector V} from

Tk to xpyq along the geodesic v,

TVk = P(’yk)OQk(Vk) (2150)

2.4.2 Line Search

Given a search direction, A, we need to find a suitable a > 0 such that S(y(a)) <
S(v(0)). This is determined by minimizing the smooth real function ¢ = S o~ in a
process called a line search. This is itself an optimization problem, albeit a simpler
one than the main problem as it is 1-dimensional. However, as ¢ is nonlinear, the
problem may be difficult to solve exactly. Despite this, an approximate solution can
be sufficient so long as it results in a cost decrease, since this constitutes only a single
step in the optimization of S. This is called an inezxact line search.

Let ¢(t) = S(y(t)) and G = grad S. The derivative ¢ is the directional derivative
of S along the path ~,

¢' =dS(¥) = 9(G, ). (2.151)

2.4.3 Wolfe Conditions

The Wolfe conditions are designed to assist in the inexact line search by providing cri-
teria to evaluate whether a given « is good enough to terminate the line search. These
conditions consider the change in the value of the cost function, and the curvature of

the cost function.

1. The first condition considers the decrease in the cost function relative to the
gradient,

< (2.152)
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2. The second condition considers the ratio of gradients

<. (2.153)

Here 1 and 7 are constants which are typically chosen to be approximately x4 = 0.00001
and 7 = 0.9. If « satisfies both of these conditions, the line search is terminated.
In order to perform the inexact line search a number of methods can be employed.

We shall outline the two popular ones.

Bounding The Minimum

Methods for minimizing ¢(¢) commonly require the turning point first be bounded in
an interval [a, b], i.e. ¢'(a) < 0 and ¢'(b) > 0. Since the search direction, A, is chosen
to be a descent direction, we can choose a = 0.

In order to find an upper bound, we use the value of « from the previous optimiza-
tion step, denoted aiq. If ¥/ (apq) > 0 we can use b = agq. If not, agq is repeatedly
multiplied by a factor of & > 1 until ¥'(£"aqq) > 0, we then use b = {"aq. We use
& = 2 by default.

Once the bounds have been established, an iterative procedure is used to refine the

interval, via one of the following methods.

Bisection Method

The bisection method begins with a bounding interval [a,b]. The interval is refined
by testing the mid-point, ¢ = (a + b)/2. If ¢'(c) is negative, ¢ becomes the new lower

bound; if it is positive, ¢ becomes the new upper bound.

False Position

The false position method begins with a bounding interval [a, b]. The interval is refined

by testing the point
_ a¢/(b) - b¢'(a)
¢'(b) = ¢'(a) '
which is the root of secant from (a, ¢'(a)) to (b, ¢'(b)). If ¢'(c) is negative, ¢ becomes

(2.154)

the new lower bound; if it is positive, ¢ becomes the new upper bound.
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2.4.4 Methods for Choosing a Search Direction

Gradient Descent

The gradient descent method uses the search direction Ay = —(grad S),,,
(M)’ = —470;5]s,.- (2.155)

This is the simplest method and is easy to implement, but it converges slowly and

therefore takes a large number of iterations to obtain an accurate result.

Conjugate Gradient

In the conjugate gradient method, the search direction for the kth step is determined
by a combination of the gradient at the current position and the (k — 1)th search
direction. Let Gy be the gradient of S at xj, and A, be the kth search direction. The
(k — 1)th search direction, Ay_; is first parallely translated from x;_; to xj along the
previous geodesic v,_1, giving 7A;_1. This is then combined with the gradient to give

the search direction,

Ay = =G + B TN, (2.156)

using a factor £, € R, which is determined by one of three popular methods.

o Fletcher-Reeves
g (Gkv Gk)

A el VAR 2.157
ﬁk Q(Gk—la Gk—l) ( )
e Polak-Ribiere
9(Gy, G, — TGi_1)
— 2.158
B 9(Gr-1,Gr-1) ( )
e Hestenes-Stiefel
g, = I G Z7Ci) (2.159)

B Q(TGkA, Gy — Tkal)
Newton

The Newton method makes use of the second derivatives of the cost function. The

Hessian of S can be defined as a (1, 1) tensor field,

(Hess S)(X) = Vx(grad 5). (2.160)
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In coordinates this is

Hess S)'. = ¢**V,0,S
( s O (2.161)
= gM(;00S — T°,,0,9).

Note that some authors define the Hessian as a type (0,2) tensor field, but for our
purposes it’s more convenient to use the corresponding (1, 1) tensor field. The search

direction A is then determined by solving the linear equation

(Hess S)(A) = —grad S. (2.162)

2.4.5 Least-Squares Problems

Let (V,g) and (W, h) be real inner product spaces and f; : V' — W be a number of
smooth (possibly nonlinear) functions and y, € W be data points. A least-squares

problem is a cost function S : V — R given by
Se) = llye = ful@)]*, (2.163)
k

where the norm is induced by h. We can express the optimization in terms of the

derivatives of fi, rather than S. This gives the gradient

(grad S)" = —2gichabz (1) (yr — fu(z))” (2.164)
k
grad S = =23 (V. fi) (k. — filx)) (2.165)
and the Hessian
(Hess S)') = —20ha 3. [0,0.0f0)" (s — fu) = 0u(F) 0,(£)]  (2.166)

(Hess S)ij = -2 Zgichabajac(fk)a (yr — fr)’
g | (2.167)
23 (VAIV A,
k

2.4.6 Linear Least-Squares Fitting Problems

Let V and W be real inner product spaces, and (z € V)&, and (y, € W)Y, be data
sets. Let A € L(V,W) be a linear map. By setting fx(A) = Azy, the optimization
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problem for A is a least-squares
N
S(A) = Z iy — Ay (2.168)
k=1
By setting grad S = 0, the optimal A is then given by the linear problem,
A, (i > e >a> LS (2169)
i\ v - k) (Tk N 2 k) (Tk)" :
By using the block data matrices, this is
AxXT) =yat, (2.170)

whereX:[g;l mN}andy:[yl yN]

2.4.7 Affine Least-Squares Fitting Problems

Let V and W be real inner product spaces, and (z € V)&, and (y, € W)Y, be data
sets. We seek the best affine map V' — W that relates the two data sets. By writing

the affine map in the form

Az —Z) + b, (2.171)
where Z is the mean of the data set,
XN
T = NZxk, (2.172)
i=k

the solution to the least-squares problem

S =" Il — (Al — ) + )| (2.173)

can be decoupled into two separate parts. The solution for b is given by

N
1 _
k=1
i.e. the mean of the values, independent of A. The solution for the linear term is given
by
(1 E . 13N
A <N ;(xk —z) (2 — 7) ) =N > () (e — 7)", (2.175)
which can be written in block matrices as

AxXT) =yat, (2.176)



Chapter 3

Secant-Based Projection

In this chapter, we begin by explaining an existing secant-based projection method,
the Whitney embedding theorem that motivates it, and its use of optimization over
the Grassmann manifold to find a good projection (§3.1-3.7). In §3.8 we detail an
affine inverse of the orthogonal projection, which will be important for later chapters.
Then from §3.9 onwards, we develop the theory of approximate secants — geometric
objects that are produced by allowing a secant’s direction to be perturbed. Whereas
secants correspond to lines, approximate secants correspond to infinite double cones.
The properties of these objects are investigated and used to develop a practical method
of secant culling, which can reduce the computational cost of secant-based methods,
and can also be used to estimate the dimension of the hyperplane explored by the

attractor.

3.1 Introduction

In 2000, Broomhead and Kirby [2] introduced a new approach to the dimensionality
reduction of an embedded manifold based on the preservation of its secants. This
approach was motivated by a proof of the (easy) Whitney embedding theorem, which
makes use of secants in order to show that an m-dimensional manifold can be embed-
ded into R?*™*!. The method finds an orthogonal projection onto a subspace of the
ambient space that preserves the secants and therefore embeds the manifold into the
subspace. This makes it particularly suited for application to attractors of dynamical

systems, as not only does it preserve the attractor, but it also provides an explicit

80
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smooth map between the high- and low-dimensional ambient spaces, allowing for the
vector field to be pushed forward, which is essential for determining the dynamics
in the low-dimensional space. An additional benefit of method is a guarantee that
these projections are, in a technical sense, easy to find, provided the dimension of the
projection is at least 2m + 1, which makes practical implementations feasible. Other
methods of dimensionality reduction that attempt to preserve a manifold — especially
those focusing on data reduction — often do not produce an explicit map between
the two spaces, and are therefore not well-suited to the problem of dynamics. The

application of this method to attractors was investigated in [4].

3.2 Secants and Projections

Given an inner product space X and a pair of distinct points z,y € X, the secant
is the unique line in X that intersects x and y. This line can be parameterized as
Yoy : R = X :t— x4 (y —x)t. For asubset Y C X, we can generate a set of secants

by each distinct pair of points,

A secant-preserving projection is a projection P : X — X that preserves the secants
generated by Y, i.e. t — P(v(t)) is injective for all v € I'(Y). This is true as long as
P(y —x) # 0 for all x # y € Y. Therefore for each pair of points, we only need to
check the vector (y — x). As P is linear, we in fact only need to check the direction

parallel to (y — x), and hence we can consider the set of directions,

k) = {2t oty ey, (52)

which we call unit secants. If P(k) # 0 Vk € KC(Y), then P preserves the secants
generated by Y. Note that if Y is a finite set of N points, then |[K(Y)| = N(N —1).

3.3 Whitney Embedding Theorem

The (easy) Whitney embedding theorem is a key result in differential topology [22]. Tt

states that for a compact differentiable manifold, M, of dimension m, there exists an
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embedding M — R?"+l This is important for the dimensionality reduction of at-
tractors of dynamical systems, as it means that it is feasible to describe the attractor
in an ambient space whose dimension is the same order of magnitude as the attractor
itself. Moreover, the proof of the Whitney embedding theorem provides a direct moti-
vation to using a secant-based approach to dimension reduction. As a result, we give
a qualitative description of the role of secants in the proof.

To prove the Whitney embedding theorem, one first establishes the existence of an
embedding of the manifold M — R" for some n > 0. Then, given such an embedding,
one shows that the dimension n can be systematically reduced until one arrives at
n = 2m+1. It is this second part that makes use of secants and projections. Since the
manifold is assumed to be compact, it is sufficient to produce an injective immersion,
i.e. to consider the injectivity of both the map and its differential.

The first part takes advantage of the compactness of M by using a finite subcover
of an atlas. By extending each of the chart maps to the whole of M in a smooth way,
one constructs a smooth map of M into R™ where n = mk + k and k is the (finite)
number of open sets in the subcover. This map is shown to be an injective immersion
and hence an embedding.

In order to prove the existence for dimension 2m+ 1, one starts with an embedding
j: M — R" with n > 2m + 1 and proves the existence of a projection onto a
codimension-1 subspace such that the composition with j remains an embedding.
Every codimension-1 projection P has a kernel spanned by a unit vector v € R™. As
discussed in the previous section, as long as this vector is not parallel to any secant,
the projection preserves the secants generated by M and is therefore injective on M.
Therefore we are interested in viewing (M) as a subset of the unit sphere, S™~1.
The proof demonstrates that under the assumed n > 2m + 1, the unit secants are
nowhere dense in S"7!, and so codimension-1 secant-preserving projections are, in
this topological sense, easy to find.

In order for the composition Poj to be an embedding, P must also be an immersion
on TM, ie. (P.), must be injective on each T, M. Note that since P is linear,
(P,). = P. We can identify each tangent vector v € T, M with a vector in R" by
TM — R™: (z,v) = (j«)z(v). Since j is an immersion, each non-zero tangent vector

is non-zero in R" and therefore has a corresponding unit vector, which is a point in
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S~ This gives the map 7: TM — M — S™ 1 (z,0) = (Ju)2(v)/ || (Gx)z(v)]|, where
M is identified with the subset of TM with zero vectors, (x,0). Since all tangential
directions are included in the set of secants, we need only consider the set of secants
generated by M. Therefore, by preserving the secants, P o j is an injective immersion
and hence an embedding.

This argument can then be applied iteratively, producing a sequence of codim-
ension-1 projections that reduce the dimension until n = 2m + 1. By using orthogonal
projections, the projection is uniquely determined by its kernel. Since the kernels in
the sequence are mutually orthogonal, the composition of the orthogonal projections

is an orthogonal projection, by Proposition A.2.8.

3.4 Orthogonal Projections and Subspaces

Given a real inner product space, (X,g), an orthogonal projection P : X — X is
uniquely determined by the subspace onto which it projects. A subspace can be
identified as the image of a linear injection, W : X — X. This can be used to pull
back the inner product from X to X , giving WIW = id ¢, 1.e. W is an orthonormal
map. The orthogonal projection onto W(X ) is then given by P = WWT. Note that

under orthogonal transformations Q € O(X, §),
o WQ(X)=W(X),
o (WQ)I(WQ)=idg =WW,
e WOQWQ)=WW'=P,

i.e. the subspace, orthonormality, and projection are invariant. This sets up an equiv-

alence relation on orthonormal maps,
WlNWQ@HQGO(X,Q) W = W50. (33)

We can therefore identify each subspace of X with an orthogonal projection P, and
with the equivalence class [W] containing orthonormal maps related by orthogonal
transformations. These two descriptions are related by P = WWT, which is well-

defined.
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3.5 The Grassmann Manifold

Given a vector space X of dimension n, the set of d-dimensional subspaces of X forms
the Grassmann manifold, Grqy(X), also known as the Grassmannian. The Grassman-
nian is a compact smooth manifold that provides a topological structure that param-
eterizes linear subspaces of a given dimension. Since, under a given inner product,
each subspace corresponds to an orthogonal projection, we can regard Gry(X) as a
configuration space for orthogonal projections of a given dimension.

In the real case, the Grassmannian has dimension d(n — d). The Grassmannian
can be given a geometric structure, which permits optimization over the Grassmannian
to be performed. Although in differential geometry one usually works with intrinsic
descriptions of a manifold, by describing the manifold and its geometry extrinsically,
in terms of orthonormal maps, the geodesics and parallel translation can be expressed
in closed form, rather than as nonlinear ODEs that must be numerically integrated.
This makes optimization over the Grassmannian a feasible method for finding a good

orthogonal projection.

3.5.1 Projective Space and the Pliicker Embedding

The Grassmannian Gry(X), the set of 1-dimensional subspaces, is called the projective
space, denoted P(X). Let W : X = X be an orthonormal map that identifies a d-
dimensional subspace, W(X ). Each basis for the subspace is given by a basis for X ,
by w; = W{(e;). We can show that the wedge product of the d-frame (wy,--- ,wy)
only depends on the subspace up to scalar multiplication. To see this, consider a pair
of frames for X, which are related by an invertible linear operator J & GL(X ), i.e.

w; = WJ(e;), then
Wy A ANwg=WJ(er) N AW J(eq)
= (det J) W(er) A--- AW(ey) (3.4)
= (det J) wy A -+ A wy.
This means we can identify each subspace, described by the d-frame (wy, -+ ,wy),

with a line in A%X, spanned by w; A -+ Awg. This map Grg(X) — P(A?X) is in fact

an embedding of the Grassmannian into the projective space of the exterior power,
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called the Plicker embedding. Note that wy A --- Awy is non-zero since the vectors are

linearly independent, and det J # 0.

