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DEPTH AND THE LOCAL LANGLANDS CORRESPONDENCE

ANNE-MARIE AUBERT, PAUL BAUM, ROGER PLYMEN, AND MAARTEN SOLLEVELD

ABSTRACT. Let GG be an inner form of a general linear group or a special linear
group over a non-archimedean local field. We prove that the local Langlands
correspondence for GG preserves depths.
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1. INTRODUCTION

Let F' be a non-archimedean local field and let G be a connected reductive group
over F. Let ®(G) denote the collection of equivalence classes of Langlands pa-
rameters for G, and Irr(G) the set of (isomorphism classes of) irreducible smooth
G-representations. A central role in the representation theory of such groups is
played by the local Langlands correspondence (LLC). It is supposed to be a map

Irr(G) — ®(G)

that enjoys several naturality properties [Borl [Vog]. The LLC should preserve inter-
esting arithmetic information, like local L-functions and e-factors. A lesser-known
invariant that makes sense on both sides of the LLC is depth.

The depth of a Langlands parameter ¢ is easy to define. For r € Rxq let
Gal(Fs/F)" be the r-th ramification subgroup of the absolute Galois group of F'.
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Then the depth of ¢ is the smallest number d(¢) > 0 such that ¢ is trivial on
Gal(Fs/F)" for all r > d(¢).

The depth d(7) of an irreducible G-representation m was defined by Moy and
Prasad [MoPrl1l, MoPr2], in terms of filtrations P, (1 € R>¢) of the parahoric sub-
groups P, C G. On the basis of several examples (see below) it is reasonable to
expect that for every Langlands parameter ¢ € ®(G) with L-packet II4(G) C Irr(G)
one has

(1) d(¢) =d(m) for all m € II4(G).

This relation would be useful for several reasons. Firstly, it allows one to em-
ploy some counting arguments in the local Langlands correspondence, because (up
to unramified twists) there are only finitely many irreducible representations and
Langlands parameters whose depth is at most a specified upper bound.

Secondly, it would be a step towards a more explicit LLC. One can try to deter-
mine the groups Py /Py 1. (¢ > 0 small) and their representations explicitly, and
to match them with representations of Gal(Fy/F)/Gal(Fs/F)"*e.

Thirdly, one can use as a working hypothesis when trying to establish a local
Langlands correspondence, to determine whether or not two irreducible representa-
tions stand a chance of belonging to the same L-packet.

The most basic case of depth preservation concerns Langlands parameters ¢ €
®(@G) that are trivial on both the inertia group Ir and on SLa(C). These can be
regarded as Langlands parameters of negative depth. Such a ¢ is only relevant for G
if G is quasi-split and splits over an unramified extension of F'. In that case one can
say that an irreducible G-representation has negative depth if it possesses a nonzero
vector fixed by a hyperspecial compact subgroup. The Satake isomorphism shows
how to each such representation one can associate (in a natural way) a Langlands
parameter of the above kind.

The G-representations of depth zero have been subjected to ample study, see
for example [GSZ, Mor, DBRe, Mce]. According to Moy—Prasad, an irreducible
representation has depth zero if and only if it has nonzero vectors fixed by the pro-
unipotent radical of some parahoric subgroup of GG. This includes Iwahori-spherical
representations and Lusztig’s unipotent representations [Lusl, [Lus2]. A Langlands
parameter has depth zero if and only if it is trivial on the wild inertia subgroup of
the absolute Galois group of F'. For depth zero the equality is conjectured, and
proven in certain cases, in [DBRe]. It fits very well with the aforementioned work
of Lusztig.

In positive depth there is the result of Yu [Yu2l §7.10], who proved (|1)) for unrami-
fied tori. For GL,,(F), (1)) was claimed in [Yull, §2.3.6] and proved in [ABPS2], Propo-
sition 4.5]. For GSp,(F'), (1) is proved in [Ganl § 10]. We refer to [GrRe, [Reel, ReYul
for some interesting examples of positive depth Langlands parameters and supercus-
pidal representations. Most of these examples satisfy , but in the introduction
of [ReYu] some particular cases are mentioned in which does not hold. So it
remains to be seen in which generality the local Langlands correspondence will pre-
serve depths.

In this paper we will prove that the local Langlands correspondence preserves
depth for two classes of groups: the inner forms of GL, (F) and the inner forms of
SL,(F). In a few non-split cases, this was done before in [LaRal.
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Let D be a division algebra with centre F, of dimension d? over F. Then G =
GL,,(D) is an inner form of GL, (F) with n = dm. There is a reduced norm map
Nrd: GL,,,(D) — F* and the derived group Gge; := ker(Nrd : G — F¥) is an inner
form of SL,,(F"). Every inner form of GL,,(F') or SL,,(F) is isomorphic to one of this
kind.

The main steps in the proof of our depth-preservation theorem are:

e With the Langlands classification one reduces the problem to essentially
square-integrable representations and elliptic Langlands parameters.

e Express the depth in terms of e-factors and conductors. This is a technical
step which involves detailed knowledge of the representation theory of G.
Here it is convenient to use an alternative but equivalent version of depth,
the normalized level of an irreducible G-representation.

e Show that the Jacquet—Langlands correspondence for G = GL,,(D) pre-
serves e-factors. Since the LLC for GL,,(D) is defined as a composition of
the Jacquet—Langlands correspondence with the LLC for GL,(F') and the
latter is known to preserve e-factors, this proves depth-preservation for inner
forms of GLy,(F).

e Relate the depth for G4er to depth for G. The relations for irreducible
representations and for Langlands parameters are analogous. As the LLC
for Gger is derived from that for G, this settles depth-preservation for inner
forms of SL,,(F).

This paper develops results presented by the second author in a lecture at the
2013 Arbeitstagung.

