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1. INTRODUCTION

The subject of this article is related to several branches of mathematics: number
theory, representation theory, algebraic geometry, and non-commutative geometry.
We start with a review of basic notions of number theory: p-adic field, the Weil
group of a p-adic field, and local class field theory (sections 2-4). In sections 5,
6, 7, we recall some features of the theory of algebraic groups over p-adic fields
and of their representations. In particular, we introduce the smooth dual Irr(G)
of a reductive group G over a p-adic field F. The smooth dual Irr(G) is the set
of equivalence classes of irreducible smooth representations of G, and is the main
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object of study of this article. A detailed description of Irr(G), based on the
Bernstein decomposition, is given in sections 9 and 10.

The Local Langlands Conjecture (the statement of which is the object of section
8) provides a markedly different way to understand Irr(G), by considering data
that involve the Weil group of F and a reductive complex group known as the
Langlands dual group of G.

Starting with section 11, we introduce the extended quotient. This originated in
non-commutative geometry. We use the extended quotient to state a conjecture, the
ABPS conjecture, which asserts that a very simple geometric structure is present
in Irr(G). We describe two cases in which the conjecture is known to be valid from
our previous work. One of the features of the ABPS conjecture is that it provides
a guide to determining Irr(G). A second feature is that it connects very closely to
the local Langlands conjecture.

This expository article is based on the Takagi lectures given by the second author
in November, 2012.

Topics in the lectures:

#1. Review of the LL (Local Langlands) conjecture.

#2. Statement of the ABPS (Aubert-Baum-Plymen-Solleveld) conjecture.

#3. Brief indication of the proof that for any connected split reductive p-adic group
G both the ABPS and the LL conjectures are valid throughout the principal series
of G.

Class field theory, a subject to which Professor Teiji Takagi made important and
fundamental contributions, is a basic point in all three topics.

2. P-ADIC FIELDS

Let K be a field, and n a positive integer. K* is the multiplicative group of all
non-zero elements of K.

K* = K—-{0}
M(n, K) is the K vector space of all n x n matrices with entries in K.

GL(n, K) is the group of all n x n invertible matrices with entries in K.
GL(n, K) :={[a;j] | 1 <i,j <n and a;; € K and det[a;;] # 0}.

SL(n, K) C GL(n, K) is the subgroup of GL(n, K') consisting of all [a;;] € GL(n, K)
with det[aij] =1.

SO(n, K) is the subgroup of SL(n, K') consisting of all [a;;] € SL(n, K') such that
tlai;] = [ai;] ™!, where *[a;;] is the transpose of [a;;].

Sp(2n, K) is the subgroup of SL(2n, K) consisting of all [a;;] € SL(2n, K) with
tlai;]Jaij] = J where J is the 2n X 2n matrix

0 I,
=15 %
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I, is the n X n identity matrix

1 0 0

0 1 0
I, =

0o 0 ... 1

K> injects into GL(n, K) via A — AI,, and PGL(n, K) := GL(n, K)/K*.

Fix a prime p. p € {2,3,5,7,11,13,17,...}. Q, denotes the field of p-adic numbers.
To construct Q,, for n # 0, n € Z, let ord,(n) to be the largest r € {0,1,2,3,...}
such that p” divides n.

ord,(n) :=largest r € {0,1,2,3,...} such that n=0 (p")
For € Q, define || ||, by

ord, (m)—ord,(n) if

3

P 70

=
m '"P
0 if % =0
For z,y € Q , set 3,(z,y) =|| (x — 1) [lp-
Sp(wy) = (@ =) Il 2,y €Q

Then d, is a metric on Q and Q, is the completion of Q using the metric J,. Q,
is a locally compact totally disconnected topological field. @ (topologized by the
metric ¢,) is a dense subfield.

QCQ
Any nonzero element z € QQ, is uniquely of the form :
= anp" + 1P+ apgpop" T4
where
n €7, a; €{0,1,2,...,p—1} and an # 0.
For example
“1=@-Dp"+@-1p' +@—-1)p" +(p—1p° +-
Note that for any element z € Q,, the “pole” ETSA arp" has at most finitely

many non-zero terms.

For x € Q; with z = AP +an1p" T+ a, op™ T2+ - | the valuation of z, denoted
valg, (), is the smallest j € Z with a; # 0.

valg,: Q) —Z

is a homomorphism of topological groups where Z has the discrete topology and
Q, is topologized as a subspace of Q.
Set
Zy = {zx € Q) |valg,(x) > 0} U {0}.
Then:

e 7, is a compact subring of @, — and is the unique maximal compact
subring of Q.
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o As a topological ring Z, is isomorphic to the p-adic completion of Z.

Ly = (Z/p"Z)

Jim,
e 7, is a local ring whose unique maximal ideal 7}, is :
Ty ={z € Q; |val(xz) > 1} U {0}
e The quotient Z,/J, is the finite field with p elements.
Zp|Tp = L[PL

Zy, is the integers of Q, and Z,/J, is the residue field of Qp.

Definition. A p-adic field is a field F' which is a finite extension of Qp:
F>Q, and dimg,F' < oo

Any p-adic field F is a locally compact totally disconnected topological field.
The valuation valg,: Q) — Z of Q, extends to give the non-normalized valuation
FF* —Q.

This is a group homomorphism from F'* to the additive group of rational numbers.
The image of this homomorphism has a smallest positive element s. Dividing by s
then gives the normalized valuation of F,

valgp: F* — Z.

valp is a surjective homomorphism of topological groups where Z has the discrete
topology and F'* is topologized as a subspace of F'.

The integers of F', denoted Zp, is defined by :
Zp:={x € F* |valp(z) > 0} U {0}.

Then:

e Zp is a compact subring of FF — and is the unique maximal compact
subring of F.

e Zp is a local ring whose unique maximal ideal Jp is:
Jr={x € F*|valp(z) > 1} U {0}.

e The quotient Zr/Jr is a finite field which is an extension of the field with
p elements:

ZF/JF D Z/pZ
The field Zr/JF is called the residue field of F.
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3. THE WEIL GROUP

Let F be a p-adic field. F' denotes the algebraic closure of F. Gal(F|F) is the Galois
group of F over F, i.e. Gal(F |F) is the group consisting of all automorphisms ¢
of the field F such that

oz) == Vo € F

With its natural topology Gal(F |F) is a compact totally disconnected topolog-
ical group and comes equipped with a continuous surjection onto the pro-finite
completion of Z.
Gal(F |F) - Z := lim (Z/nZ)
o0 —n

The group Zis isomorphic to the absolute Galois group of the residue field Zr/Jp.
It has a canonical generator, called a geometric Frobenius element. The kernel of
the continuous surjection Gal(F |F) —» Z is denoted I and is the inertia group
of F. Consider the short exact sequence of locally compact totally disconnected
topological groups

1 —Zp < Gal(F |F) - Z — 0.

Z injects into Z via the inclusion Z C Z. Within Gal(F |F) let W$ be the pre-image
of Z so that there is the short exact sequence of topological groups

1—ZIp >Wp —»Z—0.

Note that in this short exact sequence Zp and W5 are topologized as subspaces of

Gal(F |F). Z is topologized as a subspace of Z so in this short exact sequence Z
does not have the discrete topology.

Minimally enlarge the collection of open sets in W5, so that with this new topology
the map Wy, — Z is continuous where Z now has the discrete topology. Wy
with this new topology is the Weil group of F [14] and is denoted Wp. Wk is a
topological group and there is the short exact sequence of topological groups

1—Zp <Wp »7Z —0,

in which Z has the discrete topology. Zr is an open (and closed) subgroup of Wp.
The topology that Zr receives as a subspace of W is the same as its topology as
a subspace of Gal(F |F).