3.6 Cost Function on the Grassmannian

In order to systematically find a good projection, we can define a cost function on the
Grassmannian, F : Grg(X) — RT, and use optimization to find a local minimum. In
order to be a well-defined function on the Grassmannian, the cost function may need

to satisfy certain symmetries depending on how we are parameterizing the manifold.

e Using orthogonal projections P : X — X of rank d.

e Using orthonormal maps W : X — X, with dim X = d, and the orthogonal

symmetry

F(W)=F(WQ) VQe 0(X,J). (3.5)
e Using decomposable d-vectors, w = w; A -+ - Awg € A4(X), with scale invariance,

F(w) = F(w) YA£0€ER. (3.6)

Since the objective is to preserve the secants, the cost function is constructed to

reflect this objective in terms of the lengths of the projected unit secants,

FW)y= =57 [wik| (3.7)
|IC| kel

Note that in practice we will be using a finite sample of points from the manifold
with a corresponding finite set of secants. This cost function is sensitive to individual
secants, so that if any secant becomes small under the projection, the contribution
to the cost function can become arbitrarily large. This sensitivity ensures that every
secant is preserved by the optimization (at least those in the data set). This is a
well-defined function on the Grassmannian as it satisfies the orthogonal symmetry
F(WQ) = F(W), since orthogonal maps preserve the inner product and norm. It is
also invariant under translations of the data, so the data does not need to be centred
on the origin.
In terms of the projection P, the cost function can also be written as

3(P) = ﬁ S IPk| (3.8)

kek
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k wTk

d
R{ R
wTk

Figure 3.1: Illustration of a good (right) and bad (left) projection of a secant. The
bad projection gives a projected length of zero, corresponding to a non-injective map.

Note that F(WWT) = F(W), since ||[WWTk|| = |[WTk||. The partial derivatives of

the cost function are

OF\ "’ oF ko (WTk)7
9/ _ 3.9
(6‘W> e IICI Z |Wik|® o

3.7 Geometry and Optimization on the Grassman-
nian

In order to perform the optimization of the cost function over the Grassmannian, we
refer the reader to [12] for the details; a concise summary is given here. By param-
eterizing the Grassmannian using equivalence classes of orthonormal maps, [W], we
can make use of the ambient space of linear maps L(X’ , X) and its algebraic structure.
In this representation, the tangent space at [IW] corresponds to the set of linear maps
A € L(X, X) satisfying WA = 0. This is well-defined since (WQ)'A = QIW1TA = 0.
The dimension of these tangent spaces is therefore given by the dimension of X (the
maximum rank of A) multiplied by the nullity of WT (the dimension of the kernel),
which is d(n — d). Note that (id — WIVT)A is a tangent vector for any A € L(X, X).

3.7.1 Riemannian Metric

The Grassmannian can be given a Riemannian metric in terms of the ambient space
by
W](A17 Ag) = <A1, A2> == tI‘(AlA;), (310)
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which is independent of W and is just the extension of the inner products on the
underlying vector spaces to the tensor space X ® X*, described in §2.1.7 and §2.2.2.
Note that under this metric W is orthogonal to the tangent space at [W], i.e. it
is in the normal space. In fact, WWTA is orthogonal to the tangent space for any
A. Therefore id — WWT is the orthogonal projection onto the tangent space, giving
the tangential component (id — WWT)A, and the normal component WWTA, of an
arbitrary map A € L(X', X).

It is convenient to use the matrix description of the linear maps by choosing or-
thonormal frames for X and X , under which W becomes an n x d matrix, the adjoint

becomes the transpose, and the inner product is Frobenius.

3.7.2 Gradient and Geodesics

The gradient of the cost function F (with respect to the Grassmannian) is given by

the tangential component of the gradient with respect to the ambient space,

grad F = (I, — WWT)S—{; (3.11)

The geodesic along the Grassmannian from initial point [I¥] and initial velocity A =

AYBT (compact singular value decomposition) is given by

cos 2t T
wit):= | wp 4] B, (3.12)
sin Xt

Note that sin(diag(xy,--- ,x,)) = diag(sinzy,--- ,sinz,) and similar for cos. The
simplest choice of velocity is the gradient descent, given by A = —grad F, although

other methods, such as conjugate gradient and Newton, are also possible (2.4.4).

3.7.3 Line Search and Parallel Translation

The step amount, ¢, is determined by a line search of the function ¢(t) = F(W(t)).

Typical line search methods require the derivative ¢’(t), which is given by

() = (G(1), AR)) (3.13)

where G(t) is the gradient of F at W(t), and A(t) is the tangent to the geodesic at

W (t). Since geodesics can be described as parallel translations of the velocity vector
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along itself, A(t) corresponds to the parallel translation of the initial velocity A at W
along the geodesic to W (t). The parallel translation of a tangent vector A at W along
the geodesic with initial velocity A = AXBT is given by

—sin Xt

A(t) = [WB A] o AT 4+ (I, — AAT) | A. (3.14)

3.8 An Affine Inverse

By preserving the secants, the projection embeds the submanifold generating the se-
cants into the subspace. Although the projection is a linear map, in general the inverse
of the projection restricted to the submanifold is nonlinear. Here we consider a simple
type of nonlinear inverse, an affine map, and consider the cases in which an affine
inverse is an accurate description of the true inverse.

A point z; can be written as x; = Wa; + 2, where &; = Wiz, and 2, :=
(id — WW1)z;. We shall refer to W#; as the horizontal component and z; as the
vertical component. The projected length of a unit secant, k;; := (x; —z;)/ ||x; — ;|
corresponds to

|2 — 2]
N &

[Whky||” =1 (3.15)

l2; — 25
so minimizing HWTkinA corresponds to minimizing ||z; — z;||. This means that, in
a sense, the optimization tries to make z uniform over the data set — the minimum
possible value the cost function can take is when z; = z; Vi, j. If the optimal projection
is good enough, i.e. the variance of z is low enough, we can approximate the inverse

of the projection with the affine map
T—Wi+2z, (3.16)
where Z is the mean of z; over the data set,
1
= . o T - o {(; o T —
zZ:=(id—-WW )N sz = (id — WW")z. (3.17)

The mean square error in the affine inverse approximation over the data corresponds

to the variance of z, which can be bounded from above,
1 L 1 _
N Z |zs — (Wa; + Z)H2 =N Z |2 — ZH2

) (3.18)

2

< (1= )2 2 o — %,
]



CHAPTER 3. SECANT-BASED PROJECTION 89

where Ky, = mingex HWU{:H is the minimum projected length. Therefore we can place
a requirement on K, to be close to 1 in order for the inverse to be well approximated
by an affine map. If the optimal W does not satisfy this requirement, the dimension

d is too small (see [3] for a method of finding a suitable d).

3.8.1 Inverse of Convex Polytopes

We can also consider how this error extends to points not included in the data set by
looking at the linear interpolation of data points, or, more generally, convex polytopes
formed from the data. Let r(2) := ||z — Z|| be the residual. Given a set of k vertices,
(v1, -+ ,v,) C R every point in the convex hull Conv(wvy, -+ ,vy) has a residual that

is bounded from above by the maximum vertex residual,
r(p) < maxr(v;) Vp e Conv(vy,---,vg). (3.19)

This can be proven using the norm’s triangle inequality together with the fact that
convex combinations have non-negative coefficients that sum to unity. Since linear
maps preserve convexity, the vertical component of a convex combination of data
points is a convex combination of the vertical components of the data points. This
means that if the affine map is a good approximation on the data, and points on the
attractor not included in the data are well-approximated by convex combinations of

the data, then the affine map is a good approximation for the whole attractor.

3.9 Approximate Secants

In order to use the secant-based method in practice, we must use a finite sample of data
points from the manifold and the resulting finite set of secants in order to evaluate the
cost function (3.7) and perform the optimization over the Grassmannian. Secants that
are parallel (or anti-parallel) produce the same contribution to this cost function, since
the contribution depends only on the norm of the projected unit secant. Furthermore,
because these contributions are continuous with respect to the unit secant, secants that
are approximately parallel produce approximately the same contribution to the cost
function. We therefore investigate the consequences of approrimate secants, where we

allow each secant to be perturbed by a small amount. Whereas unit secants describe
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lines through the origin, approximate secants correspond to infinite double cones. In
this section we study the properties of objects and devise two useful applications for
dimensionality reduction that we will discuss in §3.10.

Consider R™ with the Euclidean inner product (,). We can allow for approximate

parallelism by defining a tolerance in terms of the inner product.

Definition 3.9.1. Two unit secants (k,, k) are said to be approximately parallel if
(Ko, kp)|* > 1 — ¢, (3.20)
where 0 < e <1 is a given tolerance.

Since (kq, ky) = cos 8, we can express the tolerance as an angle,
6 := arccos(v1 —¢). (3.21)

The definition above then becomes cos? 8, > cos? 6, with angular tolerance 0 < 6 <
/2. As a binary relation on the set of unit secants, this is reflexive and symmetric,
but not transitive.

Given a secant with direction k£ € R", and an angular tolerance, 0, the set of lines
through the origin that are approximately parallel to k defines an infinite double cone

with apex fixed to the origin,
Cyk)={z eR" : [(x, kY2 > ||lz|? HkHzcosze} : (3.22)

Clearly this description is invariant under non-zero scaling, Cy(Ak) = Cy'(k), so we can
choose k to be of unit length without loss of generality. From here on we shall use the
word ‘cone’ to refer to an infinite cone with apex fixed to the origin. We shall describe

span {k} as the axis of the cone. FEach double n-cone contains all lines through the

Figure 3.2: Double cone of size § and direction k in 2-dimensions, Cj (k).

origin that are approximately parallel to its axis.
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3.9.1 Symmetry of the Double Cone

Symmetries of the double cone are maps f : R® — R" that leave the cone invariant,

F(C (k) = Cy (k).

Proposition 3.9.2. Let @ € O(n,R) be an orthogonal map with an eigenvector k.
Then @ is a symmetry of Cy (k).

Proof. An orthogonal transformation satisfies QT = ! and has eigenvalues of unit

modulus. Therefore,

2
(Qz, k)| = |(z, Qk)]|
= (=7 R)f
1 2
= |( x, —k>
A (3.23)
= |{x, K)["
> [|]|* ||E]|* cos® 6
= |Qx|* ||| cos® 6.
Hence z € Cj (k) = Qz € Cy(k) and similar for the inverse. O
For example, a reflection in the codimension-1 subspace orthogonal to k,
k
SRS CIL Y (3.24)
Il
is an orthogonal map featuring an eigenvector k with eigenvalue —1,
k— —k. (3.25)

Any rotation around the axis k is an orthogonal map with eigenvector k and eigenvalue
1, although the existence of rotational axes depends on the dimension of the space.

Scalar multiplication is also a symmetry, x € Cj (k) < Az € Cy(k) VA # 0 € R.

3.9.2 Intersection with the Unit Sphere

Although the cones are infinite in extent, their intersection with the unit (n — 1)-
sphere is of finite area. We can make use of the area of intersection to determine a
lower bound for the number of cones required to cover the space, and an upper bound

for the packing problem, as a function of the cones’ angular size, 6.
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The intersection of a single cone with the unit (n — 1)-sphere coincides with a

spherical cap. Spherical caps are defined as the pieces of a sphere produced by slicing

the sphere with a codimension-1 hyperplane.

Figure 3.3: Schematic of the cone-sphere intersection and the corresponding plane-
sphere intersection, resulting in a spherical cap.

Lemma 3.9.3. Let an (n — 1)-dimensional hyperplane be described by the injective
affine map A : R"! — R" such that the linear part L(y) := A(y) — A(0) is orthogonal
to the translational part A(0), i.e. (A(0), L(y)) = 0 for all y € R"~!. The intersection
of the hyperplane with the unit sphere is an (n — 2)-dimensional sphere with centre

A(0) and radius /1 — ||A(0)||*, provided ||A(0)|| < 1.
Proof. The intersection with the unit sphere is
AR NS = {A(y) « AW =1, yeR"} (3.26)

Since [ A(y)[I* = [ AQ)* + | L(y)II* +2 (A(0), L(y)) = [ AO)|I* + | L(y)|I*, this means
IL(y)||> =1 — ||A(0)||* on the sphere. As ||A(0)|| is constant, this equation describes
a (n — 2)-sphere in A(R""!) € R" of radius /1 — || A(0)||, with centre A(0). Clearly
if |A(0)|| > 1 the intersection is empty. O

Lemma 3.9.4. The intersection of the boundary of a single n-cone of angle § and
direction k with the unit (n — 1)-sphere is equal to the intersection of an (n — 1)-plane

with the unit (n — 1)-sphere.

Proof. The intersection of the boundary of the single n-cone with the unit sphere is
{a: eR": <x, /%> = cosl, ||z]| = 1} : (3.27)

We can write an arbitrary = € R™ as the orthogonal decomposition,

& = proj; « + (idgn — proj;)ez =z + 1, (3.28)
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which means on the intersection x| = cosOk and ||z, || = 1 — cos?6. Since T is
constant on the intersection, we can consider it fixed, which leaves x| describing an
(n — 1)-dimensional subspace. Hence we can identify x| with the translational part,

and x; with the linear part, of an injective affine map
A(y) = cosb k + L(y) (3.29)
describing an (n — 1)-plane in R™ with intersection corresponding to ||A(y)||=1. O

For 0 < 6 < 7/2, the area of the intersection of the double n-cone with the unit
sphere is therefore given by the area of a disjoint pair of antipodal spherical caps. This

area can be expressed relative to the total area of the sphere by [29]

—-11

AP = ey (B, 3.30

0 sin” 6 ( 2 ) 2) ) ( )
where [ is the regularized incomplete beta function,
B(z;a,b)

I.(a,b) = ——F—, 31

(@.0) = 5 (331)

B(x;a,b) is the incomplete beta function,
B(z;a,b) = / N1 — 1)t de, (3.32)
0

and B(a,b) = B(1;a,b) is the beta function. It is straightforward to compute the

derivative of Aé"),
d (n) 2sin" 24
qp°t0 T prn=1 1y
We can use this to determine the lowest-order non-zero term in the Taylor series in

(3.33)

around 0. When taking the higher derivatives of Aé"), each derivative will consist of
terms containing a constant coefficient with powers of sinf and cos#. Since any term
containing a positive power of sin # will vanish when evaluated at 0, the first non-zero
term in the series will be one whose corresponding derivative contains a term without
sin . The first derivative to satisfy this is the (n — 1)th derivative, which will contain

a single such term,

dn—l (n):
dgn—17"¢ — p(n=l 1y

2 732

(n—2)lcos" 20+ ---). (3.34)

There other terms in this derivative must contain positive powers of sinf and are

therefore irrelevant. The resulting Taylor series is therefore

20n71

Al — + O™, (3.35)
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which can be used as an approximation for small . Note that this is an (n — 1)-
dimensional area, and so it makes sense that the first non-zero term contains the

(n — 1)th power of 6.

The Covering Problem

The covering problem asks how many double n-cones of size 6 are required to cover
the whole of R™? We can compute a lower bound for this problem by using the area
of intersection with the unit sphere. In order for a set of m cones generated by vectors
(k1,- -, ky,) to cover the space, |J;-, Cg(k;) = R", their areas of intersection with the
sphere must sum to at least the area of the sphere. This gives a lower bound for the

number of cones needed,

m > [1/AM . (3.36)

Alternatively, if m is given and n is unknown, assuming the cones cover the space gives

an upper bound for n.

The Packing Problem

Dual to the covering problem is the packing problem, which asks how many double
n-cones of angle 6 can be packed into R"” with no nontrivial intersections? In this case
we define a trivial intersection to be the singleton {0}, since by definition every cone
contains the origin. In order for a set of m cones generated by vectors (ki, -+ , k) to
be packed into R", their interiors must have pairwise disjoint intersections with the
unit sphere. The total area of intersections can therefore be at most the area of the

sphere, which gives an upper bound on m in terms of n,
m < {1/A§”)J . (3.37)

Alternatively if m is given and n is unknown, this gives a lower bound for n. In other
words, if n is smaller than this lower bound then R"™ isn’t large enough to pack m

double n-cones of size 6.

