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FREE CENTRE-BY-METABELIAN LIE RINGS

NIL MANSUROGLU AND RALPH STOHR

ABSTRACT. We study the free centre-by-metabelian Lie ring, that is, the free
Lie ring with the property that the second derived ideal is contained in the
centre. We exhibit explicit generating sets for the homogeneous and fine homo-
geneous components of the second derived ideal. Each of these components is
a direct sum of a free abelian group and a (possibly trivial) elementary abelian
2-group. Our generating sets are such that some of their elements generate
the torsion subgroup while the remaining ones freely generate a free abelian
group. A key ingredient of our approach is the determination of the dimensions
of the corresponding homogeneous and fine homogeneous components of the
free centre-by-metabelian Lie algebra over fields of characteristic other than 2.
For that we exploit a 6-term exact sequence of modules over a polynomial ring
that is originally defined over the integers, but turns into a sequence whose
terms are projective modules after tensoring with a suitable field. Our results

correct a partly erroneous theorem in the literature.

1. INTRODUCTION

The free centre-by-metabelian Lie rings are curious structures with a number of
unusual properties: Unlike free nilpotent or free soluble Lie rings, their underlying
abelian groups are not free, but contain elements of order 2. Moreover, the 2-
torsion occurring in odd degrees is drastically different from the 2-torsion in even
degrees. Another peculiar feature is that the free centre-by-metabelian Lie ring
is not isomorphic to the Lie ring of the free centre-by-metabelian group (of the
same rank). More precisely, let G = G(X) denote the free centre-by-metabelian
Lie ring of finite rank r on a free generating set X, | X| =r > 1. Then G is a central
extension of the free metabelian Lie ring G/G”. The additive structure of the latter
is well understood: It is a free abelian group and the simple basic monomials form a
Z-basis for it, see, for example, [1, 4.7.1]. In fact, this basis appeared already in [2]
where, moreover, a formula for the number of such basis elements in every degree
was derived. When studying G itself it is therefore natural to focus on the second
derived ideal G”. Let G,, n > 1 denote the degree n homogeneous component of
G, and set G = G”" N G,,. Then GY is easily seen to be isomorphic to G A Ga,
a free abelian group, and the situation gets interesting when n > 5. Namely, for

n > 5 there is a direct decomposition
(1.1) Grn=F,®T,

where T, is a (possibly trivial) elementary abelian 2-group and F,, is a free abelian

group. This, together with explicit bases for T}, as a free Z/2Z-module and for F,,
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2 NIL MANSUROGLU AND RALPH STOHR

as a free Z-module, is the main result (Theorem 4) in the section on Lie rings in
Yu.V. Kuz’'min’s ground-breaking paper [6]. However, it turned out later that some
of the details in [6] are in need of correction. Zerck [13] pointed out that the sets
asserted to be bases for the torsion subgroups T, for even n > 6 in [6] are actually
not sufficient to generate those groups. Unfortunately, Zerck’s preprint [13] was
never published properly and is not easily accessible. Moreover, Zerck did not give
full proofs, but refered in certain instances to the methods in [6], which is hardly
satisfactory as some of the arguments in that paper are compromised. Now it turns
out that, apart from the shortcomings related to T}, the sets claimed in [6] to be
bases of F,, for even n > 6 fail to be linearly independent over Z. The aim of the
present paper is to put this right.

Closely related to free centre-by-metabelian Lie rings are the lower central quo-
tients of the free centre-by-metabelian groups. These groups are themselves highly
curious objects. In 1974 C.K. Gupta [3] discovered that, from rank 4 onwards, they
contain elements of order 2 in the centre, a very surprising result at the time. Let
® denote the free centre-by-metabelian group of rank r on a free generating set X,
|X| =7 > 1, and let 7,® denote the nth term of the lower central series of &.
The Lie ring L(®) of the group & is the direct sum of the lower central quotients
S/ Y416 (n=1,2,3,...) with Lie bracket induced by the commutator in & (see
[1,8.2.4]). Now, L(®) is a centre-by-metabelian Lie ring. Hence it is a homomorphic
image of the free centre-by-metabelian Lie ring G, and the lower central quotients
Yn®/Yn+1® are homomorphic images of the respective homogeneous components
G,. Again, in contrast to free nilpotent or free soluble groups and Lie rings, the
canonical map G — L(®) is not an isomorphism [7, Theorem 2]. However, there are
isomorphisms L, ® Q = (7,6/v,+18) @ Q for all n > 1 [7, Theorem 1]. The lower
central quotients of & were studied in [4]. Let &) = (7, & N &)y, 116 /7,416, in
other words, &/ is the image of G/, under the canonical epimorphism G — L(®).
It was shown that &/ = §, ®T,, where T,, is an elementary abelian 2-group and §,
is a free abelian group. Moreover, explicit generating sets for both ¥,, and §,, were
obtained [4, Theorems 1 and 4]. For odd n, the generating sets for §, in [4] are
exactly the canonical images of the basis for F), given in [6]. For even n, however,
the generating sets for §, in [4] have fewer elements that the alleged bases for F),
given in [6]. We mention that in their Theorem 1 of [4] the authors use the word
basis, rather than generating set. It appears, though, that this is used in the sense
of generating set as the question of linear independence over Z is not addressed in
the proof. Also, in [4] no proof is given for part (ii) of Theorem 4, the part relating
to §n-

