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Nilpotent blocks of quasisimple groups for the prime two 1

Jianbei An and Charles W. Eaton

Abstract
We investigate the nilpotent blocks of positive defect of the quasisimple groups

for the prime 2. We show that every nilpotent block of a quasisimple group
has abelian defect groups, and give explicit characterisations in many cases. A
conjecture of Puig concerning the recognition of nilpotent blocks is also shown
to hold for these groups.

1 Introduction

Let G be a finite group and k an algebraically closed field of characteristic p. A block B
of kG with defect group D is said to be nilpotent if for each Q ≤ D and each block bQ
of CG(Q) with Brauer correspondent B we have that NG(Q, bQ)/CG(Q) is a p-group,
where NG(Q, bQ) is the stabilizer of bQ under conjugation in NG(Q). In the case of the
principal block B0, D is a Sylow p-subgroup of G and NG(Q, bQ) = NG(Q) for each
Q ≤ D, so that B0 is nilpotent if and only if G is p-nilpotent (i.e., G has a normal
p-complement).

In this paper and in [6], which deals with the odd primes, we are concerned with
two problems relating to nilpotent blocks of quasisimple groups: their occurrence and
their recognition.

Note that blocks of defect zero are nilpotent, and the determination of their exis-
tence for finite simple groups was completed in [16]. We therefore consider the existence
of nilpotent blocks of positive defect of the quasisimple groups.

Explicit characterizations of nilpotent blocks are obtained for classical groups, and
these are used to prove:

Theorem 1.1 Let G be a finite quasisimple group and let B be a nilpotent 2-block of
G. Then B has abelian defect groups.

In a recent paper of Malle and Navarro [23], it has been shown that if B is a p-
block of a quasisimple group G which is not a faithful block of the double cover of an
alternating group An for n ≥ 14, and is not a quasi-isolated block of an exceptional
group of Lie type for p a bad prime, and if every irreducible character of height zero
has the same degree, then B has abelian defect groups. In this case it follows that
nilpotent blocks have abelian defect groups.

With regards to the recognition of nilpotent groups, we consider a conjecture of
Puig, which predicts that a block B of G is nilpotent if and only if l(bQ) = 1 for
each p-subgroup Q and each block bQ of CG(Q) with Brauer correspondent B (where
l(bQ) is the number of irreducible Brauer characters in bQ). The necessary condition
for nilpotency is well-known. The converse is known for blocks with abelian defect
groups (see [25]), and is also known to be a consequence of Alperin’s weight conjecture
(see [29]).

We prove:

1The first author is supported by the Marsden Fund (of New Zealand), via award number UOA
0721 and the second author is supported by a Royal Society University Research Fellowship
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Theorem 1.2 Let G be a finite quasisimple group and let B be a 2-block of G. Then B
is nilpotent if and only if l(bQ) = 1 for each 2-subgroup Q and each block bQ of CG(Q)
with (bQ)G = B.

For the finite groups of Lie type, we show that 2-blocks either have abelian defect
groups (in which case the theorem holds by [25]) or a strong form of non-nilpotency
holds which also implies the theorem.

The main part of the paper concerns the representation theory of finite groups of
Lie type in non-defining characteristic, and makes use of the examination of subpairs
of blocks of classical groups, similar to that given in [13]. The exceptional groups of
Lie type are then treated by examination of the centralizer of an element of the centre
of a defect group, and the results for the classical groups applied.

2 Notation and general results

Let G be a finite group and p a prime. Let k be an algebraically closed field of
characteristic p. Write Blk(G) for the set of blocks of kG and denote by B0(G) the
principal block of G.

Let B be a p-block of a finite groupG. A B-subgroup is a subpair (Q, bQ), whereQ is
a p-subgroup of G and bQ is a block of QCG(Q) with Brauer correspondent (bQ)G = B.
The B-subgroups with |Q| maximized are called the Sylow B-subgroups, and they are
the B-subgroups for which Q is a defect group for B. We will usually write D(B) for
a defect group of B when one may be chosen freely.

A useful result, which follows from [1, 4.21], is the following:

Proposition 2.1 Let B be a block of a finite group G. Suppose a defect group D of B
is abelian. Then B is nilpotent if and only if NG(D, bD) = CG(D), where (D, bD) is a
Sylow B-subgroup.

We have the following lemma by [22, Proposition 6.5]:

Lemma 2.2 Let N be a normal subgroup of a finite group G such that G/N is a p-
group. Suppose that B is a block of G and that b ∈ Blk(N) is covered by B. Then B
is nilpotent if and only if b is nilpotent.

Let B be a block of G and Z ≤ Z(Op(G)). Let B be the unique block of G = G/Z

dominated by B. If (Q, bQ) is a B-subgroup with Z ≤ Q, then CG(Q)/CG(Q) is a
p-group, and by [29, Lemma 1] there is a unique B-subgroup (Q, bQ) corresponding to

(Q, bQ) (where bQ is dominated by the unique block of the preimage in G of CG(Q)

covering bQ), and every B-subgroup may be expressed in this way. It is clear that
l(bQ) = l(bQ) in each case, so we have:

Lemma 2.3 Let B be a block of G and Z ≤ Op(Z(G)). Let B be the unique block of
G = G/Z dominated by B. If l(bQ) = 1 for each B-subgroup (Q, bQ), then l(bQ) = 1

for each B-subgroup (Q, bQ).
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Lemma 2.4 Let B be a 2-block of a finite group K, and let (P, g) ≤ (R, b) be B-
subgroups with P ≤ Z(R) and let Z ≤ O2(Z(CK(P ))). Suppose y ∈ NCK(P )(R, b) \
CK(R) for some y with |y| = 3. Suppose also that either

(i) D(g) ∼= Z2c o Z2 for some integer c ≥ 2 and R ∼= Z(D(g))Q8, or
(ii) D(g)/Z ≤ D2c+1 and R := (RZ)/Z ∼= Z2 × Z2.
Then `(g) ≥ 2.

Proof: Suppose D(g) ∼= Z2c o Z2. We have [NK(R, b):CK(R)R] ≥ 3. Thus case
(bB) of [21] cannot occur (see [21, p.533]), and by [21, Propositions (7.G), (14.E),
(14.G)], `(g) ≥ 2.

Suppose D(g)/Z ≤ D2c+1 , so that D(g)/Z is R or dihedral as R ≤ D(g)/Z. Let
ḡ and b̄ be blocks of CG(P )/Z and CG(R)/Z such that ḡ and b̄ are dominated by g
and b, respectively, so that D(ḡ) = D(g)/Z and `(g) = `(ḡ). By [28], `(ḡ) is the num-
ber of 2-weights of ḡ. If D(ḡ) = R, then ȳ ∈ NK/Z(D(ḡ), b̄) with ȳ = yZ and ḡ has
three weights (D(ḡ), ψi), where each ψi is an extension of the canonical character θ̄ of
b̄ to NK/Z(D(ḡ), b̄). If D(ḡ) is dihedral, then NK/Z(R, b̄)/CK/Z(R) is isomorphic to the

symmetric group S3 and ḡ has at least two weights (R,ψ), (D(ḡ), ψ), where ψ is the
extension of θ̄ to NK/Z(R, b̄) with ψ(1) = 2θ̄(1), and ψ is the canonical character of the
root block bD(ḡ) of ḡ. Thus `(g) = `(ḡ) ≥ 2. 2

Recall that for N � G, a block B of G is said to dominate the block B of G/N if
the inflation to G of a simple kG-module in B lies in B.

The next lemma follows from [29, Lemma 2].

Lemma 2.5 Let Z be a central p-subgroup of a finite group G, B ∈ Blk(G) and B the
block of G := G/Z dominated by B. Then B is nilpotent if and only if B is nilpotent.

Let Z be a central p′-subgroup of a finite group G, and write H = HZ/Z, where
H ≤ G. Let B ∈ Blk(G). There is a unique block B ∈ Blk(G) dominating B. By [24,
Theorem 5.8.8], Irr(B) = Irr(B) and if D is a defect group of B, then DZ/Z ∼= D is a
defect group of B.

IfQ is a p-subgroup of G, then CG(Q) = CG(Q)/Z (since Z is a central p′-subgroup).
Let (Q, bQ) be a B-subgroup. Then Q = QZ/Z for a unique p-subgroup Q of G. Since

CG(Q) = CG(Q)/Z, we may consider the unique subpair (Q, bQ) with bQ dominating
bQ, which we call the Brauer pair dominating (Q, bQ).

The next lemma, proved in [6], says that (Q, bQ) must be a B-subgroup, and that
dominance of subpairs respects the usual partial order on B-subgroups:

Lemma 2.6 Let Z be a central p′-subgroup of a finite group G, and let (Q, bQ) and

(P , bP ) be B-subgroups, where B is the block of G dominated by B. Suppose (Q, bQ) and
(P, bP ) are subpairs of G dominating (Q, bQ) and (P , bP ), respectively. Then (Q, bQ) ≤
(P , bP ) if and only if (Q, bQ) ≤ (P, bP ). In particular, (Q, bQ) is a B-subgroup.

As a consequence (see [6]):

Proposition 2.7 Let G be a finite group, Z ≤ Z(G) and G = G/Z. Suppose B ∈
Blk(G) and B ∈ Blk(G) dominating B. Then B is nilpotent if and only if B is
nilpotent.
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3 The symmetric and alternating groups

Write Ŝn for the double cover of the symmetric group Sn. Then the 2-blocks of Ŝn and
of Sn are in one-to-one correspondence under the natural epimorphism, and the block
corresponding to a nilpotent block is nilpotent (by [29, Lemma 2]). Hence it suffices
to consider Sn (except for the exceptional cases n = 6, 7, which we treat separately).

Proposition 3.1 Let G = Sn with n ≥ 2. If D is a non-trivial defect group of a
nilpotent 2-block, then D is generated by a transposition and n = 2 + m(m + 1)/2 for
some positive integer m. Conversely, if n = 2 +m(m+ 1)/2 for some positive integer
m, then Sn possesses precisely one nilpotent 2-block.

Proof: Let B be a nilpotent block with non-trivial defect group D. Let y ∈ D be
an involution. Suppose that y is a product of t > 1 disjoint transpositions and fixes
every other point. Then CSn(y) ∼= (Z2 o St)× Sn−2t, and in particular CSn(y) contains
a normal elementary abelian 2-group R generated by t disjoint transpositions. Then
R ≤ O2(CSn(y)), and so is contained in every defect group of CSn(y). Hence by a
well-known property of the Brauer correspondence R is contained in a conjugate of D.
So D contains an elementary subgroup Q of order 4 such that CSn(Q) ∼= Q × Sn−4

and NSn(Q) ∼= S4 × Sn−4. Now every 2-block of CSn(Q) is NSn(Q)-stable. Since
[NSn(Q) : CSn(Q)] = 6, it follows that B cannot be nilpotent. Hence D is generated
by a transposition.

Note that every block with defect groups of order two is nilpotent. The blocks of
Sn with defect group D generated by a transposition are in one-to-one correspondence
with the blocks of NSn(D) ∼= D × Sn−2 with defect group D, and hence in one-to-one
correspondence with the blocks of defect zero of Sn−2. Since a Young diagram for Sn−2

is a 2-core precisely when n− 2 = m(m+ 1)/2 for some positive integer m, and in this
case there is precisely one such diagram, the result follows by Nakayama’s Conjecture.
2

Corollary 3.2 Let G = An with n ≥ 3. Then G possesses no nilpotent 2-block of
positive defect.