3.9.3 Intersection with a Subspace

Proposition 3.9.5. Let W : R — R” be an orthonormal map that defines a d-

dimensional subspace of R™. The intersection of the subspace W (R?) with a double
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n Ll/AST%GJ {1/145:714
2 18 9
3 262 65
4 3550 445
5 46097 2903
6 584062 18451
Table 3.1: Table for § = 7/36 = 5° and § = 7/18 = 10°
cone Cf(k) corresponds to a double cone C¢(z) in R, with 2 = W'k and
| k]| cos 9)
= arccos | ————m-— (3.38)
( IWTk]|
provided ||[WTk|| > [|k|| cos b, i.e. W(R?) N Cy(k) = W(C(z)).
Proof. The intersection is
W(RY) N Cy (k) = {Wy : [(Wy, k)| > Wyl |[k]* cos’0, ye R} (3.39)
Let z € R? define a double cone in R? C4(z). Under W this is
W(CH(=)) = {Wy: [y, )" = lyll” lI2]° cos® @, y € R} (3.40)
By definition of the adjoint, (Wy, k) = (y, Wk), and since W is orthonormal, |[Wy| =
|y||. Therefore (3.39) and (3.40) coincide when z = W'k and
||WTkH2cos2a: || k||* cos? 6. (3.41)
This only has a solution for a when ||[WTk|| > [|k|| cos6. O

Corollary 3.9.6. If k € W(RY) then W (RY) N Cy(k) = W(CHWTE)).

Proof. Since k € W(R?), there exists 2 € R? such that k = W2z. Hence, since
W is orthonormal, z = W'k and ||WTk|| = |z|| = [[Wz| = |k|. It follows that

cos® a = cos? @ and since 0 < 0 < 7/2, a = 6. O

3.9.4 Orthogonal Projection of Double Cones

Proposition 3.9.7. Let W : R — R™ be an orthonormal map. If k € W(R?) then
Wi (Cg (k) = CWTE).
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Proof. By definition of the adjoint, <W*x, W*k> = <x, WWTk>. Since k is in the
image of W, WW'k =k, (Wiz, WTk) = (2,k), and [[k|| = ||[WWTk|| = |WTk||. We

also have [|z[| > ||W1z|. Hence
WiCy (k) = {W'z : 2 € Cy(k)}
= Wiz . |(z,k)]> > ||«||* | k]|* cos® 8, = € R"} (3.42)
= {Whe o [(Wha, W) > [[Wha|* | Wk|* cos? 6, = € R}
As W is surjective,
{Wha o [(Wha, WE)[* > | Whe||* [Wk|* cos0, = € R}
={ye R [(y. W) = |yl [Wk|*cos?0 | (3.43)

= CJ(WTk).
O

Theorem 3.9.8. Let W : R? — R" be an orthonormal map, k € W(R?), and P =
WWT be the orthogonal projection onto W(R?). Then P(Cy(k)) = W (R N Cy(k).

Proof. By Proposition 3.9.7 and Corollary 3.9.6. m

3.9.5 Secants and Convex Combinations
Let X; and X5 be finite sets of points in R", and let
S(X1,Xo)={y—z:ze€ X, ye Xy} (3.44)

be the set of secant vectors from X; to X,. Consider the convex hulls of X; and X5.

Pick an arbitrary point in both, which are given by the convex combinations

r = Z@i$i
y=">_ By
J

where z; € X, y; € Xo, and both sets of coefficients are non-negative and sum to

(3.45)

unity. Is the secant y — z in the convex hull of S(X;, X5)? Let k;; = y; — x; then the

two coincide when

Zj: By; — Z iy = %:%jkij
_ ; (Z%) vi— > (;7]> 2,

%

(3.46)
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hence

Qi = Z%‘j
J
ﬂj = Z%‘j-

If the convex coefficients (7;;) are given, this determines («a;) and (f3;) as valid convex

(3.47)

coefficients, since

)DRTERE) pPo
ij i
D v=Lle ) fi=1
ij J

(3.48)

This gives a map Conv §(X7, X3) — Conv X; x Conv X3, and we also have Conv X; x
Conv Xy — §(Conv X1, Conv Xs) : (z,y) — (y — x), which when composed gives the
map Conv S(X;, Xs) — S(Conv X, Conv X,). This map sends secants to themselves,
and therefore Conv S(X7, X3) C S(Conv X7, Conv X5).

If (o;) and (f;) are given convex coefficients, then any set of scalars (;;) that
satisfy the two equations (3.45) automatically satisfies ) ;. v;; = 1, however they must

be required to be non-negative in order to be valid convex coefficients.

3.9.6 Relation to the Wedge Product

Qualitatively, the double cone contains all lines through the origin that are approxi-
mate to the central axis of the cone. We can also quantify this using the norm of the
wedge product — the norm is greatest when the vectors are perpendicular and zero
when (anti-)parallel. We can therefore formulate the double cone in terms of the norm
of the wedge product, rather than the inner product.

For decomposable bivectors, the inner product on A?(V) can be written in terms

of the inner product on V' as

%g(a? ANy,v Aw) = g(z,v)g9(y, w) — gz, w)g(y,v), (3.49)
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and therefore the norm,

1 2 2 2 2
5 o Awl” = ol [lw]” = |g(v, w)]

(3.50)
= [|ol|* w]* sin® -
Hence the definition of the double n-cone Cj(k) can be written as
Cn(k) = {x R : |z AK| < || k]| V2 sine} . (3.51)

3.10 Secant Culling Optimization

One of the limitations of secant-based methods is that the number of secants is of the
order N2, which can make the method expensive when N is large. Placing limitations
on the size of N is not ideal, since a complicated submanifold may naturally require
a large number of data points to accurately capture its geometry. However, we can
seek to lower the computational cost by pre-processing the set of unit secants I to
produce a new set of unit secants K whose cardinality is lower. We shall use the term
culling to describe the process of removing secants from C that are either redundant,
or approximately redundant, for our problem. The justification for this approach is
based on two observations that we will now discuss.

Firstly, secants that are parallel or anti-parallel produce the same contribution to
the cost function (3.7), since the contribution to the cost function depends only on the
norm of the projected unit secant. This means we can replace a set of secants that
are mutually parallel or anti-parallel by a single representative secant, weighted by the

number of secants it is representing. Therefore the cost function can be rewritten as

FW) = % el (3.52)
ke

where py is a positive integer weight for k that satisfies ), ¢ pr = |K[, and K is the
set of representative secants.

The second observation is that if the submanifold is exploring a low-dimensional
space (i.e. it is confined to a d-dimensional hyperplane in R"), then regardless of
how large N is, the secants span a space of dimension at most d. If we allow for
approximate parallelism in the culling process, up to a given tolerance, then there will

be a finite number of representative secants needed to account for every possibility
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in the d-dimensional subspace. As we will show momentarily, the maximum number
of representative secants only depends on the dimension d and the tolerance — it is

independent of both n and N.

3.10.1 The Representative Secants

The culling process produces a set of unit secants (k1, - - - , ky,,) that satisfy k; ¢ Cy(k;),
i # j, i.e. k; is not approximately parallel to k;. Note that the cones may still have
nontrivial intersections. However, we can show that the corresponding set of cones
with half-angle, (), (k;), have no nontrivial intersections, Cy,(k;) N Cyy(k;) = {0},

i # j, and therefore their intersections with the unit sphere are pairwise disjoint.

Proposition 3.10.1. Let Cy(k1) and Cj(k2) be double cones. If ky ¢ Cy(k2) and

Proof. Since ky ¢ Cy(ks) and ko ¢ C§(ky),
[(r, k)P < [lR|” (ke cos® 6. (3.53)

Hence cos? @ < cos? ), where « is the angle between k; and k. By Lemma B.0.10,
two double cones of angle 3 intersect nontrivially when cos? o > cos? 23, therefore two

cones of angle f < #/2 have no nontrivial intersections. ]

As these half-angle cones have no nontrivial intersections, we can apply the results
of the double cone packing problem, §3.9.2. Specifically, we have the upper bound on

the number of representative secants,
m < |1/A7]. (3.54)

However, this upper bound can be greatly improved in the case that the set generating

the secants is confined to a d-dimensional hyperplane within R", where d < n.

3.10.2 Confinement to a Hyperplane

Lemma 3.10.2. Let Y C R". If Y is confined to a d-dimensional hyperplane, given
by the injective affine map A : R? — R", then the secant vectors generated by Y are

confined to a d-dimensional subspace of R".
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Proof. For each pair of points (y1,42) in Y, since Y C A(RY), there is a unique pair
of points (71, 79) in R? such that A(z;) = y; and A(zy) = yo. Since A is affine,
y1 — y2 = A(x1) — A(xe) = L(x; — x2) as the translational terms cancel, leaving only
the linear part, L. Hence since L is a rank d linear map, each secant vector lives in

the d-dimensional subspace given by the image of L. O]

This means the unit secants lie in a d-dimensional slice of the double cones, which
are d-dimensional double cones with the same angles, by Corollary 3.9.6. Therefore,
when the attractor explores a d-dimensional hyperplane of the state space, we have

the improved upper bound for the number of representative secants,
d
m < L1/A§ /)QJ . (3.55)

When d is small, this upper bound can be much smaller than the total number of
secants (Table 3.1), in which case the secant culling procedure is guaranteed to remove

a large number of secants from the data set.

3.10.3 Implementation of Secant Culling

Let (ky,--- ,kar) be the total set of unit secants and (p; € Ng)M, be counts, one for
each secant. The algorithm compares each pair of secants for approximate parallelism.
If the two are approximately parallel, the count of one is incremented, and the count
of the other is zeroed. After the algorithm has terminated, the secants with a zero
count are the culled secants, and those with non-zero counts are the representative
secants.

An unsigned integer data type can be used for the counts. Since a large number of
secants may be culled, the value of the non-zero counts may be quite large. Therefore
the data type needs to have enough bits of precision to avoid overflow during incre-
mentation. We recommend adding an explicit test to detect overflow, and to increase
the size of the data type if overflow occurs. Note that the total number of secants, M,
may be very large, and each has a count, so using large integers may not be feasible due
to limited amounts of memory (which is also being used to store the high-dimensional
data set among other things). We found that 16-bit unsigned integers were sufficient
for our larger examples. In fact, we can use the upper bound on the number of rep-

resentative secants (3.55) to give a lower bound for the maximum count, by dividing
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Algorithm 1 Secant culling implementation.

Initialize p; < 1 Vi.
for i=1,---, M do
if p; =0 then
continue
end if
for j=14+1,---, M do
if p;j =0 then
continue
end if
if (ki k;)|* > cos>6 then
pi—pit+1
pj <0
end if
end for
end for

Note that ‘continue’ means to jump to the next iteration of the current loop, as in the
C/C++ languages.

the culled secants evenly between the representative secants,

M
1745,

For example, with 10 million secants exploring a 3-dimensional subspace and a toler-

< maxp; < M. (3.56)

ance of 10°, the max count is at least 38168, which would require a data type of at

least 16-bits and at most 24-bits.

3.10.4 Minimum Projected Length

When working with the smaller set of representative secants, rather than the full set
of secants, we are no longer able to determine the minimum projected length, £, or
may not want to iterate over the full set of secants to compute it. However, we can
compute a lower bound for this value in terms of the representative secants and the
tolerance.

Let k be a representative unit secant and Cg‘(l;:) be its double n-cone. Also, let
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HWU%H — cos . Then for all unit secants k in C§(k),

|[WTk|| > cos(a + 6)

= cosacos ) — sin asin @ (3.57)

. / 12
= HWU@HCOSQ— 1— HWU@H sin 6.

For a given angle 0 < 0 < 7/2, this lower bound is strictly increasing w.r.t. HWTI;:H
in the domain [0, 1]. For sinf = 0 this is trivial. For sin# # 0, it has a single turning
point at — cosf with value —1 and second derivative 1/sin# (a minimum). When
0 < 6 < m/2, this turning point is below 0. Therefore the minimum projected length
of all secants can be given a lower bound in terms of the minimum projected length
of the representative secants,

Fimin = i ||k

(3.58)

~2

> Rmin €00 — /1 — RZ . sinf,

where

Fomin = min HW%H . (3.59)
ke



Chapter 4

Reproducing Dynamics From

General State Space Manifolds

Most conventional methods of dimensionality reduction for dynamical systems are
designed for state spaces with a vector space structure, and make use of linear pro-
jections onto subspaces. In this chapter, we formulate the problem for general state
space manifolds and investigate both the reproduction of the dynamics on the attrac-
tor, and the reproduction of the stability of the attractor in the reduced space. This
introduces interesting complications in contrast to the case of linear projections, which
we resolve in a way that allows for a practical implementation. We then adapt the
secant-Grassmann projection method discussed in §3 for use with state space manifolds
beyond R™. We present two practical implementations, a Galerkin-style method appli-
cable in a special case, and an optimization approach used in [4], which is applicable

in generality.

4.1 Introduction

The goal of a method of dimension reduction is to produce a low-dimensional system
that captures a particular structure found in a given high-dimensional system. In
the case of attractors of dynamical systems, the relevant structure consists of a low-
dimensional manifold together with the dynamics on the manifold. Also of relevance
is the stability of the attractor, which describes the attractor’s relationship with its

ambient state space.

103
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In many examples of dynamical systems, the state space of the system has an
algebraic structure that is used to describe its dynamics. Particularly common are
vector spaces with some additional structure, such as Euclidean spaces in the finite-
dimensional case, and topological vector spaces (e.g. Hilbert/Banach) in the infinite-
dimensional case. This algebraic/analytic structure is used to express the time evolu-
tion, for example, by a differential equation. Because of this, many existing methods
centre around using the algebraic structure to perform the reduction, both to map
the high-dimensional space to a low-dimensional space, and to determine the reduced
dynamics. For example, orthogonal projections are a common choice of dimension-
reducing map on an inner product space, such as those produced by the POD / KL
/ SVD, and the Galerkin projection is a method for finding reduced dynamics by
algebraically manipulating the original differential equation.

In contrast to this, we can take a more geometric approach by regarding the sys-
tem as a state space manifold with dynamics provided by a vector field, independent
of any algebraic structure that may be used to describe the vector field. This allows
us to focus on the relevant structure (the orbits in the state space), while not being
constrained to working within a particular algebraic structure, such as the linear al-
gebra commonly used in the literature. The limitations of a direct linear algebraic
approach are particularly felt when dealing with nonlinear dynamics, where one must
resort to local approximations (such as a Taylor polynomial around a fixed point) or
by constraining oneself to particular classes of nonlinearity, in order to be able to fully
apply linear methods.

An additional benefit to taking a geometric approach is that it allows for examples
that contain angular variables. A simple example of this is the pendulum, whose
state consists of an angular position and angular velocity, i.e. the cylinder S' x R.
The angular nature of this position variable must be taken into account in order to
properly identify periodic behaviour in orbits that wind around the cylinder. However,
an algebraic treatment of this system usually regards the state space to be R? (i.e.
using the universal cover of the circle), in which the periodicity of the angle must be
manually accounted for.

For a system that contains an explicit time dependence, one may describe its
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dynamics as a time-dependent vector field, corresponding to a non-autonomous dif-
ferential equation. The downside to this interpretation is that the manifold no longer
enjoys the properties of a conventional state space. In particular, the future orbit is
no longer determined solely by the current state — the current time is also required.
It therefore explicitly couples the parameterization of the orbit (i.e. time) to the dy-
namics of the system. However, an alternate perspective can be taken in which the
non-autonomous system is made autonomous by encapsulating the time dependence
in additional state variables. In the case of periodic time dependence, the time de-
pendence is determined by an angular variable that forms the circle, S, and the new
state space is the product manifold of S* with the original state space. The orbits
of this new system wind around the circle, and hence the angular nature of the extra
variable must be acknowledged in order to correctly identify periodic behaviour in the
whole system. By allowing for general state space manifolds, we can use our approach
with some non-autonomous examples by encapsulating the explicit time dependence

as additional state.