The authors wish to thank Vincent Sécherre for some helpful explanations on the
construction of simple types for GL,, (D).

2. THE LOCAL LANGLANDS CORRESPONDENCE FOR INNER FORMS OF GL,(F)

2.1. The statement of the correspondence.

The local Langlands correspondence for GL,,(F') was established in the impor-
tant papers |[LRS| HaTal Hen2l Zel|]. Together with the Jacquet-Langlands cor-
respondence this provides the LLC for inner forms G = GL,,(D) of GL,(F), see
[HiSa, [ABPSI]. For these groups every L-packet is a singleton and the LLC is a
canonical bijective map

(2) recp,m : Irr(GLy, (D)) — ®(GL,,(D)).

A remarkable aspect of Langlands’ conjectures [Vog] is that it is better to con-
sider not just one reductive group at a time, but all inner forms of a given group
simultaneously. Inner forms share the same Langlands dual group, so in the right
hand side is the same for all inner forms G of the given group. Then one can turn
into a bijection by defining a suitable equivalence relation on the set of inner
forms and taking the corresponding union of the sets Irr(G) on the left hand side
(see Theorem below).

We define the equivalence classes of such inner forms to be in bijection with the
isomorphism classes of central simple F-algebras of dimension n? via M,,(D) +
GL,, (D), respectively My, (D) — GLp(D)der-

As Langlands dual group of G we take GL,(C). To deal with inner forms it is
advantageous to consider the conjugation action of SL,(C) on these two groups. It
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induces a natural action of SL,(C) on the collection of Langlands parameters for
GL,,(F). For any such parameter ¢ we can define

(3) C(¢) = Zsv,(c)(im ¢), and Sy = C(¢)/C(e)".
Notice that the centralizers are taken in SL,(C) and not in the Langlands dual
group.

Via the Langlands correspondence the non-trivial irreducible representations of
S, are associated to irreducible representations of non-split inner forms of GLy,(F).
For example, consider a Langlands parameter ¢ for GLy(F') which is elliptic, that
is, whose image is not contained in any torus of GLy(C). Then S, = Z(SLy(C)) =
{#£1}. The pair (¢,trivs,) parametrizes an essentially square-integrable represen-
tation of GL2(F') and (¢,sgng,) parametrizes an irreducible representation of the
inner form D*, where D denotes a noncommutative division algebra of dimension 4
over F.

The enhanced version of the local Langlands correspondence for all inner forms
of general linear groups over nonarchimedean local fields says:

Theorem 2.1. [ABPS2, Theorem 1.1]
There is a canonical bijection between:

o pairs (G, ) with m € Irr(G) and G an inner form of GL,(F'), considered up
to equivalence;

e GL,(C)-conjugacy classes of pairs (¢,p) with ¢ € ®(GL,(F)) and p €
Irr(Sy).

For these Langlands parameters a character of Sy determines an inner form of
GL, (F) via the Kottwitz isomorphism [Kot]. In contrast with the usual LLC, our L-
packets for inner forms of general linear groups need not be singletons. To be precise,
the packet Il contains the unique representation recB’lm(gZ)) of G = GL,,(D) if ¢ is
relevant for G, and no G-representations otherwise.

2.2. The Jacquet—Langlands correspondence.

A representation 7 of G is called essentially square-integrable if 7| G, 1S square-
integrable and there exists an unramified character y of G such that 7 ® x is uni-
tary. We denote the set of (equivalence classes of) irreducible essentially square-
integrable G-representations by Irr.r2(G). There is a natural bijection between
Irreger2(GL, (F)) and Irreggr2 (GLy, (D)), discovered first for GLa(F') by Jacquet and
Langlands [JaLa]. The local Langlands correspondence for GL,,(D) is constructed
with the help of the Jacquet—Langlands correspondence. Here we recall some useful
properties of the latter correspondence.

Theorem 2.2. Let GL,, (D) be an inner form of GL,(F). There exists a canonical
bijection

JL : Irrggo 12 (GL, (F)) — Irregor2 (GLy (D))
with the following properties:

(a) There is a canonical identification of the semisimple elliptic conjugacy classes in
GL,,(F) with those in GL,,(D). Let g € GL,(F) and ¢’ € GL,,(D) be semisim-
ple elliptic elements in the same conjugacy class and let 0, be the character of
7 € Irtegor2(GLy, (F')). Then

(—=1)"0x(g9) = (=1)"Or,(m) (9)-
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(b) JL preserves twists with characters of F*:
JL(m ® x odet) = JL(m) ® x o Nrd.

(¢) JL respects contragredients: JL(w") = JL(m)V.
(d) Let P’ be a standard parabolic subgroup of GL,,(D), with Levi factor M' =
[L; GLy, (D). Let P be the corresponding standard parabolic subgroup of GL,,(F'),
with Levi factor M = [[, GLgy, (F'). Then the Jacquet modules rgL”(F)(

TS/Lm(D)(JL(W)) are either both zero or both irreducible and essentially square-
integrable. In the latter case

JLE S () = Sl @) (gL (1)),

In other words, JL. and its version for M and M' respect Jacquet restriction.
(e) JL preserves supercuspidality.
(f) JL(StaL, (7)) = StaL,.(p), where Stg denotes the Steinberg representation of G.
(g) JL preserves y-factors:

(s, JL(7),¥) = (s, m,v)  for any nontrivial character v of F.

(h) JL preserves L-functions: L(s,JL(m)) = L(s, ).
(i) JL preserves e-factors: €(s, JL(mw), ) = €(s,m, ).