Proof: This follows immediately from Proposition 3.1 and Lemma 2.2, since the
defect groups of nilpotent blocks of positive defect of Sn do not lie in An. 2

Corollary 3.3 Let G be a quasisimple group with G/Z(G) ∼= An for some n. Then G
has no nilpotent 2-block with non-central defect groups.

Proof: The exceptional covers 6.A6 and 6.A7 follow by observing that every block
with non-central defect groups has at least two irreducible Brauer characters (see [14]).
The result then follows from Corollary 3.2 and Lemma 2.5. 2

Proposition 3.4 Let B be a 2-block of a quasisimple group G such that G/Z(G) ∼= An
for some n. Then B is nilpotent if and only if l(bQ) = 1 for each B-subgroup (Q, bQ).
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Proof: It suffices to show the sufficient condition for nilpotency. Let D be a defect
group for B. The exceptional covers 6.A6 and 6.A7 follow by observing that every block
with non-central defect groups has at least two irreducible Brauer characters (see [14]).
Hence we may suppose that G is simple or a double cover of some An. By Lemmas 2.3
and 2.5 it suffices to consider the case G ∼= An. Let G ≤ E ∼= Sn, and let C be the
unique 2-block of E covering B.

By, for example, [17, 6.2.2], l(C) = p(w), where w is the weight of C and p(w) is
the number of partitions of w. If |D| = 2, then B is nilpotent. Suppose that |D| ≥ 4,
so C has defect at least two. Then w ≥ 2, and l(C) = p(w) ≥ 2. Hence we must have
l(B) > 1, and the result follows. 2

4 Sporadic groups and their covers

In this section we determine the nilpotent blocks with non-central defect groups of
quasisimple groups G where G/Z(G) is one of the 26 sporadic simple groups. Note
that due to Lemma 2.5 it suffices to consider the case Z(G) has odd order.

We show that each 2-block of such a group (where |Z(G)| is odd) with defect greater
than one has at least two irreducible Brauer characters. In most cases this may be seen
using the library in [14]. As a consequence every nilpotent block of any quasisimple
group G with G/Z(G) sporadic has abelian defect groups.

Proposition 4.1 Let G be a quasisimple group such that G/Z(G) is a sporadic simple
group. Let B be a 2-block of G and let D be a defect group of B. If |D| ≥ 4, then
l(B) > 1.

Proof: It suffices to consider the case |Z(G)| odd. If D is cyclic, then the result
follows from the theory of blocks with cyclic defect groups. In the following table we
list the numbers of irreducible Brauer characters in 2-blocks with non-cyclic defect
groups, along with a reference. A ’*’ will be used to denote a faithful block in a group
with non-trivial centre. The result then follows from examination of the table.

Note that since |Z(G)| is odd, if Q is a 2-subgroup of G, then

CG/Z(G)(QZ(G))/Z(G)) ∼= CG(Q)/Z(G).

We treat each of the cases for which the number of simple kG-modules in each block
is not currently given either in [14] or other references of which we are aware.

Suppose G ∼= Ly. Then G as two blocks of positive defect by [26], the principal
block B0 and a block B1 of defect seven, and k(B0) := |Irr(B0)| = 25. But G has one
conjugate class of involutions and one of elements of order 4, and two of order 8, so
k(B0) = l(B0) + l(b1) + l(b2) + l(b3) + l(b′3), where bi = B0(CG(zi)) with |zi| = 2i and
b′3 = B0(CG(z′3)) such that z′3 is another element of order 8 which is non-conjugate to
z3. Now CG(z1) = Â11, CG(z2) = (4 ◦ Â7).2, CG(z3) = 8 ◦ Â5 and CG(z′3) = 8.A4, so

l(b1) = l(B0(A11)), l(b2) = l(B0(S7)), l(b3) = l(B0(A5)) and l(b′3) = 3.

The Brauer characters of A11 and A5 are given by [18], and a calculation shows that
l(B0(A11)) = 7 and l(B0(A5)) = 3. Since l(B0(S7)) is the number of partitions of the
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weight 3, it follows that l(b2) = 3, and l(B0) = 25− 7− 3− 3− 3 = 9. Since G has 10
blocks of defect 0 and 27 regular classes, it follows that l(B1) = 27− 9− 10 = 8.

G/Z(G) |D| `(B) reference

M11 24 3 [14]

M12 26/22 3/3 [14]

M22 27/27/27 7/5∗/5∗ [14]

M23 27 9 [14]

M24 210 13 [14]

J1 23 5 [14]

J2 27/22 7/3 [14]

J3 27/27/27 10/10∗/10∗ [14]

J4 221 22 [8]

HS 29/22 6/3 [14]

McL 27/27/27 8/8∗/8∗ [14]

Suz 213/23/213/213 14/3/14∗/14∗ [14]

Ly 28/27 9/8 [26]

He 210/23 11/3 [14]

Ru 214/22 6/3 [14]

O′N 29/23/29/29 5/3/5∗/5∗ [14]

Co3 210/23 10/5 [14]

Co2 218 12 [14]

Co1 221/23 26/2 [7]

Fi22 217/217/217 14/11∗/11∗ [14]

Fi23 218/23 20/2 [14]

Fi′24 221/22/23/221/221/23/23 33/3/3/22∗/22∗/3∗/3∗ [5]

Th 215 18 [27]

HN 214/24 17/3 [14]

F2 = B 241/23 25/2

F1 = M 246/24 52/3

Table 1: Numbers of irreducible Brauer characters in 2-blocks with non-cyclic, non-
central defect groups of covering groups of sporadic simple groups

Suppose G ∼= Th. Then G has three 2-blocks of defect zero and the principal block
(see [27]). By [11] l(G) = 21, so l(B0(G)) = 18.

Suppose G ∼= 3.F i′24. By [5] there is a unique block of maximal defect and a
unique block with D8 defect groups covering each block of Z(G). Further, there
is a non-faithful block with Klein-four defect groups. The non-faithful blocks have
33 or 3 simple kG-modules. Now (see [20]), if D ∼= D8 is a defect group, then
(DZ(G)/Z(G))CG/Z(G)(DZ(G)/Z(G)) ∼= D8×Sp6(2), soDCG(D) ∼= Z(G)×D×Sp6(2)
and the blocks with defect group D have the same number of simple kG-modules, i.e.,

6



three. By consideration of character degrees in [11], G as no faithful blocks of defect
one. Further, there are 25 simple kG-modules covering each faithful simple kZ(G)-
module. So the faithful blocks of maximal defect each have 22 simple modules.

Suppose G ∼= F2, the baby monster. It is clear from [11] that G has no 2-blocks
of defect zero. By [20] G has two blocks of positive defect, the principal block B0(G)
and another B1 with defect group D8, where l(B1) = 2. Since l(G) = 27, we have
l(B0(G)) = 25.

Suppose G ∼= M , the monster group. By [20] G has two blocks of positive defect:
the principal block B0(G) and one B1 with semi-dihedral defect groups of order 16.
From [11] we see that G has three 2-blocks of defect zero. By [19] we have l(B1) = 3.
Since l(G) = 58, it follows that l(B0(G)) = 52. 2

Corollary 4.2 Let G be a quasisimple group such that G/Z(G) is a sporadic simple
group. Then G has no nilpotent block with defect group D such that D/Op(Z(G)) has
of order greater than two. In particular, every nilpotent block of G has abelian defect
groups.

Corollary 4.3 Let G be a quasisimple group such that G/Z(G) is a sporadic simple
group. Then B is nilpotent if and only if l(bQ) = 1 for each B-subgroup (Q, bQ).

5 Notation for classical groups

Let V be a linear, unitary, non-degenerate orthogonal or symplectic space over the field
Fq, where q = ra for some odd prime r. We will follow the notation of [4], [9], [12]
and [13].

If V is orthogonal, then there is a choice of equivalence classes of quadratic forms.
Write η(V ) for the type of V as defined in [13], so η(V ) = η = + or −. Let η(V ) = +
if V is linear and η(V ) = − if V is unitary. If V is non-degenerate orthogonal or
symplectic, then denote by I(V ) the group of isometries on V and let I0(V ) = I(V ) ∩
SL(V ).

If V is symplectic, then I(V ) = I0(V ) = Sp2n(q).
If V is a (2n + 1)-dimensional orthogonal space, then I(V ) = 〈−1V 〉 × I0(V ) with

I0(V ) = SO2n+1(q).
If V is a 2n-dimensional orthogonal space, then I(V ) = Oη(V ) = Oη

2n(q) and
I0(V ) = SOη

2n(q).
If V is a 2n-dimensional non-degenerate orthogonal or symplectic space, then denote

by J0(V ) the conformal isometries of V with square determinant. If V is orthogonal
of dimensional at least two, then write D0(V ) for the special Clifford group of V (cf.
[13]).

Denote by GL+(V ) the general linear group GL(V ) and GL−(V ) the unitary group
U(V ).

Let G = GLη(V ) or I(V ). Write Fq = Fq(G) for the set of (monic) polynomials
serving as elementary divisors for semisimple elements of G (cf. [4, p.6]). If G =
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GL−(V ), then partition Fq as in [12] by writing:

F1 = {∆ ∈ Fq : ∆ irreducible, ∆ 6= X, ∆ = ∆̃},
F2 = {∆∆̃ ∈ Fq : ∆ irreducible, ∆ 6= X, ∆ 6= ∆̃},

where ∆̃ is the monic irreducible polynomial whose roots are the q-th power of those
of ∆. If G = I(V ), then partition Fq as in [13] by writing:

F0 = {X ± 1},
F1 = {∆ ∈ Fq −F0 : ∆ irreducible, Γ 6= X, ∆ = ∆∗},
F2 = {∆∆∗ ∈ Fq −F0 : ∆ irreducible, ∆ 6= X, ∆ 6= ∆∗},

where ∆∗ is the monic irreducible polynomial whose roots are the inverses of those of
∆. Let dΓ be the degree of Γ ∈ Fq, and define the reduced degree δΓ as in [4] and [13],
so that δΓ = dΓ if G = GLη(V ) or Γ ∈ F0, and δΓ = 1

2
dΓ if G = I(V ) and Γ ∈ F1 ∪F2.

For integers c,m, we write 2c‖m when 2c | m and 2c+1 - m, and we let a ≥ 2 be
the integer such that 2a+1‖(q2 − 1). Let ε = ±1, chosen so that 2a | (q − ε). For each
Γ ∈ Fq, define εΓ = 1 when G = GL(V ), otherwise define

εΓ =


ε if Γ ∈ F0,
−1 if Γ ∈ F1,
1 if Γ ∈ F2.

Let eΓ be the multiplicative order of εΓq
δΓ modulo 4. Thus we may write eΓδΓ =

e2αΓδ′Γ for some αΓ and δ′Γ with odd δ′Γ, where e = eX−1.
Given a semisimple element s ∈ G, there is a unique orthogonal decomposition

V =
∑

Γ∈Fq VΓ(s), with s =
∏

Γ∈Fq s(Γ), where the VΓ(s) are nondegenerate subspaces

of V and s(Γ) ∈ U(VΓ(s)), GL(VΓ(s)) or I(VΓ(s)) (depending on G) has minimal
polynomial Γ. This is called the primary decomposition of s. Write mΓ(s) for the
multiplicity of Γ in s(Γ). We have CG(s) =

∏
Γ∈Fq CΓ(s), where CΓ(s) = I(VΓ(s)) or

GLεΓ(mΓ(s), qδΓ) as appropriate.