4.2 Use of Data From Numerical Simulations

One of the main obstacles in developing a method of dimensionality reduction for
attractors is that one does not have an explicit description of the attractor. The
attractor is an object that results from the long-term behaviour of the orbits of the
flow of the vector field, and in general one does not have a closed form expression of
the flow, which would require solving a large system of nonlinear differential equations.
One therefore doesn’t have any information about the properties of an attractor, such
as its dimension, shape, or particular location in the state space. Instead, data points
from numerical simulations can be used to approximately describe the attractor.
When obtaining data one must take care to obtain data that explores the full extent
of the attractor, with sufficient density to capture high-frequency details. If there are

multiple attractors each with a basin of attraction, one must obtain data from each.
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4.3 Geometric Formulation

We begin by formulating the problem of the reduction of attractors and reproduction
of their dynamics in a general geometric setting. Autonomous systems can be thought
of as a state space manifold with a vector field. The flow of the vector field provides the
dynamical evolution of the system, which produces orbits that are integral curves of the
underlying vector field. We are interested in attractors that are invariant submanifolds
under the flow of the vector field. Geometrically, this invariance corresponds to the
vector field being tangent to the submanifold.

Let X be the state space as a smooth manifold and V' € X(X) be a smooth vector
field. Let M C X be a compact submanifold without boundary invariant under the
flow of V. We wish to map the original system (X, V) to a reduced system (X, V) by
obtaining the map ¢ : X — X. Note that in this general formulation, both X and
X are smooth manifolds, and while (X, V) is given, we have the freedom to choose X

such that ¢ and V are easy to find.

X 725 X

vl lv

TX —%  TX

We will describe ¢ as the state-space map/dimension-reducing map. As we wish
to reproduce the attractor and its dynamics, we require the map to satisfy certain
properties. In particular, we require ¢ to be a smooth map that embeds M into X.
This makes it possible to reproduce the orbits on the submanifold ¢ (M) by the flow
of a vector field on X and ensures no discontinuous jumps are introduced into the

reduced dynamics.

4.3.1 Preserving the Flow

Given a state-space mapping, o, that satisfies the above properties, we want to repro-
duce the dynamics on M in the reduced space. This means the corresponding vector

field V on X is chosen such that ¢ preserves the flow on M,

Y (p(z) = ¢ (4 (2)) Vr e M, Vt, (4.1)



CHAPTER 4. GENERAL STATE SPACE MANIFOLDS 107

where ®!, is the flow of V' for a time ¢. As one would expect, taking the derivative of

this shows that we require,

~

Vw(x) = gO*Vx VYV € ./\/l, (4.2)

where ¢, : TX — TX is the differential of ¢.

4.4 Reproducing a Stable Attractor

Although matching the tangent vectors is sufficient to reproduce the flow on the sub-
manifold itself, we would also like to reproduce the stability of the submanifold in
order to produce a stable attractor in the reduced space. This is especially important
since the reduced vector field may be subject to approximation error in a practi-
cal implementation. In order to achieve this, the behaviour of the vector field in the
neighbourhood of ¢ (M) must be specified. We therefore must consider the derivatives

of the vector field on X in directions normal to the submanifold.

4.4.1 Tangent and Normal Spaces

In order to produce a stable attractor in the reduced system, we can make use of
knowledge of the original vector field and its derivatives along the attractor, however
we need to be careful as we are dealing with vector fields on two different manifolds,
each with its own metric and connection. This raises the question of how to make use
of the original vector field to specify the derivatives of the reduced vector field in a
meaningful way that has the desired interpretation.

Let (X, g) and (X, §) be Riemannian manifolds, V be a vector field on X, M C X
be a V-invariant submanifold of X, and ¢ : X — X be a smooth map that embeds M
into X. We can make a few observations regarding the normal and tangent bundles
of M in X and p(M) in X.

e Since ¢ embeds M into X, the tangent spaces of M are preserved under ¢, i.e.

e (TM) = Tp(M).

e The normal bundle of M in X, NM, may not be preserved. In fact, since we
are dealing with dimension-reducing maps, it is likely that the normal bundle

will be collapsed significantly by .
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e Since ¢,|r,,x is not necessarily surjective, the tangent spaces of X along (M)
may contain directions not present in ¢, (TrX). Also note that ¢.(TrX) may
not be a vector bundle since the rank of ¢, may not be constant over connected

components of M. This means each tangent space can be written as

N

1

where (im (p,),)— is only empty if (o), is surjective.

As a result of these observations, the reduced tangent space at each point can be

written as

~

Ty X = im (p.), ® (im (p.),)"

= (£2)2(ToM) @ (2.)e(NoM) @ (im (0)0) " (44)

= To() (M) @ (04)a(NoM) B (im (i00)0) "
i.e. we have directions that are tangential to the attractor, all of which are preserved
in the reduced space, the image of directions normal to the original attractor, and
directions normal to the attractor in the reduced space that are not mapped onto by
¢.. Note that (¢.),(N;M) may not be orthogonal to Ty, (M) in the reduced space.
This is important for the stability of the attractor, as we need to specify the
directional derivative of the vector field in all of the normal directions, and a lack of
surjectivity of ¢, means that there are directions for which the original vector field
cannot provide any information about stability. This is reflected in the kernel of the

adjoint of ¢,, since at each point ker p! = (im ¢,)*, by Theorem A.1.1.

4.4.2 Pushforward of the Covariant Derivative

One method of using the original vector field to specify the derivatives of the reduced
vector field is to compute the derivatives of V' on X and then apply ¢. to push the
result forward to X,

V,V =@ V,V. (4.5)

In order to relate each Z € TX to a Z € TX, we can require §(Z,V V) = g(Z,V V),
Q(ZA7@AV) = g(ZA7§0*VZV)
z (4.6)
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Therefore Q(ZA,@ZV) = g(Z,V,V) when Z = ¢l Z, giving
ViV =0V 15V (4.7)

We can now observe two issues with this method. Firstly, by Theorem A.1.1, gpiZ =0
for all Z in the orthogonal complement of im ¢,. This means that, as expected, this
approach can only be used to specify the derivatives for directions in the image of
4. Therefore, if ¢, is non-surjective, there are directions whose derivative cannot be
specified in terms of the original vector field.

Secondly, since we are computing the derivative on X with V and then pushing the
result forward to X, the values of these directional derivatives always lie within the
image of ¢,. This means that this approach cannot capture the extrinsic curvature
introduced by ¢, which is quantified by the normal components of the derivatives

(§2.2.4).

Lemma 4.4.1. Let (X, g) be a Riemannian manifold with Levi-Civita connection V,
and V be a smooth vector field on X. If ¢(V,,V,e;) = —c¢;0;;, where ¢; > 0, for all
i,j=1,---,k, then g(VzV,Z) <0 for all Z #0 € span{ey,-- ,ex}.

Proof. Let Z = Z'e;, then

9(V2V,Z) =) 27 g(V.V,e;)

ij
= — Z ZiZjCi(Sij
ij (4.8)
= — Z ‘Zlf C;
< 0.
O

4.4.3 Constructing a Vector Field in the Neighbourhood

Rather than computing the derivative on X with V, we can instead construct a vector
field in a neighbourhood of p(M) in X and then use V to compute the derivative.
This has the advantage of being able to capture the extrinsic curvature introduced

by ¢. Let N be a neighbourhood of ¢(M) in X, and let ¢ : N' = X be a smooth
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map that provides a non-unique choice of inverse. Then define a vector field on N by

Y, = ©.Vy(p). The covariant derivative of this is given in coordinates by
VY = (0up" 0V + 0.0,¢" V) 9 + T, 0" V° (4.9)

Note the three terms on the RHS: the first is the derivative in X, the second accounts
for the extrinsic curvature introduced by ¢, and the third accounts for the intrinsic
curvature of X.

This approach is better than the pushforward of the covariant derivative as it is
able to capture extrinsic curvature. However, it is still not appropriate for directions

in (im (¢.),)*, due to a lack of information in the original.

4.4.4 Enforcing Stability

The original vector field cannot provide any information about the derivatives for
directions in (im (¢.),)*. In order to specify the derivatives in these directions, we
can manually enforce stability. However to do so, we need to ensure that this does
not disrupt the dynamics on the attractor itself, i.e. the derivatives in the tangential
directions are unaffected.

To solve this problem, we can look for an orthogonal decomposition of each tangent
space along p(M), T,X = E,®F,. If Tip(M) C E; Cim (¢4), then we can use the
original vector field to specify derivatives for directions in F;, and manually specify the
derivatives for directions in F;. This condition is required as we do not wish to disturb
the dynamics on the attractor, so E; must contain the tangents to the attractor.

Let A be a (1,1) tensor at & that provides an orthogonal projection onto F;. This

allows us to decompose an arbitrary vector Z €T X as
Z=7Z+7Z =AZ+(id— A)Z. (4.10)

As ZH is in the image of (¢.),, we can use information from the original model to
specify the derivative in this direction, using §4.4.3.

For the component 7 1, the original vector field cannot provide any information,
and so we can enforce local stability in this direction. To achieve this we require

g(@ ZLV, Z 1) < 0, and we can choose to specify the derivative as

A

Vi V=—kZ, (4.11)
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where k > 0 is a parameter that dictates the strength of attraction (we use k = 1 by

default). The two directional derivatives can be combined via linearity to give

VZAV:?ZV-FVZALV A (4‘12)
=V, ;Y —k(id—A)Z,

which is a linear equation in Z. This allows us to specify the derivatives of V on the
submanifold in all directions on X. In coordinates, this is

ViVi= (VY ) A% — k(67 — A'). (4.13)

The only problem that remains is to determine the orthogonal projection A from the

available information. We typically don’t have an explicit description of the attractor

or its tangent spaces, but we do know . Therefore we can choose E; = im (¢x),.

4.4.5 Decomposition via SVD

If we choose F; = im (¢4),, we can construct A at each point by taking an SVD of

(90*)3:'

Proposition 4.4.2. Let r = rank(¢.), and (u,)!_; be the first r left-singular vectors
of (¢«)z. Then

A= e ® (ue), A =g Y (1) (ua)", (4.14)
a=1 a=1
is an orthogonal projection onto im (p,)..

Proof. A pure (1,1) tensor v ® a under the adjoint is (v ® o) = af ® v”. Hence,

T

A=Y (0 ® () = Y 0@ () = A (4.15

a=1
A is self-adjoint. Also,

T T

A? = Z Zua @ (ua) (up) @ (up)

a=1 b=1

= Z Z (5ab Uq X (ub)b

a=1 b=1 (4.16)
= Z U @ (t1g)
a=1

=A
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A is a projection. Hence A is an orthogonal projection. The image is given by

span {ug, -+, U} = 1m (Qy) - O

When ¢ is a submersion, then im ¢, = T X)X and no decomposition is needed,

so we can choose A = id.

4.5 A Worked Example: The Cylinder

To illustrate the above, we consider a simple example. Let the state space be the
cylinder, X = S x R with (0,2) € X. Let V be a vector field on the cylinder of the

form

V =0y+ f(0,2)0., (4.17)
where f : X — R is a smooth function. As a system of ODEs this is
0 1
= : (4.18)
z f(0,z)
This means all orbits wind around the cylinder with an angular velocity of 1. Let the
attractor M be a periodic orbit winding around the cylinder.
We can embed the cylinder into R? in the usual way, and then orthogonally
project onto the zy-plane. This gives the state-space map ¢ : X — R? : (6,2)
(z,9) = (cosf,sinf). Let the inverse approximation be v : R?\ {0} — X : (z,y) —

(atan2 (y, x) ,c), where ¢ € R is a constant. We can compute the following quantities,

which we express using matrix notation,

—sinf 0 -y 0
cosf 0 z 0
—y T
e R (4.20)
0 0
oV =" (4.21)
T
0 0
oV = (4.22)
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—cosf 0 -z 0
(00)V = = (4.23)
—sinf 0 —y 0
-y 0 0 0
00V = =0 (4.24)
. -z 0 —y ry —a*
V(eVy(ay) = = (4.25)
—y 0 0 0 y? —ay
(a) ST xR

(b) S xR — R3 (c) ' x R — R3 — R?
Figure 4.1: Schematic of an orbit winding around the cylinder, its embedding into R3,
and projection onto R2.
Since ¢ is non-submersive, we need to decompose the tangent space in R?. The
image of @, is just the tangent space to the circle, and its orthogonal complement is
the radial direction. At a point (z,y) the tangential component is spanned by (—y, x),

and the radial component is spanned by (z,y). The derivative along the orbit gives

. vy —a? —y T
Vgo*V(SO*Vw(x,y)) = ) = — , (4.26)

y Ty Z Y



CHAPTER 4. GENERAL STATE SPACE MANIFOLDS

114

which is the expected radial acceleration associated with circular motion. The orthog-

onal projection onto the tangential component is given by

A= (—y,l’) ® <_yax>b

NIEZ]
X

v -y
—zy  a?

(4.27)

Therefore the reduced vector field on R? should have values on the unit circle given by

and derivatives on the circle of

YWy = VWaapA — k(I — A)

rY

y2

Y
y?
T

Y

Note that these derivatives always take values in the radial direction.

—x2

~ -y
View) = ¢V = ’
x
vy | |1y
—xy  a? Ty 1—a?
] 2 x
—k y
| vy Y
x
sant kT
Y

(4.28)

(4.29)

We can also illustrate what would happen if one were to compute the derivatives

on X and then push the result forward to X using the method of §4.4.2. If X is given

the Riemannian metric induced by its embedding into R?, then we can compute the

following quantities.

—sinf 0 -y 0
Oy = cos@ 0 | = z 0
0 1 0 1
—cosf 0 -z 0
(00a)V =] —sinf® 0 | =| —y 0

0 0 0 0

(4.30)

(4.31)
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g= ) y e I (4.32)
—y x 0
ol = Oy - (4.33)
—y 0 —y x 0 2 —ay 0
gt = | 7 ! ~| Y Y (4.34)
x 0 0 01 —xy 2?2 0

Therefore the pushforward of the covariant derivative is
0 VV = 0.0V + p.al (00a)V

y?  —xy 0

I
(@)
+
|

<
S

(4.35)

(a]
(a]

This demonstrates that the method of constructing a vector field in a neighbourhood
is superior to using the pushforward of the covariant derivative, since the latter fails
to produce derivatives that describe the circular motion in the plane, which is a result

of the embedding of the state space.

4.6 Special Case: Multilinear Series

Here we define a special case where the family of reduced vector fields can be obtained
directly using a top-down algebraic manipulation of the original. This case generalizes
many of the examples that are used with a Galerkin procedure, with linear maps used
for the projection and its inverse, and a particular form of nonlinear dynamics that
allows for the computation of low-dimensional reduced dynamics. This includes local
approximations of general nonlinearities, since a Taylor polynomial also has this form.
We refer to this form of dynamics as a multilinear series.

Let X be a vector space. Define a multilinear series as a map M : X — X of the

form

M(z) =Y Mz, x), (4.36)
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where M, : X* — X is a k-linear map in X, and m € Ny is the degree of M. Since
each multilinear term is being evaluated by a single repeated argument, we can require
each M to be totally symmetric without loss of generality. Given a basis for X, M

can be written in components as

m

(M(2)) = S (M), -2, (4.37)
k=0

Addition and scalar multiplication can be defined in the usual way, (M + N)(z) =
M(x) + N(z) and (AM)(xz) = AM (x), to give the set of degree m multilinear series a

vector space structure. The dimension of this vector space is

N ntk—1 m+n (m +n)!
= = 4.38
"Z< k ) ”’( m ) mi(n — 1)1 (4.38)
k=0
where n = dim X > 0. The space of degree m multilinear series is closed under

composition with linear maps A,

(Mo A@))' =D (My) o 0 A%, - A% 2o,

ai--ag J1 Jk

F=0 (4.39)
(Ao M(x))' = Z A (M)t
k=0
It also satisfies .
M(\x) =Y MM, a0 -2 (4.40)
k=0

and M (0) = M,.