) and

Proof. The correspondence, which is in fact characterized by property (a), is proven
over p-adic fields in [DKV] and over local fields of positive characteristic in [Bad].
Properties (b) and (c) are obvious in view of (a). The same goes for property (f) in
the case m = 1, because then Stqy,, (p) is just the trivial representation of D*. For
(d) see [Badl, §5], in particular Proposition B. Obviously (d) implies (e). Property
(f) for m > 1 follows from (f) for m = 1 and property (d). Property (g) was proven
over local function fields in [Badl p. 741], with an argument that also works over
p-adic fields.

Properties (h) and (i) were claimed in [DKV], with the difference that the e-
factors of m and JL(7) are said to agree only up to a sign (—1)""". This sign is
due to a convention that does not agree with [GodJa], which we use for the definition
of e-factors. Unfortunately the argument for (h) and (i) given in [DKV], §B.1] is
incorrect. Instead, we will establish (h) by direct calculation.

Let vp denote the unramified character ¢’ — |[Nrd¢'||z of GLy, (D). Consider
any 7 € Irregr2(GLy, (D)). By [DKV] §B.2] or [Tad, §2] there exist:

e integers a, b, s, such that ab =m and s, divides ad;
e an irreducible supercuspidal representation o of GL4 (D),

such that 7’ is a consituent of the parabolically induced representation
(D) 1-b 3-=b b—1

@ = 18005 iy o e w o)

By [Jad, Proposition 2.3] the L-function of is the product of L-functions of the
inducing representationS‘

b
(5)  L(s, 1) = HL so(h=(110)/2) H (s + so(k — (1 +b)/2),0).

By definition L(s, 7 )_1 is a monic polynormal in ¢—°, and by [Jac] 2.7.4] it is a factor
of the monic polynomial L(s,II')~!. Now there are two cases to be distinguished,
depending on whether o is an unramified representation of D* or not.
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Case 1: a = 1,b = m and o is unramified.
There exists an unramified character y of F* such that ¢ = yoNrd. By [DKV]
§B.2] or [Tad, §2] only has an essentially square-integrable subquotient if s, = d.
Then 7’ = Stqy,,, (p) ® xoNrd, so JLY(n') = Star,(r) ® x o det. With property (f)
this enables us to compute the y-factor. Let wp be a uniformizer of F', op the ring
of integers and pr its maximal ideal. Assume that v is trivial on pr but not on op.
Then

—s+(1—n)/2X(wF)

l—q
/ _ n,_n/2
(6) ’7(87’“— 7w) - 7(87 StGLn(F) ®xo det7w) ( ) q 1—g¢ —s+(1+n)/2 ( F) .

By [GoJal, Proposition 4.4], (5)) becomes
HL (s+d(k—(1+m)/2),xoNrd) = H (s+d(k—(1+m)/2)+(d—1)/2,%).

Now we apply [GoJa, Theorem 7.11.4] (it is stated only for GL,(F’), but the proof
with zeros and poles of L-functions goes through because we know ~(s,7’,4)) and
we find that for the L-function of 7’ we need only the factor £ = m of (7))

L(s,w, ) = L(s + (n = 1)/2,x) = (1 — ¢ ** "2 (wp))

In particular the whole calculations works with d = 1, so

(8)  L(s,StaL,,(p) ® x © Nrd) = L(s, Star, (r) ® x 0 det) = L(s + (n — 1)/2, x).

Case 2: all other o.
Then [GoJal, Proposition 5.11] says that L(s,o ® x) = 1 for every unramified char-
acter x of GLq(D). Hence L(s,II') = 1 by (5)). We observed above that L(s, 7))t
is a factor of L(s,II'), so L(s,7’) = 1. Because JL is bljectlve JL=Y(x') is not an
unramified twist of the Steinberg representation, so L(s, JL ™! (7)) = 1 as well. This
proves property (h).

In view of the relation

(9) e(s,m ) = (s, m, ) L(s,m)L(1 — 5,7),
(i) follows directy from (c), (g) and (h). O

We record a particular consequence of equations @, and @D:

(10) (s, StgrL,,(p) ® X o Nrd, v) = (=1)""e(s, x, %) = (—1)" g 2wt

for any character ¢ of F' which is trivial on pr but not on op.

2.3. Depth for Langlands parameters.

Let Fy be a separable closure of F' and let Gal(F,/F') be the absolute Galois group
of F'. We recall some properties of its ramification groups (with respect to the upper
numbering), as defined in [Ser, Remark IV.3.1]:

e Gal(F,/F)~! = Gal(F,/F) and Gal(F;/F)" = I, the inertia group.

e For every | € R>g, Gal(F;/F)' is a compact subgroup of I. It consists of
all v € Gal(F,/F') which, for every finite Galois extension E of F' contained
in Fj, act trivially on the ring OE/pLg’E) (where i(l, E) € Z>¢ can be found
with [Ser, §IV.3]).
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o [ € R>q is called a jump of the filtration if
Gal(F,/F)" := Ny, Gal(F,/F)"
does not equal Gal(Fy/F)!. The set of jumps of the filtration is countably

infinite and need not consist of integers.
We define the depth of a Langlands parameter ¢ : Wp x SLa(C) — GL,(C) as
d(¢) == inf{l > 0| Gal(F,/F)!" C ker ¢}.
We say that ¢ € ®(GL,(F)) is elliptic if its image is not contained in any proper
Levi subgroup of GL,,(C).
Let 1 be a nontrivial character of F' and let ¢(1) be the largest integer ¢ such

that ¢ is trivial on p°. The e factor of ¢ (and v) was defined in [Tat]. It takes the
form

(11) e(s, ¢, 1) = €(0, ¢, 1h)q 5T with €(0, ¢, 1p) € C*.

Here a(¢) € Z>¢ is the Artin conductor of ¢ (called f(¢) in [Ser, §VI.2]). To study
a(¢) it is convenient to rewrite ¢ in terms of the Weil-Deligne group. For v € Wp
put

do(n) = o Da(t (V17 2.0)).