Denote the continuous map Wgr — Z by e: Wp — Z.

4. LocAL CrLAsS FIELD THEORY

As above, F is a p-adic field and Wr is the Weil group of F. W4 is the derived
group of Wg, i.e. W%er is the closure (in Wg) of the commutator subgroup. The
abelianization of W, denoted W}‘}b, is the topological group which is the quotient

Wr /W3 with the quotient topology.
Wi i= W /Wi

Local class field theory [20] asserts that there is a canonically defined surjective
homomorphism of topological groups

OéF2WF—>FX
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with commutativity in the diagram

ap
Wp ———— X
5 valp

_
Z T Z

(Iz = the identity map of Z) such that the map ap induces an isomorphism of
topological groups.
ap: Wi = F*

ap is called the Artin reciprocity map.

5. REDUCTIVE p-ADIC GROUPS

If k£ is any field and V is a finite dimensional k& vector space, there are the poly-
nomial functions V' — k. If %’ is an extension of k, then any polynomial function
V — k extends canonically to give a polynomial function k¥’ @, V — k'

As above, F is a p-adic field and F is the algebraic closure of F.
A subgroup G C GL(n, F) is algebraic if there exist polynomial functions Py, Ps, ..., P;

P;j:M(n,F) — F ji=12...r
such that
(1) G={9geGL(n,F)|Pj(9)=0 j=12,...,r}
(2) G:={g9€GL(n,F)|Pj(9) =0 j=1,2

An algebraic group G C GL(n, F) is topologized by the topology it receives from
F. In this topology G is a locally compact and totally disconnected topological
group. G, however, is topologized in a quite different way. G is an affine variety
over the algebraically closed field F. So G is topologized by the Zariski topology
in which the closed sets are the algebraic sub-varieties of G.

The algebraic group G is called connected if G is connected in the Zariski topol-
ogy. We note that this only means connectedness as an algebraic variety, it does
not refer to G as a space with the locally compact topology from F'.

g = [aij] € G is unipotent if all the eigenvalues of g are 1. A subgroup H C G
is unipotent if every g € H is unipotent. An algebraic group G C GL(n, F) is a
reductive p-adic group if the only connected normal unipotent subgroup of G is the
trivial one-element subgroup.

Examples. The groups GL(n, F'), SL(n, F'), PGL(n, F'), SO(n, F'), Sp(2n, F') are con-
nected reductive p-adic groups.

Example. With n > 2, let UT(n, F') be the subgroup of GL(n, F') consisting of all
upper triangular matrices.

UT(TL,F) = {[aij] S GL(TL,F) I A = 0if ¢ > j}
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In UT(n, F) consider the subgroup consisting of those [a;;] € UT(n, F) such that
a;; = 1if i = j. This is a non-trivial connected normal unipotent subgroup of
UT(n,F). So UT(n, F) is not reductive.

6. THE SMOOTH DUAL
Let G be a reductive p-adic group.
Definition. A representation of G is a group homomorphism
¢: G — Aute(V)
where V is a vector space over the complex numbers C.
Definition. Two representations of G
¢ : G — Aute(V)
and
¥ G — Aute (W)
are equivalent if there exists an isomorphism of C vector spaces T : V — W such
that for all g € G there is commutativity in the diagram

v #(9) v
Th ‘T
w T) w

Definition. A representation
¢: G — Aute(V)

of G is irreducible if V # {0} and there is no vector subspace W of V such that W
is preserved by the action of G, {0} # W, and W #£ V.

Definition. A representation
¢: G — Aute(V)
of G is smooth if for every v € V the stabilizer group
Gy ={g9€G|o(g)v =}
is an open subgroup of G.
The smooth dual of G, denoted Irr(G), is the set of equivalence classes of smooth

irreducible representations of G.

Irr(G) = {Smooth irreducible representations of G}/ ~

Remark. In any topological group an open subgroup is also closed. This is due to
the fact that if H is an open subgroup of a topological group G, then any coset gH
is an open subset of G = G — {H} is open = H is closed.

Remark. In a reductive p-adic group G, if U is any open set with the identity
element e an element of U, then there is a compact open subgroup H with H C U.
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7. SPLIT REDUCTIVE p-ADIC GROUPS

Let G C GL(n,F) be a reductive p-adic group. If r is a natural number, then
(FX)T is the Cartesian product of 7 copies of F .

(F )y =F xF x---xF"

A torus in G is a closed connected abelian subgroup 7 of G such that for some
r € Z>o there exists a bijection

VT o= (FY)
with 1) both a group homomorphism and an isomorphism of F affine varieties.

G is split if there exists an algebraic subgroup T of GL(n, F') such that
1) TCc Gand T C G.

EQ) T is a maximal torus in G.

(3) The bijection t: T — (F )" can be chosen to be defined over F.

In (3) “defined over F” means that the polynomials which give the bijection

¢: T — (F°)" have their coefficients in F. Note that in this case, when restricted
to T, ¥ gives an isomorphism of locally compact totally disconnected topological
groups

T — (F*)".

If G is a split reductive p-adic group, then a subgroup T of G which satisfies con-
ditions (1), (2), (3) is a maximal p-adic torus in G. Any two maximal p-adic tori
in G are conjugate.

Examples. The groups GL(n, F'), SL(n, F), PGL(n, F),SO(n, F), Sp(2n, F') are con-
nected split reductive p-adic groups.

Notation. Let G C GL(n, F') be a reductive p-adic group. If E is a finite extension
of F', then G is the intersection of G with GL(n, E).

Gr:=GNGL(n, E)

For any finite extension E of F, Gg is a reductive group over the p-adic field F,
and G split implies G split.

Proposition. Let G C GL(n, F) be a reductive p-adic group. Then there is a finite
extension F of F such that G is split.

The proposition guarantees that the split reductive p-adic groups are plentiful
within the reductive p-adic groups.

Let G be a reductive p-adic group. A connected algebraic subgroup B of G is a
Borel subgroup of G if B is solvable and B is maximal among the connected solvable
algebraic subgroups of G. G is quasi-split if G has a Borel subgroup B defined over
F — i.e. the polynomials determining B can be chosen to have their coefficients in
F, where F is the p-adic field over which G is defined. In this case G itself has a
Borel subgroup, namely

B:=BnNAG.
Any split group G is quasi-split.
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8. THE LOoCAL LANGLANDS CONJECTURE

Let G be a connected reductive p-adic group. Associated to G is a connected
reductive algebraic group over the complex numbers, called the dual group of G
and denoted here by G °.

Examples.
G = GL(n, F) L@ ° =GL(n,C)
G = SL(n, F) LG e =PGL(n,C)
G = PGL(n, F) LGe° =SL(n,C)
G =S0(2n, F) LG ° =80(2n,C)
G =S0(2n+1,F) L@ ° =Sp(2n,C)
G =Sp(2n, F) LG°=850(2n+1,0)

As above, F is the p-adic field over which G is defined. It is possible to make
Gal(F |F) act on ZG ° as automorphisms of the complex algebraic group G °.
The L-group of G, denoted G, which was introduced by Langlands in his original
paper [24], is the semidirect product “G ° x Gal(F |F),

LG .=1G° x Gal(F |F).