Let X and X be vector spaces and p: X = X bea surjective linear map. Since we
are dealing with vector spaces and linear maps, ¢ and ¢, coincide. Let ¢ be a linear
map defined on the whole of X. Let the original vector field be given by a multilinear

series for state dependence,

V= Mz, - z). 4.41
Z k(z z) (441)
k=0 k times
Then we can apply (4.2),
= w*ZMk(@D(j), ,@/J(QAZ)) (4 42)
d .
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where M, : X* — X is an k-linear map in X given by
(Mkwul---uk = 80“1' (Mk)ijl---jk wjlyl o 'Wuk- (443)

One can pre-compute these quantities to produce an explicitly low-dimensional vector
field. It is straightforward to verify that this reduced vector field has derivatives that
satisfy (4.12),

= ko Mi($(2),0(2), -+ (&) (4.44)

This shows that the common top-down approach to obtaining reduced dynamics pro-
duces vector fields that satisfy the properties described in §4.3.1 and §4.4, assuming
a linear inverse. In practice, a linear map may only be an approximation of the true

(nonlinear) inverse.

4.7 Using Secant-Grassmann Projection with State
Space Manifolds

To make use of the secant-based projection method discussed in §3, the attractor needs
to be an embedded submanifold of some ambient vector space in order to make use
of its secants. This makes attractors of a dynamical system with state space R" a
compatible example. However, when dealing with more general state space manifolds,
we do not have this required structure.

In order to use secant-based projection in this case, we can embed the state space X
into R™ for some n by the Whitney embedding theorem, and choose the reduced state
space to be X = R% If o : X — R” is the chosen embedding, and the orthonormal
map W : R? — R" describes the orthogonal projection onto the subspace W (R%), then
the dimension-reducing map is ¢ = W' o a, and its differential is Oy = Wia, with
adjoint ¢! = alW. By using the Euclidean inner product (,) on this intermediate

space, R™, the embedding induces the pullback metric on X,

9V, V2) = (W1, auVa) (4.45)
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and similarly W induces the Euclidean inner product on R? by definition. This makes
a, an orthonormal map, ala, = idpy. This is useful, as we typically aren’t given a
particular metric on the state space of a dynamical system.

The set of unit secants can then be generated by o(M) in R™,

K(a(M)) = { Hi — zH Lxdy, Tyc a(M)} . (4.46)

4.7.1 Inverse

In §4.4 we require a (non-unique) choice of inverse of ¢ in a neighbourhood of the
attractor, denoted v, in order to determine the reduced dynamics. In particular we
only need the differential v, along ¢(M) to specify the stability, (4.9). In §3.8 we
detailed a simple affine inverse for the orthogonal projection generated by the secant-
Grassmann method. Therefore if we choose ¢ = a* (W +7%), where ol is a left-inverse
of o, we can compute the differential, ¥, = oZW. Since a is orthonormal, the adjoint
is its left-inverse, therefore 1, = alW = ¢I. In practice the affine inverse of the

orthogonal projection will be an approximate inverse, and so 1, ~ .

4.7.2 Computing the Adjoint

In order to compute the adjoint of the differential of the embedding, af, we need the
metric g on X and the Euclidean metric 6 on R™. Since g is the pullback of § by «, it

is defined in terms of «,.

Theorem 4.7.1. Let (X, g) and (X,h) be Riemannian manifolds and ¢ : X — X be
a local isometry, i.e. ¢ is the pullback of h by ¢, g = ¢*h. Then the adjoint of the

differential ¢! is given by

-1

CAR(CARRICR VIR (4.47)

where [¢.], [g] and [h] denote the matrix descriptions of the tensors at each point in

arbitrary frames.

Proof. The pullback metric is

9] = [¢.] " [R][94], (4.48)
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and the definition of the adjoint is

[61] = [g] [0 " [h]. (4.49)

Therefore
[61] = ([0, [Rle.)) " (0] [A): (4.50)
]

Corollary 4.7.2. Let (X, g) and (X, k) be Riemannian manifolds and ¢ : X — X be
a local isometry, i.e. ¢ is the pullback of h by ¢, g = ¢*h. Then the adjoint of the
differential ¢! in an orthonormal frame for TX and an arbitrary frame for TX is given
by

61 = ([&:]"[8:]) " (0" (4:51)

Corollary 4.7.3. Let (X, g) and (X, k) be Riemannian manifolds and ¢ : X — X be
a local isometry, i.e. ¢ is the pullback of h by ¢, g = ¢*h. Then the adjoint of the

differential ¢! in orthonormal frames is given by

(6] = [o.]". (4.52)

4.8 Reduced Vector Field by Optimization

Given a dimension-reducing map, ¢, we need to obtain a reduced vector field, V, that
has the desired properties discussed in §4.3 and §4.4. In order to determine the reduced
vector field for a general nonlinear original vector field, we can use the optimization
approach taken in [4], and apply it to general state space manifolds. This approach
uses a finite sample of snapshots from the attractor, X € M, and matches tangent
vectors and derivatives at each point with those in the reduced space by minimizing a
cost function. The cost function S : U — R is defined on a parameter space, U, that
parameterizes a family of reduced vector fields. As we are dealing with an attractor, a
set of snapshots can be easily obtained by numerically flowing along the vector field.

The cost function is constructed using the least-squares residuals from the vector

field and its derivatives. Let S be given by the weighted sum

S(8) = wi SV (B) +ws S (8), (4.53)
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where
s0) = |lev -7
et , (4.54)
SPB) =% Hw%vm k(I — A) - W(ﬁ)H .

The norms are those induced by the metric. We can use the weights w; and ws to
divide out any scale factors,

— 2
it =) lle VI,

zeX

bt =3 H@(%V)A k(I - A)

TeEX

, (4.55)

If V; is linearly dependent on &€ U, then this optimization problem is linear, i.e.
grad S = 0 is a linear equation for 8. In this case, let
Vi _ Bicﬁc

o ‘ (4.56)
V.Vt =C".B%

then the optimal g € U is given by the solution to the linear problem A5 = B, where

Ape = Z (Wlfh'ijkBic + W2§ij§abcjbkciac)

zeX

Bii=>_ (wlfhj(@*v)iBjk + wafig§ "y (WSO*V)A M- A)) a) '

TEX

(4.57)

4.8.1 Radial Basis Functions

The particular family of reduced vector fields, V : U — %(X), used in [4] was con-
structed from radial basis functions, which can provide a good fit to a wide range of
examples. This allows us describe the reduced dynamics without having prior knowl-
edge of its form. Let the reduced parameter space be U = R¥H7) je. a parameter
B € U consists of a d x d matrix, L, and J weights, w., € R%, corresponding to centres
¢, € R%, 1 <~ < J. The centres are considered to be fixed a priori. The generic vector
field on X is then expressed as a linear term with a sum of radial basis functions, each

with a weight and a centre,

J
Va(B) = La + ) w,o(]|2 — e ). (4.58)
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The function ¢ : R — R can be any sensible radial basis function; we use ¢(r) = r?log r
by default. As the centres are fixed, 8 — ‘735(5) is a linear map. For practical
application it is convenient (and better numerically conditioned) to use block matrices,

rather than the tensor notation of (4.57). The vector field can be written as

Vi=2Z2 : (4.59)
®(2)
where
o([|z — )
Z = L wy - wy | (I)(:i’) = .
o([|Z = cul])
Note that Z is the block matrix description of 8 € U. By further forming the block
matrices
T e In
Somp v e v ] a=| ® o
O(z1) -+ P(in)
Land
Vo= [ gan) o faw) ] o= | ,
U(z1) - ¥(dn)

where

AN\
Uy (2) = WHQ}_%”)H’ (4.60)

&i(2) == (ViY) AR — k(0), — AY)),

we can write the linear problem as

2 2
(Z thhCE> ZT = thchy}?, (461)
h=1

h=1
for Z. These matrices have sizes }; € R>*N, C, € R(‘H‘])XN, Vo € RN ¢, ¢
R(d—f—.])de7 Zc Rdx(d—f—.])_

Placing Radial Basis Centres

Before the problem for the reduced dynamics can be solved, the centres (cy,-- - ,c;) for
the radial basis functions need to be placed in R?. We adopt a brute force strategy by

generating random configurations. To do this we compute an axis-aligned bounding
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box that contains all attractors in the parameter region. This can be obtained by
iterating over all data points and recording the minimum and maximum coordinates on
each axis. Given a bounding box, we select the position of each centre from a uniform
distribution over the box. Since this takes place in the low-dimensional space it is
typically cheaper to generate multiple configurations, solve for each, then choose the
best configuration than it is to use nonlinear optimization on the combined problem.

On a practical note, we found that scaling up the size of the bounding box to

around 1.5 times the default data box tended to result in lower cost solutions.

4.9 Reduction with Symmetry

In the presence of a symmetry group on the original system, we can ask whether the
symmetry can be preserved in the reduced system. Let G be a symmetry group for the
original system (X, V), i.e. the vector field is G-equivariant. Let M be an attractor
that is also G-invariant, i.e. g(M) = M for all ¢ € G. If we give G an action on
the reduced state space X and require ¢ : X — X to be G-equivariant then ¢(M)
is G-invariant and the pushforward .V along ¢(M) is a G-equivariant vector field.
Therefore in order to preserve the symmetry, the task is to determine an action of G
on X such that v is G-equivariant.

With a secant-based method of reduction, our dimension-reducing map consists
of an embedding and an orthogonal projection, ¢ = W' o a. Since we are free to
choose the embedding «, and free to extend the symmetry to the embedding space, we
focus on the orthogonal projection and finding actions that make W' G-equivariant,

Wig = gW' Vg € G.

Theorem 4.9.1. Let X and X be inner product spaces and W : X = X be an
orthonormal map. Given a (possibly nonlinear) action of G on X , the corresponding

action on X,

gr = Wg(Wiz) + (idx — Wiz (4.62)

is a well-defined action under which W and W' are G-equivariant.
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Proof. ex = x is straightforward and h(gz) is given by

h(gz) = Wh(g(W'z)) + (idy — WWH(Wg(W'z) + (idx — WIW1)z)
= Wh(g(W'z)) + (idx — WWhHz

(4.63)
= W(hg)(W'z) + (idx — WWhHz
= (hg)z.
Hence this is a well-defined action on X. Under these actions,
Wige = WiWg(Wiz) + Wiidx — W)z
(4.64)
= g(W'z)
and
g(Wz) =Wg(WiWz) + (idxy — WWHWi
(4.65)
= Wygz,
so both W and WT are G-equivariant. O

This gives a way of generating an action on X given an action on X. Since W
is G-equivariant, we can also relate these actions via gi = WTg(W2). For example,
translation in X , T — T+a, corresponds to translation in X by z — z+Wa. However,

what we really want is a way of generating an action on X given one on X.

Theorem 4.9.2. Let X and X be inner product spaces and let G have a (possibly
nonlinear) action on X. Let W : X — X be an orthonormal map such that W (X) is

a G-invariant subspace of X. The corresponding action on X ,
gi = Wig(Wi) (4.66)
is a well-defined action under which W is G-equivariant.

Proof. Since im W is G-invariant, Pg(Wz) = g(W2), where P = WWT is the orthog-
onal projection onto im W. ex = z is straightforward and h(gx) is given by
h(gt) = Wh(WWig(Wi))
= Win(g(Wz))
(4.67)
= W'(hg)(Wi)

= (hg)2



CHAPTER 4. GENERAL STATE SPACE MANIFOLDS 124

Hence this is a well-defined action on X. Under these actions,

Wgi = WWig(Wi)
(4.68)
= g(W2)
W is G-equivariant. n

Theorem 4.9.3. Let X and X be real inner product spaces and let G act orthogonally
on X. Let W : X — X be an orthonormal map such that W (X) is a G-invariant

subspace of X. The corresponding action on X,
gt = Wig(Wi) (4.69)
is a well-defined action under which W, Wt and P = WWT are G-equivariant.

Proof. By Theorem 4.9.2, the action is well-defined and W is G-equivariant. Since
G acts orthogonally, (im W) is also an invariant subspace, which by Theorem A.1.1

coincides with ker W = ker P. Hence
Pgr = PgPx + Pg(idx — P)x
= PgPx (4.70)
= gPr,

P is G-equivariant. Also,

Wg(Wiz) = WiWig(x) (4.71)

WT is G-equivariant. O

Therefore, we have a method of preserving the symmetry under the conditions that
the group acts orthogonally, and the reduced state space is chosen to be an invariant
subspace of the group action.

The simplest nontrivial example of an orthogonal symmetry is Z, acting by reflec-
tion. For this group action, every subspace is an invariant subspace, and the resulting
action on the reduced space is also reflection.

Another example is a group of rotations with a common axis of rotation. Note that

the ‘axis’ may have more than one dimension, depending on the dimension of the state
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space. Since both the axis and its orthogonal complement are invariant subspaces, we
can choose to project onto the orthogonal complement. In this case the resulting

action on the reduced space is rotation in the subspace.



Chapter 5

Dimensionality Reduction with

Parameter Dependence

In this chapter we develop a method of dimensionality reduction that is able to re-
produce a family of attractors associated to a parameter space. We extend the for-
malism developed in the previous chapter to include a parameter space, and adapt
secant-Grassmann projection for use with multiple attractors. We develop a practical
implementation by extending the optimization approach from §4.8 by constructing a

linear optimization problem over a space of affine maps.

5.1 Introduction

The parameters of a model are often a set of individual real numbers, (\; € R)._;.
For each of these, one may have an interval of R which is of interest, or of physical
relevance, [a;, b;]. The total parameter space under investigation is then given by the
product of these intervals, U = [a1,b] X -+ x [a;, by], which is a convex subset of R
We can therefore think of U as a smooth manifold and also make use of linear algebra
on R'. In the presence of a parameter space, we can regard the system as a family of

vector fields.

126
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5.2 Formulation

If we have a parameter space then, rather than a single vector field, we have a parame-
terized family of vector fields. As the attractor results from the flow of the vector field,
we can have a corresponding family of attractors. Even though the resulting attractor
can change in a wide variety of complicated ways, especially over bifurcations, the
tangent vectors often depend smoothly on the parameter. This is something we can
take advantage of, by reproducing the relevant parts of the underlying vector fields
and allowing the attractors to emerge naturally, rather than attempting to describe
them explicitly.

Let X be the state space as a smooth manifold and U be the parameter space. Let
a smooth family of smooth vector fields be given by the map V : U — X(X). We will
use the notation V* = V()\). We are interested in a given original system (X, U, V)
such that for each parameter value A € U, the flow of V* has an attractor M, C X.
The objective is to construct a reduced system (X' , U , V) In general, the state-space
map that relates X to X may depend on the parameter. Let ¢ : X x U — X be
a smooth map and let o : X — X:z o(x,\). We also need to relate the
original parameters to the parameters of the reduced system. Let the parameter map
Q:U— U be a smooth map. The objective is to obtain a ¢ and @ such that each
attractor’s vector field and derivatives are reproduced by V(Q(\)) in X under ¢*, as
in §4.

5.2.1 Product Manifold

Consider the product manifold X x U. Let i* : X — X x U : 2 — (x,\) and
Jr: U = X XU : X~ (x,\) be inclusions, and 7y : X xU — X and 1y : X xU — U
be the canonical projections. The tangent space of a product manifold is the direct
sum of the component spaces, Ty (X x U) = T, X @ T\U. We refer to the X
component as horizontal, and the U component as vertical. Each vector field on the
product manifold can be written as a sum of a horizontal and vertical vector field.

The smooth family of vector fields on X can be expressed as a single smooth vector

field on the product manifold, V € X(X x U), via

Vien = (12):V, (5.1)
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This vector field is horizontal,

(Tx)) @) Ven) = Vi (5.2)
(7)Y = 0. (5.3)

The reduced system can also be formulated as a product manifold, X xU , with a
horizontal vector field, V € %(X x U ) satisfying (ﬂ'U)*f} = 0. In this formulation, the
reduction consists of a smooth map £ : X xU — X xU that preserves horizontality. If £

is of the form &(z, \) = (¢(z, A), @(A)) then & preserves horizontality, since 0Q)/0x = 0,
0p/0x /O VA

(&)@ V] = ’
| 9Q/0x 0Q/ox | | 0

| e dp/on | VR (5.4)
0 (Q*))\ 0

0

5.2.2 Family of Attractors

For each A € U let M, C X be a compact submanifold without boundary invariant
under the flow of V*. Note that we are not assuming that the family (My)rer is
a submanifold of X x U, since the dimension of the attractor may change with A,
producing singular points; rather each horizontal slice of the product manifold contains
an attractor.