S0 ¢y is a representation of W g which agrees with ¢ on Ir. Define N € gl,(C) as the
nilpotent element log ¢(1,(1)). Then (¢, N) is the Weil-Deligne representation
of Wr x C corresponding to ¢.

Denote the vector space C" endowed with the representation ¢ by V, and write
Vn =ker(N : V — V). By definition [Tat], §4.1.6]

(12) a(¢) = a(go) + dim(V1r /VyF),
(13) e(s, 6, 0) = €(0, ¢, ) det ( — Fr0b|VIF/V;[F) 5@ ne(¥))
where Frob denotes a geometric Frobenius element of W .

Lemma 2.3. For any elliptic ¢ € (GL,(F))

0 if Ir C ker(¢),
(14) 4(6) ‘:{a(qﬁ) f1r | (¢)
—~ —1 otherwise,
Proof. This was proved in [ABPS2l Lemma 4.4] under the additional assumption
SL2(C) C ker ¢. We will reduce to that special case.

Since ¢ is elliptic, it defines an irreducible n-dimensional representation V' of
Wy x SLe(C). Hence there are irreducible representations (¢1,V;) of Wp and

(2, Va) of SLy(C) such that

(15) (6, V) = (¢1,V1) @ (2, V2).

In particular V17 = VIIF ® V5. Suppose first that VllF = V1. Then Ir C ker ¢, so
d(¢) = 0 by definition. Now suppose VllF # V1. As (¢1,V1) is irreducible and Ip
is normal in W, we must have VllF = 0. Hence VIr = 0, which by implies

a(¢) = a(¢p). By [Serl Corollary VI.2.1°] a(¢o) is additive in V' and depends only
on

¢0|1F = ¢|1F = ¢>1’1F X idVg-
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Now it follows from that
(16) a(¢) = a(¢1) dim Vo = na(¢1)/ dim V3.
As ker ¢1 D SL2(C) we may apply [ABPS2, Lemma 4.4], which together with

gives

d(¢1)=(;£f1v)l —12“(5)—1.
To conclude, we note that d(¢1) = d(¢) by (L5). O

2.4. The depth of representations of GL,,(D).

Let kp = op/pp be the residual field of D. Let 2 be a hereditary op-order 2
in M,,(D). The Jacobson radical of 2 will be denoted by B. Let r = ep(2) and
e = ep(2) denote the integers defined by pp2l = P" and prA = P¢, respectively.
We have

(17) ep(A) =dep().
The normalizer in G of 2A* will be denoted by
R :={geq: g AXg = A%}
Define a sequence of compact open subgroups of G = GL,,(D) by
U%R) =A%, and UI(A) =1+, j>1.

Then 2A* is a parahoric subgroup of G and U'(2l) is its pro-unipotent radical. We
define the normalized level of an irreducible representation 7w of G to be

(18) d(m) = min {j/er(A)},
where (j,2) ranges over all pairs consisting of an integer j > 0 and a hereditary
op-order 2 in M,,(D) such that 7 contains the trivial character of U7T1(21).

Remark 2.4. When 7 is a representation of GL,,(F'), our notion of normalized level
coincides with that of [BuHel, § 12.6]. However when 7 is a representation of D*,
the normalized level of 7 as defined above is not equal to the level {p(7) defined in
[BuHel § 54.1]: we have

1
d(m) = EED(W).
This reflects the fact that we have divided by ep(2) instead of ep(2) in Eqn. (18).

The following proposition will allow to use both results that were written in the
setting of the normalized level, as general results on the depth in the sense of Moy
and Prased.

Proposition 2.5. The normalized level of m € Irr(G) equals its Moy—Prasad depth.

Proof. Let us denote the Moy-Prasad depth of (7, V) by dyp(w) for the duration
of this proof. For any point = of the Bruhat—Tits building B(G) of G, consider
the Moy—Prasad filtrations P, ,, Py ,+ (1 € R>q) of the parahoric subgroup P, C G
[MoPrll §2]. We normalize these filtrations by using the valuation on Fs which maps
F>* onto Z. Then dyp(m) is the minimal » € R>( such that VWP:”’“r = ( for some
x € B(G), see [MoPr2l §3.4].

Any hereditary op-order 2 in M,,(D) is associated to a unique facet F(2A) of
B(G). The filtration {U?(A) | j € Z>o} was compared with the Moy—Prasad groups



DEPTH AND THE LOCAL LANGLANDS CORRESPONDENCE 9

for € F(A) by Broussous and Lemaire. Let zg be the barycenter of F(2(). From
IBrLe, Proposition 4.2 and Appendix A| and the definition of ep(2() we see that

U/(2A) =P,

Hence the definitions of the normalized level and the Moy—Prasad depth are almost
equivalent, the only difference being that for dyp(7) we must consider all points
of B(G), whereas for d(7) we may only use barycenters of facets of B(G). Thus it
remains to check the following claim: there exists a facet F of B(G) with barycenter
xF, such that Vz has nonzero P, _ 4, . ()¢ -invariant vectors.

This is easy to see with the explicit constructions of the groups P, , at hand, but
we prefer not to delve into those details here. In fact, since every chamber of B(G)
intersects every G-orbit, it suffices to consider facets contained in the closure of a
fixed "standard” chamber. Then the claim becomes equivalent to saying that zr
is an ”optimal point” in the sense of [MoPrll §6.1]. That is assured by [MoPrll
Remark 6.1], which is applicable because the root system of G is of type Ay,,—1. O

2,7/ er () for all j € Zzo.