In this paper we focus on the torsion-free part of G”. We obtain Z-bases for
the free abelian parts of the fine homogeneous components of G”, and we also
derive formulae for the ranks of these groups as free Z-modules. Our approach is
as follows. First we obtain generating sets for the fine homogeneous components
of G”. Then we show that certain subsets of those generating sets span torsion
subgroups, more precisely, elementary abelian 2-groups. Finally, we show that the

remaining elements in those generating sets are linearly independent over Z, that
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is, they actually freely generate the components modulo their torsion subgroups as
free Z-modules. This yields our main result, Theorem 7.1, which gives a detailed
description of the fine homogeneous components of G”. Our approach is based
on an isomorphism, due to Kuz’'min [6], between G” and a certain tensor product.
More precisely, the adjoint representation of G induces on the quotient M = G'/G"
the structure of a module for the polynomial ring U = Z[X], which is, in fact, the
universal envelope for the abelian Lie algebra G/G’. Then G” is isomorphic to
(M A M) ®y Z where the exterior square M A M is regarded as a U-module with
derivation action and Z is the trivial U-module. Most of the work in this paper is
carried out in that tensor product. The methods we employ to find spanning sets
for the fine homogeneous components, and to prove that part of the spanning sets
generate elementary abelian 2-groups are essentially the same as in [6], except that
we take advantage of the fine homogeneous structure. This makes it possible to
obtain very simple generating sets for fine homogeneous components in which at
least one of the free generators occurs with multiplicity greater than one. Where our
approach significantly differs from [6] is our method for proving that the generating
sets we obtain for the torsion-free part are linearly independent over Z. Here we use
homological methods: The exterior square M A M fits into a 6-term exact sequence.
This sequence enables us to work out the dimensions of the fine homogeneous
components of G’ ® K, where K is a field of characteristic other than 2. It turns
out that these dimensions coincide with the number of non-torsion elements in
our generating sets for the corresponding fine homogeneous components of G”,
which implies that these elements freely generate free Z-modules. Our main result
confirms the results in [6] on the torsion-free part of G/ for odd n > 5, see Theorem
7.2 below, and corrects the results for even n > 6. Our results also show that the
generating sets for the torsion-free part of &/ given in [4] are linearly independent
over Z. Finally, we give a short direct proof for the fact that G' is a direct sum of
a free abelian group and an elementary abelian 2-group.

The paper is organized as follows. Notation and some preliminary notions are
set up in Section 2. Section 3 is devoted to deriving generating sets for the fine
homogeneous components of G”, and in Section 4 we examine torsion elements in
G"”. In Section 5 we introduce a 6-term exact sequence that includes the exterior
square M A M, and we examine the modules occurring in that sequence. Some of
the results in this section require to work over a field rather than over the ring of
integers. These results are then exploited in Section 6 to work out the dimensions of
the fine homogeneous components of G” @ K for an arbitrary field K of characteristic
other than 2. Our main result is stated and proved in Section 7, where we also
discuss how our results relate to those in [6] and [4]. In the concluding Section 8
we give the above mentioned direct proof of the fact that the torsion subgroup of

G" is annihilated by 2, and that the quotient by it is free abelian.
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2. PRELIMINARIES

Let L = L(X) be the free Lie ring of rank r > 1 on a set X = {x1,xo,...,z,}.
We assume the set X to be ordered by z; < 2 < -+ < x,. The free centre-
by-metabelian Lie ring G = G(X) of rank r is the quotient G = L/[L", L] where
L" is the second derived ideal of L. Our aim is to study the second derived ideal
G// — L///[L//7L].

The derived ideal L’ is a free Lie ring, and the Lie monomials
(21) [ylay277yn] with yler n>2and y1>y2<y3<<yn

(using the left-normed convention for Lie products) form a free generating set for
L’ (see, for example, [1, Section 4.2.2]). It follows that the elements (2.1) (more
precisely, their cosets modulo L") form a basis of the quotient M = L'/L"”. The
adjoint representation of L induces on M the structure of an L/L’-module, and
hence of a module for the universal envelope U of the abelian Lie ring L/L’. This
universal envelope is in fact the ring of polynomials on X with integer coefficients:
U = Z[X]. At this point we introduce some notation relating to this polynomial
ring. We let A denote the augmentation ideal of U, that is the ideal of all poly-
nomials with zero constant term. Hence A is the kernel of the augmentation map
€ : U — Z that maps every polynomial to its constant term. The short exact

sequence
(2.2) 0A—=USZ—0

is known as the augmentation sequence. The ring of integers Z will be regarded as a
trivial U-module, and then the augmentation sequence is a sequence of U-modules.
For a (commutative and associative) monomial v = y1y2...yx € U with y; € X,
we let I[(u) denote the smallest of the elements yi1,yo,...,yr with respect to the
ordering of X, and we write degu for the degree of u. By U we denote the set of

all monomials,

U={ny2 -y i€eX, ;1 <y2 <<y, k207,

in U with the convention that 1 is the only monomial of degree 0. The set U is a
basis for U as a free Z-module. Now we return to our free Lie rings. The quotient
M is, as a U-module, generated by the elements [x;,z;] with z;,z; € X. Using

module notation, the images of the elements (2.1) in M can be written as
(2.3) [y1,y2]u with y; € X, ueld and y; > ya < l(u).

These elements form a Z-basis of M. Let P be a free U-module with free generators
e1,€z,...,e,. Then the map [z;,z;] — e;z; — e;x; extends to an embedding p :
M — P. Moreover, if ¢ : P — A is the map determined by e; — x;, then

(2.4) 0-MEPL A0

is a short exact sequence of U-modules. A proof of this can be found in [11]. For
U-modules A and B, the tensor product A ® B (over Z) will be regarded as a
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U-module with derivation action, that is for a € A, b € B and y € X we have
(a®@by=ay®@b+ a® by.