Via the usual topologies for G ° and Gal(F |F), LG is a locally compact Hausdorff
topological group. Since £G ° is connected and Gal(F |F) is totally disconnected,
L@ ° is the connected component of the identity in G.

A torus in LG ° is an algebraic subgroup T of LG © such that for some r € Z>q
there exists a bijection

P:T— (C)=C*xC* x.--xCX,

with 1 both a group homomorphism and an isomorphism of complex affine varieties.
Any two maximal tori in “G © are conjugate. g € G ° is semi-simple if there is a
torus T in “G ° with g € T

More generally, 3 € “G is said to be semi-simple if, whenever 7: “G — AutcV
is a finite dimensional representation of G, 7(3) is semi-simple.
Notation. (LG)Semi_Simple denotes the set of all semi-simple elements in *G.

A Langlands parameter for a connected reductive p-adic group G is a group homo-
morphism

©: Wr x SL(2,C) — L@
such that

e ( is continuous.

e Restricted to SL(2,C), ¢ is a morphism of complex algebraic groups
SL(2,C) — G °. The complex dual group “G ° is the connected compo-
nent of the identity in “G. Since ¢ is continuous and SL(2, C) is connected,
¢ must map SL(2,C) to LG °.
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e There is commutativity in the diagram

Wrg x SL(2,C) — > L

Gal(F |F) ——— Gal(F | F)

In this diagram I: Gal(F |F) — Gal(F |F) is the identity map
I(B) = B VB € Gal(F |F). The right vertical arrow is the quotient map
obtained by dividing G = £G ° x Gal(F|F) by the normal subgroup ZG °.
The left vertical arrow is the composition
Wr x SL(2,C) — Wp < Gal(F |F) where the first map is the evident
projection and the second map is the evident inclusion.

L4 @(WF) - (LG)semi—simple

The group “G ° acts on the set of Langlands parameters for G by conjugation, so
one can form the quotient set

®(G) := {Langlands parameters for G}/G °.

The local Langlands conjecture (LLC) [24, 15, 14] asserts that there is a map of
sets

ag: Irr(G) — ®(G)

which is finite-to-one and has important properties. It is expected that a¢ is sur-
jective if G is quasi-split. The fibers of o are referred to as L-packets.

The LLC was proved for GL(n, F') in Harris-Taylor[17] and Henniart[18], and
subsegently reproved by Scholze[32]. Earlier results of Zelevinsky[35] are relevant.
For G = GL(n, F), the map a¢ is bijective, and uniqueness is secured via a well-
known set of matching conditions, including compatibility of the L-factors and e-
factors for pairs involved in the local Rankin-Selberg convolutions. When combined
with the Jacquet—Langlands correspondence, this proves the LLC for inner forms
GL(m, D) of GL(md, F) [19, 7].

For recent LLC results, see Arthur [2] and Mok[29]. The groups considered in
[2] are symplectic and orthogonal groups. Modulo stabilization of the twisted trace
formula for general linear groups (which is work in progress of Waldspurger and
others), Arthur [2] classifies the L-packets of tempered representations. The groups
considered in [29] are quasi-split unitary groups. Using a method analogous to the
work of Arthur[2], Mok [29] classifies the L-packets of tempered representations of
quasi-split unitary groups.

In [9], a proof is given that results of Arthur-Mok type (i.e. classification of L-
packets of tempered representations) can be used to construct the local Langlands
correspondence for the smooth dual Irr(G).

If G is connected and split — or, more generally, if G is an inner form of a
connected split reductive p-adic group — then the action of Gal(F |F) on 7'G ° is
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trivial. Hence in this case, LG is the product group LG © x Gal(F |F).
G connected and split = G = LG ° x Gal(F |F)

Notation. For the rest of this section G will be a connected split reductive p-adic
group or an inner form of such a group.
“inner form” = “has same Langlands dual group”.

For such a G, the definition of Langlands parameter given above is equivalent to
Langlands parameter defined as follows.

A Langlands parameter for a connected split reductive p-adic group G is a group
homomorphism

©: Wr x SL(2,C) — LG°
such that

(1) Restricted to SL(2,C), ¢ is a morphism of complex algebraic groups.

(2) Restricted to Wp, ¢ is continuous where “G ° is topologized by viewing it
as the underlying locally compact Hausdorff space of the complex analytic
manifold *G °.

(3) QO(WF) - LG OSEmifsimple

For (3) one uses that, since G is split,

(LG)semi—simple = LG Oser}ni—sinrxple X Gal(F |F)

(2) implies that ¢(Zr) is a finite subgroup of LG °. ¢(Wr) is the subgroup of LG °
generated by ¢(Zr) and one additional semi-simple element of G °, the image of a
geometric Frobenius element of Wr. ¢(SL(2,C)) is either trivial (i.e. is the trivial
one-element subgroup of “G °) or is an algebraic subgroup of “G ° isomorphic to
SL(2,C) or PSL(2,C) := SL(2,C) /{12, —I2}.

The group “G ° acts on the set of Langlands parameters for G by conjugation, so
again we can form the quotient set

®(G) := {Langlands parameters for G}/“G °.

As recalled above, the local Langlands conjecture (LLC) asserts that there is a map
of sets

ag: Irr(G) — ®(G)
which is surjective, finite-to-one and has important properties. The fibers of ag
are referred to as L-packets.
Example. Let G = GL(1,F) = FX. Then G ° = GL(1,C) = C*. Any morphism
of complex algebraic groups SL(2,C) — C* is trivial, so in this example
{Langlands parameters for G}/*G ° = {continuous homomorphisms Wg — C*}.
The isomorphism of local class field theory

W%‘b o~ X
gives a bijection
{continuous homomorphisms Wgr — C*} +— FX

which verifies LLC for this example and produces the point of view that the goal of
LLC is to extend local class field theory to non-abelian connected reductive p-adic
groups.
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Let D be a division algebra of dimension d? over its center F. With m a positive
integer, GL(m, D) denotes the connected reductive p-adic group consisting of all
m X m invertible matrices with entries in D. Except for GL(n, F), the groups
GL(m, D) are non-split. The group GL(m, D) is an inner form of GL(md, F)
— hence GL(m, D) and GL(md, F') have the same Langlands dual group. Since
GL(n, F) is connected and split, each group GL(m, D) is an inner form of a con-
nected split reductive p-adic group.

Each group G = GL(m, D) has a reduced norm map
Nrd: GL(m,D) — F*.

Set G* = ker(GL(m, D) — F*). The group G* is an inner form of SL(md, F). LLC
for G* is implied by LLC for G — in the sense that each L-packet of G* consists of
the irreducible constituents of Res& (IT,,(G)) of an L-packet I1,(G) of G restricted
to Gf — i.e. each L-packet of G consists of the irreducible constituents of the
restriction to G¥ of a smooth irreducible representation of G. A parametrization of
the members of L-packets was found for the groups G* in [19, §].

9. THE HECKE ALGEBRA — BERNSTEIN COMPONENTS

Let G be a reductive p-adic group. G is locally compact so a left-invariant Haar
measure dg can be chosen. As every reductive group is unimodular, dg is also right-
invariant. The Hecke algebra of G, denoted HG, is then the convolution algebra of
all locally-constant compactly-supported complex-valued functions f : G — C.

(f+h)g) = [flg)+h(g) geq
g9 €G

. feHG
(Fema) = [ fama et | ] ERE

Definition. A representation of the Hecke algebra HG is a homomorphism of C
algebras
¥ : HG — Endc(V)

where V' is a vector space over the complex numbers C.