6 Blocks of linear and unitary groups

Suppose G = GLηn(q) = GLη(V ) and r is an odd prime, and let B be a 2-block of G.
Then B = E2(G, (s)) for some semisimple 2′-element s ∈ G. For convenience we denote
GLη(V ) by G(V ) and SLη(V ) by S(V ).

Theorem 6.1 Let G = GLη(V ) = GLη(n, q). Then the following are equivalent.

(a) B is a nilpotent block of G.

(b) mΓ(s) ≤ 1 for all Γ ∈ Fq.

(c) Let (D, bD) be a Sylow B-subgroup and θ the canonical character of bD. Write
C = CG(D). Then θ = ±RC

T (s) with T = CC(s) a torus of both G and C, and
D = O2(T ). Here RC

T (s) is the Deligne-Lusztig generalized character.
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In particular, if B is nilpotent, then D is abelian.

Proof: In this proof, to avoid confusion with notation we write S(n) for the
symmetric group on n letters.

Let s =
∏

Γ s(Γ) be a primary decomposition, so that V =
⊕

Γ VΓ with VΓ = VΓ(s)
the underlying space of s(Γ). Thus

CG(s) =
∏

Γ

CΓ, CΓ = GLεΓ(mΓ, q
δΓ) (6.1)

with mΓ = mΓ(s) and CΓ = CΓ(s). We may suppose D ∈ Syl2(CG(s)), so that

D =
∏

Γ

DΓ, DΓ ∈ Syl2(CΓ). (6.2)

So D is a direct product of iterated wreath product 2-groups. Write

mΓ = nΓ + 2c1+1 + · · ·+ 2ct+1 (6.3)

where 0 ≤ c1 < · · · < ct and nΓ = 0 or 1 according as mΓ is even or odd.
Let UΓ be the underlying space of GLη(dΓ, q) and WΓ = UΓ ⊥ UΓ the underlying

space of GLη(2dΓ, q). Let

WΓ(i) = WΓ ⊥ · · · ⊥ WΓ (2ci terms) (6.4)

for i > 0, and WΓ(0) = UΓ or WΓ(0) = 0 according as nΓ = 1 or 0.
Let YΓ = GLεΓ(2, qδΓ) be a regular subgroup of G(WΓ) = GLη(2dΓ, q) and SΓ ∈

Syl2(YΓ). Then

VΓ = WΓ(0) ⊥ WΓ(1) ⊥ · · · ⊥ WΓ(t), DΓ = S0

∏
i≥1

(SΓ oX2ci ), (6.5)

where SΓ o X2ci ≤ (YΓ)2ci ≤ G(WΓ(i)) for i > 1, and S0 = O2(GLεΓ(1, qδΓ)) or 1
according as nΓ = 1 or 0, and X2ci ∈ Syl2(S(2ci)).

For i ≥ 1, set E(SΓ oX2ci ) = (SΓ)2ci to be the base subgroup of SΓ oX2ci and let

E(D) :=
∏

Γ

E(DΓ), E(DΓ) := S0

∏
i≥1

E(SΓ oX2ci ) = S0 × (SΓ)(mΓ−nΓ)/2, (6.6)

so that E(D)�D and each component is either cyclic or equal to SΓ for some Γ. Thus
E(D) is abelian if and only if D is abelian if and only if each mΓ ≤ 1 if and only if
CG(s) is a maximal torus of G.

Let HΓ � YΓ such that HΓ
∼= SL(2, qδΓ), so that SΓ ∩HΓ ∈ Syl2(HΓ) and SΓ ∩HΓ

is generalized quaternion. By [3, (1H) (a)], SΓ ∩ HΓ contains a quaternion subgroup
QΓ
∼= Q8 such that

NHΓ
(QΓ)/QΓ = Z3 or S(3) (6.7)

according as qδΓ ≡ ±3 mod 8 or qδΓ ≡ ±1 mod 8. Note that QΓ is unique up to
YΓ-conjugacy (see [3, (1G)]).
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Let xΓ ∈ QΓ such that |xΓ| = 4 and xΓ is primary viewed as an element of G(WΓ), so
that xΓ is uniquely determined up to conjugacy in G(WΓ). Let A(SΓ) := Z(SΓ)〈xΓ〉 ≤
SΓ and L0(Γ) = CG(UΓ)(S0), so that

L(Γ) := CG(WΓ)(A(SΓ)) = GLε(δ′Γ, q
e2αΓ )×GLε(δ′Γ, q

e2αΓ ) or GLε(dΓ, q
eΓ) (6.8)

and L0(Γ) = GLε(δ′Γ, q
e2αΓ ) or G(UΓ) according as 4 | (qδΓ − εΓ) or 4 - (qδΓ − εΓ). Let

A(D) :=
∏

Γ

A(DΓ), A(DΓ) := S0 × A(SΓ)(mΓ−nΓ)/2 ≤ E(DΓ).

Then A(D) is abelian and A(D) = D if and only if D is abelian. In addition,

CG(A(D)) =
∏

Γ

(L0(Γ)nΓ × L(Γ)(mΓ−nΓ)/2), (6.9)

where L(Γ) is given by (6.8) and L0(Γ)nΓ := 1 when nΓ = 0. Thus CG(A(D)) is regular
in G, s ∈ CG(A(D)) and

CCG(A(D))(s) =
∏

Γ

(GLεΓ(1, qδΓ)nΓ ×GLεΓ(1, qeΓδΓ)(mΓ−nΓ)/eΓ). (6.10)

Let (A(D), b) be a B-subgroup, so that b = E2(CG(A(D)), (s)) and D(b) is a
Sylow 2-subgroup of CCG(A(D))(s). But CCG(A(D))(s) is a maximal torus, so D(b) =
O2(CCG(A(D))(s)) is abelian.

Suppose m∆ ≥ 2 for some ∆. By (6.7), there exists u∆ ∈ NH∆
(Q∆) with |u∆| = 3

and three elements x∆,1, x∆,2, x∆,3 of Q∆ such that |x∆,i| = 4 and u∆ acts transi-
tively on the set {x∆,1, x∆,2, x∆,3}, Q∆ is generated by any two distinct elements in
{x∆,1, x∆,2, x∆,3} and [u∆, Z(S∆)] = 1.

Let y∆ ∈ G(V∆) such that

[V∆, y∆ ] = [V∆, H∆ ] = W∆, and (y∆)|[V∆,y∆ ] = u∆

and set yΓ = 1 when Γ 6= ∆. Define Ai(S∆) := Z(S∆)〈x∆,i〉 ≤ Z(S∆)Q∆, Ai(D∆) :=
S0 × A(S∆)(m∆−n∆)/2−1 × Ai(S∆) ≤ E(D∆), and

Ai(D) :=
∏
Γ 6=∆

A(DΓ)× Ai(D∆), y :=
∏

Γ

yΓ. (6.11)

Then y ∈ CG(s), |y| = 3, det y = 1 and y permutes transitively the three abelian
subgroups {A1(D), A2(D), A3(D)}. Note that CG(Ai(D)) is given by (6.9),

y = 1CV (y) × u∆, [V, y] = W∆, Ai(S∆) ≤ Z(S∆)Q∆ ≤ Z(S∆)H∆ ≤ Y∆ ≤ G(W∆).

Let Q(D∆) = 〈A1(D∆), A2(D∆)〉 and Q(D) = 〈A1(D), A2(D)〉, so that

Q(D) =
∏
Γ6=∆

A(DΓ)×Q(D∆), Q(D∆) = S0 × A(S∆)(m∆−n∆)/2−1 × Z(S∆)Q∆.
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Thus CG(V∆)(Q(D∆)) = L0(∆)n∆ × L(∆)(m∆−n∆)/2−1 × CG(W∆)(Z(S∆)Q∆),

CG(W∆)(Z(S∆)Q∆) = GLε(δ′∆, q
e2α∆ )⊗ I2 := {x⊗ I2 : x ∈ GLε(δ′∆, q

e2α∆ )}, (6.12)

and
CG(Q(D)) =

∏
Γ6=∆

(L0(Γ)nΓ × L(Γ)(mΓ−nΓ)/2)× CG(V∆)(Q(D∆)). (6.13)

Since A1(D) ≤ Q(D) ≤ D ≤ CG(s) and since CG(A1(D)) ∩CG(s) is a torus, it follows
that CCG(Q(D))(s) is a torus.

Let (Q(D), bQ) be a B-subgroup, so that we may suppose D(bQ) ≤ CCG(Q(D))(s).
Thus D(bQ) is abelian and D(bQ) = O2(CCG(Q(D))(s)).

If we identify CG(W∆)(Z(S∆)Q∆) with GLε(δ′∆, q
e2α∆ ), then by (6.12),

〈Z(S∆)Q∆, u∆〉 ≤ CG(W∆)(CG(W∆)(Z(S∆)Q∆)) ∼= GL2(q)Z(GLε(δ′∆, q
e2α∆ )),

since GL2(q)⊗GLη(d∆, q) ≤ G(W∆) and GLε(δ′∆, q
e2α∆ ) ≤ G(U∆) = GLη(d∆, q). Thus

〈Q(D), y〉 ≤ CG(CG(Q(D))) (6.14)

and in particular, y centralizes CG(Q(D)), and so byQ = bQ. Thus if B is nilpotent,
then mΓ(s) ≤ 1 for all Γ ∈ Fq.

Conversely, if mΓ(s) ≤ 1 for all Γ ∈ Fq, then CΓ = GLεΓ(1, qδΓ) and so NCΓ
(DΓ) =

CCΓ
(DΓ) = CΓ. Thus D is abelian,

NCG(s)(D) = CCG(s)(D) = CG(s).

The canonical character of bD is labelled by (s, 1) and is stable in NG(D, bD). Let x ∈
NG(D, bD). Then sx and s are CG(D)-conjugate elements of the abelian group CG(D),
and so sx = s. Hence x ∈ CG(s) ≤ CG(D), and we have shown NG(D, bD) = CG(D).
By Proposition 2.1, B is nilpotent.

The equivalence of (b) and (c) follows by [9]. 2

Recall that for integers c,m, we write 2c‖m when 2c | m and 2c+1 - m, and we let
a ≥ 2 be the integer such that 2a+1‖(q2 − 1).

Remark 6.2 (a) Suppose G = GLη(2d∆, q) = G(W∆) = G(V ) with 2 | d∆. Following
the notation in the proof above, let Q′(D) = Q∆ ≤ S(W∆) ∩D and A′i(D) = 〈x∆,i〉 ≤
Q∆. Then Q′(D) ≤ S(V ),

CG(A′i(D)) = GLη(d∆, q)×GLη(d∆, q) or GLε(d∆, q
e) (6.15)

according as 4|(q − η) or 2‖(q − η), and CG(Q′(D)) = GLε(d∆, q)⊗ I2. In addition, if
(Q′(D), bQ′) is a B-subgroup, then D(bQ′) is abelian, y centralizes CG(Q′(D)) and so
byQ′ = bQ′.