Likewise, the exterior and symmetric squares of a U-module A, denoted by A A A
and Ao A, respectively, will be regarded as U-modules with derivation action. The
adjoint representation of L induces on the lower central quotients of the derived ideal
L’ the structure of a U-module. For the first lower central quotient ;1 (L") /v2(L') =
L’'/L" this is precisely the U-module M discussed above. For the second lower
central quotient (L") /v3(L’) the module action is, for my,ms € L' and y € X,
given by

(2.5) ([m1, ma] 4+ v3(L))y = [[ma,y], ma] + [m1, [ma, y]] + ~3(L').

As an abelian group, y2(L')/v3(L') is isomorphic to the exterior square of M =
-[///‘[///7

(2.6) Yo(L')/v3(L") = M A M,

via the map ([m1,mz] + 13(L")) — (m1 + y2(L)) A (ma + v2(L')). In view of
(2.5) this is, in fact, an isomorphism of U-modules (where M A M is regarded as
a U-module with derivation action). Since (y2(L')/v3(L"))A = [y2(L'), L]/v3(L'),
and

(L) /L) @vZ = (v(L)/v3(L)/(v2(L)/v3(L'))A
= (v2(L) /(L) /([r2(L), L] [v3(L))
= yo(L)/[e(L), L]
S
- G,

trivializing the U-action on both sides of the isomorphism (2.6) yields an isomor-

phism
(2.7) G"2(MANM)®yZ

([6, Lemma 2]). The free centre-by-metabelian Lie ring G has a natural grading by
degree. We let GG, denote the degree n homogeneous component of G, and write G/
for the degree n homogeneous component of the second derived ideal: G2/ = G"NG,,.
We are also interested in the fine homogeneous components of G. These are the
Z-submodules of G spanned by all Lie monomials of the same multidegree in the
free generators. More precisely, a composition ¢ of n in r parts (¢ E n) is a sequence
q = (q1,42,---,q-) of non-negative integers such that Z;zl g; = n. Note that we
do allow zero parts and that throughout we assume the number of parts to be 7.
For a fixed composition ¢ = (¢1,¢2,---,¢r) of n, let G4 be the Z-submodule of G
generated by all Lie products of partial degree g; with respect to x; for 1 < j < r.

Then
Gn=EPG,.

qFn
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We write Gy for G"NG,. A fine homogeneous component G, with ¢ = (q1,q2,- - -, ¢r)
is called multilinear if ¢; < 1 for all . The module M is also graded by degree, and
so are the exterior square M A M and the tensor product (M A M) ®y K. We write
(M AM)®u K)p, (M ANM)®y K), for the various homogeneous components.
The isomorphism (2.7) is an isomorphism of graded U-modules.

We conclude this section by recording some easy facts about the fine homoge-
neous structure of G. For any map f : X — X of the free generating set X to itself
we let m¢ : G — G denote the unique endomorphism of G that extends f. It is clear
that the image of a fine homogeneous component G, with ¢ = (q1,492,...,¢-) En
under an endomorphism of the form 7 is itself a fine homogeneous component. In
fact,

Gymf = Gy where ¢ = (q1,45,...,q,) withq = Z q;-
JfG)=i
It is plain that Gymy = G if f is a bijection. Consequently, each fine homogeneous
component is isomorphic to a fine homogeneous component of the form G, where
qg = (q1,¢2,---,q-) is a partition of n, that is, a composition with the additional
condition that ¢ > g2 > -+ > ¢,. Finally, note that every fine homogeneous
component G4, ¢ F n < r is a homomorphic image of the multilinear fine homo-

geneous component ¢ = (1,...,1,0,...,0) under some endomorphism of the form
——

n
m¢. Moreover, it is easily seen that f can be chosen in such a way that it preserves
the order of the free generators, i.e. if z; < z; then z;f < z;f. All the easy facts

recorded in this paragraph remain true if Gy is replaced by G;’ .

3. GENERATING SETS

We have seen that the elements (2.3) form a generating set of M as a free Z-

module. It follows that the exterior square M A M is generated by all elements

(3.1) [y1, y2lur A [ys, yalus (v € X, ur,uz €U).

In this section we obtain generating sets for the tensor product (M A M) ®y Z =
(M ANM)/(MANM)A. To simplify notation and to save space, we denote the
canonical image of an exterior product mqy A me € M A M (my,my € M) in
(M A M) ®y Z in what follows by my A, ms rather than (m; A mz) ® 1. We now
record a number of relations that are satisfied in (M A M) ®y Z. First of all, there

are the relations coming from anticommutativity and the Jacobi identity in M:

(3.2) [zi, 2i] = 0, [z, 2] = —[x), 7]
and
(3.3) (@i, x|z, = =[x, T)Ts + @i, Tk T

for all x;,x;,z; € X. Then there is anticommutativity coming from the exterior
square M A M:

(3.4) mA,m =0, my Ax ma = —(ma Ak my)
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for all m,mi,ms € M. Finally, there are relations coming from the trivialization
of the U-action:
(3.5) miy Ay ma = — (M Ay may)

for all my,mq € M,y € X. Indeed, since (my A ma)y = miy A ms +mq Amay €
(M A M)A, it follows that miy Ax ma +my Axmey =0in (M A M) @y Z. Tt will
be useful to record the following obvious consequence of (3.4) and (3.5):

(3.6) my Ay mou = (—1)484+ (my A, myu) (m1,me € M,u €U).