Definition. A representation
Y : HG — Ende (V)

of the Hecke algebra HG is irreducible if ) : HG — Endc(V) is not the zero map
and there exists no vector subspace W of V' with W preserved by the action of HG
and 0 # W and W # V.

Definition. A primitive ideal in HG is an ideal I which is the null space of an
irreducible representation. Thus an ideal I C HG is primitive if and only if there
exists an irreducible representation v : HG — Endc (V') such that

0 I NG~ Ende(V)

is exact.
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Remark. The Hecke algebra HG does not have a unit (unless G = 1). HG does,
however, have local units — i.e. if a1, as,as,...,a; is any finite set of elements of
HG, then there is an idempotent w € HG with

wa; = ajw = a; =12 ...,
Definition. A representation
¥ : HG — Endc(V)
of the Hecke algebra HG is non-degenerate if (HG)V =V — ie. for each v € V
there are v1,va, ..., v, € Vand f1, fo,..., fr € HG with v = fiv1+ fovo+- - -+ fru,.

Remark. Any irreducible representation of HG is non-degenerate.

Let

¢: G — Aute(V)
be a smooth representation of G. Then ¢ integrates to give a non-degenerate
representation of HG:

e /G f@)dla)dg [ eHG

This operation of integration gives an equivalence of categories

Smooth ~ Non — degenerate
representations of G | ~ \ representations of HG
In particular this gives a bijection (of sets)

Irr(G) +— Prim(HG),

where Prim(HG) is the set of primitive ideals in HG.

What has been gained from this bijection?

On Prim(HG) we have a topology : the Jacobson topology.

If S is a subset of Prim(HG) then the closure S (in the Jacobson topology) of S is

S ={JePrim(HG) | J> (I}

Ies

Example. Let X be an affine variety over C. O(X) denotes the coordinate algebra
of X. Prim(O(X)) is the set of C-rational points of X. The Jacobson topology is
the Zariski topology.

Point set topology. In a topological space W two points w;,ws are in the same
connected component if and only if whenever Uy, U, are two open sets of W with
wy € Uy, wy € Us, and Uy UU; = W, then Uy NU; # 0.

As a set, W is the disjoint union of its connected components. If each connected
component is both open and closed, then as a topological space W is the disjoint
union of its connected components.

Irr(G) = Prim(HG) (with the Jacobson topology) is the disjoint union of its con-
nected components. Each connected component is both open and closed. The
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connected components of Irr(G) = Prim(HG) are known as the Bernstein compo-
nents.

moPrim(HG) denotes the set of connected components of Irr(G) = Prim(HG).
ToPrim(HG) is a countable set and has no further structure.
ToPrim(HG) is known as the Bernstein spectrum of G, and will be denoted B(G).

B(G) := m,Prim(HG)

For s € B(G), the Bernstein component of Irr(G) = Prim(HG) will be denoted
Irr(G)s.

10. CUSPIDAL SUPPORT MAP — TEMPERED DUAL
The main problem in the representation theory of reductive p-adic groups is:

Problem. Given a connected reductive p-adic group G, describe the smooth dual
Irr(G) = Prim(HG).

A solution of this problem should include descriptions of

(1) The tempered dual
(2) The cuspidal support maps
(3) The LL map ag: Irr(G) — {Langlands parameters for G}/LG°

For (1), recall that a choice of (left-invariant) Haar measure for G determines a
measure, the Plancherel measure, on the unitary dual of G. The tempered dual of
G is the support of the Plancherel measure [16]. Equivalently, the tempered dual
consists of those smooth irreducible representations of G whose Harish-Chandra
character is tempered. Let C}G be the reduced C* algebra of G [16]. HG is a
dense *-subalgebra of C}G which is not holomorphically closed.

HG C CrG

Then the tempered dual of G consists of those irreducible representations of HG
which can be extended to give an irreducible representation (in the sense of C*
algebras) of CG. The tempered dual of G will be denoted Irr(G)temp.

Irr(G)emp C Irr(G)

For (2) Bernstein [12, 13, 31] assigns to each s € B(G) = 7, Prim(HG) a complex
torus Ty and a finite group W, which acts on Ty as automorphisms of the affine
variety Ts. Here “complex torus” means an algebraic group 7', defined over the
complex numbers C, such that there exists an isomorphism of algebraic groups

T=C*xC*x---xC*.

In general, Wy acts on T not as automorphisms of the algebraic group T, but
only as automorphisms of the affine variety Ts. Bernstein then forms the quotient
variety Ts /W, and proves that there is a surjective map (of sets) s mapping the
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Bernstein component Irr(G)s onto Ts /W, . This map 75 is known as the infinites-
imal central character or the cuspidal support map.

Irr(G)s

Ts/Ws

The cuspidal support map encodes essential information about the representation
theory of G. Thus any description of Irr(G)s which did not include a calculation
of the cuspidal support map would be very incomplete.

Remark. T; is an algebraic group, defined over C, which as an algebraic group is
non-canonically isomorphic to C* x C* x --- x C*.

T, 2C*xC* x---xC*

Denote the maximal compact subgroup of T by TsP*. Although the action of W,
on T, in general is not as automorphisms of the algebraic group 75 (but only as
automorphisms of the affine variety T5) , this action always preserves Ty Pt

We x TEPY — TEPt
Ts, W5 and the action
Wex Ty — Ty

of W on Ty are usually quite easily calculated. Irr(G)s and the cuspidal support
map 7 can be (and very often are) extremely difficult to describe and calculate.

The ABPS conjecture states that Irr(G)s has a very simple geometric structure
given by the extended quotient.

11. EXTENDED QUOTIENT
Let I be a finite group acting on a complex affine variety X as automorphisms of
the affine variety
I'x X — X.

The quotient variety X/T" is obtained by collapsing each orbit to a point. X/T" is
an affine variety.

For z € X, I', denotes the stabilizer group of =z,
I, ={yeTl:yz =z}

¢(Tz) denotes the set of conjugacy classes of T',,. The extended quotient is obtained
by replacing the orbit of x by ¢(T',). This is done as follows:

Set X = {(v,z) e T x X : yx = z}. X is an affine variety and is a subvariety of
I' x X. The group I' acts on X:

I'x X = X

L ax), acl, (y,x)eX.

aly,x) =(aya™
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The extended quotient, denoted X//T, is X /T". Thus the extended quotient X //T'
is the usual quotient for the action of I on X. We remark that this differs from the
quotient in geometric invariant theory.
The projection X5 X , (7,z) — x is I-equivariant and so passes to quotient
spaces to give a morphism of affine varieties
p: X//T'— X/T.

This map will be referred to as the projection of the extended quotient onto the
ordinary quotient.

The inclusion
XX
x> (e,x) e = identity element of T’

is I'-equivariant and so passes to quotient spaces to give an inclusion of affine
varieties X/T" < X//T". This will be referred to as the inclusion of the ordinary
quotient in the extended quotient.

Notation. X//T" with X/I" removed will be denoted X//T" — X/T".

12. APPROXIMATE STATEMENT OF THE ABPS CONJECTURE

Conjecture. Let G be a connected reductive p-adic group. Assume that G is quasi-
split or that G is an inner form of GL(n, F'). Let Irr(G)s be a Bernstein component
of Irr(G). Let Ts and W, be the complex torus and finite group [12, 13, 31] assigned
by Bernstein to s € B(G). Denote by 7s: Irr(G)s — Ts/Ws and ps: T //Ws —
T, /W, the cuspidal support map and the projection of the extended quotient onto
the ordinary quotient. Then :

Ts//Ws Irr(G)s

are almost the same.