We fix a uniformizer wp of o, and a character ¢: F — C*, which is trivial on
pr but not on op. There is a canonical isomorphism

U7(2) /U7 () — 7 /P,

given by z — z —1. This leads to an isomorphism from P~7 /P17 to the Pontrjagin
dual of U7 (A)/UTH(A), explicitly given by

B+B T s BB,

with ¢(1 4 z) = (¢ o tryg,, (py) (Bz), for & € Pt

If p is an irreducible smooth representation of £(2), then p is finite-dimensional.
Let £(p) denote the least integer ¢ > —1 such that U(2)*"! C ker(p) (see [BuFr2,
§ 2.2]). We will call £(p) the level of p.

In the case when £(p) > 1, consider the restriction of p to U/P) (), it is a rep-
resentation of the finite abelian group U (A) /UXP+1(A), so it splits as a sum of
characters

(19) pluew @ = ED v

for various cosets § + P14 with g € P~
The representation p is called non-degenerate in the terminology of [BuFr2l § 2],
if either £(p) < 0, or £(p) > 1 and, for some (equivalently, for all) ¥3 occurring in

([9), we have (8 + PL=P)) N &(EA) £ 0.

The next lemma answers the question raised in [BuFr2l § 3.4.(A)] positively.

Lemma 2.6. Let m be a supercuspidal irreducible representation of G. Then there
exists a principal order A in M, (D) such that m contains a non-degenerate repre-
sentation of K(A).

Proof. In the case when m = 1, we have G = D*, we can take % = op. Then
K(2) = D*, and any representation of D* is non-degenerate.

From now on, we will assume that m > 1. It follows from [SéSt1l Corollaire 5.22]
that there exists a maximal simple type (J, A) in G, and an extension A of A to the
normalizer J = Ng(\) of A, such that

G
(20) 7 = c—IndFA.
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Since (J,A) is a simple type for G, there exists a simple stratum [, 7,0, ], such
that, either j = 0 and f = 0 (in this case (J,\) is said to have level zero), or
J = J(, B) see [Séd, § 2.3] (in this case (J,\) is said to have positive level). Here
2 is a hereditary opg-order, j is an integer such that 7 > 0, and 8 is an element of
M, (D) with A-valuation vy (8) > —j, where vg(0) := 400, and

vy (B) ::max{iEZ : [362}3”}, if 5 #£0.

Let E denote the F-algebra generated by 8. A simple stratum satisfies in particular
the following conditions: F is a field, E* normalizes 2 and vy (8) = —j.

Let B denote the commuting algebra of E in M,,(D). Then B is a central simple
algebra over E. Hence there exist an integer m’ and a division algebra D’ of index
d over E such that B is isomorphic to the E-algebra M,,/(D’). There is also an
F-algebra A(F) such that M,,(D) ~ M, (A(FE)), see [Séc, (6)]. In the level zero
case, we have E = F, D' = D = A(E), and m’ = m. Let 98 denote the intersection
of A with B. Then ‘B is the og-order that corresponds, under the isomorphism
B ~ M,,/(D'"), to the standard principal o g-order of M,,,/(D’) defined by the partition

(t',...,t") (r'-times) of m/, that is, the og-order of r' x r’-block matrices
opr - . e op/
Pp/
: Y
pD/ PPN e pD/ UD/

in which each block has size t' x . We have m’ = r't' and ' = ep/(B).

The representation A of J has the form A = k®7, where « is certain representation
of J (a fB-extension) in the positive level case, while & is trivial in the level zero case.
On the other side, the representation 7 is the inflation of a representation of the

group
JJJ' ~ U(B)/U(B) ~ GLy (kp:)"

where J! = J N U (), of the form ¢”, where o is a cuspidal irreducible represen-
tation of GLy (kp/). Here kpr = op//ppr.

Let @ ps be a uniformizer of D’ such that the conjugation action of the element w
on o induces a generator of the Galois group Gal(kp/kg). The group Gal(kp/ /kg)
acts naturally on GL4(kp/) and on the representation o. Let [ denote the length of
the Gal(kps/kg)-orbit of o.

The group J (as in [Séd, § 5.1]) is generated by J and the element

_ 0 L
"= <wlD, 0 >’

where I,v_; is the identity matrix in M,»_1 (My (A(FE))), see in [Séc, (17), (20)]. The
element h belongs to K(8). Moreover, since 7 is supercuspidal, the order B is
maximal (that is, v’ = ep/(B) = 1), hence there is a unique (up to G-conjugation)
choice for 2. Then 2 is principal and sound, see [SEéSt1, (5.5)]. This means that

A(A) N B> = &(B),
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so h normalizes 2. It follows that the group .J is contained in the normalizer £(2A)
of A in G. We set

(21) p:=nd ™ (A).

We will see that p is non-degenerate. The level £(p) of p is equal to j and, since
is a -extension, by the construction of &, the restriction of p to U;(2) contains the
character 5 of U;(2l) that corresponds to B + P17, that is contained in £(2) as
required. O

Let [, 7,7 — 1, ] be a stratum in M,,(D). Let g denote the greatest common
divisor of j and e, and set yg := w%/gﬁe/g. We consider yz as an element of M, (F').
Its characteristic polynomial belongs to op[X]. Let ¢3(X) € kp[X] denote the
reduction modulo pg of the latter. The polynomial pg(X) is also the characteristic
polynomial of g3, the reduction modulo pr of yg. The stratum [, j, j—1, 8] is called
fundamental if pg(X) is not a power of X, see [SESt1l, Déf. 3.9] or equivalently [Brol,
Def. 1.17].

Lemma 2.7. Assume that there exists a stratum [, j', 7' —1,0] in My, (D) such that

g .
Be(PH) 7, and J . ! <Z

/ e’
where P’ denotes the Jacobson radical of A, e = ep(A) and ¢’ = ep(A'). Then
[, 7,7 —1,8] is not fundamental.