Of course, the images of the elements (3.1) in (M A M) ®y Z generate that tensor
product as a Z-module. In view of (3.5), each of those images is, up to sign, equal
to an element of the form

(3.7) [y1: y2] A [y3, yal (s s - - - yn) (y: € X).
Hence the elements (3.7) form a generating set of (M A M) ®y Z. Our task is

to further reduce this generating set. We call elements of the form (3.7) Kuz’'min
elements if y1 > ya, Y3 > Ya, Y1 = Y3, Y2 = y4 and yo < {(u). We will show that the
multilinear Kuz'min elements of degree n > 5 together with one additional element
form a generating set for the degree n multilinear fine homogeneous components of
(M A M) ®y Z. We start with a simple observation.

Lemma 3.1. Letn > 4 and a,b € X. Any element (3.7) with y; = a, y; = b for
some i,7 with 1 < i,7 < n, i # j, belongs to the span of the elements

(3.8) [21, 22) Ax [b,a](2z3 - 2n—2) and [z1,b] Ak [22,0](23 - 2n—2)
of the same multidegree with z1,z2,...,2n_2 € X.

Proof. First we show that under our assumptions the element (3.7) is in the span

of the elements
(3.9) [21, 22] Ax [23,0](24 ++* 2n—1)

where 21, 22,...,2,—1 € X. In view of the relations (3.6) and the anticommutativity
of the Lie bracket this is obvious if a is one of y1,ys2,y3,y4 since in this case the
element (3.7) is (up to sign) actually equal to one of the elements (3.9). If a is one

of ys,...,Yn, we may assume that a = ys, and then, by using (3.3) we get
(Y1, Y] Ax [Y3; yal(ays -~ yn) = —[y1, Y2] A« [Y4, a](Y3Y6 - Yn)
+ [y1, y2) As [y3, @) (yays - - yn),
as required. It remains to show that any element of the form (3.9) such that b is
equal to one of the elements 21,29, ...,2,-1 is in the span of the elements (3.8).
Again, this is clear if b is one of z1, 2o, z3. Otherwise b will be one of z4,...,2z,_1,
and we may assume that b = z4. Then we find, using the relations (3.5) and (3.3),
[21, 22] A« [23,0](b25 - - - 2n—1)
= —[z1,22)b As [23,0)(25 - 2p—1)
= +[z2,bl21 Ax [23,0](25 - - - 2n—1) — [21,b]22 Ax [23, 0] (25 -+ - 2n—1)

= —[z2,b] Ay [23,0a](2125 - - - 2n—1) + [21, 0] As [23,a](2225 - - - 2n—1),
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as required. O

Armed with Lemma 3.1 it is very easy to obtain efficient generating sets for the
fine homogeneous components ((M A M) ®y Z), for partitions g F n with at least
one part > 2. We will see later that these generating sets are actually minimal if n

is odd, and that they can easily be reduced to minimal generating sets if n is even.

Lemma 3.2. Letn > 5 and let ¢ = (q1, 92, - .., qr) be a composition of n in r parts

such that q; > 2 for some i. Then the elements
[21, @3] A [22, 23] (2324 - - - 2n—2),

21,22,y Zn—2 € X, of multidegree q with z1 > z3 and z1, zo # x; form a generating
set for the fine homogeneous component (M AN M) Qu Z)q.

Proof. By Lemma 3.1 with a = b = z;, each element (3.7) of multidegree ¢
in (M ANM)®u Z) is a linear combination of elements of the form [z, z;] A«
[22,2;](#3 - - - 2n—2), and because of the relation (3.6) it is sufficient to take those

elements with z; > zo. U
Now we deal with multilinear homogeneous components.

Lemma 3.3. Suppose |X| = n > 5. Then every element (3.7) of multidegree
qg=(1,1,...,1) E n is a linear combination of Kuz'min elements of multidegree
(1,1,...,1) and the element h = [z3, 2] Ax [T4, x1](X5 - - Xp).

Proof. Suppose we are given an arbitrary element g of the form (3.7) of multidegree
(1,1,...,1), i.e. each of the elements x1,zs,...,2, appears exactly once. By
Lemma 3.1 with a = 7 and b = x5, we may assume that g is either

(3.10) [21, 22] Ax T2, 21](23 -+ Zn—2)

or

(3.11) [21, 2] Ax [22,21)(23 -+ - 2n—2)

where 21, 22,...,2n—2 € X. In the former case (3.10) the element is a Kuz'min

element if zo = x3. Also, if 21 = x3, we swap z; and z at the expense of a sign
change to obtain a Kuz’min element. If neither z; nor zo are equal to 3, then x3
must be one of z3,...,2,_2, and we may assume that z3 = x3. Let v =24 2z, _o.
Then we have, by using the relations (3.5) and (3.3),

(22, 21] Ax [z2, T1]230 = —[20, 21] 3 As [0, 21]0
(3.12) = ([z1,23]22 — [22, x3]21) Ax [T2, 1]V
= —[z1, 23] Ax [m2, 1] 200 + [22, 23] As [22, 21]210.
The two elements at the bottom are Kuz'min, as required. Now consider the latter
case (3.11). Such elements are Kuz’'min if zo = z3. If this is not the case, then
either z; = x3 (Case 1) or x5 is one of z3,...,2z,_2 (Case 2). In Case 1, if 29 = x4,
we get the element h. If this is not the case, x4 must be one of z3,...,z,_2, and

we may assume that z3 = x4. Then the element in question is of the form

(3.13) [3, 2] Ay [22, 21]240
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where v = z4 - - - z,—o. Using the relations (3.3) and (3.2) we get
[23, T2] Ak [22, T1]T4v = [23, T2] As [T4, T1]220 + [T3, T2] As [22, T4] 210

The first element on the right hand side is the element h. It remains to show that
the second element on the right hand side is of the required form. By using the
relations (3.2)-(3.5) we get

[3, 2] A« [22, 24]210
= —[x3,m2)T1 A [22, 4]V
= [mo,x1]x3 As [22, T4|V — [T3, 1]T2 Ak [22, T4V
= —[z9,24]v Ay [0, 1]T35 + [22, 4]V Ak [T3, 21]22

= (=1)dev [z ay] A, [0, 21]@30 4+ (—1)9°8 Y29, 4] A, [23, 21]T20.