(b) Suppose m∆ ≥ 2 and follow the notation in the proof above. Then

V = V1 ⊥ V2, D = D1 ×D2, (6.16)

11



where D1 is abelian and each direct component of D2 is a wreath product of the form
SΓ oX2c, V1 = [D1, V ], V2 = [D2, V ]. Thus

Q(D) = D1 ×Q(D2), Q(D2) = Q0(D2)×Q1(D2), Q1(D2) = Z(S∆)Q∆,

where each direct component of Q0(D2) has the form Z(SΓ)〈xΓ〉. Let Q = Q(D) or
Z(Q(D)), Q2 = Q(D2) or Z(Q(D2)) and R = Q∩S(V ). Then CG(R) = CG(Q) except
when the rank of Ω1(D1) is 2 and D1 ∩ S(V1) = {±1V1}, in which case,

CG(R) = G(V1)× CG(V2)(Q2).

In particular, if (R, bR) ≤ (Q, gQ) ≤ (Q(D), bQ), then D(bR) = D(gQ) and byR = bR as
y ∈ S(V2) and y centralizes CG(V2)(Q(D2)).

(c) Following the notation of (b), let P = Z(Q(D)), so that CG(P ) is regular and
y ∈ CG(P ) ∩ S(V ). If ZG := O2(CG(P )) and (P, bP ) ≤ (Q(D), bQ), then D(bP )/ZG ∼=
D2c+1 with c ≥ a, ZG ≤ Z(CG(P )), and yZG normalizes (Q(D)ZG)/ZG ∼= Z2 × Z2.

Proof of (a) Since 2 | d∆, it follows that ε∆ = 1 and D = Z2a+1+α oZ2 with 2a+1+α‖(qd∆−
1). Since SL(2, qe2

α∆ ) contains subgroups Zqe2
α∆±1, it follows that D ≤ S(V ). The rest

of (a) is clear.

Proofs of (b) and (c) If 4|(qδΓ − εΓ), then SΓ = Z2c o Z2 and Z(SΓ) = O2(GLεΓ(1, qδΓ)),
where c ≥ a ≥ 2. If 4 - (qδΓ − εΓ), then SΓ is a semidihedral group SD2a+2 and
Z(SΓ) = {±1WΓ

}. So CG(V2)(R2) = CG(V2)(Q2) with R2 = Q2 ∩ S(V2) and the rest of
(b) is clear.

Let ηΓ = 0 or 2 according as Γ 6= ∆ or Γ = ∆. Then P = D1 ×Q0(D2)× Z(S∆),

CG(P ) =
∏

Γ

(L0(Γ)nΓ × L(Γ)(mΓ−nΓ)/2−ηΓ)×GLε(2δ′∆, q
e2α∆ ).

Let M(H) = CH([H,H]) for any H ≤ G. Then M(SΓ) ∼= Z2c ×Z2c or Z2a+1 according
as 4 | (qδΓ − εΓ) or 4 - (qδΓ − εΓ), and in the former case, M(SΓ) is the base subgroup
of SΓ. In both cases, CG(WΓ)(M(SΓ)) = L(Γ) and O2(L(Γ)) = M(SΓ). Thus

O2(CG(P )) =
∏

Γ

(O2(L0(Γ)nΓ)×M(SΓ)(mΓ−nΓ)/2−ηΓ)× Z(S∆), (6.17)

D(bP ) = O2(CCG(P )(s)) =
∏

Γ(O2(L0(Γ))nΓ×M(SΓ)(mΓ−nΓ)/2−ηΓ)×S∆ andO2(CG(P )) ≤
Z(CG(P )). Thus D(bP )/ZG ∼= S∆/Z(S∆) ∼= D2c+1 or D2a+1 . Since y ∈ NCG(P )(Q(D))
and ZG ≤ Z(CG(P )), it follows that yZG normalizes (Q(D)ZG)/ZG.

7 A condition related to nilpotency

In order to investigate nilpotent blocks of exceptional groups of Lie type it is not
sufficient just to find the nilpotent blocks of classical groups. We need in addition
a condition stronger than nilpotency which we will see occurs for blocks of classical
groups with nonabelian defect groups. In particular it species an element of order three
causing the block to be nonnilpotency, and relates blocks with those of covering groups.
We have in mind groups of Lie type and extensions by diagonal automorphisms.
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Property 7.1 Let K be a normal subgroup of a finite group H and p = 2, and let
B ∈ Blk(K) and BH ∈ Blk(H) such that BH covers B.

(a) There exist B-subgroups (P, g) ≤ (R, b) and an element y ∈ NCK(P )(R) \ CK(R)
such that P ≤ Z(R), `(g) ≥ 2, D(b) is abelian,

|y| = 3 and by = b.

Moreover, if (R, bH) is a BH-subgroup with bH covering b, then D(bH) is abelian
and byH = bH .

(b) Both D(B) and D(BH) are abelian.

Proposition 7.2 Suppose one of Property 7.1 (a) or (b) holds for a block B. Then B
is nilpotent if and only if l(bQ) = 1 for every B-subgroup (Q, bQ).

Proof: If (a) holds, then the result is immediate since l(g) > 1. If (b) holds, then
this is [25, Theorem 3]. 2

We prove a lemma which will be useful in establishing the given properties. Let H
be a finite group, K�H, Z ≤ Z(H)∩K and K := K/Z ≤ H := H/Z. Let B ∈ Blk(K)
and B ∈ Blk(K) dominating B, and (Q, bQ) a B-subgroup. Let γ : H → H be the
natural homomorphism and X = γ(X) for any X ⊆ H,

If Z is a p′-group, then (Q, b̄Q) is defined in Section 2 and it is a B-subgroup.
Suppose Z is a p-group. Then γ−1(CK(Q)) ≤ NK(QZ) and γ−1(CK(Q))/CK(Q) is

a p-group. Thus γ−1(CK(Q)) has a unique block b̂Q covering bQ and we denote b̄Q
the block of CK(Q) corresponding to b̂Q, so that by [29, Lemma 1], (Q, b̄Q) is also a
B-subgroup.

In general, since K ∼= (K/Op(Z))/(Z/Op(Z)) and Z/Op(Z) ≤ Z(K/Op(Z)), it
follows that (Q, b̄Q) is defined and is a B-subgroup.

Lemma 7.3 Let H be a finite group, K �H, Z ≤ Z(H) ∩K. Define K := K/Z and
H := H/Z. Let B ∈ Blk(K) and B ∈ Blk(K) dominating B. Suppose B-subgroups
(P, g) ≤ (R, b) satisfy Property 7.1 (a). In addition, if Z = O2(Z), then suppose,
moreover that CH(P )/Z = CH(P ) and CH(R)R/Z = CH(R). Then the B-subgroups
(P , ḡ) ≤ (R, b̄) satisfy Property 7.1 (a).

Proof: Let BH ∈ Blk(H) covering B, and BH ∈ Blk(H) dominating BH and
χ ∈ Irr(BH), so that χ covers some ψ ∈ Irr(B). But Irr(BH) ⊆ Irr(BH) and Irr(B) ⊆
Irr(B), so BH covers B.

Let f be the unique block of Z covered by B. Then each character χ of Irr(B)
covers a character of Irr(f). Since Irr(B) ⊆ Irr(B), it follows that f is principal. Since
(P, g) is a B-subgroup and Z ≤ Z(K) and since B covers f , it follows that g covers f ,
and similarly, b covers f .

Since CK(PZ) = CK(P ), it follows that we may suppose O2(Z) ≤ P . Let y ∈
NCK(P )(R) \ CK(R) with y3 = 1 and by = b.

We may suppose Z is either a 2-group or a 2′-group. Then by [29, Lemma 1 (iii)]
and Lemma 2.6, (P , ḡ) ≤ (R, b̄) are B-subgroups. If Z is a 2′-group, then CK(R)/Z =
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CK(R). If Z is a 2-group, then CH(R)/Z = CH(R), γ−1(CH(R)) = CH(R) and so
γ−1(CK(R)) = CK(R). Thus CK(R)/Z = CK(R) and D(b)/Z = D(b̄). So D(b̄) is
abelian as D(b) is abelian.

Let (R, b̄H) be a BH-subgroup with b̄H covering b̄. There exists a BH-subgroup
(R, bH) such that bH dominates b̄H . Then bH covers b and so bH has an abelian defect
group D(bH) and hence D(b̄H) = D(bH)Z/Z is abelian.

Since |y| = 3 and y ∈ NCK(P )(R) \ CK(R), it follows that |ȳ| = 3 and ȳ ∈
NCK(P )(R) \CK(R). Since the canonical character θH of bH is the lift of the canonical

character θ̄H of b̄H and since θyH = θH , it follows that b̄ȳH = b̄H . Similarly, b̄ȳ = b̄ and
since `(ḡ) = `(g), it follows that `(ḡ) ≥ 2. 2

8 Classical groups

Proposition 8.1 Let K := SLηn(q) ≤ H ≤ G := GLηn(q) = GLη(V ), Z ≤ Z(K),
B ∈ Blk(K), BH ∈ Blk(H) covering B. Let BG ∈ Blk(G) be a weakly regular cover of
BH , and R := Q(D(BG)) ∩K, except when D(BG) = Z2a+1+α o Z2 for some α ≥ 0, in
which case R = Q′(D) as defined in Remark 6.2 (a). Then either Property 7.1 (a) holds
for (Z(R), g) ≤ (R, b) with CH(Z(R))/Z = CH(Z(R)/Z) and CH(R)R/Z = CH(R),
or Property 7.1 (b) holds.

Proof: Suppose BG = E2(G, (s)). Since BH covers B, it follows that D(B) =
D(BH) ∩ K for some defect group D(BH). There exists a defect group D(BG) such
that D(BH) = D(BG) ∩H, so

D(B) = D(BH) ∩K = D(BG) ∩K and D(BH) = D(BG) ∩H.

We may suppose D(BG) ∈ Syl2(CG(s)).
Set RG = Q(D(BG)) or Q′(D(BG)) according as D(BG) 6∼= Z2a+1+α oZ2 for all α ≥ 0

or D(BG) ∼= Z2a+1+α o Z2 for some α ≥ 0. Then RG and CG(RG) are given by (6.13) or
Remark 6.2 (a) with Q(D) or Q′(D) replaced by RG.

In the notation of the proof of Theorem 6.1, suppose mΓ ≤ 1 for all Γ. Then D(BG)
is abelian, and both D(B) and D(BH) are abelian. So we suppose, moreover m∆ ≥ 2
for some ∆. There exists y ∈ CG(s) ∩ K such that y ∈ NG(RG) \ CG(RG), |y| = 3,
y|VΓ

= 1VΓ
for all Γ 6= ∆. Let RH := RG ∩H and R = RG ∩K.

(1). Note that CG(R) is given in Remark 6.2 (b). Let (R, b) be a B-subgroup,
(R, bH) a BH-subgroup such that bH covers b, and (R, bG) a BG-subgroup such that
bG coves bH . By Remark 6.2 (b) and the proof of Theorem 6.1, D(bG) is abelian, so
both D(b) and D(bH) are abelian as we may suppose D(b) = D(bH) ∩ CK(R) and
D(bH) = D(bG) ∩ CH(R).

Let P = Z(R), (P, g) ≤ (R, b), (P, gG) ≤ (R, bG) such that gG covers g and y ∈
NCK(P )(R, bG) \ CG(R) given by (6.11). By (6.14), y centralizes CG(R), so by = b and
hence y ∈ NCK(P )(R, b) as CK(R) ≤ CG(R). Similarly, y ∈ NCH(P )(R, bH).