As indicated above, Irr(G)s and the cuspidal support map 7s: Irr(G)s — Ts/Ws
are often very difficult to describe and calculate. The extended quotient T //W,
and its projection ps : Ts//Ws — T /W, onto the ordinary quotient are usually
quite easily calculated.

What is the mathematical meaning of “are almost the same”? The precise state-
ment of the ABPS conjecture will be given in Section 15 and uses the extended
quotient of the second kind.

13. EXTENDED QUOTIENT OF THE SECOND KIND

Let I' be a finite group acting as automorphisms of a complex affine variety X.
I'x X — X.
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For x € X, I', denotes the stabilizer group of x:
I, ={yeTl:yz =z}

Let Irr(I';) be the set of (equivalence classes of) irreducible representations of I';.
These representations are on finite dimensional vector spaces over the complex
numbers C.

The extended quotient of the second kind, denoted (X//T')2, is constructed by re-
placing the orbit of = (for the given action of I" on X) by Irr(I",). This is done as
follows :

Set Xy = {(z,7) |z € X and 7 € Irr(I';)}. Endowed with the topology that sees
only the first coordinate, this is an algebraic variety in the sense of [? ], although
it is usually not separated. Then I' acts on X5 by

I x )?2 — )?2,

V@, 7) = (Y2, 77),
where v, : Irr(I'y) — Irr(Ty5). (X//T)2 is defined by :

(X//T)z := Xa/T,
i.e. (X//T); is the usual quotient for the action of I' on Xs.

The projection )?2 — X (x,7) =z isT-equivariant and so passes to quotient
spaces to give the projection of (X//T")2 onto X/T.
P2 (X//F)2 — X/F
Denote by triv, the trivial one-dimensional representation of I',.. The inclusion
X — )zg
x> (z, trivy)
is [-equivariant and so passes to quotient spaces to give an inclusion
X/T = (X//T)2
This will be referred to as the inclusion of the ordinary quotient in the extended
quotient of the second kind.

Let O(X) be the coordinate algebra of the complex affine variety X and let
O(X) % T be the crossed-product algebra for the action of I" on O(X). There are
canonical bijections

Irr(O(X) X T') +— Prim(O(X) x T) +— (X//T)a,

where Prim(O(X) xT') is the set of primitive ideals in O(X) x T and Irr(O(X) xT)
is the set of (equivalence classes of) irreducible representations of O(X) x I'. The
irreducible representation of O(X) x I' associated to (x,7) € (X//T)g is

O(X)xD
Indg % )sr, (C, 7).

Here C,: O(X) — C is the irreducible representation of O(X) given by evaluation

at r € X. Indggg;:& is induction from O(X) x I';, to O(X) xT".

Prim(O(X) x I') is endowed with the Jacobson topology, which makes it a (not
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necessarily separated) algebraic variety. This structure can be transferred via the
canonical bijection Prim(O(X) xT') «— (X//T)2 to (X//T")2. Hence (X//T)2 is a
complex algebraic variety. In many examples (X//T")2 is not separated, and is not
an affine variety.

Example 1. Let X = C* and I' = Z/2Z where the generator of Z/27Z acts by
¢ = ¢~1. The stabilizers are trivial except at 1 and —1 where the stablizer is Z/27Z.
Each fiber of the map ps : (X //T')2 — X/T' consists of just one point except for two
fibers which consist of 2 points. Hence (X //T')2 is X/T" with 2 double points. Each
double point cannot be separated within the Jacobson topology, i.e. (X //T")2 is not
a Ti-space. Hence in this example (X//T")5 is a nonseparated algebraic variety.

From the non-commutative geometry point of view, O(X) x I is the coordinate
algebra of the non-commutative affine algebraic variety (X//T)s.
14. COMPARISON OF THE TWO EXTENDED QUOTIENTS

With X, T as above, there is a non-canonical bijection e¢: X//T' — (X//T')y with
commutativity in the diagrams

L X/)r - (X//T)2 X/r - (X//T)2

N N

X/T X/T

The map € is a morphism of nonseparated algebraic varieties. In most examples
¢! is not continuous. Hence, in most examples (e.g. Example 1), the map ¢ is not
an isomorphism of algebraic varieties and is not a homeomorphism.

To construct the non-canonical bijection €, some choices must be made. Let v

be a family of bijections (one bijection v, for each x € X)
Yy 2 e(Ty) = Irr(Ty)

such that for all x € X:

(1) Yz(e) = triv, e = identity element of I';,

(2) ¥ra(lr9r]) = ¢ullgl) 0 AdY" forallg € Tyy €T

(3) ¢y =1y if I'y; =Ty and z,y belong to the same connected component of

the variety X'= :={2€ X |vz=2 Vyel,}

Such a family of bijections will be referred to as a c-Irr system. ¢ induces a
map X — Xo which preserves the X-coordinates. By property (2) this map is
I'-equivariant, so it descends to give a bijection

e=¢y: X//T = (X//T)a.

such that the diagrams (1) commute. Property (3) is not really needed, but serves
to exclude some rather awkward and unpleasant choices of .

As remarked above, the crossed-product algebra O(X) x I' can be viewed as the
coordinate algebra of the non-commutative affine algebraic variety (X//T')s.

There are some intriguing similarities and differences between the two finite-type
O(X/TI')-algebras O(X//T") and O(X)xT. In many examples (e.g. if X is connected
and the action of I" on X is neither trivial nor free) these two algebras are not
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Morita equivalent. However, these two algebras always have the same periodic
cyclic homology:

HP,(O(X) xT) = HP,(O(X//T)) = H*(X//T;C).

H*(X//T;C) is the cohomology (in the usual sense of algebraic topology), with
coefficients C, of the underlying locally compact Hausdorff space of the complex
affine variety X//T.

In the example relevant to the representation theory of reductive p-adic groups
(ie. T'=W,, X = T;) these two finite-type O(X/T)-algebras are very often —
conjecturally always — equivalent via a weakening of Morita equivalence referred
to as “geometric equivalence”. See the appendix for the definition of “geometric
equivalence”.

The finite group W, is often an extended finite Coxeter group i.e. Wy is often a
semi-direct product for the action of a finite abelian group A on a finite Weyl
group W:

Ws =W x A.
Due to this, in many examples there is a clear preferred choice of c-Irr system for
the action of W on T;.

Example. For the groups GL(m, D) every Bernstein component has the two ex-
tended quotients T, //W, and (Ts//Ws)2 canonically in bijection. The reason for
this is that all the stabilizer groups for the action of Wy on T are finite Cartesian
products of symmetric groups:

Wee =[] 5

The classical theory of Young tableaux (or the Springer correspondence) then ap-
plies to give a canonical bijection between Irr(] [, S;) and the set of conjugacy classes
in [, S; — i.e. a canonical c-Irr system for the action of W, on Ts.

Remark. If S is any set and T is any group acting on S, then (in an evident way)
the two extended quotients S//T and (S//T")2 can be formed.

15. STATEMENT OF THE ABPS CONJECTURE

Let G be a connected reductive p-adic group. Assume that G is quasi-split or that
G is an inner form of GL(n, F'). Let s be a point in the Bernstein spectrum of G.

s € B(G) = 1,Prim(HG)

Recall that Ty //Ws and (Ts//Ws )2 are the extended quotients of the first and second
kind defined in §11 and §13.

The statement of the ABPS conjecture given in this section explains the meaning
of the phrase ”almost the same” in §12.