As in 8§4.3, we need to embed each individual attractor into the reduced state
space, i.e. ©* is an embedding of M, into X for each A € U. The parameter map, Q,
allows for a given parameter A\ to determine a vector field on the reduced state space,
V(Q()\)) Given a parameter-dependent dimension-reducing map, ¢, that embeds the
family of attractors into the reduced space, we seek a parameter map such that for
each parameter, the reduced vector field has the properties discussed in §4, i.e. it

reproduces the flow on the attractor, and has derivatives that are stable.

~

V(QN) = V(N Yz e MyVAeU (5.5)

In §4.4 we need to choose an inverse within a neighbourhood of the attractor. Let Ay

be a neighbourhood of *(M,) and N' = UycpNy. Let 0 : N x U — X be a smooth
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map that coincides with the inverse of ©* on each attractor, i.e.
W Mz)) =2 VYo e My VAeU. (5.6)

and * : N = X : & — (&,\). Then Y} = ‘P;\Vw)\(p,,\) is a smooth family of vector
fields defined on N, which can be used to specify the derivatives of the reduced vector

fields along each submanifold.

5.2.3 Parameter-Independent Reduction

In order to simplify the problem, we can seek a single state-space map that is suitable

for the whole parameter region, i.e. ¢ is independent of A. In this case we write

p: X > XandQ:U—U.

S
lﬁ
><>

Doing so allows us to decouple the problem into two parts; first, finding a ¢ that
satisfies the necessary topological requirements, and then using ¢ to find a ) that
produces the corresponding dynamics in the reduced space. Even though ¢ does not
depend on the parameter, the inverse of ¢|x, can indeed depend on the parameter,

and therefore v retains a parameter dependence.

5.3 Extending Secant-Grassmann Projection

We can extend the secant-Grassmann projection method discussed in §3 and §4.7 to a
family of submanifolds indexed by a parameter space, U, in a straightforward manner.
Let a : X — R”™ be an embedding of the state space into an ambient Euclidean space.
Each submanifold, (M), generates a set of unit secants, (a(M,)). For a finite
sample of these secants, Iy C K(a(M))), we have the cost function (3.7),

1 -1
FA(W) = — Wk 5.7
)\( ) |IC)\| keZ’CA H H ) ( )
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where W : R¢ — R™ is an orthonormal map. We can construct a single cost function

using a finite collection of parameter values, U C U, via

G(W) = ﬁ S AMW). (5.8)

AU
This is a well-defined cost function on the Grassmannian as it satisfies the orthogonal
symmetry G(WQ) = G(W). Like the individual cost functions, this takes values in
the range [1,00]. For finite values, all sampled secants on all sampled submanifolds
are preserved. Therefore minimizing G obtains a good projection for the family of
submanifolds in the region of parameter space described by . Note that we do not
include secants generated by pairs of points with differing parameter values. This is
because two attractors from different parameter values are allowed to intersect both in
the original space and in the reduced space. The minimum projected length becomes

Kmin = Min min HWT/{H ) (5.9)
XU kEK

5.3.1 Inverse of the State-Space Map

In order to determine the reduced dynamics, we need to make use of an inverse of
the state-space map for each attractor. By using a parameter-independent state-space
map, consisting of an embedding and an orthogonal projection, the inverse has the
general form

Oz, \) = a*(Wi +n(2,\), (5.10)

where 7 : RIxU — R™ is a smooth map that gives the vertical component, WTn(z, \) =
0. Note that since the embedding o and the orthonormal map W are parameter-
independent, the parameter dependence of v is confined to the vertical component
given by 1. We will also use the notation n*(2) = n(Z, \).

As discussed in §4.4.3 and §4.8, we in fact only require the derivative of the inverse

(in (4.9)), which is

Y = alW +aln
(5.11)
= ol +aln.
In practice we will use an approximation of the true inverse by choosing a function 7

to fit the available data. For a given v and W, the vertical component map 7 should
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(approximately) satisfy
n(Wia(z),\) = (id = WWha(z) Yo € M,. (5.12)
For each A, this can be phrased as an optimization problem with least-squares cost
STl wty) — (id - wwhyl|* (5.13)
yea(Xy)

for the map n*. Combining the optimization problems over the parameter space gives
the single cost function

7 Z e Z Hn(WTy, ) — (id — wwhyl? (5.14)

el

for the function 7.

An Affine Vertical Component

In order to obtain an inverse whose derivative is parameter-independent, we can look

for an n that is affine in the parameter \ and independent of z,
n(z,\) = B(A—=\) +¢, (5.15)

where ¢ € R", B € L(R!,R"), and ) is the mean parameter value over the parameter

samples,

i Z)\ (5.16)

el

The derivative of this is clearly null, ) = 0, and therefore the corresponding inverse
does indeed have a parameter-independent derivative, ¢} = p!. By writing the affine
map in this form, we can determine the optimal B and ¢ separately, as explained in

§2.4.7. Assuming c is given, the optimal B is given by the linear problem

|Z>\ A (A= A)P |Z (5.17)

el XU
which is independent of the choice of ¢, where
1
o= Y (d=WWhy (5.18)
[ yEa(Xy)

is the mean vertical component over the data set for parameter \.
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Similarly, assuming B is given and c is to be found, the solution to the least-squares

problem for c is
1
c= W E 2, (519)

which is independent of B. The inverse is then given in closed form for both & and A

as

V(E,N) = a*(Wi+ B\ =) +¢). (5.20)
We can also show that 7(#, \) is orthogonal to the subspace W (R?).
Proposition 5.3.1. 7(Z, )\) is orthogonal to the subspace W (R?) for all \.

Proof. By Theorem A.1.1, the orthogonal complement of the subspace W (RY) is given
by the kernel of W1. Therefore we need to verify Win(z, \) = 0.

Ul (5.21)

Applying W to (5.17) gives

W) S = AP = = W S (4 = 3
AeU AeU

1

= > Wiz (=N, (5.22)
AeU

=0.

Since B is defined by the linear problem (5.17), |71| > ae(d = AP (A = A)? has a right-
inverse, and so WTB = 0. Hence WTn* = 0. O]

5.4 Special Case: Multilinear Series

In §4.6 we considered a special case where both state spaces are vector spaces, the
reduction is linear, and the vector field is given by a multilinear series. In this case a
Galerkin approach can be used to determine the reduced dynamics. We now extend
this to include parameter dependence.

Let X and X be vector spaces and ¢ : X — X be a surjective linear map. Let

(&, A) be linear in both & and A. Let the original vector field be given by a multilinear
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series for state and parameter dependence,

V2= Myg(z, - i) ). (5.23)
pq p times q times

where M,, : X? x U9 — X is p-linear in X and g-linear in U. Then we can choose
U =U and Q = idy, and apply (4.2),
A A
Vi =@ Vipa
= Px Z MPQ(wA(‘%)? e 7¢)\(i‘)’ /\7 e 7)\)

- (5.24)
:ZMPWW(‘%’”' LB AL A)
pq
Since 1(z, A) is multilinear,
U(&,N) =8N, (5.25)
M is given by
(Mp:p‘i’q)ul/rnl/p b1--bpai---aq = SO'LLZ' (Mpq>ij1---jp ai--aq ’lpjlulbl e wjpl/pbp' (526)

The error in the reduced vector field is given by

CrA A
Voto) = Vs

@*Z [MPQ<w)\(90(5C>>7"' aw/\(gp(x»;)‘v”' 7>‘) _Mpq(x7"' ST, 7)‘”

Pq

(5.27)

Note that the error vanishes when 1*(¢(z)) = x, and therefore for a given ¢, the error

is determined by the quality of the inverse 1.

5.5 Obtaining a Parameter Map by Optimization

In §4.8 we used optimization to obtain a single reduced vector field, which we can
think of as corresponding to a fixed parameter in U. We now extend this approach to
the parameter map, where we are interested in obtaining the map @ : U — U from the
original parameter that determines the original vector field to the reduced parameter
that determines the reduced vector field.

In order to find a suitable mapping we can consider a space of such maps, and

select the optimal map by extending the optimization approach from §4.8. Let u € RP
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parameterize a family of maps @, : U — U. We can construct an optimization
problem for i using a finite sample of original parameter values, U C U, to extend the
single-parameter case. For each A\ € U we want the original vector field to match the
reduced vector field, V(Q,()\)), in the sense described above. To this end we construct

the cost function 7" : RP — R,

T(0) = 7 2 SH Q). (5.2)

AU
where Sy is the single-parameter cost function for A, (4.54). If p+— @Q,()) is a linear
map from RP to Uforal A\ e U , then gradT" = 0 describes a linear problem for pu.
Note that each map @), does not need to be linear itself, just the parameterization.
In this case, let Q,(\) = Dp, where D is a linear map (w.r.t. p) which may contain
nonlinear dependence on A. The optimal p is then given by the solution to the linear
problem

(Z DTAD> p=> DB, (5.29)

Aeu Aeu
where A and B are as defined in (4.57) (both depend on A implicitly). We choose @

to be @), with optimal .

5.5.1 An Affine Parameter Map

If the original tangent vectors have a simple dependence on the parameter space, for
example an affine map, then the projection of these vectors, ¢, V?*, are also affinely
dependent on the parameter. For a more general parameter dependence, a first-order
Taylor expansion around a particular parameter point will give an affine map that
approximates the parameter dependence in a neighbourhood of the point. Therefore
if the parameter region U is small enough such that an affine map is an accurate
approximation, we can seek an affine parameter map @ : U — U, and a reduced
family of vector fields V that is also affine in U. The composition V o Q is then an
affine map.

The space of affine maps is parameterized by pu € U & L(U, U), ie. = (q,q),

where qq € U and ¢1 is a linear map from U to U. This is clearly linear in p,

Qu(N) = q + @A (5.30)
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With Radial Basis Functions

The concrete family of reduced vector fields used in §4.8.1 is linearly dependent on U
and therefore compatible with an affine parameter dependence in the original system.
Recall that J is the number of radial basis functions, d is the dimension of the reduced

space, and [ is the dimension of the parameter space. To make this compatible with

d+J)(1+1)

the block matrix representation, we write Z = OA, where © € R%*( contains

the pu-dependence, and A € REUFNUHDX(A+)) contains the A-dependence,

1

3 ] | AT

- [ O A= : (5.31)

AT

where | = dim U and [ is the (d+ J) x (d+ J) identity matrix. The linear problem to

solve for © is then given by

(Z A <22: whchc,?> AT> er=> A (i whchyhT> . (5.32)

el h=1 el h=1



Chapter 6

Examples

To demonstrate the method, we consider some examples. A variety of examples are
used, both low-dimensional simple systems and discretizations of PDEs, which are
high-dimensional. Although the method supports multiple parameters, we shall con-
sider examples where a single parameter is varied. In each case, we consider a region
of (1-dimensional) parameter space, and for a number of parameter values we generate
a data set of points from the attractor numerically. Using these data sets, we apply
the secant-Grassmann projection method to obtain a projection that is good for the
parameter region (§5.3). This projection is then used to obtain a family of reduced vec-
tor fields, by finding an affine map between the original parameter space and reduced
parameter space (§5.5.1). The family of attractors produced by the reduced model is
compared with the projection of those of the original system in the low-dimensional
space. We use the strategy from §4.8.1 for placing the radial basis centres.

The first example illustrates the accurate reproduction of parameter dependence in
period-doubling bifurcations without any dimension reduction; the second illustrates
a non-autonomous system with a state consisting of multiple angular variables; the
third illustrates a high-dimensional system produced by a discretized PDE.

In the future, we plan to conduct a more comprehensive survey of applications of the
method to various examples, including more complex PDEs, and examples with large
numbers of angular variables that the POD-Galerkin method is not compatible with.
Examples with multiple parameters can also be investigated. Such an undertaking is

beyond the scope of this work, in which we have focused on developing the approach.

136
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6.1 Rossler

The Réssler system [37] is a well-known 3-dimensional dynamical system featuring
a chaotic attractor. In particular it features the classic route to chaos via period-
doubling bifurcations of a limit cycle. Since the system is already of low dimension,
we do not attempt to reduce its dimension, but rather use it as a test of the method’s
ability to the reconstruct dynamics with parameter variation. This is a particularly
good example as it features not only a family of attractors with bifurcations, but the
individual attractors also feature slow and fast parts. This is particularly noticeable
in the z-coordinate, which rapidly spikes to large values. This will test the method’s
ability to reproduce vector fields with large variations over the attractor.
The system has state (z,y,2) € R* = X and parameters (a, b, c) € R? with a vector
field given by
—y—2z
Views = x +ay (6.1)
b+ z(x — )
We fix a = b = 0.1 and vary c. At ¢ = 4 the system possesses a period-1 limit cycle.
We consider the parameter region U = [4,8.8], which contains a number of period-
doubling bifurcations (from period 1 to 8), and choose 21 equally-spaced parameter
values from this interval. Since we are not reducing the dimension, X=X , o =1idx,
and ¥, = idy.
The derivative of the vector field is

VWeyy=11 a 0 . (6.2)

z 0 xz-—c

Since the ¢ is a submersion, we do not need to decompose the tangent space.

6.1.1 Results

All simulations were performed with an RK4 integrator with a time-step of 0.001. For
reference the period-1 limit cycle at ¢ = 4 has a period of approximately 6 units of
time. To reproduce the dynamics, 40 radial basis centres were used. This number was

determined by trial-and-error to be large enough to give a good reproduction of the
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attractors over the majority of the parameter region while keeping the computational
cost reasonable. We found that the radial basis function ¢(r) = r* was a superior
choice for this example over the thin-plate spline.

The reconstruction obtained demonstrates an accurate reproduction of both indi-
vidual attractors and their period-doubling bifurcations. Fig. 6.1 compares a selection
of individual attractors and Fig. 6.2 shows the two bifurcation diagrams for the pa-
rameter region.

To quantify the accuracy of the reproduction, we use several measures of error:

e The per-sample error,

E(t) = &) —z()]

e The root-mean-square (RMS) error over N samples,

N
1 .
Erus = | Z () — w(t:)])*.
i—1

e The maximum error over N samples,

Emax = Inax ||j(tl) - x(tl)H .

e The set distance — the maximum of the minima over N samples,

Ernascmin = maxmin [|Z(t;) — 2(t;)]] -
i

As these are absolute errors it is important to take them in context with the scale
of the attractors in the state space. At ¢ = 4 the attractor is contained within a ball
of diameter 14 units, increasing to 36 units at ¢ = 8.8. Fig. 6.3 shows the time series
errors for a number of parameter values over a time interval of 100 units. Fig. 6.4
shows the parameter dependence of the various error meansurements.

As we are not doing any dimensionality reduction in this particular case, we can
also compare the Floquet multipliers of the original and reconstruction. One of the
two non-unity multipliers is approximately zero, the other is real and shown in Fig. 6.5.
Since the optimization explicitly tries to reproduce the derivatives of the vector field
along the orbit, we expect the Floquet multipliers to be a close match to those of the

original.
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10

-10 +

(¢) ¢ =8.32

Figure 6.1: The Rossler system. Comparison of the attractors of the original model
with those of the reconstruction in the full 3-dimensions. Points are from the original
model and lines are from the reconstruction.
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(a) Original

(b) Reconstruction

Figure 6.2: The Rossler system. Bifurcation diagrams for both the original and recon-
struction over the investigated parameter region. Sampled values are the z-coordinates
when the orbit crosses from negative-y to positive-y. Samples were captured over a
time interval of 500 units.
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Figure 6.3: The Rossler system. Absolute error in the time series over a time interval
of 100 units. The spikes coincide with the fast parts of the attractor.