We have already seen that the first of the two elements at the bottom can be written
as a linear combination of Kuz’min elements (see (3.12)). For the second of these

elements we have, again by using the relation (3.2),(3.3) and (3.5)

dcgv[

29, T2|Tq Ay T3, z1|v + (—1) T4, Ta|zo Ay 23, 21|V

The two elements at the bottom are Kuz'min elements.
It remains to deal with Case 2, where x3 is one of z3, ..., z,_2. We may assume

that 3 = 2z3. Then the element in question is of the form
[21, 22] Ax [22, 21]w30

where v = z4 -+ - zp,_o. If 21 > 29, this element is Kuz’'min. If 2; < 29, we use (3.3)
and (3.2) to get

[21, 2] Ax [22, 1]23v = [21, Z2] Ax [T3,21]220 + [21, T2] As [22, Z3]T10.

The first element on the right hand side is Kuz’min. For the second element we get
by using (3.5), (3.3) and (3.6), respectively,

[21, Z2] A« [22, 23]210
= —[z1, z2]z1 A [22, 23]V
= [w2,71]21 As [22, T3]0 + [21, 21] W2 A [22, 23]V

= (=1)%8vH sy 23] A, [0, 21]210 + (—1)98 Y [2, 23] A, [21, 21] 200
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The first element on the bottom line is Kuz’'min (up to sign), and the second element
can be rewritten by using (3.5), (3.3) and (3.6) as

(22, x3]T2 Ay [21, 21]0

de8 Vs, 0]z A [21, 1]V + (—1)98 VT [2n wo]as Ak [21, 1]V

(
=
(
( T3, T2) Ay [21, 1] 200 + (—=1)98 %29, 25 A, [21, 21230

Now the second summand on the bottom line is a Kuz’'min element (up to sign).

As to the first summand, if z; = x4 then this is h. If z; # x4, then x4 is one of the

elements zs, 24, 25, . . ., Zn—2, and in this case the first summand is (up to sign) of
the form (3.13). Such elements have been dealt with in Case 1. This completes the
proof of the lemma. O

4. t-ELEMENTS

Apart from the Kuz’'min elements, there is a second kind of elements that will
play a crucial role in studying the homogeneous components of (MAM) @y Z = G”
in odd degree n > 5. We call elements of the form

(Y1, Y2,Ys, Yas w) = [y, y2] A [ys, yalu + [y2, ys] Ax [y1, yalu + [ys, 1] As [y2, valu,
where y1,...,y4 € X and u € U, t-elements. These elements feature prominently in
[6], where they are called Jacobian elements, and, slightly earlier, in [5]. The results

in this section are due to Kuz’min [6], and some have been obtained independently
in [5].

Lemma 4.1. Let n > 5 be an odd integer, y1,...,yn € X andu=1ys---y,. Then
the following holds for the t-element w = w(y1, Y2, ys, ya;u) € (M A M) Qp Z.

(i) If any two of the elements y1,y2,ys,ya are equal, then w = 0. In particular,

w 18 antisymmetric in Yi, Y2, Y3, Y4.-

(i) w(y1, y2, Y3, Y43 YsYe - Yn) = W(Y1, Y2, Y3, Y55 YaY6 -~ Yn)-
Proof. Suppose y; = y2. Then

w(yl,y17y37y4;u)

= [y1,y1) Ax [Us, yalu + [Y1,y3] As (Y1, yalu + [ys, y1] Ax [y1, yalu
= 0.

The proof for the cases where y; = y3 and y» = y3 is similar. Hence w is anti-
symmetric with respect to the first three entries y1,ys,y3. To complete the proof
of part (i) it is now sufficient to show that w = 0 if y3 = y4. We mention that
so far we have not used the assumption that n is odd. This condition, however, is

required for the case where y3 = y4. If this holds we have

w(y1,Y2, Y3, Y35 u)

(Y1, Y2] As (Y3, yslu + [y2, ys] Ax [y1, yslu + [ys, y1] Ax [y2, yslu
= 0.
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Indeed, the first summand is zero by anticommutativity, and the sum of the second
and third is zero by anticommutativity and by (3.6) since degu is odd. This proves
(i). For (ii), set u = ysv where v = yg - - - yp. Then
w(y1, Y2, Y3, Y4; Ysv)
= [y1, 2] As [ys, yalysv + [y, ys] As [y, galyso + [ys, va] As [y2, yalysv
= —[y1, y2] A« [ya, Yslysv + [y1, vl A [y, yslyav
—[y2, ys] Ax [ya, yslyav + [y2, ys] Ax [y1, ys|yav
—[y3, 1] Ax [ya, ysly2v + [ys, 1] Ax [y2, yslyav.