Suppose m∆ = 2 and mΓ = 0 for all Γ 6= ∆. Then R = O2(Z(K))Q8 or Q8

according as d∆ is odd or even. Thus G = GLη(2d∆, q), P = Z(R) ≤ Z(G) and
so CG(P ) = G. Suppose x ∈ G such that for any u ∈ R, x−1ux = zu for some
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z ∈ O2(Z(G)), so that x ∈ NG(R). Since Out(Q8) = O−2 (2) = GL2(2), it follows that if
x 6∈ CG(R)R, then x−1y1x = y1 and x−1y2x = y1y2 for some yi ∈ R with 〈y1, y2〉 ∼= Q8.
Now zy2 = x−1y2x = y1y2 and y1 = z ∈ Z(G), which is impossible. It follows that
x ∈ CG(R)R and so CG(R)R/Z = CG/Z(R/Z).

Suppose m∆ ≥ 3 or m∆ = 2 but mΓ ≥ 1 for some Γ 6= ∆. A similar proof to
above shows that for any 1 6= Z ≤ Z(K), CG(P )/Z = CG/Z(P/Z) and CG(R)R/Z =
CG/Z(R/Z).

(2). Suppose G = GLη(2d∆, q) and D(BG) = Z2a+1+α o Z2 with α ≥ 0 for some
∆. By Remark 6.2 (a), D(B) = D(BG), R = Q8, P ≤ Z(K) and g = B. But
Q(D(B)) = Z(D(B))Q8 and y ∈ NK(Q(D), bQ), so by Lemma 2.4, `(B) ≥ 2.

Suppose D(BG) 6∼= Z2a+1+α o Z2, so that RG = Q(D(BG)). Let PG = Z(RG),
ZG = O2(CG(PG)) and ZK = ZG ∩ K. By Remark 6.2 (c), ZG ≤ Z(CG(PG)) and
D(gG)/ZG = D2c+1 with c ≥ a. Since R ≤ D(g) = D(gG) ∩ K, it follows that
R := R/ZK ≤ D(g)/ZK ≤ D2c+1 . By Lemma 2.4, `(g) ≥ 2 and Property 7.1 (a) holds.
2

Let V be a non-degenerate orthogonal or symplectic space, G = I0(V ) and let G∗

be the dual group of G. Then

Sp2n(q)∗ = SO2n+1(q), SO2n+1(q)∗ = Sp2n(q), SOη
2n(q)∗ = SOη

2n(q).

If B is a 2-block of I0(V ), then B = E2(I0(V ), (s)) for a semisimple 2′-element s ∈
I0(V )∗. Let (D, bD) be a Sylow B-subgroup. By [2, (5.1)], V and D have decomposi-
tions

V = V0 ⊥ V+, D = D0 ×D+, (8.1)

where D0 ≤ I0(V0) is an elementary abelian 2-subgroup and D+ ≤ I0(V+). Let G0 :=
I0(V0), G+ := I0(V+), C+ := CI0(V+)(D+) and let V ∗ be the underlying space of I0(V )∗.

Let z ∈ D be a primitive element. Then z is given by [2, Remark 2.2.9 (2)], so
|z| = 4 and [V,D+ ] = [V, z ] = V+. Thus

z = z0 × z+, L := CG(z) = L0 × L+, L0 = G0, L+ := GLε(m, q), (8.2)

where z0 = 1V0 , z+ ≤ D+ and dimV+ = 2m. Then L is a regular subgroup of G and
we may suppose s ∈ L∗ ≤ G∗. In particular,

V ∗ = U0 ⊥ U+ and s = s0 × s+, (8.3)

where U0 = V ∗0 , s0 ∈ L∗0 = I0(U0), U+ is the underlying space of L∗+ and s+ ∈ L∗+ ≤
I0(U+).

Let CI(U+)(s+) =
∏

Γ CΓ and let UΓ be the underlying vector space of CΓ, so that

CΓ = GLεΓ(mΓ(s+), qδΓ) or I(UΓ) (8.4)

according as Γ 6= X ± 1 or Γ = X ± 1.

Proposition 8.2 Let K := Ωη
2n(q) := Ωη(V ) ≤ H ≤ J0(V ), BK ∈ Blk(K) and

BH ∈ Blk(H) covering BK. Either Property 7.1 (a) holds for some BK-subgroups
(Z(R), g) ≤ (R, b) with CH(Z(R))/Z = CH/Z(Z(R)/Z) and CH(R)R/Z = CH/Z(R/Z)
for any Z ≤ Z(K), or Property 7.1 (b) holds.
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Proof: Let G := SOη
2n(q) := SO(V ) and B ∈ Blk(G) covering BK . Then D(BK) =

D ∩K for some defect group D := D(B). Since G is self dual, we have V = V ∗, U0 =
V0, U+ = V+ in (8.3).

(1). We may suppose D ∈ Syl2(CG(s)) and so D(BK) ∈ Syl2(CK(s)). In particu-
lar, D is abelian if and only if mΓ(s) ≤ 1 if and only if CG(s) is a maximal torus with
D = O2(CG(s)), if and only if D(BK) is abelian.

Suppose m∆(s) ≥ 2 for some ∆, so that m∆(s+) ≥ 2. In the notation given in (8.1),
(8.2) and (8.3), we have D0 ∈ Syl2(CG0(s0)) and D+ ∈ Syl2(CG+(s+)). In general,
z 6∈ K and we modify z as follows. Since L+ = GLε(m, q) and D+ ∈ Syl2(CL+(s+)), it
follows that if we view s+ as an element of L+, we still have mΓ(s+) ≥ 2 for some Γ,
and so by Remark 6.2 (b), D+ = D1×D2 given by (6.16). Thus z+ = z1× z2 for some
z1 ∈ D1 and z2 ∈ D2. Let z′+ := 1D1 × z2 and z′ = z0× z′+. Then z′+ ∈ D+, z′ ∈ K and
z′ ∈ DK = D ∩K ∈ Syl2(CK(s)).

For simplicity of notation, we write z = z′, so V = V0 ⊥ V+ with V0 = CV (z),
V+ = [V, z], z = z0 × z+, s = s0 × s+ with s0 ∈ K0 and s+ ∈ K+, D = D0 × D+

with D0 ∈ Syl2(CG0(s0)) and D+ ∈ Syl2(CG+(s+)), where K0 = Ω(V0), K+ = Ω(V+),
G0 = SO(V0) and G+ = SO(V+). In particular, if Γ 6= X ± 1, then mΓ(s+) is even and
if Γ = X ± 1, then 4 | mΓ(s+) (cf. the decomposition of (6.16)), and m∆(s+) ≥ 2. In
addition, L = CG(z) = L0×L+, L0 = G0 and L+ = GLε(m, q) with m even, and hence
η(V+) = + and 4 | dimV+.

Let (z, Bz) be a BK-element and (z,BL) a B-element such that BL covers Bz. Then
BL = BL0 × BL+ , where BL0 ∈ Blk(L0) and BL+ ∈ Blk(L+). Thus BL0 = E2(L0, (s0))
and BL+ = E2(L+, (s+)). Let RG = D0×Q′′(D+), R = RG ∩K, R0 := D0 ∩Ω(V0) and
R+ := Q′′(D+) ∩ SLε(m, q) ≤ Ω(V+), where Q′′(D+) = Q′(D(BL+)) or Q(D(BL+)) as
in Proposition 8.1. So z ∈ R,

CK(R) ≤ CG(R) = CL0(R0)× CL+(R+) ≤ L.

Let (R, b) be a Bz-subgroup and (R, bG) a BL-subgroup such that bG covering b. Then

bG = b0 × b+, b0 ∈ Blk(CL0(R0)), b+ ∈ Blk(CL+(R+)),

and so (R+, b+) is a BL+-subgroup. It follows by Proposition 8.1 that CK(Z(R))/Z =
CK/Z(Z(R)/Z) and CK(R)R/Z = CK/Z(R/Z) for any Z ≤ Z(K). By Proposition 8.1
again, D(b+) is abelian, and there exists y ∈ SLε(m, q) ≤ L+ such that y ∈ NL+(R+) \
CL+(R+), |y| = 3 and by+ = b+. In particular, byG = bG. Note that CCL+

(R+)(s+)

is a torus of both L+ and I0(V+), D(b+) = O2(CCL+
(R+)(s+)), and CCL+

(R+)(s+) =

CCG+
(R+)(s+).

Since [CG(R):CK(R)] ≤ 2 and |y| = 3, it follows that by = b and D(b) = D(bG) ∩
CK(R) is abelian. Let P = Z(R), (P, g) ≤ (R, b) and (P, gG) ≤ (R, bG) such that
gG covers g. Then gG = g0 × g+ with g0 = b0 and (Z(R+), g+) ≤ (R+, b+). Thus
D(g+) = Z2a+1+α o Z2 or D(gG)/ZG ∼= D2c+1 , where ZG = O2(CG(R)) ≤ Z(CG(R)). If
D(g+) = Z2a+1+α o Z2, then D(g+) ≤ SLε(m, q) ≤ D(b) and D(g)/ZK = D(g+) and
ZK := R0 ≤ Z(CK(P )). By Lemma 2.4, `(g) ≥ 2.

(2). Let (R, bH) be a BH-subgroup such that bH covers b. Since CH(R)/CK(R)Z(H)
is a 2-group, it follows that byH = bH . In order to show that D(bH) is abelian and
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CH(Z(R))/Z = CH/Z(Z(R)/Z) and CH(R)R/Z = CH/Z(R/Z) for Z = Z(K) we sup-
pose H = J0(V ). It follows by [13, (1A)] that

CH(R) = 〈CL0(R0)× CL+(R+), τ〉, τ := τ0 × τ+,

where τ0 ∈ CJ0(V0)(R0) and τ+ ∈ CJ0(V+)(R+) with J0(V ) = 〈G, τ〉. Thus NH(R) =
〈NG(R), τ〉. If xZ ∈ CH/Z(R/Z) for some x ∈ H, then x ∈ NH(R) and x−1ux = ±u
for any u ∈ R. We may suppose x = x0 × x+ ∈ CL0/Z0(R0/Z0)×CL+/Z+(R+/Z+) with
Z0 = Z(K0) and Z+ = Z(K+). By Proposition 8.1, x+ ∈ CL+(R+) and so x ∈ CH(R).
Similarly, CH(Z(R))/Z = CH/Z(Z(R)/Z).

Since CCJ0(V0)(R0)(s0) is a maximal torus of CJ0(V0)(R0) and CCJ0(V+)(R+)(s+) is a

torus of CJ0(V+)(R+), it follows that CCH(R)(s) is a torus of CH(R). But D(bH) ∈
Syl2(CCH(R)(s)), so D(bH) is abelian. This proves Property 7.1 (a).

(3). Suppose mΓ(s) ≤ 1, so that CG(s) is a maximal torus of G and D = O2(CG(s))
is abelian. By [13, (1B)], CG(s) is a maximal torus of G if and only if CJ0(V )(s) is a
maximal torus of J0(V ). To show that D(BH) is abelian we may suppose H = J0(V ),
so that D(BH) ∈ Syl2(CJ0(V )(s)) and hence D(BH) is abelian. 2

Remark 8.3 In the notation of proof (1) above let A+(i) = Ai(D+) ≤ R+ or A′i(D+) ≤
R+ according as R+ = Q(D+)∩SLε(m, q) or Q′(D+), A(i) := R0×A+(i) for 1 ≤ i ≤ 3,
where Ai(D+) is defined in (6.11) and A′i(D+) is given by (6.15). Then A(i) ≤ R, R =
〈A(1), A(2)〉 and y acts transitively on {A(1), A(2), A(3)}. If (A+(i), bA+(i)) ≤ (R+, b+),
then bA+(i) = E2(CG+(A+(i)), (s+)), CCL+

(A+(i))(s+) is a maximal torus of both L+ and

G+, and D(bA+(i)) = O2(CCL+
(A+(i))(s+)). Note also that CG+(R+) = CL+(R+) ≤

CL+(A+(i)), SOη(2, q) = GLη(1, q), and we have that

CCG(A(i))(s) =
∏

Γ

(GLεΓ(1, qδΓ)nΓ ×GLεΓ(1, qeΓδΓ)(mΓ−nΓ)/eΓ) (8.5)

is a maximal torus of G, where mΓ = mΓ(s) and nΓ = 1 or 0 according as mΓ is odd
or even.