CHAPTER 6. EXAMPLES 142

0.75 T I T T T T T T T
Max
| MaxMin - - - |
RMS —— )
0.5 | ;'—
Error r 1
0.25 1, ANEENE
O ‘ | 1 | 1 1 | 1
4 5 6 7 8

Parameter

Figure 6.4: The Rossler system. Parameter dependence of the absolute errors in the
time series over a time interval of 100 units. The error worsens towards the upper end
of the parameter region as the system moves towards chaos.

1 [ [ 41 [ [ [
X
N x
X
05 -
Y
x %
0 N -
+
*
X
-0.5 —% % -
+
%ky % X
1k *% * _
| | L | | |
4 5 6 7 8
Parameter

Figure 6.5: The Rossler system. Parameter dependence of the Floquet multipliers.
Plusses are from the original, crosses are from the reconstruction. The period of each
limit cycle was determined by manually inspecting the time series and the Floquet

multipliers were computed by numerically integrating the variational equation over
the period.
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6.2 Pendulum

A forced damped double pendulum [41] has a state space given by X = T3 x R?
with coordinates (¢, 6,1, vy, vp). The angle 1) encapsulates an explicit periodic time

dependence in order to make the system autonomous. The vector field is given by

6=y
9209
b=0 (6.3)

by = —f5(0)vj — 0avy — f3(1h) sin ¢ cos b

o = (f1(P)vovs — d1vg — f2(d) f3(¥) sinb) / fa(9),
where

fi(¢) =
fo(0) =
f3(¥) =1+ AQ? cos 1
f4(¢) = (M + 3)L* 4 3L cos ¢ + cos® ¢
(¢)

f5(¢) = f1(¢)/2
We use the parameter values M =7, L = 1.1, 6; = 0.245, 6o = 0.245, A = 0.15, and

(3L 4 2cos ¢) sin ¢

(M +2)L + cos ¢

vary €2 in the region U = [1.8,1.82]. A simple flat torus embedding is used to embed
X into R®,

a(p,0,1,v4,v9) = (cos ¢, sin ¢, cos sin b, cos P, sin ), vy, vg). (6.4)

We choose this particular embedding due to its simplicity and its ability to generalize

to higher dimensions.

6.2.1 Derivatives

fi(¢) = =2+ (3L + 4 cos ¢) cos ¢
f5(¢) = —sing
f3(¥) = —AQ?sine
Fi(¢) = —(3L + 2 cos ¢) sin ¢
)
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Dy = D = Dy = By p = Dy = Db

. . . . . . . (6.5)
= Oyt = 0,0 = Oyt = Opp = Opt) = Dy, = Dytp = 0
Opyd = 0y, = 1 (6.6)
Dyvip = — f5(d)vs — f3() cos pcos
Oy = f3(1)) sin ¢ sin
Dtiy = — 5(16) sin 6 cos 6 (6.7)
0%% = —52

fi(@)vgvs = [5(0) fs(¥)sinf  [fi(P)vovs — d1vg — f5(¢)f3(¢) sinb] fi(¢)

D59 =

fa(9) [fa(®)]?
Dy = —fa(9) f3(¢) cos 0
fa(®)
Dty = —f2(¢) f3(¢) sin 0
fa(®)
. fi(P)ve
Ot =71 0)
0, vy — f1(@)vg — 61
* fa(®)
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6.2.2 Embedding Derivatives

Let (z',--- ,2%) = a(¢, 0,1, vs,vp). Then the non-zero first partial derivatives are as
follows.

Oyt = —a°

Oy’ =z

Opa® = —zt

Opat = 3

(6.9)

Opa® = —a°

Ipa’ = 2°

8%047 =1

(91,0048 =1

Therefore we can compute the pullback metric in the coordinate basis,

9] =[] [a.]

-2 0 0 0 0
- - 0 0 00

—22 2z 0 0 0 0 00
0 —2* 0 00

0 0 —z 23 0 0 00
0 22 0 0 0

= 0 0 0 0 —25 2% 0 0 (6.10)

0 0 —25 0 0

0O 0 0 0 0 0 10
0 0 25 0 0

0O 0 0O 0 0 0 01
- - 0 0 0 10
0 0 0 01

Therefore the coordinate basis on TX is orthonormal under the pullback metric.
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The non-zero second partial derivatives are

8¢¢a1 = —Z‘l
8¢¢a2 = —[EQ
399043 = —1'3
) ) (6.11)
89904 = —X
aw¢&5 = —.1'5
Oy’ = —a5.

6.2.3 Results

Using 5 parameter values, Y = {1.8,1.805,1.81,1.815,1.82}, and 1000 state sam-
ples from each attractor, a projection was found from R® to R* using the secant-
Grassmannian method. Since the composition of the embedding and orthogonal pro-
jection is non-submersive, the reduced tangent space needed to be decomposed using
the SVD method detailed in §4.4.4. The dynamics in R* was obtained using 100 ra-
dial basis functions, which produced stable attractors that correspond to those of the

original (Fig. 6.6).

0.4 — - T - . 0.4 - . ; .
X4 0 ~ = X4 0 I~ =
-0.4 : ' : ' -0.4 : ' : '
-0.4 0 0.4 -0.4 0 0.4
X3 X3

Figure 6.6: Double Pendulum. Attractors from the original model (left) and reduced
model (right) for several parameter values. The xszy-plane is shown. In the x;xo-
plane, all attractors form the unit circle in both original and reduced systems.

The double pendulum demonstrates an example that is not compatible with the
POD-Galerkin method, due to both the state space structure and the type of nonlin-

earities in the dynamics. Although the example is quite low-dimensional, and is only
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reduced by a single dimension, it does demonstrate the method can successfully deal

with the additional complications raised by such systems.

6.3 Brusselator

The Brusselator is a reaction diffusion equation that describes an autocatalytic chem-
ical reaction, notable for its oscillatory dynamics [15]. Its dynamics are specified by

the coupled PDEs for the pair of scalar fields (¢, ¢2) given by

Opr=a— (b+1)¢1 + (/5%252 +d; V3¢
Oy = by — ¢%¢2 + dy V3o

(6.12)

We choose a 2-dimensional physical space and apply a 32 x 32 square spatial discretiza-
tion with periodic boundaries, giving a 2048-dimensional state space, X = R2%48 We
fix the parameters a = d; = dy = 1 and vary b in the range U = [2.5,2.6] with 11

parameter samples and 272 state samples per attractor.

6.3.1 Discretization

For the spatial discretization, we use a centred space scheme,

9  Qir1y — 205+ Gic1y | Pige1 — 2045 + P
(VP9)yy = — (Ax;Q L4 2 (Ay;Q =1 (6.13)
giving the system of ODEs,
(61)is = a+ (61)5(¢2)i; — (b+ 1)(¢1)ij + (V1) (6.14)

(62)ij = b(¢1)i; — (61)7;(d2)ij + da(V2)s;5.
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6.3.2 Derivatives

The partial derivatives of the finite-dimensional vector field are

8(V2¢)U 5i+17“5jy — 26iM6jV + 5171#5]‘,, 5iy5j+1,u — 26iM6jV + 51“5]‘,17,,

00w (Az)? + (Ay)? (6.15)
% = (2(d1)ij(2)i — b — 1)03u0j0 + dl%ﬁlﬁ)” (6.16)
g((;);)); = (903005 (6.17)
DO — (1~ 200y (601515 618
AL (o + 25T 619

6.3.3 Results

For each parameter value there were 36856 secants with 16 to 18 secants remaining
after secant culling. The fact that at most 18 secants remain is a reflection of the limit
cycles exploring a 2-dimensional subspace, as Table 3.1 indicates. This is confirmed
by the singular values of the combined data set, the first few of which are 5046, 1471,
15.69, 11.73. The 2-dimensional subspace represents 99.998% of the signal energy.
Applying the method obtains a projection onto X = R?. The dynamics in X are
reproduced with 30 radial basis functions, producing the corresponding family of limit
cycles, as shown in Fig. 6.7, and Fig. 6.8 shows the family of attractors on a single

plot.

6.3.4 POD-Galerkin

The POD-Galerkin method is very suitable for describing the limit cycles of the Brus-
selator, as the limit cycles explore a subspace that is approximately 2-dimensional.
The 2-dimensional POD produces a projection onto this subspace, whose linear in-
verse is highly accurate as a result. As the dynamics are of the form in §4.6, the
Galerkin dynamics can also be evaluated without going through the high-dimensional
space. However, we note that the POD requires performing an SVD of a large data
matrix (2048 x 2992 in our example), which took much longer than our secant-based

method with the secant culling optimization (50 seconds for secant culling followed
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Figure 6.7: The Brusselator. Comparison of the attractors of the original model with
the reduced model. Points are from the original model and lines are from the reduced
model.

by 2 seconds for optimization over the Grassmannian, compared with 38 minutes for
the POD). The attractors of the 2-dimensional POD-Galerkin system are shown in
Fig. 6.9 and Fig. 6.10.



CHAPTER 6. EXAMPLES 150

40 b ]

-120 -

1 . 1
0 40 80
X

Figure 6.8: The Brusselator. Attractors for several parameter values from the reduced
model.
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Figure 6.9: The Brusselator. POD-Galerkin. Comparison of the attractors of the
original model with the reduced model. Points are from the original model and lines
are from the reduced model.
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Figure 6.10: The Brusselator. POD-Galerkin. Attractors for several parameter values
from the reduced model.
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6.4 Dynamo

A 3-dimensional physical space is described by a Riemannian manifold with toroidal

coordinates (1,0, ¢) and metric

) 1. .
lg] = diag(gy, 90, 9,,) = zdiag(1,1, sinh?7), (6.20)

where ¢ := coshn — cos#, given in the coordinate basis. We also make use of the
normalized non-holonomic basis
A 1 1 1 1
0,0, ¢ :< O, Dy, 8)20(6,89,,—@). (6.21)
( ) N K NIV v K sinhn ¥

and the coordinate s := exp(ny —n), with 7y constant. A vector field, B, is defined by

a pair of scalar fields, a(n, 0) and b(n, 0), via
B = curl (ap) + bp, (6.22)

which gives
B = B"j+ B’ + B%p
B" = cOpa — asin 6

B — 4 (coshn'cose — 1> + esdua
sinh n

(6.23)

B? =b.

The time evolution of B is therefore determined by the time evolution of a and b,

which is prescribed by the coupled PDEs

0a = C,ab+ D?a,
(6.24)

ob=C,F + C,G + D?b.

C, and C,, are constants, and a(n,0,a,b), F(n,0,a) and G(n,0,a,b) are scalar fields.

D? is the diffusion operator, given by

D?A := —g(curl (curl (Ap)), p) (6.25)
inh i 1
D* = ¢ [52682 +s (1 — cothn + = 77) Os + 05 — Sme@g - (6.26)
& c sinh”n
in ¢
o (6.27)

o= —
1+ ap || B
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ap is a constant. The norm is given by

IBI* = (B")* + (B”)* + (B*)*. (6.28)

F = —gw_gﬂ [(1 — coshncos@)0pa — ssinhnsin§0sa] (6.29)

where @ := sinhn/c.

1 — coshncos 6

G := —aD?a — ¢sda ( -
sinh n

a+ cs@sa) — cOpa (cOpa — asinf)  (6.30)

6.4.1 Discretization

We discretize the space in (s,6) using a rectangular lattice with separations As and

Af. s has range [0,1] and @ is periodic, [0,27). For a field ¢ we use the notation
Gij = ¢(s:,0;),

dij = Oaaijbij + (DQCL)i]’,

. (6.31)
bij = CuFij + CoGij + (D?b)y;.
The spatial derivatives are discretized using a central difference scheme,
Pit1j — Qi1 Gij+1 — Pij-1
sQij = o Y 32
0si 2As 0o 270 (6.32)
2, _ Qiv1y — 20 + di o0, Pijr1 — 20 + ¢ij
as ¢l] - (A8)2 ) 89¢Z] - (AH)Q (633)
Pit1,+1 — Pit1j-1 — Pi—1j+1 + Pi—1j-1
ij = ’ : : ’ .34
Do 4AsAO (6:34)
6.4.2 Derivatives
The partial derivatives of the finite-dimensional vector field are
8@13 _ Ca 80@- bij i a(DQ(Z)Z’j
aau,, aauy aa,ul/
aaij = Ca a@ij bij + Caozij(mdj,,
b, Ob, 635
by, IF; e (6:35)
=C, + C,
6aMV 80;“” aaul/
c%ij _ CaaGij I 8(D2b)2]

0b,, Ob,, b,
The derivatives of the discretized spatial derivatives are

885@-]- _ (5]' (5 4 5 ) 5’09@]- _ (Si,u
O, 20 ML LD O, 200

(Ovjr1 — duj1)
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0%, 0, 0026 G,
By, L= (AJS)2 (Opi+1 — 20 + Opim1), 8; t= (Ag)Q (Ovg+1 = 2005 + duj-1)
N pv
Dspij 1

8¢ - 4A8A9 <5H,i+1511,j+1 - 5u,i—15y,j+1 - 5M7i+151/,j—1 —|— 5M,i—1511,j—1)
nuv
The other derivatives are

OF;; - _3 -3/2

w
1,
da,, 2 Y

{(1 — cosh); cos0;) 3(;996115

aas i
— s;sinh7; sin 6 a ]}

Gpy Ay

sinh 7; ) 863¢Z'j

OD*¢)ij _ 5 {82% 1 s (1 — cothn; +

TGy |
a¢uu ! a¢uu Cij a¢uy (6 36)
+88§¢U _ sin6’j 889¢,~j _ 5w5jy :| ’
a¢;},y Cij aqﬁ“y Sinh2 n;
G Ocvij 1o 0(Da)y
= _ D?%*a);; — vy ———
Oa,, 8(1W( a)ij = i Oay,
00,0;; (1 — coshn;cosf;
CigSi aaw,j ( sinh 7; i+ CijSiasaij)
1 — coshn; cos; 00,a;;
_ cijsﬁsaij ( snh m J 5@'/‘«(5.77’ + CijSi 8%“/]) (637)
8(99041" .
_ Cijaa—’ullj (cijﬁgaij — CLij Sin Qj)
88(;@7;- .
— CljagOéU (Czjaa—/“/] — 51'#5‘7‘,, Sin (93)
8G'j 804»»
IZij _ _ (D2g),, 20
S, P Viigy
00,05 (1 — coshn; cos0;
— CijSi T ( Snh, a;j + €ij5i0sij (6.38)
88 [0 7F] .
Z’j# (Cijagaij — aij Sin (9])
n
80%' —QG;ap 0 2
= 2 ||B||1]
6¢W 1+ ap HB“z] 8¢NV
2
OB (1985, 0B
Oay, Y 0ay, Y 0ay,, (6.39)
OB,
817,“, 17 OiuOjv
oB" 3
Y= Cij aa&a“ — 5@'#5]'1/ Sin 9]'
Oay, Oay, (6.40)

IBY, b6 (cosh i €08 0; — 1) N Cijsia(asa)ij
dayu, sinh 7; Oty
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6.4.3 Boundary Conditions

At s = 0, the boundary rows are given by the average of the adjacent row,
=l (6.41)

At s = 1, the row of boundary points in a are given by a linear combination of the

two adjacent rows.
A Ny
Ny =Y A an e+ Y AR an, o, (6.42)
k=1 k=1

where the matrices A and A® are given. b is zero on the boundary,

bn,; =0 V. (6.43)
The derivatives are
di, 1 n Day
a¢uu B N9 a(b/w
k=1
] Ny (6.44)
(%U _ i 8b2k
a¢uu Né‘ =1 agbuu
dan van,,j aCLN —1,k 2) dan -2,k
- AW ZEN—LE A —_— 6.45
Do z:: * Oy Z 00 (6.45)
861\/ j
== = 0. (6.46)
0du

6.4.4 Results

The constants were fixed to 79 = 1, ag = 1, and C,, = —1000. The spatial discretiza-
tion consisted of 41 x 160 points, resulting in a state space of X = R13120 At the
parameter value of C, = 4, the system exhibits quasi-periodic behaviour on a torus.
Using 1326 data points to describe this attractor, there were 878475 secants and 5436
secants remaining after secant culling (more than 99% of the secants were culled). A
projection was found onto R*, which is shown in Fig. 6.11. This represents a huge
reduction in dimension, 13120 to 4. The secant culling procedure resulted in approx-
imately half the time requirement versus no culling, a saving of around 24 hours in

this example.
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Chapter 7

Conclusion

7.1 Summary

In this work we have considered the problem of describing a low-dimensional attractor
and its dynamics in a low-dimensional ambient space. We have made use of an existing
secant-based projection method due to its desirable topological features, rather than
other projection methods (such as the PCA) which do not possess these features.