Proof. The proof follows the same lines as [BuKull, (2.6.2)], which provides the
analogous result when D = F. Then the element 3¢ lies in (’)¢(!=7). Hence w%ﬁe
lies in AN (P)eHeT-¢" N YA, since ppA’ = (P')¢ and 3 € p-" P, By assumption,
€'j —ej’ >0, so the element w{mﬁe lies in P’. Since any element of the radical of
any hereditary op-order in M,, (D) has characteristic polynomial (in a variable X)
congruent to X™ (mod pr), we obtain that

(@)™ € pp2l C R,

and hence 8™ € PL=¢™. Then [Bro, Lemma 1.1.8] implies that [2l,7,7 — 1, 3] is
not fundamental. O

Recall that one says that two strata [, 7,7 — 1, 8] and [, j', j' — 1, 8] intertwine
if there exists g € G such that

(22) g B+P g N (B + (BT £ 0.

Proposition 2.8. If two fundamental strata [2,j,5 — 1,0] and [A',5,7 — 1,0]
intertwine, then j/e = j'/e'.

Proof. Assume that [, j,7—1, 8] and [, j', 7' —1, 8] intertwine. Hence there exists
an element g in G such that holds. By the definition of a stratum, we have
B+ (P17 < (P) 7. Tt follows that [, 5, — 1, 8] and [, 5/ + 1, 7', 0] intertwine.
Replacing (if necessary) the stratum [2, j, 7 — 1, 8] by a G-conjugate, we may assume
that 8 € (P')!7". If we suppose that j'/e’ < j/e, by applying Lemma we get
that [, 7,7 —1, A] is not fundamental. Hence we have j'/e’ > j/e. By interchanging
the roles of [, j,7 — 1,5] and [, ', 7' — 1, 5], we obtain that j/e > j'/e’. Hence
the equality holds. O
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2.5. Conductors of representations of GL,,(D).
Let €(s,m, 1) denote the Godement-Jacquet local constant [GoJal. It takes the
form

(23) e(s,m 1) =€(0,7,1) q_f(“’¢)8, where €(0, 7, 1)) € C*.

Recall that c(¢) is the largest integer ¢ such that p,° C kert. In the previous
section we had c(¢) = —1.

A representation of D* is called unramified if it is trivial on 0},. An unramified
representation of D* is a character and has depth zero.

Proposition 2.9. Let 7 be a supercuspidal irreducible representation of G. We have

nc(y)+1)—1 if m =1 and 7 is unramified,

(24) flm ) = {n (d(m) + 14 ¢(v))) otherwise.

Proof. We suppose first that m = 1 (so d = n) and 7 is unramified. The required
formula can be read off from if ¢(yp) = —1. For general v, applying [BuFrll
Theorem 3.2.11] and taking in account [BuFrll (1.2.7), (1.2.8), (1.2.10)], we obtain

Pl ) = (A1~ d — de(w)) - (~) = d+ de(®) — 1.

Hence the first case of Eqn. holds.

From now on, we will assume that m > 2 or 7 is ramified. Then Lemma [2.6]
combined with the fact that the Godement—Jacquet L-function L(s,7) is 1, shows
that 7 satisfies the conditions of Theorem 3.3.8 of [BuEr2]. We take m and p as in
and , respectively. Recall that n = md. By applying the formula of [BuFr2]
Theorem 3.3.8 (iv)], we obtain

n

. 1/

On the other hand, the op-order is G-conjugate to the standard principal op-order
of M,,,(D) defined by the partition (¢,...,t) (r-times) of m, where m = rt and
r =ep(2A). Hence we have A/P ~ (My(kp))". It follows that

[Q[ . qg]] _ (qd)t2r _ qdrtQ.
Hence we get

drt?(j + e + ec(1))
n

) = —n(L414e)

since drt? = nt = n?/e. By the construction of the type (J,\), we have d(r) < j/e.
Conversely, let [, 7', 7' — 1, 8'] be a stratum contained in 7. Then if [, j/, 7' — 1, 5]
is such that its normalized level j/e is minimal among the normalized levels of all
the strata contained in 7, it is necessarily fundamental [Brol Theorem 1.2.1. (ii)].
Finally, if two fundamental strata are contained in 7, then they must intertwine, and
thus have the same normalized level by Proposition Therefore e/j = d(m). O

Theorem below proves the validity of Conjecture 4.3 of [LaRa]. In the case
when F' has characteristic 0, it is due to Lansky and Raghuram for the groups
GL,(F) and D*, [LaRal, Theorem 3.1], and for certain representations of GL2(D),
[LaRal Theorem 4.1]. Our proof is inspired by those of these results.
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Theorem 2.10. The depth d(m) and the conductor f(m) := f(m,1) —nc(y) of each
essentially square-integrable irreducible representation m of GL,, (D) are linked by
the following relation:

0 if ™ is an unramified twist of St
(25) d(m) = { f fi f StaL,. (D)

j‘"(w%i—n otherwise. ’

In particular
(26) d(m) = max {f(”)n_” o} .

Proof. Let m € Irrogr2(GLy(D)). We use the same notation as for 7’ in the proof
of Theorem [2.2]h, so 7 is consituent of

(1—b) (3—b) (b—1)

ISEC’ZE(DI;Z(VZ’ Y oouy 2 o®--@u,y ° o),
where o € Irr(GL, (D)) is supercuspidal. Since the depth is preserved by parabolic
induction [MoPr2, Theorem 5.2], we get

(1-b) (3=b) (b—1)

d(ﬂ):d(ygr 2 U®V;; 2 0'®"'®Vf) 2 o).

It follows that
(27) d(m) = d(o).