Proposition 8.4 Let K := Ω2n+1(q) := Ω(V ) or K := Sp2n(q) = Sp(V ), and

K ≤ H ≤ J0(V ),

BK ∈ Blk(K) and BH ∈ Blk(H) covering BK, where H = SO(V ) when K =
Ω(V ). Either Property 7.1 (a) holds for some BK-subgroups (Z(R), g) ≤ (R, b) with
CH(Z(R))/Z = CH/Z(Z(R)/Z) and CH(R)R/Z = CH/Z(R/Z) for any Z ≤ Z(K), or
Property 7.1 (b) holds.

Proof: Let s∗ be a dual element of s in I0(V ) given by [3, (4A)]. Replacing G by H
and s by s∗ ∈ I0(V ) in the proof (1) of Proposition 8.2 with some obvious modification,
we have that Property 7.1 (a) holds for some BK-subgroup (R, b). A proof similar to
the proof (3) of Proposition 8.2 with s replaced by s∗ ∈ I0(V ) shows that Property 7.1
(b) holds. 2
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Theorem 8.5 Let G = I0(V ), B ∈ Blk(G), and (D, bD) a Sylow B-subgroup. Follow
the notation in (8.1), (8.2) and (8.3). Then B is nilpotent if and only if CI0(V ∗)(s) is a
maximal torus T ∗ of I0(V ∗) and D = O2(T ), where T ≤ I0(V ) is a dual of T ∗.

Proof: Note that CG∗(s) is regular and B = E2(G, (s)). By [3, (5A)], we may
suppose D ∈ Syl2(CG(s∗)), where s∗ is a dual element of s in G defined in [3, (4A)].
If B is nilpotent, then by Propositions 8.2 and 8.4, D is abelian and so CG(s∗) is a
maximal torus of G.

Conversely, suppose T := CG(s∗) is a maximal torus of G and θ is the canonical

character of bD. Then D = O2(T ), CCG(D)(s
∗) = T , and θ = ±RCG(D)

T (s). Thus
NG(D, θ) = T and B = E2(G, (s)) is nilpotent. 2

Proposition 8.6 Let K := Spinη(V ) �H such that H/K is abelian, CH(K) ≤ Z(H)
and H/Z(H) ≤ J0(V )/Z(J0(V )). Let B ∈ Blk(K), BH ∈ Blk(H) covering B, and Z ≤
Z(K) such that Kc := K/Z = Ωη(V ), so that |Z| = gcd(2, q − η). Either Property 7.1
(a) holds for some B-subgroups (Z(R), g) ≤ (R, b) with CH(Z(R))/Z = CH/Z(Z(R)/Z)
and CH(R)R/Z = CH/Z(R/Z) for any Z ≤ Z(K), or Property 7.1 (b) holds.

Proof: We prove the proposition for K = Spinη2n(q) = Spinη(V ). A similar proof
with some modifications works for K = Spinη2n+1(q).

Let D := D(B), G := SOη(V ) and Z+ ≤ Z(D0(V )) such that G = D0(V )/Z+, so
that Z = Z+ ∩K and Z+

∼= Zq−1. Identify G with G∗.
Note that B dominates a unique block Bc ∈ Blk(Kc) and Bc is covered by a unique

block BG ∈ Blk(G). Thus BG = E2(G, (s)) for some semisimple 2′-element s ∈ G
and DG := D(BG) ∈ Syl2(CG(s)). Since G/Kc = Z2, it follows that s ∈ Kc and
we may suppose s ∈ K, that is, we identify s ∈ G = G∗ ≤ J0(V ∗) with its dual
s∗ ∈ K ≤ J0(V ∗)∗ = D0(V ). Note that since s is a 2′-element, it follows that CJ0(V ∗)(s)
is a regular subgroup and so CJ0(V ∗)(s)

∗ ∼= CD0(V )(s
∗) for a (unique) semisimple 2′-

element s∗ ∈ K ≤ D0(V ), so that it is possible to identify s with s∗.
Since BG covers Bc, it follows that D/Z ∈ Syl2(CKc(s)) and by [13, (2E) (2)],

D ∈ Syl2(CK(s)). Thus DG is abelian if and only if mΓ(s) ≤ 1 for Γ 6= X − 1 and
mX−1(s) ≤ 2. This happens if and only if CG(s) is a maximal torus of G. By [13, (2E)
(2)] again, this happens if and only if CK(s) is a maximal torus of K. In particular,
DG is abelian if and only if D is abelian.

(1). Suppose m∆(s) ≥ 2 for some ∆. Let zc be a primary element of DG with
the modification given by the proof (1) of Proposition 8.2, so that zc ∈ DG ∩Kc and
V = V0 × V+ with V0 = CV (zc) and V+ = [V, zc]. Let zc = z0 × z+, DG = D0 × D+,
s = s0 × s+ and L = CG(zc) = L0 × L+ be the decompositions corresponding to
V = V0 ⊥ V+, so that z0 = 1V0 , L0 = I0(V+), L+ = CG+(z+) = GLε(m, q) with G+ =
I0(G+). Let RG = D0×Q(D+) or D0×Q′(D+) and AG(i) := Ai(DG) = D0×Ai(D+) or
D0×A′i(D+) according as D+ 6∼= Z2a+1+α oZ2 for all α ≥ 0 or D+ = Z2a+1+α oZ2 for some
α ≥ 0, where Ai(D+) and A′i(D+) are given by (6.11) and (6.15), respectively. Then
AG(i) ≤ RG, zc ∈ AG(1), RG = 〈AG(1), AG(2)〉, CG(AG(i)) is regular, s ∈ CG(AG(i))
and TG(i) := CCG(AG(i))(s) is a maximal torus given by (8.5).

Let Ac(i) = AG(i) ∩ Kc, Rc = RG ∩ Kc, and let (Ac(i), bAc(i)) ≤ (Rc, bc) be Bc

subgroups, and (Ac(i), bAG(i)) ≤ (Rc, bG) BG-subgroups such that bAG(i) covers bAc(i) and
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bG covers bc, so that zc ∈ Ac(1) and Rc = 〈Ac(1), Ac(2)〉. Thus TG(i) = CCG(Ac(i))(s),
CG(Rc)∩CG(s) = CG(RG)∩CG(s), bAG(i) = E2(CG(Ac(i)), (s)), D(bAG(i)) = O2(TG(i)),
D(bG) = O2(TG(1)∩CG(Rc)), D(bAc(i)) = O2(Tc(i)) and D(bc) = O2(Tc(1)∩CKc(Rc)),
where Tc(i) = TG(i) ∩ Kc. Let Pc = Z(Rc) and (Pc, gc) ≤ (Rc, bc). As shown in the
proof (1) of Proposition 8.2, `(gc) ≥ 2 and there exists y ∈ NCKc (Pc)(Rc, bG) \ CG(Rc)
such that |y| = 3 and y ∈ NCKc (Pc)(Rc, bc).

Let T (i) be maximal torus of K such that T (i)/Z = Tc(i), and let A(i) = O2(T (i))
and R = 〈A(1), A(2)〉. Then A(i)/Z = Ac(i), R/Z = Rc and Ry = R. If bA(i) is the
block of CK(A(i)) dominating bAc(i), then bA(i) = E2(CK(A(i)), (s)) and so (A(i), bA(i))
is a B-subgroup as B = E2(K, (s)) (note we identify s with s∗). Similarly, if b is the
block of CK(R) dominating bc, then b = E2(CK(R), (s)) and (R, b) is a B-subgroup.
But byc = bc, so by the uniqueness, by = b. Since D(b)/Z = D(bc) and D(bc) ≤ Tc(1), it
follows that D(b) ≤ T (1) and hence D(b) is abelian. Let P ≤ Z(R) such that P/Z = Pc
and g = E2(CK(P ), (s)). Then g dominates gc and so `(g) = `(gc) ≥ 2.

It follows by Proposition 8.2 that CH(R)R/Z(K) = CH/Z(K)(R/Z(K)), and so
CH(R)R/Z ′ = CH/Z′(R/Z

′) for any Z ′ ≤ Z(K). Similarly, CH(P )/Z ′ = CH/Z′(P/Z
′).

Let (R, bH) be a BH-subgroup such that bH covering b. Since H/KZ(H) is a 2-
group, it follows that bH is the unique block covering b, so that byH = bH . To show that
D(bH) is abelian we may suppose H/Z(H)K = J0(V )/KcZ(J0(V )) = Outdiag(K).

By (8.5), TG := TG(1) =
∏

Γ((T ′Γ)nΓ × (TΓ)m
′
Γ), where T ′Γ = GLεΓ(1, qδΓ), TΓ =

GLεΓ(1, qeΓδΓ) and m′Γ = (mΓ − nΓ)/eΓ. Let UΓ and WΓ be orthogonal spaces over
Fq such that dimUΓ = dΓ, η(UΓ) = εΓ, and dimWΓ = eΓdΓ and η(WΓ) = εeΓΓ . Let
J = J0(V ), BJ = E2(J, (s)) and TJ := CJ(TG). By [13, (1B)], TJ = 〈TG, τ〉 such that
τ =

∏
Γ(τ ′Γ × τΓ) and [τ ′Γ, TG] = [τΓ, TG] = 1, where τ ′Γ ∈ J0(UΓ) and τΓ ∈ J0(WΓ) such

that J0(UΓ) = 〈I0(UΓ), τ ′Γ〉 and J0(WΓ) = 〈I0(WΓ), τΓ〉. Thus for any tc ∈ Outdiag(K)
there exists an element h ∈ TJ such that h induces the same automorphism tc on K.

Since H/Z(H) = J/Z(J), it follows that we may suppose V = UΓ or WΓ, so that
CG(s) = T ′Γ = GLεΓ(1, qδΓ) or GLεΓ(eΓ, q

δΓ). If 2‖(qδΓ − εΓ), then eΓ = 2, CG(s) = T ′Γ
or GLεΓ(2, qδΓ). If 4 | (qδΓ − εΓ), then eΓ = 1 and CG(s) = TG = GLεΓ(1, qδΓ).
Suppose there exists a primary element z′ ∈ CG(s) with |z′| = 4. Then z′2 ∈ Z(G),
CG(z′) = GLε(m, q) with dimV = 2m and so CK(z′) and CInndiag(K)(z

′) are given by
[15, Tables 4.5.1 and 4.5.2]. If x ∈ CG(z′) with |x| odd, then x ∈ CKc(z′). If x = txZ for
some tx ∈ K with odd order, then tz

′
x = tx and tx ∈ CK(z′). Conversely, if tx ∈ CK(z′)

with odd order, then x := txZ ∈ CKc(z
′). Since Fq has the odd characteristic r, it

follows that Or′(CG(z′)) = Or′(CK(z′))Z/Z and in particular, Or′(CK(z′)) = SLε(m, q).
Since TG = T ′Γ or TΓ which is a maximal torus of CG(z′), it follows that z′ ∈ TG and
TG ≤ CG(z′). But TJ = 〈TG, τ〉, so by [13, (1B)], we may suppose CJ(z′) = CG(z′)TJ =
CG(z′) ◦ 〈τ〉. Note that NI(V )(CG(z′)) = NI(V )(〈z′〉) = 〈CG(z′), w〉 and NJ(〈z′〉) ≤
CJ(z′)NI(V )(〈z′〉), where w 6∈ CG(z′) such that w induces the graph automorphism on
Or′(CG(z′)), and w ∈ G when η(V ) = + and m is even. So the elements of CJ(z′)
induce inner-diagonal automorphisms on L := Or′(CK(z′)). In addition, since [τ, x] = 1
for any x ∈ CG(z′) with odd order, it follows that τ centralizes L.