There are three primary original contributions developed in this work. Firstly, we
have proposed the idea of approrimate secants, which correspond to double infinite
cones, and studied their properties (§3.9). The two applications of this are a secant
culling procedure that can greatly reduce the number of secants in a data set (§3.10),
and a method of estimating the dimension of the plane explored by the attractor
(83.10.2).

Secondly, we have formulated the problem from a differential geometric perspec-
tive, which allows for general state space manifolds with dynamics given by a vector
field (§4). We discussed and resolved issues with reproducing a stable attractor using
the derivatives of the vector field that arise due to a lack of submersiveness in the
dimension-reducing map (§4.4). We showed that our more general criteria is satisfied
by the special case of a Galerkin-style linear projection (§4.6). For the more general
case, we adapted an existing optimization method to produce a practical implemen-
tation using radial basis functions (§4.8).

Thirdly, we extended our geometric formulation to the problem of parameter de-

pendence, where a family of attractors are to be reproduced in a low-dimensional space

157
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(85). We began by formulating the problem in full generality, where the dimension-
reducing map is permitted to depend on the parameter (§5.2). We considered a product
manifold formulation in which the family of vector fields becomes a single horizontal
vector field on the product manifold (§5.2.1). We then simplified the problem by re-
stricting ourselves to parameter-independent reduction, which permits a decoupling
of the problem into two stages — obtaining a single dimension-reducing map, and
then obtaining a corresponding parameter map (§5.2.3). This decoupling allows for
the secant-based projection to be extended straightforwardly to include a parameter
space (85.3). A similar extension was used to develop an optimization method for
obtaining the parameter map, by constructing a linear optimization problem over a
space of affine maps (§5.5.1).

We demonstrated the dimensionality reduction with parameters in §6 using a va-
riety of example systems, including a nonautonomous system, a high-dimensional dis-

cretized PDE, and a small system with period-doubling bifurcations.

7.2 Limitations of the Method

The method requires data sets containing samples of points from the attractors for
multiple parameter values. The role of this data is to describe the attractors in order to
identify their location, shape and size within the state space. Although the data can be
produced by a numerical simulation of the original system, care must be taken to ensure
the data fully explores each attractor, and that a sufficient number of parameter values
are sampled. This data requirement makes the approach less feasible for investigating
many parameters. For example, if the parameter space under investigation is of the
form [a1,b1] X -+ X [a;,b;] C R! and each interval is sampled N times, the total
number of parameter samples is N!, which increases exponentially with the parameter
dimension, [.

In order to use an orthogonal projection in the presence of a parameter space,
we made use of an affine inverse approximation §5.3.1, as the derivative of the affine
inverse is independent of the parameter (5.11). This allowed us to determine the

reduced model without needing to construct the parameter dependence of the inverse.
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However, this affine inverse is only accurate when the each attractor explores a low-
dimensional hyperplane. In order to use a non-affine inverse, the parameter dependence
of the inverse needs to be constructed.

The method requires the a priori choice of a family of reduced vector fields. The
particular family of reduced vector fields used in the method consists of radial basis
functions, which work well for a variety of examples. However, adding more radial basis
functions to the summation (4.58) increases the dimension of the reduced parameter
space U , which in turn increases the size of the linear problem for the parameter map,
potentially leading to rank deficiency. This can be a limiting factor on the size of the
parameter region used in the reduction.

The particular parameter map used is affine, which may place limits on the size
of the parameter space under consideration if the original parameter dependence is

non-affine. However, the approach can support non-affine parameter maps.

7.3 Future Work

The work completed so far suggests a number of avenues for further research.

7.3.1 Secant-Based Method For Classification Problems

With a small modification, the secant-Grassmann projection method (§3) lends itself
to classification problems. A classification problem is a type of data reduction problem
in which one has a typed data set (each data point has a ‘type’, e.g. colour). The
objective is to learn which regions of space correspond to each type so that a data
point of unknown type can be correctly classified based on its position. Reducing the
dimension of such a data set while preserving the separation of types would be useful
before the analysis and learning stages.

By using only the secants generated by pairs of points with different types, one
can use the secant-Grassmann method to obtain an orthogonal projection that best
separates the different types from each other, without caring about the separation of
same-type points. This approach would have an advantage over classic methods such
as the PCA, which is unable to distinguish between the relevant variance (spreading

out points of different type) from the irrelevant variance (spreading out points of the
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same type).

7.3.2 Dimensionality Reduction with Noise

Models of physical systems are often deterministic, being derived from fundamental
physical laws. However in large systems, there may be microscopic details or external
influences that have not been included in the deterministic model. Rather than mod-
elling these in detail as complicated deterministic processes, one can model them as a
simple but stochastic contribution to the dynamics. This noise can then account for
small fluctuations around the driving deterministic dynamics.

The presence of noise can produce behaviour not possible in a purely deterministic
system. For example, multistability occurs where the noise causes an orbit to move
from one basin of attraction to another nearby basin, allowing a single orbit to en-
counter multiple attractors. Noise can also destroy features of the deterministic model
that are sensitive to perturbations. Such features would therefore be unlikely to be

observed in the physical system.

Random Variables on the Tangent Bundle

When reducing the dimension of a noisy system, rather than treating the system as a
completely stochastic system, we can separate the deterministic and stochastic parts.
We can therefore take a geometric approach with the deterministic part of the system,
and regard the noise to be produced by random variables on the tangent spaces of the
state space. One could then produce a corresponding set of random variables on the

reduced tangent space that have the appropriate distribution.

7.3.3 A Zoo of Models

In formulating the problem of dimensionality reduction with parameter dependence
(85), we saw that the problem is equivalent to taking two dynamical systems (with
different state and parameter spaces), and obtaining a relationship between them such
that their dynamics agree on a subset of the state space (the attractors) for a region of
parameter space. In this work, we were free the choose the second system (the reduced

model) to make it easy to obtain a solution.
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A similar problem is produced by taking two different models of a physical system
(which may have very different state and parameter spaces) and seeking a relationship
between them. This situation is common in sciences such as biology, where the systems
studied are large and complex, which results in a ‘zoo’ of models of varying shapes,
sizes, and levels of complexity, yet all describing the same underlying physical system.
For example, the most complex models are often those derived from fundamental
physics applied to all components of the system. The parameters in these models are
often physically meaningful, but the state space is high-dimensional and the dynamics
are highly nonlinear. One is therefore constrained to numerical investigations with
such models. At the other end of the spectrum, there are small simple models that are
not derived from physics, but are constructed abstractly in order to mimic observations
made in either experiment or complex models. The parameters in these systems do
not usually have any direct physical interpretation, although the dynamics is simple
enough to permit analysis.

The approaches taken in this work could be adapted for finding connections be-
tween different models of a physical system. This could allow the parameters of a
simple abstract model to be converted into the physically-meaningful parameters of a

complex model.



Appendix A

Linear Algebra

A.1 Adjoint

Theorem A.1.1. Let 4 : X — X be a linear map between inner product spaces.

Then ker AT = (im A)*.
Proof. Since inner products are non-degenerate, we have
g(z,y) =0Vy <z =0. (A.1)
Given 7 € (im A)*,
g(z,Ay) =0 Vy € X. (A.2)
By the definition of the adjoint,

g(A'2,9) =0 Vy € X. (A.3)

By the non-degeneracy of the inner product, this implies AT2 = 0, i.e. & € ker AT
Similarly, given & € ker AT,
g(AT2,y) =0 Vy € X. (A.4)

By the definition of the adjoint,
9(2,Ay) =0 Vy € X, (A.5)
hence & € (im A)L. Therefore ker AT = (im A)*. O

Theorem A.1.2. Let A : X — X be a linear map between inner product spaces.

Then im AT = (ker A)*.

162
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Proof. By Theorem A.1.1,
ker A = ker(ANT
= (im A"+
Hence im AT = (ker A)*. O
Theorem A.1.3. Let 4 : X — X be a linear map between inner product spaces.

Then X = ker A®im A! and X = im A @ ker A are orthogonal decompositions of the

domain and codomain respectively.
Proof. By Theorem A.1.1 and Theorem A.1.2. m

Corollary A.1.4. Let A : X — X be a self-adjoint linear operator on an inner product

space. Then X can be written as the orthogonal decomposition X =im A @ ker A.

Theorem A.1.5. Let 4 : X — X be a linear map between inner product spaces.

Then rank A = rank Af.

Proof. By the rank-nullity theorem we have

dimim A + dimker A = dim X

A (A7)
dimim A" + dimker AT = dim X.
By Theorem A.1.3, X = ker A ®im A" and X =im A @ ker A, and so
dimker A + dimim A" = dim X
A (A8)
dimim A + dimker A" = dim X.
Combining these gives dimim A = dimim Af. ]

A.2 Projections

Lemma A.2.1. Let P, and P, be projections. If [Py, Po] = 0 then P P; is a projection.
Furthermore, if P, and P, are orthogonal projections then so is P, Ps.
Proof.
(PLP2)* = PLP,PL Py
=P (PP, — [P, P)]) P,
= PP} — P [P,P)] P,

:P1P2—P1[P1,P2]P2.
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If [P, P] = 0 then (P2)* = PP, and so P\ P, is a projection. Also consider the
adjoint,
(PiPy)" = (PyPi+ [Py, Py))! (A10)
= P{P} + [P, P!
If [P, ] =0, Pf = P, and P2T = P,, then PP, is self-adjoint. Therefore P, P, is an
orthogonal projection. O
Lemma A.2.2. If P is a projection then id — P is a projection with kernel im P and
image ker P. Furthermore, if P is an orthogonal projection, id — P is an orthogonal
projection.
Proof. If P? = P then
(id — P)* = P* — 2P +id’
(A.11)
=id — P,
so id — P is a projection. Note that (id — P)r = x —x = 0 for all x € im P and
(id— P)x = x for all x € ker P. Therefore im (id — P) = ker P and ker(id — P) = im P.
Furthermore, if P is self-adjoint then
(id — P)t =id" — PT
(A.12)
=id—P

and so id — P is an orthogonal projection. O
Lemma A.2.3. If P, and P, are projections that anti-commute, {P;, P»} = 0, then
P, + P, is a projection. Furthermore, if P, and P, are orthogonal projections, P, + P

is an orthogonal projection.
Proof. If P> = P and {P;, P,} = 0 then
(P + P)? = Pl + PP+ PP + Py
=P+ P+ {P, P} (A.13)
=P+ P

so P, + P, is a projection.

Furthermore, if P, and P, are self-adjoint then
(P +P)' =P/ + P =P +P, (A.14)

and so P, + P; is an orthogonal projection. m
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Lemma A.2.4. If P, and P, are orthogonal projections with orthogonal images, then

P1P2:P2P1:0andso[P17P2]:Oand{P1,P2}:O.

Proof. The kernel of an orthogonal projection is the orthogonal complement of its
image. Therefore im P, C (im P)* = ker P, and im P, C (im P;)* = ker P;. Hence

P1P2:P2P1:0,[Pl,Pg]:()and{Pl,Pg}:O. O

Lemma A.2.5. If P, and P, are orthogonal projections with orthogonal kernels, then

[P, P5] = 0.

Proof. By Lemma A.2.2, id — P, and id — P, are orthogonal projections onto ker P;
and ker P, respectively. Since these have orthogonal images, applying Lemma A.2.4
gives
0=[id— P,id — P
= [id,id] — [id, P] — [Py, 1d] + [Py, P] (A.15)
=[P, P).
O

Lemma A.2.6. If P, and P, are orthogonal projections with orthogonal kernels, then

ker P, P, = ker P; @ ker P;.

Proof. ker P, C (ker P1)* = im P, and ker P; C (ker )+ = im P, therefore the kernel

of one projection is preserved by the other. This means we can write

ker Py P, = (im P, Nker P;) @ ker P,
(A.16)
= ker P, @ ker P5.

O

Proposition A.2.7. If P, and P, are orthogonal projections with orthogonal images,

then P, + P, is an orthogonal projection.
Proof. By Lemma A.2.4 and Lemma A.2.3. O

Proposition A.2.8. If P, and P, are orthogonal projections with orthogonal kernels,

then P, P, is an orthogonal projection with kernel ker P; & ker P.

Proof. By Lemma A.2.5, Lemma A.2.1 and Lemma A.2.6. O
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Proposition A.2.9. Let {v1, -+ ,v4} be a set of mutually orthogonal vectors. The or-
thogonal projection with kernel span {vq, - -+ ,v4} can be decomposed into the sequence

of codimension-1 orthogonal projections,
P=P,---P,, (A.17)
which is independent of the order of composition.

Proof. Since the vectors are mutually orthogonal, by Proposition A.2.8 the RHS is an
orthogonal projection with ker P, --- P,, = ker P,, & - - - @ ker P,, = span {vy,--- ,v4}.
Therefore, as orthogonal projections are uniquely determined by their kernels, P =
P, ---P,,. By Lemma A.2.5 the codimension-1 projections commute and therefore

the decomposition is independent of the order. O



Appendix B

Cones

Lemma B.0.10. Let Cy (k1) and C}(ks) be double cones with § < 7/2. The two cones

have a nontrivial intersection iff cos? a > cos? 20, where cos o = {k1, ka) / ||k1]| |k2||-

Proof. If k; and ks are linearly dependent then cos? v = 1 > cos?260 for any 6, and
the two cones are equal. Therefore we consider the case when k; and ko are linearly
independent. We can reduce the n-dimensional problem to two dimensions by project-
ing onto the 2-dimensional subspace containing k; and ky. Let W : R? — R™ be an
orthonormal map such that W (R?) = span {k;, k2}. Since < 7/2, the intersection of
the kernel of WT with the cones is {0}. By Proposition 3.9.7, WT applied to both cones
produces a pair of double 2-cones in R? of angle 6. Therefore if the intersection of the
cones in R? is trivial, the intersection of the original cones is trivial. Similarly, if the 2-
cones intersect nontrivially, the original cones intersect nontrivially. This allows us to

reduce the n-dimensional case to the 2-dimensional case, which is straightforward. [J

Lemma B.0.11. Let Cy(k) be a double cone and P : R” — R™ be an orthogonal
projection with k£ € im P. Then PCy (k) C Cy (k).

Proof. By Proposition 3.9.7, PCj (k) is a double cone of dimension im P and angle ¢
with axis Pk. For each y € PCj(k),

[y, PE)” = [lyll” | PE||* cos® 6. (B.1)

Since k € im P, Pk = k and
[y, k)P = [lyl1” [[&]I” cos® 6. (B.2)
Hence y € Cy (k). O

167



APPENDIX B. CONES 168

Lemma B.0.12. Let Cy(k;) and Cj(k2) be double cones and P : R* — R" be
the orthogonal projection onto span{kj, ko}. Then PCy (ki) N PCy(ky) = {0} iff
Cg (k1) N Gy (k2) = {0}

Proof. By Lemma B.0.11. O]
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