We will apply Proposition to the supercuspidal representation o of GL,(D). In
the special case o is an unramified representation of D* (hence a = 1 in this case),

Eqn. gives
flo,¥) = d(c(d) +1) -1,
that is, f(o0) =d — 1. Hence we get

Then it implies that

max {f("il_d,o} — max {(11,0} — 0= d(o),

in other words, Eqn. holds for the unramified representations of D*.
In the other cases (that is, a # 1 or o is ramified), gives f(o) = ad(d(o)+1),
that is,
f(o)
ad
Since d(c) > 0 (by definition of the depth), we obtain that

(29) d(o) = max{W,O}.

(28) = d(o) + 1.

Hence holds for every supercuspidal irreducible representation of GL, (D), with
a > 1 an arbitrary integer.
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Recall that s, is an integer dividing ad, say ad = a*s, with a* € Z. The im-
age JL™1(0) of o under the Jacquet-Langlands correspondence is equivalent to the
Langlands quotient of the parabolically induced representation

« (1-=s0) (83=s0) (sg—1)
IG e v 2 0 8 T @@y o%),
where o* is a unitary supercuspidal irreducible representation of GLg+(F') and
vr(g*) = [ det(g")|p-

The representation JL~!(7) is equivalent to a constituent of a parabolically in-

duced representation

1-b) (3—b) (b—1)
2 U*®I/F2 U*@...®VF2 U*),

GLaas(F)
IGLad(F)b (Z/F
where o* is a supercuspidal irreducible representation of GLy4(F). We recall from
[Henl, § 2.6] the formula describing the epsilon factor of JL.~!(7) in terms of the local
factors of o*:

b—1 b—2 L(—S _] (f*)
_1 5
(30) e(s,JL™(m),v) = izoe(s +i,0%,9) jl_[OL(S e

By Theorem [2.2]d the representation
o :=JL Yo%) € Irr(GL4(D)), with ad = ax,

is supercuspidal. Since the Jacquet—Langlands correspondence preserves the e-
factors (see Theorem [2.2}i) we have

e(s, JL7Y(7), ) = e(s,m,9) and e(s,0% 1)) = €(s,0,).

Thus we have obtained the following formula

b—1 -
31 9y Y = + )
(31) e(s,m, 1) gs zawg SH’
It follows from that
(32) f(Star,,(py®@x) =n—1
for any unramified character x, and
(33) f(m) =bf(o)
in the case when m # 1 or o is ramified. Then we get

B bf(o) — bad B f(m)—n

(34) d(m) = max {bad’o = max T’O . O

2.6. Depth preservation.

Corollary 2.11. The Jacquet—Langlands correspondence preserves the depth of es-
sentially square-integrable representations of GLy, (D).

Proof. Theorem [2.2]i shows in particular that the Jacquet-Langlands correspon-
dence preserves conductors. Now Theorem [2.10] shows that it preserves depths as
well. O
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Theorems [2.10] and [2.2] are also the crucial steps to show that the local Lang-
lands correspondence for inner forms of GL,,(D) preserves depths. With similar
considerations we show that it also preserves L-functions, e-factors and ~-factors.
We abbreviate these three to ”local factors”. For the basic properties of the local
factors of Langlands parameters we refer to [Tat].

Theorem 2.12. The local Langlands correspondence for representations of GLy, (D)
preserves L-functions, e-factors, v-factors and depths. In other words, for every
irreducible smooth representation m of GLy,(D):

L(s,m) = L(s,recp n(m)),
6(5,71',1/1) = E(S recp m( ) 17[))’
(Saﬂa¢) = (S recp m(ﬂ-)7w)
() = d(recp m(m)).

Proof. 1t is well-known that the local Langlands correspondence for GL,(F) pre-
serves local factors, see the introduction of [HaTal.

Assume first that 7 is essentially square-integrable. Recall the notations of the e
factors of 7 and of ¢ := recp (1) € ®(GL,, (D)) from and (23). By definition

recp ;m(m) = recpy, (JIF1 (7)),

so by Theorem [2.2| recp ,,, preserves the e-factors of m:

(35)  e(0,,9) g D) = (s, 9, 9) = e(s,m,9) = €(0,m,9)g V).

Hence, with the notation from Theorem [2.10

(36) f(m) = f(m, ) = ne(y) = a(@).

The properties of rean imply that ¢ is elliptic. By combining Lemma [2.3 - 3| with
Theorem [2.10]and (36)), we obtain that d(¢) = d(m) whenever  is essentially square-
integrable.

Now let 7 be any irreducible representation of GLy, (D). By the Langlands classi-
fication, there exist a parabolic subgroup P C GL,,(D) with Levi factor M and an
irreducible essentially square-integrable representation w of M, such that 7 is a quo-
tient of I GLm(D )( ). Moy and Prasad proved in [MoPr2, Theorem 5.2] that = and
w have the same depth. By [Jac, Theorem 3.4] 7 and w have the same L-functions
and e-factors and by [Jac, (2.3) and (2.7.3)] they also have the same 7-factors.

On the other hand, M is isomorphic to a product of groups of the form GL,,, (D),
so the local Langlands correspondence for M is simply the product of that for the
GLy,, (D). The Langlands parameters recp ,,(m) and recps(w) are related via an
inclusion of the complex dual groups [[, GLgnm,(C) — GL,(C). Hence these two
Langlands parameters also have the same depth and local factors.