Suppose z′ ∈ Kc, so that zc = z′, Let z ∈ K such that zZ = zc. Thus CK(z) =
CK(z′), CH(z)/Z ≤ CJ(z′) and so elements of CH(z) induce inner-diagonal automor-
phisms on L. Now CK(z) is regular, s ∈ CK(z) and so Bz = E2(CK(z), (s)) is a block
with a defect group D(Bz) = O2(CK(zs)) = O2(T (1)). Let BHz be a block of CH(z)
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such that BHz covers Bz and b
CH(z)
H = BHz , so that D(bH) ≤ D(BHz). Since CH(z)

induces inner-diagonal automorphisms on L, it follows by Proposition 8.1 that D(BHz)
is abelian and so is D(bH).

Suppose z′ 6∈ Kc, so that 4‖(qδΓ − εΓ), 4‖(q − ε) and CG(s) = GLεΓ(1, qδΓ) with
O2(CG(s)) = Z4. Thus D(bc) = O2(Kc) ≤ Z(G) = Z2. Note that D(bc) is also equal
to O2(Kc) when CG(s) has no primary element z′ of order 4.

If D(bc) = 1, then D(b) = Z(K) = Z2, Outdiag(Kc) = Z2, |D(bH)| ≤ 4 and D(bH)
is abelian. Suppose D(bc) = O2(Kc) = Z2. Then D(b) = O2(K) = Z2 × Z2 or Z4

according as G = SO+(4k, q) or G = SOε(4k + 2, q). In the former case, CG(s) =

GL(1, q2k) and O2(CG(s)) = 〈z′′〉 with |z′′| = 2` ≥ 8, and hence z′ = z′′2
`−2

∈ Kc, which
is impossible.

Thus G = SOε(2m, q) with m = 2k + 1 and 4‖(q − ε). Suppose t ∈ D(bH) \ D(b)
induces an element of order 4 in Outgiag(K). Then there exists xt ∈ J such that xt
induces the same action as t on Kc/Z. Since J/G ∼= Zq−ε, it follows by [15, Table 4.5.2]
that we may suppose xt ∈ J \ G such that x4

t ∈ Z(G), x2
t ∈ GZ(J) and CK(x2

t ) =
CK(t2) = (SLε(m, q) ◦ Zq−ε).(gcd(m, q − ε)). Thus CG(xt) = CG(x2

t ) = GLε(m, q) and
xt centralizes elements of odd order in CK(x2

t ). In particular, [xt, L] = [t, L] = 1 with
L = Or′(CG(t2)) = SLε(m, q). By [15, Table 4.5.1], elements of CInndiag(K)(t

2) induce
inner-diagonal automorphism on L. Let Bt = E2(CK(t2), (s)) and BHt ∈ Blk(CH(t2))

such that BHt covers Bt and b
CH(t2)
H = BHt , so that D(Bt) = O2(CCK(t2)(s)) = Z(K).

By Proposition 8.1, D(BHt) is abelian and so is D(bH). If D(bH)/D(b) = Z2, then as
shown above D(bH) = 〈Z(K), t2〉 is abelian.

(2). Suppose D is abelian, so that DG is abelian, CK(s) is a maximal torus of
K and by [13, (2E)], CD0(V )(s) is a maximal torus of D0(V ). To show that D(BH)
is abelian we may suppose H/KZ(H) = J0(V )/KcZ(J0(V )) = Outdiag(K). So the
proof is given in (1) above, and Property 7.1 (b) holds. 2

Theorem 8.7 Let K be a finite quasi-simple group of classical type over a field Fq and
B ∈ Blk(K), and let K � H such that H/K is abelian, CH(K) ≤ Z(H), H induces
inner-diagonal automorphisms on K and BH ∈ Blk(H) covering B. If q is even, then
either D(B) = D(BH) is cyclic or `(B) ≥ 2. Suppose q is odd. Then either Property
7.1 (a) or (b) holds.

Proof: We will follow the notation of [15]. In particular, Ku denotes the universal
group with the same type as K and K = Ku/Z for some Z ≤ Z(Ku). If q is even and
D(B) is noncyclic, thenD(B) is a Sylow subgroup ofK and `(B) = `(B0) with principal
B0 := B0(K) ∈ Blk(K). But B0 dominates the principal block B of K/Z(K) = Ka

and `(B) + 1 is the number of 2′-conjugacy classes of Ka, so `(B0) ≥ `(B) ≥ 2.

Suppose q is odd. If K = Aηn(q), then take K̂ = Ku = SLηn+1(q) ≤ Ĥ ≤ GLηn+1(q)

such that H = Ĥ/Z.

If K = Bn(q) = Ka = Ω2n+1(q), then set K̂ = Ω2n+1(q) ≤ Ĥ ≤ SO2n+1(q) such that

H = Ĥ/Z. If K = Bn(q) = Ku = Spin2n+1(q) = Spin(V ), then take K = K̂ � Ĥ = H
such that H/Z(K) ≤ SO(V ).

If K = Cn(q), then we may take K̂ = Sp2n(q) = Sp(V ) ≤ Ĥ ≤ J0(V ) such that

H = Ĥ/Z.
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Suppose K = Dη
n(q) with (n, η) = (2k + 1,±) or (2k,−). If K = Ωη

2n(q) = Ω(V ),

then K = K̂ � Ĥ = H ≤ J0(V ). If K = PΩη
2n(q) = PΩ(V ), then take K̂ =

Ωε
2n(q) ≤ Ĥ ≤ J0(V ) such that H = Ĥ/Z. If K = Spinη2n(q) = Spin(V ), then take

K = K̂ � Ĥ = H such that H/Z(K) ≤ J0(V ).
Suppose K = D+

2k(q), so that Z(Ku) = {1, z, zs, zc} and Ku/〈z〉 = Ω+
4k(q). If

K = Ω+
4k(q) = Ω(V ), then take K̂ = K ≤ Ĥ ≤ J0(V ). If K = PΩ+

4k(q) = PΩ(V ), then

take K̂ = Ω(V ) ≤ Ĥ ≤ J0(V ) such that Ĥ/Z = H with Z = 〈z〉. If K = Spin+
4k(q)/Z

′

for Z ′ = 〈zs〉 or 〈zc〉, then we may take K̂ = Spin+
4k(q) = Spin(V ) ≤ Ĥ ≤ D0(V ) such

that H = Ĥ/Z ′. If K = Spin+
4k(q) = Spin(V ), then take K̂ = K and Ĥ = H.

Let B̂ ∈ Blk(K̂) dominating B and B̂H ∈ Blk(Ĥ) dominating BH , so that B̂H

covers B̂. By Propositions 8.1, 8.2, 8.4 and 8.6, one of Properties 7.1 (a) and (b) holds

for B̂.
If Property 7.1 (a) holds for B̂, then there exist B̂-subgroups (P̂ , ĝ) ≤ (R̂, b̂) sat-

isfying Property 7.1 (a), where P̂ ≤ Z(R̂). By Lemma 7.3, Property 7.1 (a) holds for
some B-subgroups (P, g) ≤ (R, b).

If Property 7.1 (b) holds for B̂, then D(B̂) and D(B̂H) are both abelian. Since

Z ≤ Z(Ĥ) ∩ K̂, it follows that D(B) = D(B̂)Z/Z and D(BH) = D(B̂H)Z/Z, and so
D(B) and D(BH) are both abelian. 2

9 Exceptional groups

We will follow the notation of [15].

Theorem 9.1 Let K be a finite quasi-simple group of exceptional type over a field
Fq,B ∈ Blk(K), and let K � H such that CH(K) ≤ Z(H), H/K is cyclic, and H
induces inner-diagonal automorphisms on K. If q is even, then either D(B) = D(BH)
is cyclic or `(B) ≥ 2. If q is odd, then either Property 7.1 (a) or (b) holds.

Proof: If q is even, then a proof similar to that of Theorem 8.7 shows that either
D(B) = D(BH) is cyclic or `(B) ≥ 2.

Suppose q is odd. Let Ku be the universal group, so that K = Ku/Z for some
Z ≤ Z(Ku). Since Z(Ku) is cyclic of order 1, 2 or 3, it follows that H centralizes
Z(Ku).

Let D := D(B). If Z(K) 6= Ω1(Z(D)), then take an involution z ∈ Z(D) \ Z(K).
If Z(K) = Ω1(Z(D)), then take z ∈ D such that |z| = 4 and zZ(K) ∈ Z(D/Z(K)).
Let (z,Bz) be a B-subsection, and in the case z ∈ Z(D) we take Bz to have defect
group D by [1, 4.15]. Write C := CG(z).

By [15, Theorem 4.2.2] C = Or′(C)T , where Or′(C) is a central product

Or′(C) = L1 ◦ L2 ◦ · · · ◦ L`

with each Li ∈ Lie(r), and T is an abelian r′-group inducing inner-diagonal automor-
phisms on each Li. In general, it may be the case that z 6∈ Or′(C). We introduce some

21



more notation as follows to allow for this inconvenience: If Z(C) ≤ Or′(C), then define
s := ` and L := Or′(C). If Z(C) 6≤ Or′(C), then define s = `+ 1, Ls = Z(C) and

L := L1 ◦ L2 ◦ · · · ◦ Ls. (9.1)

In all cases C = LT , z ∈ L and L� C. Let BL be a block of L covered by Bz. There
are uniquely defined blocks Bi ∈ Blk(Li) such that if χ ∈ Irr(BL) with χ = χ1 ◦ · · · ◦χs
for some χi ∈ Irr(Li), then χi ∈ Irr(Bi). We write

BL = B1 ◦B2 ◦ · · · ◦Bs.

Case 1. Suppose that H = K := 2G2(32a+1), G2(q), 3D4(q), F4(q) or E−ε6 (q) with
q ≡ ε (mod 3), and B ∈ Blk(K). Then either Property 7.1 (a) or (b) holds.

Since z induces an inner automorphism on K, it follows that each Li is a classical
group (with possibly Ls abelian).

If ` = 1, then L1 is a classical group given by [15, Table 4.5.1]. Thus Theorem 9.1
follows by Theorem 8.7.

Suppose ` ≥ 2, so that by [15, Table 4.5.1], ` = 2, Z(C) ≤ L1 ◦ L2, s = `,
L = L1 ◦ L2 and the possible (K,C) are given in Table 2, where η = − or +. Here
C = (L1 ◦ L2).(2:2) means that C = 〈L1 ◦ L2, x〉 such that x induces inner-diagonal
automorphism of order 2 on each Li.