The ABPS conjecture [3]-[7] consists of the following five statements.

(1) The cuspidal support map
s Irr(G)s — Ty /W

is one-to-one if and only if the action of Wy on T is free.
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There is a canonically defined commutative triangle

(Tﬁ//Ws)2

T

Irr(G)s {Langlands parameters},/IG°

in which the left slanted arrow is bijective and the horizontal arrow is the
map of the local Langlands correspondence.

{Langlands parameters}; is those Langlands parameters whose L-packets
have non-empty intersection with Irr(G)s.

The maps in this commutative triangle are canonical.

The canonical bijection
(Ts//Ws)a — Irr(G)s

comes from a canonical geometric equivalence of the two unital finite-type
O(Ts/Ws)-algebras O(T,) x Wy and Hs. See the appendix for details on

“geometric equivalence”.
The canonical bijection
(Ts//Ws)a — Irr(G)s

maps (T<P'//Wy)a onto Irr(G)s N Irr(G) emp-

A c¢Irr system can be chosen for the action of Wy on Ty such that the
resulting (non-canonical) bijection

€: Ty //Ws — (T //Ws)2

when composed with the canonical bijection (T5//Ws)2 — Irr(G), gives a
bijection
s 2 Ts [/ Ws — Irr(G)s

which has the following six properties:

Notation for Property 1:
Within the smooth dual Irr(G), there is the tempered dual
Irr(G)temp = {smooth tempered irreducible representations of G} /~

T<P* = maximal compact subgroup of 7.
TEPY is a compact real torus. The action of W, on T} preserves Ts pt, so the extended
quotient T¢P* //W, can be formed.

Property 1 of the bijection pus :

The bijection g : Ty //Ws — Irr(G)s maps TsP"' //W, onto Irr(G)s N Irr(G)iemp,
and hence restricts to a bijection

pis: TP )/Ws +— Irr(G)s N Irr(G)temp

Property 2 of the bijection s :
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For many s € B(G) the diagram

Ts//Ws fe Irr(G),

S~ A

does not commute.

Property 3 of the bijection ps:
In the possibly non-commutative diagram

Hs

Ts //Ws Irr s

(G)
S A

Ts/Ws

the bijection pg : T //Ws — Irr(G)s is continuous, where the affine variety T // W
has the Zariski topology and Irr(G)s C Prim(HG) has the Jacobson topology —
and the composition

T 0 g : Lo )/ We — Ts /W

is a morphism of complex affine algebraic varieties.

Property 4 of the bijection ps:
There is an algebraic family

0, :Ts)/Ws — Ts/Ws
of finite morphisms of algebraic varieties, with z € C*, such that
61 = ps, 9\/§:7T50,U/s
Remark. Both ps; and 7, are surjective finite-to-one maps. For z € Tg/W,
denote by #(z, ps), #(x,7s) the number of points in the pre-image of = using ps,
ms. The numbers #(z, 75) are of interest in representation theory. Within T /W
the algebraic sub-varieties R(ps), R(ms) are defined by
R(ps) :=A{z € Ts/Ws | #(x,ps) > 1}
R(ms) :={x € Ts/Ws | #(z,75) > 1}
Setting
Yz = oz(Ts//Ws - Ts/Ws)
a flat family of sub-schemes of T, /W is obtained with

Yi=R(ps),  Yy5=R(ms).

Property 5 of the bijection ps (Correcting cocharacters):
For each connected component c of the affine variety 75 //W, there is a cocharacter
(i.e. a homomorphism of algebraic groups)

he : C* — T,

such that
0. [wvt] = b(hc(z) : t)
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for all [w,t] € c.
Let b: Ts — Ts/W, be the quotient map. Here, as above, points of ﬁ are pairs
(w,t) with w € W, t € Ty and wt = t. [w,t] is the point in T, //W, obtained by
applying the quotient map T, — T, //Ws to (w,t).
Remark. The equality

92 [w’t] = b(hc(z) ' t)
is to be interpreted thus:
Let Zy, Zs, ..., Z, be the connected components of the affine variety T;//Ws and
let hy, ha, ..., h, be the cocharacters as in the statement of Property 5. Let

Vgt i\’;—>Tﬁ//VV5

be the quotient map. s
Then connected components Xy, Xo, ..., X, of the affine variety Ts can be chosen
with
o v(X;)=Z;for j=1,2,...,r
e For each z € C* the map m,: X; — T5/W,, which is the composition
X, — Ty —Ts/Ws

(w,1) > hy(2)t —> b(h; (2)0),

makes the diagram
X = Zj

Ts/Ws

commutative. Note that h;(z)t is the product of h;(2) and ¢ in the algebraic
group T.

Remark. The conjecture asserts that to calculate the infinitesimal central character
Ty éﬁ — T/ Ws

two steps suffice:
Step 1: Calculate the projection of the extended quotient onto the ordinary quotient

ps: Ts)/Ws — T /W

Step 2: Determine the correcting cocharacters.

The cocharacter assigned to Ts/Ws — Ts//Ws is always the trivial cocharacter
mapping C* to the unit element of T,. So all the non-trivial correcting is taking
place on T, // Wy — T /W.

Notation for Property 6.

If S and V are sets, a labelling of S by V is a map of sets A: S — V.

Property 6 of the bijection us (L-packets):

As in Property 5, let {Z1, ..., Z,.} be the irreducible components of the affine variety
Ts//Ws, and let {hy, ha, ..., h,} be the correcting cocharacters.
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Then a finite set V' and a labelling \: {Z1,Zs,...,Z,.} — V exist such that for
every two points [w,¢] and [w’,t'] of Ts//W:

ps[w, t] and ps[w’, '] are in the same L-packet

if and only
(i) 0.[w,t] = 6,[w, '] for all z € C*;
(i) Aw,t] = AJw’,t'], where A has been lifted to a labelling of T, //Ws in the
evident way.

Remark. An L-packet can have non-empty intersection with more than one Bern-
stein component. The conjecture does not address this issue. The conjecture only
describes the intersections of L-packets with any one given Bernstein component.

In brief, the conjecture asserts that — once a Bernstein component has been fixed
— intersections of L-packets with that Bernstein component consisting of more
than one point are “caused” by repetitions among the correcting cocharacters. If,
for any one given Bernstein component, the correcting cocharacters hy, ha, ..., hy,
are all distinct, then (according to the conjecture) the intersections of L-packets
with that Bernstein component are singletons.

A Langlands parameter
Wr x SL(2,C) — LG
determines a homomorphism of complex algebraic groups
SL(2,C) — LG ?°

Let T(*G °) be the maximal torus of G °. By restricting the homomorphism
of complex algebraic groups SL(2,C) — G © to the maximal torus of SL(2,C) a
cocharacter

c* —T1(ta%

is obtained. In examples, these are the correcting cocharacters.

16. Two THEOREMS

As in §8, let D be a division algebra of dimension d? over its center F. With m a
positive integer, GL(m, D) denotes the connected reductive p-adic group consisting
of all m x m invertible matrices with entries in D. Except for GL(n, F'), these
groups are non-split. GL(m, D) is an inner form of GL(md, F'). Hence all the
groups GL(m, D) are inner forms of connected split reductive p-adic groups.