The sum of the second summands in the last three rows is equal to w(y1, y2, s, Ys; Yav),

and the sum of the first summands in these rows is zero. Indeed, by using (3.5) we

get
—ly1, y2] Ax [ya, yslysv — [y2. y3] Ax [ya, yslyav — [ys, ya] As [ya, yslyav
= [y1,¥2]ys Ax [Ya Ys]v + (Y2, yslyr Ax [Ya, ys]v + [y3, y1ly2 Ax [ya, ys)v
= 0
(by the Jacobi identity). This completes the proof of part (ii). O

Corollary 4.1. ([6, Lemma 29]) For any t-element w(y1,y2, Y3, Ya; u) with u =
Ys - - Yn of odd degree,

2w(y17y27y37y4;u) =0.

Moreover, if any two of the elements y1,...,yn are equal, then

w(yl,y27y3,y4;u) =0.

Proof. Let u = ysv where v = yg - - - y,. By using parts (i) and (ii) of Lemma 4.1
we have
WY1, Y2, Y3, Ya; Ysv) = WY1, Y2, Y3, Ys: Yav) = —w (Y1, Y2, Y5, Y3; Yav)

= — w(y1, Y2, Y5, Y43 Y3v) = w(Y1, Y2, Ya, Ys; Y3v) = w(y1, Y2, Y, Y3; Y50)

= —w(y1, Y2, Y3, Y4; Y5v)-
Hence 2w(y1,y2,Ys,ya;u) = 0, as required. Finally, suppose that y; = y, for
1 <7< j<n. Then Lemma 4.1 implies that

w(y1, Y2, Y3, yas u) = Fw(Yi, yj, - - -3 u’)

for some suitable v’ € Y. But the right hand side is zero by part (i) of Lemma
4.1. O

5. THE 6-TERM EXACT SEQUENCE

In this Section we introduce a 6-term exact sequence that will be our main tool
for working out dimensions of the homogeneous components of G ® K where K
is a field of characteristic other than 2. This exact sequence is very similar to the

exact sequence obtained in Section 7.1 of [12]. However, for the convenience of the
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reader we include full details. Recall the short exact sequences (2.4) and (2.2) from

Section 2:
M— P — A and Ar—U — Z.

These two short exact sequences give rise to a chain complex
(5.1) 0-MAM—-PAP—-AQP—-UolU—-U—2Z/2Z —0

of abelian groups. The maps in (5.1) are (from left to right) given by

mi1 Amg — myp A\ Mo (mq1,mg € M)
p1 Ap2 > p10 @ p2 — p20 @ p1 (p1,p2 € P)
d®prs dopo (e A,peP)
fogr (fe)g+ (ge)f (f,9el)
[ fe+27 (fel)

with u, o and € as defined in Section 2.
Lemma 5.1. The chain complex (5.1) is an exact sequence of U-modules.

Proof. The short exact sequence (2.4) splits over Z. Let ¢ : A — P be a splitting
map. Then P = My ® Av as a Z-module. Consequently,

PAP=(MpAMp)® (Ar® Mp) @ (AvA Al
and
ARP=(AMp)® (A A).

Now, the map M A M — P A P maps M A M isomorphically onto the direct
summand Mpu A Mpu of P A P, while the map P A P — A ® P maps the direct
summand At ® My of P A P isomorphically onto the direct summand A ® My of
A® P, and it maps the direct summand AtAA¢ injectively into the direct summand
A ® Arof A® P: For §1,02 € A we get

51L AN 62L — 51 X 52L — 52 X 51L.

In fact, the image of At A Ar in Ar ® A¢ is exactly the kernel of the canonical

projection At ® Ar — Ao A. It follows that we have a 4-term exact sequence
0=-MAM—->PANP—-AQP—AocA—0,

where the first two maps are as in (5.1) and the third, A ® P — A o A is given by
d@pr—dopo (§ € A;p e P).

Furthermore, the short exact sequence (2.2) too splits over Z. Here U = A® Z
where we identify Z with the constant polynomials in U = Z[X]. Consequently,

UolU=(AoA)B(ARZ)®(ZoZ) = (AoA)BASZ.

It is easily seen that the map U oU — U in (5.1) maps the direct summand
A®Z = A of UoU isomorphically onto the Z-direct summand A of U, while

Z o 7 = 7 is mapped isomorphically onto 2Z. This yields a 4-term exact sequence

0—>AocA—-UoU—=U—Z/2Z — 0.
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By combining this sequence with the 4-term exact sequence obtained above, we get
the 6-term exact sequence (5.1). This is an exact sequence of abelian groups, but
since all the maps in (5.1) agree with the derivation module action, we have actually

an exact sequence of U-modules. This completes the proof of the lemma. O

Next we examine the modules in that exact sequence. Of course U itself is a
free U-module. It turns out that the same is true for A ® P. In fact, the tensor
product of a Z-free U-module and free U-module under derivation action is always
a free module. This is a well-known general fact. It holds for both tensor products
of modules for groups with diagonal action and tensor products of modules for Lie
algebras with derivation action (see [10, Theorem 1.9.4]). For the convenience of the
reader we include an elementary proof for the current setting. The proof provides

an explicit free generating set that will be useful later.

Lemma 5.2. Let N be an arbitrary U-module that is free as a Z-module with Z-
basis N'. Then the tensor product N QU is a free U-module and the elements m®1
with m € N form a free generating set for N @ U as a U-module.