As we already proved that the LLC preserves depths for essentially square-integrable
representations of GL,,,(D) or M, we can conclude that

d(m) = d(w) = d(recpr(w)) = d(recp (7)),

and similarly for the local factors. O
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3. THE LOCAL LANGLANDS CORRESPONDENCE FOR INNER FORMS OF SL, (F)

3.1. The statement of the correspondence.

Recall that F' is a non-archimedean local field and that the equivalence classes
of inner forms of SL,,(F') are in bijection with the isomorphism classes of central
simple F-algebras of dimension n?, via My, (D) + GL,(D)ger- The local Langlands
correspondence for GL,, (D)ger is implied by that for GL,, (D), in the following way.
Given a Langlands parameter

¢ : Wp x SLy(C) — PGL,(C)
which is relevant for GL,,(D)ger, lift it to a Langlands parameter
¢ : Wg x SLy(C) — GL,(C)

for GLy (D). Then rec,!,(¢) is an irreducible representation of GL,(D) which,
upon restriction to GLmkD)der, decomposes as a finite direct sum of irreducible
representations. The packet I14(GLp,(D)der) is defined as the set of irreducible
constituents of rec;: p(®) laL, (D)aer”

For these groups it is more interesting to consider the enhanced Langlands cor-
respondence, where ¢ is supplemented with an irreducible representation of a finite
group. In addition to the groups defined in (3)), we write

(B7) 24 = Z(SLa(C))/Z(SLn(C)) N C(9)° = Z(SLa(C))C(9)°/C()°-

An enhanced Langlands parameter is a pair (¢, p) with p € Irr(Sy). The groups in
, are related to the more usual component group

Sg 1= ZpaL,(c)(im ¢)/Zpar, (c)(im ¢)°
by the short exact sequence
1= 24— 8y — Sy — 1.

Hence Sy has more irreducible representations than Sg. Via the enhanced Langlands
correspondence the additional ones are associated to irreducible representations of
non-split inner forms of SL,(F'). The following result is due to Hiraga and Saito
[HiSa] for generic representations of GLy, (D) when char F' = 0.

Theorem 3.1. [ABPS2, Theorem 1.2]
There exists a bijective correspondence between:

e pairs (GLy(D)ger, ) with m € Irr(GLp,(D)ger) and GLy(D)ger an inner
form of SL,,(F), considered up to equivalence;

o SL,(C)-conjugacy classes of pairs (¢, p) with ¢ € ®(SL,(F')) and p € Irr(Sy).

Here the group GLy,(D)ger determines p\z¢ and conversely. The correspondence

satisfies the desired properties from |[Boxl, §10.3], with respect to restriction from inner
forms of GL,,(F'), temperedness and essential square-integrability of representations.

We remark that the above bijection need not be canonical if Il4(GLyy, (D)ger) has
more than one element.
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3.2. Depth preservation.
The depth of a Langlands parameter ¢ : W x SLa(C) — PGL,,(C) for an inner
form of SL,,(F) is defined as in Section

d(¢) = inf{l € Rxo | Gal(Fy/F)"" C ker ¢}.
Lemma 3.2. d(¢) is the minimum, over all lifts ¢ € ®(GL,(F)) of ¢, of the

numbers d(¢p).

Proof. For every lift ¢ € ®(GL,(F)) of ¢ we have ker¢ C ker ¢, so d(¢) > d(¢).
Since the possible depths are bounded below, we can choose a ¢ whose depth is
minimal among the lifts of ¢. Suppose that, in contrast to what we want to show,

d(¢) > d(¢).

We temporarily abbreviate Gal(F,/F)' to T'. There is an [ > d(¢) such that ¢ is
nontrivial on I'*. Moreover the restriction of ¢ to I'' is a character, because ¢ lifts ¢.
As a\WF is a smooth group homomorphism, its kernel is an open subgroup of Wg.
Let r > [ be the minimal number such that I'"t C ker ¢. Then the restriction of ¢
to I'" can be considered as a character x of I'"/T"*. By [Ser, Theorem IV.2.7] there
exists an ¢ € Z>q such that the Artin reciprocity map yields an injection

(38) 0; :T" /T = 1+ ph/1 4 pitt.

As F*/1+ p?l is abelian and C* is a divisible group, we can extend the character
x 0 0; " of im(6;) to a character of F* /1 + p’;l. This can be regarded as a smooth
character of F'*, which by local class field theory yields a character ¥ of W that
extends x. Then ¢ ® (Y ' ® Is1,(c)) is another lift of ¢, whose kernel does contain
I'"+. This contradicts the above minimality properties of ¢ and . O

For the depth of an irreducible representation of GL;,(D)ger there are two candi-
dates. Besides the Moy—Prasad depth one can define the normalized level, just as in
(18). This was done for representations of SL, (F) in [BuKu2]. However, Proposition
quickly reveals that these two notions agree:

Corollary 3.3. The Moy—Prasad depth of an irreducible representation of GLy,(D)ger
equals its normalized level.

Proof. By definition GL,,(D) and GL,,(D)4e have the same Bruhat—Tits building.
The descriptions of the two kinds of depth given in the proof of Proposition still
apply, we only have to replace the relevant compact subgroups by their intersections
with GLy,(D)ger- Since this is the same change on both sides, the entire proof of
Proposition [2.5| carries over to the present setting. O

Finally, we use our results for the inner forms of GL,(F') to show that the local
Langlands correspondence for inner forms of SL,,(F') preserves depths.

Theorem 3.4. Let ¢ be a Langlands parameter for SL,(F) which is relevant for
GLy(D)der- For every m € I1y(GLyy, (D)der) there is an equality of depths:

d(r) = d(9).

Proof. Choose ¢ as in Lemma and write T = recBlm(a). In view of Theorem
we have

d(7) = d(¢) = d(¢).



18 A.-M. AUBERT, P. BAUM, R. PLYMEN, AND M. SOLLEVELD

Theorem [2.12] and the compatibility of the local Langlands correspondence with
character twists imply that

d(T ® x) > d(T) for every character x of GL,,(D).

By definition 7 is an irreducible constituent of the restriction of T to GLy,(D)der-
In this situation [BuKu2, Lemma 1.12] says that d(7) = d(7). We remark that,
although [BuKu2| discusses only SL,,(F'), the proof of this result is also valid for its
inner forms. O
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