Theorem 1. The ABPS conjecture is valid for G = GL(m, D). In this case, for
each Bernstein component Irr(G)s C Irr(G), all three maps in the commutative
triangle

(Ts//Ws)2

T

Irr(G)s {Langlands parameters},/‘G°

are bijective.
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Assume now that G is connected and split.
As in section 7 above, let T be a maximal p-adic torus in G and let B be a Borel
subgroup of G containing T. An irreducible smooth representation ¢ of G

¢ : G — Aute(V)

is in the principal series if and only if there exists a smooth irreducible representa-
tion y of T, i.e. a smooth character

x: T — C*

with ¢ a sub-quotient of Ind%(x). Here Ind$ is the (normalized) smooth parabolic
induction from T to G via B.

The notion principal series does not depend on the choice of T or B. Any
Bernstein component Irr(G)s in Irr(G) either has empty intersection with the
principal series or is completely contained within the principal series.

The Langlands parameters

©: Wr x SL(2,C) —LG?°

for the principal series have a very simple form. They are those Langlands param-
eters ¢ such that when restricted to Wp, ¢ is trivial on W4 — i.e. the restriction

of ¢ to W factors through WaP.
WE == Wp /W
Due to the isomorphism of local class field theory
Wab & px
such a Langlands parameter ¢ can be viewed as a continuous group homomorphism
@: F* x SL(2,C) — LG °.

An enhancement [25, 22, 1, 34] of such a ¢ is a pair (¢,0) where ¢ is an ir-
reducible representation of the finite group mo(Zrgo(Image ¢)) which occurs in
H*(BV(p) ; C). The notation is:

Notation.

e Image(y) = @(F* x SL(2,C)) is the image of .

o Zigo(Image ¢) is the centralizer (in “G °) of Image(y).

e 7y (Zrgo(Image ¢)) is the finite group whose elements are the connected
components of Zig o (Image ¢).

e BV(yp) is the algebraic variety of all Borel subgroups of “G © which contain
¢(Bz) — where By is the standard Borel subgroup in SL(2,C) i.e. By is the
subgroup of SL(2, C) consisting of all upper triangular matrices in SL(2, C).
A Borel subgroup of G ° is a connected solvable algebraic subgroup B of
L@ ° which is maximal among the connected solvable algebraic subgroups
of LG °.

o H*(BV(p); C) is the cohomology (in the usual sense of algebraic topology),
with coefficients C, of the underlying locally compact Hausdorff space of
the complex algebraic variety BV ().

e Zigo (Image ¢) acts on BV(p) by conjugation, thus determining a rep-
resentation (whose vector space is H*(BV(y) ; C)) of the finite group
o (Zr g - (Image ¢)).
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A hypothesis in Theorem 2 is that the p-adic field F satisfies a mild restriction on
its residual characteristic, depending on G. Granted this restriction, Theorem 2
states that the ABPS conjecture is valid for any Bernstein component Irr(G)s in
the principal series.

Theorem 2. Let G be a connected split reductive p-adic group. Assume that the
residual characteristic of the local field F is not a torsion prime for G. Let Irr(G)s
be a Bernstein component in the principal series of G. Then the ABPS conjecture is
valid for Irr(G)s. In particular, there is a commutative triangle of natural bijections

(Tﬁ//WS)Z

Irr(G)s {enhanced Langlands parameters},/*G°

In this triangle {enhanced Langlands parameters}s/“G © is the set of enhanced
Langlands parameters for the Bernstein component Irr(G)s (modulo conjugation

by LG 9).

Theorem 2 extends and generalizes [22] and [30]. Note that [30] assumes that for
ramified inducing characters (i.e. all Bernstein components except the Iwahori com-
ponent) the center of G is connected. In Theorem 2 there is no hypothesis that the
center of GG is connected.

Brief indication of proof. In the commutative triangle of Theorem 2, the left slanted
arrow is defined and is proved bijective by using the representation theory of affine
Hecke algebras [33]. The right slanted arrow is defined and is proved bijective by
applying the Springer correspondence for affine Weyl groups [21].

Proofs of Theorems 1 and 2 are given in [7].

In §15 we formulated the ABPS conjecture for quasi-split groups. What hap-
pens if G is a connected reductive p-adic group which is not quasi-split? Many
Bernstein components Irr(G), have the geometric structure as in the statement in
Section 15. However, in some examples there are Bernstein components Irr(G)s
which are canonically in bijection not with (Ts//Ws)2 but with (Ts//Ws)o-twisted
by a 2-cocyle. See [7] for the definition of (T //Wj)s-twisted by a 2-cocycle. The
authors of this note are currently formulating a precise statement of their conjec-
ture for connected reductive p-adic groups which are not quasi-split. Our precise
statement will be given elsewhere. For groups which are quasi-split but not split,
the conjecture is as stated in §15, i.e. for such groups, there is no change in the
conjecture.

17. APPENDIX : GEOMETRIC EQUIVALENCE

Let X be a complex affine variety and let & = O(X) be its coordinate algebra.
Equivalently, k£ is a unital algebra over the complex numbers which is commuta-
tive, finitely generated, and nilpotent-free. A k-algebra is an algebra A over the
complex numbers which is a k-module (with an evident compatibility between the
algebra structure of A and the k-module structure of A). A is of finite type [23] if as
a k-module A is finitely generated. The k-algebra A is not assumed to have a unit
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or to be commutative. This appendix will introduce — for finite type k-algebras
— a weakening of Morita equivalence called geometric equivalence.

The new equivalence relation preserves the primitive ideal space (i.e. the set of
isomorphism classes of simple A-modules) and the periodic cyclic homology. How-
ever, the new equivalence relation permits a tearing apart of strata in the primitive
ideal space which is not allowed by Morita equivalence. The ABPS conjecture as-
serts that the finite type algebra which Bernstein constructs [12, 13, 31] for any
given Bernstein component of a reductive p-adic group is geometrically equiva-
lent to the coordinate algebra of the associated extended quotient — and that the
geometric equivalence can be chosen so that the resulting bijection between the
Bernstein component and the extended quotient has the properties required by the
conjecture.

17.1. k-algebras.

Let X be a complex affine variety and k = O(X) its coordinate algebra.

A k-algebra is a C-algebra A such that A is a unital (left) k-module with:

AMwa) =w(ra) = (Aw)a YV(A\w,a) eCxkxA
and
w(araz) = (wai)ag = ar1(waz) VY(w,a1,a2) €k x A x A.
Denote the center of A by Z(A).
Z(A):={ceA|ca=acVac A}
k-algebras are not required to be unital or commutative.
Remark.Let A be a unital k-algebra. Denote the unit of A by 14. w > wly4 is then
a unital morphism of C-algebras k — Z(A). Thus a unital k-algebra is a unital
C-algebra A with a given unital morphism of C-algebras
k— Z(A).

Let A, B be two k-algebras. A morphism of k-algebras is a morphism of C-
algebras
f:A— B
which is also a morphism of (left) k-modules,
fwa) =wf(a) V(w,a) €k x A.
Let A be a k-algebra. A representation of A [or a (left) A-module] is a C-vector
space V with given morphisms of C-algebras
A — Home(V, V) k — Homg(V,V)
such that
(1) k¥ — Homg(V,V) is unital;
(2) (wa)v =w(av) = a(wv) Y(w,a,v) €k x A X V.
Two representations
A — Home(V1,17) k — Home(V1, V1)
and
A — Homg(Va, Va) k — Homg(Vz, Va)

are equivalent (or isomorphic) if there is an isomorphism of C vector spaces T': Vi —
V5 which intertwines the two A-actions and the two k-actions.
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A representation is irreducible if A — Homgc(V, V') is not the zero map and there
is no sub-C-vector space W of V' with:

O} AW , W#V
and
wweW V(ww)ekxW

and
aweW V(a,w) e AxW

Irr(A) denotes the set of equivalence classes of irreducible representations of A.