Proof. Recall that U denotes the Z-basis of U consisting of all monomials. Then
the elements n ® u with n € N and v € U form a Z-basis of N ® U. To prove that
the elements m ® 1 form a generating set of N ® U as a U-module, it is sufficient to
show that each basis element n ® u is a linear combination of those elements with
coefficients in U. This is obviously the case when degu = 0, that is u = 1. Now let
degu = k > 0. Then u = vy for some v € U with degv = k — 1 and some y € X.
Now,

n®@uy = (n®v)y —nyuv,
and by the inductive hypothesis both n ® v and ny ® v can be expressed as a linear
combination of the elements m ® 1 (m € N) with coefficients in U. Consequently
n® vy can be expressed in this way. Hence the elements m ® 1 are a generating set.
It remains to show that this set is actually a free generating set. Suppose that this
is not the case. Then there exists a finite subset {n1,na, ..., n;} of N and non-zero
polynomials f1, fa,..., fi € U such that
(5.2) Y (i@ 1)f;=0.

i

Observe that for any monomial u € U and any n € N we have
(5.3) (n®1)u:n®u+Zcm’vm®v

where the sum runs over some basis elements m ® v with m € N, v € U with
degv < degu, and ¢, , € Z. Note that the /-components of the basis elements
under the sum in (5.3) are of degree strictly less than the degree of u. Now consider
the dependence (5.2). We may assume that f; is of maximal degree among the f;.
Let w € U be a monomial that occurs with non-zero coefficient a; ,, in the leading
term of fi. Then, if we expand the left hand side of (5.2) as a Z-linear combination
of the basis elements n ® u, (5.3) implies that the coefficient at the basis element
n1 ® w is precisely aj . But this gives that the left hand side of (5.2) is not zero,
and the resulting contradiction completes the proof of the lemma. O
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Corollary 5.1. Let N be an arbitrary U-module that is free as a Z-module with
Z-basis N, and let P be a free U-module with free generators ey, es,...,e.. Then
the tensor product N @ P is a free U-module and the elements m ® e; with m € N

andi=1,2,...,r form a free generating set for N @ P as a U-module.

Proof. Since
NeP=PNael,

this follows immediately from Lemma 5.2. O

The exterior and symmetric squares in (5.1) are not free U-modules. This gen-
erates considerable problems with using (5.1) for obtaining information about the
tensor product (M A M) ®y Z = G”. However, if we tensor these squares with a
field K of characteristic other than 2, then both become free modules for the poly-
nomial ring K[X]. This, in turn, allows us to exploit the exact sequence (5.1) to
obtain information on the second derived algebra of the free centre-by-metabelian
Lie algebra over the field K. In order to take advantage of this approach, we now
work with the free centre-by-metabelian algebra over a field K. We keep the no-
tation introduced so far, but for the rest of this section and the next section we
adopt the standing assumption that the ring of integers Z. has been replaced as the
ground ring by a field K. Thus L is now the free Lie algebra over K with free
generating set X, G = L/[L”, L] is the free centre-by-metabelian Lie algebra over
K, U = K[X] etc. It is plain that all the results proved so far in this paper remain
valid after tensoring with K, that is for the free centre-by-metabelian Lie algebra
and associated structures over K.

Proposition 5.1. If K is a field of characteristic other than 2, then the exterior
and symmetric squares U AU and U o U are free U-modules. The elements u A 1
with w € U and degu odd form a free generating set for U AU, and the elements
wol withu € U and degu even form a free generating set for U o U.

Proof. The exterior square UAU is a homomorphic image of the tensor square U QU
via the projection map 7 : U@ U — U AU given by f1 ® fa = f1 A fa (f1, f2 € U).
By Lemma 5.2 the elements v ® 1 with u € U form a generating set of U ® U as a
U-module. Consequently, the elements u A 1 form a generating set of U AU as a
U-module. Consider the trivialization homomorphism UAU — (UAU) ®y K. In
the tensor product (U AU) @y K we have the relations

(flx/\*fZ)zi(fl /\*fo) (fhfZEUa JZGX),

and, consequently, for a monomial v € U we have

uh, 1= (=1)3% 1A, u) = (=1)48uF(y A, 1).
Since the characteristic of the ground field K is not 2, this implies that (uA, 1) =0
in (UAU)®y K if degu is even. Hence in this case u A1 € (U AU)A. But this
means that the elements u A 1 with u of even degree belong to the submodule of

U A U that is generated by the elements v A 1 with degv < degu. It follows that
these elements can be removed from the generating set of U AU as a U-module. In
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other words, the elements u A 1 with u € U and degu odd form a generating set of
U AU as a U-module. Now we show that this is actually a free generating set. To
this end we consider the images of these generators in U ® U under the embedding
v:UAU — U®U that is given by (f1 A fa) = f1® fo — fo® f1 (f1, f2 € U).
Suppose u = y1ys .. .yx. Then

I1®u = 1®@yiy2 Yk
= (1®@yy2 - Ye—1)Uk — (Y @ Y12 -+ Yk—2)Yk—1
+ (Yr-1Uk @ Y1Y2 -+ Yk—3)Yk—2 —
A (D Ny e @ Dy + (D iy e ® L
Consequently, if k, the degree of u, is odd, we have
(5.4) (uAllyr=u®l-10u=2u®l)+w

where w belongs to the submodule of U @ U that is generated by the elements
v® 1 with v € U and degv < degwu. Since the elements u ® 1 as free generators of
U®U are linearly independent over U, it follows easily from (5.4) that the elements
u A1 with degu odd are also linearly independent over U, and hence they are free
generators for U A U as a U-module.
The proof for U o U is similar with the embedding U o U — U ® U given by
(fiofa) = f1® fo+ fo® f1 (f1, fo € U) being used instead of v.
O