K C K C
3D4(q) (SL2(q) ◦ SL2(q3)).(2:2) G2(q) (SL2(q) ◦ SL2(q)).(2:2)

F4(q) (SL2(q) ◦ Sp6(q)).(2:2) Eη
6 (q)u (SL2(q) ◦ SLη6(q)).(2:2)

E7(q)u (SL2(q) ◦ Spin+
12(q)).(2:2) E8(q) (SL2(q) ◦ E7(q)u).(2:2)

Table 2: Possible (K,C) with s ≥ 2

Write L1 := SL2(q) ≤ H1 := 〈L1, x1〉 ≤ G1 = GLδ2(q), L2 = SL2(q3), SL2(q),
Sp6(q) or SL−ε6 (q) and H2 = 〈L2, x2〉, where δ is the sign such that 2‖(q − δ1) and
x = x1 × x1 ∈ C \ L such that xi induces outer-diagonal automorphism of order 2
on Li. Then C � H := H1 ◦ H2. If BH ∈ Blk(H) covers Bz, then BH covers BL,
BH = BH1 ◦BH2 for some BHi ∈ Blk(Hi) covering Bi, D(BH) = D(BH1) ◦D(BH1) and
D(Bz) = D(BH) ∩ C. Each Bi satisfies Property 7.1 (a) or (b).

If both B1 and B2 satisfy (b), then Bz satisfies (b).
Suppose both B1 and B2 satisfy Property 7.1 (a), for (P ′1, g

′
1) ≤ (R′1, b

′
1) and

(P2, g2) ≤ (R2, b2), respectively. Then R′1 is non-abelian in L1 = SL2(q) and so b′1
is principal. Thus P ′1 = Z(L1) and g′1 is principal. Let Q1 ∈ Syl2(H1) containing R′1, so
that Q1 = SD2a+2 . Writing S1 = CQ1([Q1, Q1]) and P1 = S1 ∩ L1, we have S1

∼= Z2a+1 ,
P1
∼= Z2a , CG1(P1) ∼= Zq2−1 and CL1(P1) ∼= Zq+δ. Set P = P1 ◦ P2, R = P1 ◦ R2,

g1 = b1 = B0(CL1(P1)) and y = y1×y2, where y1 = 1 and y2 ∈ NCL2
(P2)(R2, b2)\CL2(R2)

with |y2| = 3.
Suppose one of the Bi satisfies Property 7.1 (a) and the other (b). Say B1 satisfies

Property 7.1 (a) for (P1, g1) ≤ (R1, b1), and B2 satisfies Property 7.1 (b). Then let
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(P2, g2) = (R2, b2) be a Sylow B2-subgroup, and define P and R as above, and y =
y1 × y2 with y1 ∈ NCL1

(P1)(R1, b1) \ CL1(R1) such that |y1| = 3 and y2 = 1.
In either case (P, g1 ◦g2) ≤ (R, b1 ◦ b2) are BL-subgroups. Let (P, g) ≤ (R, b) be Bz-

subgroups such that g and b cover g1 ◦g2 and b1 ◦b2, respectively. Let (P, gH) ≤ (R, bH)
be BH-subgroups such that gH and bH cover g and b, respectively. Then gH = gH1 ◦gH2

for some gHi ∈ Blk(CHi(Pi)) covering gi, and bH = bH1◦bH2 for some bHi ∈ Blk(CHi(Ri))
covering bi. By Propositions 8.1 and 8.4, each D(bHi) is abelian and byiHi = bHi . So
D(b) = (D(bH1) ◦ D(bH2)) ∩ CC(R) is abelian and byH = bH . Since bH covers b and
[CH(R):CC(R)] ≤ 2 and since |y| = 3, it follows that by = b.

By consideration of the Lie rank of Li, we have that D(gi) 6∼= Z2a+α o Z2 for any
α ≥ 1. It follows that D(g)/O2(CC(P )) is Z2 × Z2 or a dihedral group. By Lemma
2.4, `(g) ≥ 2 and Property 7.1 (a) holds for (P, g) ≤ (R, b).

Case 2. Suppose 3 | (q − ε), and let K = Ku := 3.Eε
6(q) ≤ J := 3.Eε

6(q).3,
B ∈ Blk(K) and BJ ∈ Blk(J) covering B. Then either Property 7.1 (a) or (b) holds.

Write m∗ := gcd(m, q − ε) and let z ∈ Z(D) with |z| = 2. By [15, Table 4.5.2],
C := CK(z) = 〈Spinε10(q)◦(q−ε), t〉 or is given in Table 2, where t = 4∗:1. By [15, Table
4.5.1], CJ(z) = 〈Spinε10(q) ◦ (q − ε), tJ〉 or 〈SL2(q) ◦ SLε6(q), xJ〉, where tJ = 4∗:3 and
xJ = 2:6. As in Case 1 ` ≤ 2, and if ` = 1, then we are done by Theorem 8.7. If ` = 2,
then define Li, Bi, Hi and BHi analogously to Case 1. Property 7.1 (a) or (b) holds for
each Bi, and if (a) holds for one or both of B1 and B2, then a proof similar to that of
Case 1 shows that either Property 7.1 (a) holds for some B-subgroups (P, g) ≤ (R, b)
or Property 7.1 (b) holds for B.

Suppose Property 7.1 (b) holds for B1 and B2, and suppose DJ ∩K = D for some
DJ = D(BJ), so that D(BHi) is abelian and so is D(Bz) = D(BH) ∩ C. Now Bz is
major and so D = D(Bz) = DJ is abelian. Thus Property 7.1 (b) holds for B.

Case 3. Let K = 2.E7(q) ≤ J := 2.E7(q).2, B ∈ Blk(K) and BJ ∈ Blk(J)
covering B, where q is odd. Then either Property 7.1 (a) holds for some B-subgroups
(P, g) ≤ (R, b) with CJ(P )/Z = CJ/Z(P/Z) and CJ(R)R/Z = CJ/Z(R/Z), or Property
7.1 (b) holds for B, where Z = Z(K).

Again write m∗ := gcd(m, q − ε). Since z induces an inner automorphism on K, it
follows by [15, Table 4.5.2] that

CK(z) = 〈SL2(q) ◦ Spin12(q), t〉 with t = 2:2,

〈(SLε8(q)/2) ◦ 4, x〉 with x = (8∗/4):1 or 〈Eε
6(q)u ◦ (q − ε), w〉 with w = 3∗:1, where the

sign ε = ± is chosen so that 4 | (q − ε).
Using Propositions 8.1 and 8.6 or Case 2, and applying a proof similar to that of

Case 1, we have that if Property 7.1 (a) holds for some Bi-subgroups (Pi, gi) ≤ (Ri, bi),
then the first part of Property 7.1 (a) holds for some Bz-subgroup (P, g) ≤ (R, b).

Let (R, bJ) be a BJ -subgroup such that bJ covers b. By [15, Tables 4.5.1 and 4.5.2],

CJ(z) = 〈SL2(q) ◦ Spin12(q), t, tJ〉, with t = 2:2, tJ = 1:2,

〈(SLε8(q)/2) ◦ 4, xJ〉 with xJ = (8∗/2):1 or 〈Eε
6(q)u ◦ (q − ε).2, w〉 with w given above.

Thus R ≤ CJ(z), CJ(z) = LA for some abelian A and A induces inner-diagonal

23



automorphism on each Li. A proof similar to that of Case 1 shows that D(bJ) is abelian.
If y ∈ NCK(P )(R, b) \ CK(R) such that |y| = 3, then byJ = bJ since |CJ(R):CK(R)| ≤ 2
and bJ is the unique cover of b.

Suppose z ∈ D is such that |z| = 4, z2 ∈ Z and zZ ∈ Z(D/Z). Then 4 | (q − ε)
and

CJ/Z(zZ) = 〈SLε8(q)/4 ◦ 2, x̄J , x̄〉 with x̄J = (8∗/2):1, x̄ = γ

or 〈3∗.Eε
6(q) ◦ (q − ε), w̄, v̄〉 with w̄ = 3∗:1 and v̄ = γ:i. Here γ and i are graph and

inverse automorphisms, respectively. Since D ≤ K and D/Z ≤ CJ/Z(zZ), it follows
that D/Z ≤ CJ(z)/Z, z ∈ Z(D) and so (z,Bz) is major.

If L = SLε8(q)/2 orEε
6(q)u, then by Proposition 8.1 or Case 2, CJ(P )/Z = CJ/Z(P/Z)

and CJ(R)R/Z = CJ/Z(R/Z). Suppose L = SL2(q) ◦ Spin12(q). By [15, Table 4.5.1],

CJ/Z(zZ) = 〈SL2(q) ◦ (Spin12(q)/2), t, tJ〉

where t and tJ are given above. Thus CJ(z)/Z = CJ/Z(zZ) and by Propositions 8.1
and 8.6, CJ(P )/Z = CJ/Z(P/Z) and CJ(R)R/Z = CJ/Z(R/Z).

Suppose D(Bi) and D(BHi) are both abelian. Then D = D(Bz) is abelian. Let
BJ cover B and DJ = D(BJ). If there exists k ∈ Z(DJ) \ D, then k ∈ CJ(D) \ K
and so DJ = 〈D, k〉 is abelian. If Z(DJ) ≤ D, then we may choose z ∈ Z(DJ) and so
DJ ≤ CJ(z) = LA. A proof similar to that of Case 1 with R replaced by DJ shows
that DJ is abelian and Property 7.1 (b) holds.

Case 4. Suppose K := E8(q), so that (z,Bz) is a major subsection of B. Either Li
is classical, or Li is exceptional and given in Cases 1, 2 or 3. If Li is classical, then apply
Theorem 8.7. If Li is exceptional, then apply the results in Cases 1, 2 or 3. A proof
similar to that of Case 1 shows that either Property 7.1 (a) holds for B or each D(Bi)
is abelian. In the latter case, each D(BHi) is abelian, and so D = D(Bz) = D(BH)∩C
is abelian. 2

Lemma 9.2 Let G be a quasisimple group such that G/Z(G) is alternating or of Lie
type, and G is an exceptional cover. Then every 2-block of G with nonabelian defect
groups has at least two irreducible Brauer characters.

Proof: It suffices to consider the cases where |Z(G)| is odd. We must consider
the cases G/Z(G) ∼= A7, PSL2(9), PSU4(3) and O7(3). In each case we may use [14]
to confirm the result. 2

10 Proofs of the main theorems

We may finally prove that nilpotent 2-blocks of quasisimple groups have abelian defect
groups:

Proof of Theorem 1.1. If G/Z(G) is an alternating group, then the result follows by
Corollary 3.3. For G/Z(G) sporadic see Corollary 4.2. If G/Z(G) is a classical group
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and G is a non-exceptional cover, see Propositions 8.1, 8.2, 8.4 and 8.6. For G/Z(G)
an exceptional group of Lie type and G is a non-exceptional cover, see Theorem 9.1.
For the exceptional covers, see Lemma 9.2.

We complete the proof of Puig’s conjecture for quasisimple groups for the prime 2:
Proof of Theorem 1.2. The necessary condition for nilpotency follows from [10,

1.2]. By Propositions 7.2, 8.1, 8.2, 8.4 and 8.6 the result holds for the classical groups.
By Theorem 9.1 it holds for the exceptional groups of Lie type. The result holds for
the double covers of the alternating groups by Proposition 3.4, and when G/Z(G) is
sporadic by Corollary 4.3. For the exceptional covers of the alternating groups and of
the finite simple groups of Lie type, see Lemma 9.2.
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