17.2. Spectrum preserving morphisms of k-algebras.
Definition. An ideal [ in a k-algebra A is a k-ideal if wa € I ¥V (w,a) € k x I.
An ideal I C A is primitive if there exists an irreducible representation

v: A — Home(V, V) k — Homg(V,V)
with
I = Kernel(yp).
That is,
0— 1= A% Home(V,V)
is exact.

Remark. Any primitive ideal is a k-ideal. Prim(A) denotes the set of primitive
ideals in A. The map Irr(A)— Prim(A) which sends an irreducible representa-
tion to its primitive ideal is a bijection if A is a finite type k-algebra [23]. Since k
is Noetherian, any k-ideal in a finite type k-algebra A is itself a finite type k-algebra.

Definition. Let A, B be two finite type k-algebras, and let f: A — B be a
morphism of k-algebras. f is spectrum preserving if

(1) Given any primitive ideal I C B, there is a unique primitive ideal L C A
with L D f=(I);
(2) The resulting map

Prim(B) — Prim(A)
is a bijection.

In this situation the map Prim(B) — Prim(A) is in fact a homeomorphism [11].

Definition. Let A, B be two finite type k-algebras, and let f: A — B be a
morphism of k-algebras. f is spectrum preserving with respect to filtrations if there
exist k-ideals

0O=Iyhchc---cl,.icIl,=A in A
and k-ideals
0=LyclLyc---CcL,.1CL.=B in B
with f(I;) C Ly, (j=1,2,...,7) and I; /I,y = Lj/L;_1, (j = 1,2,...,7) is spec-

trum preserving.

These data determine a bijection Prim(B) — Prim(A) which, however, need not
be continuous.
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17.3. Algebraic variation of k-structure.
Notation. If A is a C-algebra, A[t,t~!] is the C-algebra of Laurent polynomials
in the indeterminate ¢t with coefficients in A.

Definition. Let A be a unital C-algebra, and let
U:k— Z(Alt,t™1))
be a unital morphism of C-algebras. Note that Z (A[t,t7']) = Z(A)[t,t~!]. For
¢ € C* =C - {0}, ev(¢) denotes the “evaluation at ¢” map:
ev(Q): Alt,t7] — A

Zajtj — Zajgj.

Consider the composition

k% Z (Al 1) 29 z(4).

Denote the unital k-algebra so obtained by A¢. The underlying C-algebra of A, is A.
Assume that for all ( € C*, A¢ is a finite type k-algebra. Then for ¢, (' € C*, A
is obtained from A¢ by an algebraic variation of k-structure.

17.4. Definition and examples. With k fixed, geometric equivalence (for finite
type k-algebras) is the equivalence relation generated by the two elementary moves:

e Spectrum preserving morphism with respect to filtrations
e Algebraic variation of k-structure

Thus two finite type k-algebras A, B are geometrically equivalent if there exists a
finite sequence A = Ap, A4,..., A, = B with each A; a finite type k-algebra such
that for j =0,1,...,r — 1 one of the following three possibilities is valid:

(1) Aj4q is obtained from A; by an algebraic variation of k-structure.
(2) There is a spectrum preserving morphism with respect to filtrations
Aj — Aj+1.
(3) There is a spectrum preserving morphism with respect to filtrations
Aj+1 — Aj.
To give a geometric equivalence relating A and B, the finite sequence of elementary
steps (including the filtrations) must be given. Once this has been done, a bijection
of the primitive ideal spaces and an isomorphism of periodic cyclic homology [10, 11]
are determined:

Prim(A) +— Prim(B) HP,(A) > HP.(B)
Remark. If two unital finite type k-algebras A, B are Morita equivalent (as k-
algebras) then they are geometrically equivalent [7]. A Morita equivalence of A
and B gives a homeomorphism Prim(A) ~ Prim(B). However, the bijection
Prim(A) <+— Prim(B)

obtained from a geometric equivalence might not be a homeomorphism.
Example 1. Let G be a connected reductive complex Lie group with maximal torus
T. W denotes the Weyl group

W = Ng(T)/T

and X*(T) is the character group of T. Ng(T) is the normalizer (in G) of T. The
semi-direct product X*(7T') x W is the affine Weyl group of G. For each non-zero
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complex number ¢, there is the affine Hecke algebra #,(G). This is an affine Hecke
algebra with equal parameters and H;(G) is the group algebra of the affine Weyl
group:
H1(G) = C[X*(T) x W] =O(T) x W.
Using the action of W on T, form the quotient variety T/W and let k be its
coordinate algebra,
kE=0(T/W)
For all ¢ € C*, H4(G) is a unital finite type k-algebra. Let J be Lusztig’s asymp-
totic algebra [26, 27, 28].
Except for ¢ in a finite set of roots of unity (none of which is 1) Lusztig constructs
a morphism of k-algebras
Gq: Hy(G) — J
which is spectrum preserving with respect to filtrations. The algebra H,(G) is
viewed as a k-algebra via the canonical isomorphism
O(T/W) = Z(H(G)).
Lusztig’s map ¢, maps Z(H4(G)) to Z(J) and thus determines a unique k-structure
for J such that the map ¢, is a morphism of k-algebras. J with this k-structure
will be denoted J,. H,4(G) is then geometrically equivalent to H1(G) by the three
elementary steps
HQ(G) ~ Jq ~ J1 ~ Hl(G)
The second elementary step (i.e. passing from J, to Ji) is an algebraic variation
of k-structure. The first elementary step uses Lusztig’s map ¢4, and the third
elementary step uses Lusztig’s map ¢;. Hence (provided ¢ is not in the exceptional
set of roots of unity—mnone of which is 1) H,(G) is geometrically equivalent to
Hi(G)=C[X*(T)xW]=0(T) xW.
As observed in section 12 above, Irr(H1(G)) = (T//W)2. Thus the geometric
equivalence of H,(G) to H1(G) determines a bijection

(T//W)g +— Irr(Hqy(Q)).

Example 2. With notation as in example 1, let Hq(X*(T) x W) be the affine Hecke
algebra of X*(T') x W with unequal parameters q = {q1,...,qr}. We assume that
gi € Ryg. Sq(X*(T) x W) denotes the Schwartz completion of Hq(X*(T) x W).
In [33] a morphism of Fréchet algebras

S1(X*(T) X W) = Sq(X*(T) x W)

is constructed which is spectrum preserving with respect to filtrations.
Example 3. Let G be a connected reductive p-adic group, and let s € B(G) be any

point in the Bernstein spectrum of G. H, denotes the unital finite type O(Ts/Ws)
algebra which Bernstein assigns to s. Hs has the property

Irr(Hs) = Irr(G) s
The ABPS conjecture asserts that the three unital finite type O(Ts/W,) algebras
He O(Ts) x W, O(T,//Ws)

are geometrically equivalent. Results and conjectures of G. Lusztig [26, 27, 28]
are relevant to this assertion. According to the ABPS conjecture, the geometric
equivalence between H,; and O(T,) x W is canonical and gives the left slanted
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arrow in the statement of the ABPS conjecture.

Remark Let A be a finite type k-algebra. Ac denotes the underlying C-algebra
of A — i.e. Ac is obtained from A by forgetting the action of ¥ on A. Then an
irreducible A¢c module in a canonical way becomes an irreducible A module. This
gives bijections

(1]
2]

3]

Irr(A) +— Trr(Ac), Prim(A) +— Prim(Ac).
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