Corollary 5.2. If K is a field of characteristic other than 2 and P is a free U-
module with free generators ey, ..., e,, then
(i) PAP is a free U-module and the elements e;u Ne; withi=1,2,...,r, u €U
and degu odd together with the elements e;u Ne; with 1 <1< j<r,ucl
form a free generating set of P A P as a U-module,
(ii) Po P is a free U-module and the elements e;uoe; withi=1,2,...,r, u €U
and degu even together with the elements e;uoe; with1 <i<j<r,ucl

form a free generating set of P o P as a U-module.
Proof. We have that P = @, e;U, and then
PAP=@ (U Neil) & @D (el ®e;U),

1<j

and the result follows. The proof for P o P is similar. O

6. DIMENSIONS

Throughout this section we work with the free centre-by-metabelian Lie algebra
over a field K of characteristic other than 2. Then K/2K = 0, and the 6-term

exact sequence (5.1) turns into
(6.1) 0->MAM—->PAP—->PRIAN—-UoU—-U—0.

Note that all the modules in (6.1) have a natural grading (stemming from the

grading by degree in U = K[X]), and that the sequence is an exact sequence of
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graded modules. Moreover, since all the modules to the right of M A M are free U-
modules, this exact sequence stays exact after tensoring with the trivial U-module
K:

0—>(MAM)®y K — (PAP)®y K —

6.2
(6:2) > (PRA)Y@uK—>UoU)®y K —-U®y K — 0.

This is an exact sequence of graded K-spaces, and it can be used to work out the
dimensions of the homogeneous components of (M A M) @y K which are, in view
of (2.7), the dimensions of the homogeneous components of G”’. In fact, for any
homogeneous or fine homogeneous component ((M A M) ®y K). the exactness of
(6.2) yields

dim((M A M) @y K), =dim((PA P) @y K). —dim((P® A) @y K).
+dim((U o U) @y K)x —dim(U @y K)..
It remains to work out the terms on the right hand side of (6.3). First of all, U@y K

is a K-space of dimension one with free generator 1®1 of degree 0. Hence this term

(6.3)

does not contribute to homogeneous components of degree other than 0. For the
other three terms on the right hand side of (6.3), the modules in question are free
and free generating sets for them have been obtained in Section 5. Now if F is a
homogeneous free generating set for a graded U-module F, then {f®1: f € F}is
a basis for the tensor product F ®y K as a K-space. Hence, in order to determine
the dimensions on the right hand side of (6.3), we need to count the number of
free module generators of a given degree or multidegree. This is carried out in the

following three lemmas.

Lemma 6.1. If K is a field of characteristic other than 2, then the following holds.
(i) If n = 3 is odd, then
r+1\/n+r—-3
dim((P A P K), = )
N O |
Moreover, if ¢ E n is a composition of n in r parts such that k of the parts

are non-zero and m of the parts are 1, then
k
dim((PAP)®y K), = <2> +k—m.

(ii) If n > 2 is even, then
r\/n+r—3
dim((P A P K), = )
s ()75
Moreover, if ¢ E n is a composition of n in r parts such that k of the parts
are non-zero and m of the parts are 1, then

dim((P A P) @y K)y = (’;)

Proof. If n is odd, Corollary 5.2 implies that the elements e,u®e; (1 <3< j <)
where u € U with degu = n — 2 form a basis of (P A P) ®y K),. The number of
monomials of degree n—2 in r variables is ("2253) and the number of possible pairs

ei,ej with ¢ < jis (Tgl). This yields the dimension formula for ((P A P) @y K)y.
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In order to determine the dimension of ((P A P) Qy K)4, we need to count the
number of basis elements of multidegree gq. For each possible choice of the pair
ei,e; in e;u ® e; there is precisely one such basis element of multidegree ¢q. As to
the possible choices of e;, e;, there are (g) with e; # ej, and k — m with e; = ¢;.
This yields the dimension formula for ((P A P) @y K)4. If n is even, Corollary 5.2
implies that the elements e;u ®@ ¢; (1 < i < j < r) where u € Y with degu =n — 2
form a basis of ((PAP)®y K),. An easy count gives the corresponding dimension
formulae. (|

Lemma 6.2. For any field K and for alln > 2,

. n+r—2
dim((A® P)®y K), = r< S >
Moreover, if ¢ E n is a composition of n in r parts such that k of the parts are
non-zero, then

dim((A® P)@u K)q = k.

Proof. Corollary 5.1 implies that the elements u®e; with i =1,2,...,r, u € U and

degu = n — 1 form a basis of A ® P. An easy count of those basis elements and

such among them of a particular multidegree confirms the dimension formulae in

Lemma 6.2. O

Lemma 6.3. If K is a field of characteristic other than 2, then the following holds.
(i) If n > 1 is odd, then

(ii) If n > 2 is even, then

dim((U o U) @y K)n = (" +; - 1).

Moreover, if ¢ F n is a composition of n in r parts, then
dim((UoU) @y K)q = 1.
Proof. This follows from Proposition 5.1 by an argument similar to those used in

the proofs of the previous two lemmas. O

To get the main result of this section, it remains to substitute the dimension
formulae of the previous three lemmas into (6.3), and use the isomorphism (2.7).

Theorem 6.1. Let G be the free centre-by-metabelian Lie algebra of rank r > 1 over
a field K of characteristic other than 2. Then the dimensions of the homogeneous

and fine homogeneous components of the second derived algebra G” are as follows.
(i) If n = 5 is odd, then

-3)(n+r—3
dim(G"), = 723 .
m(G7) 2 n—1
Moreover, if ¢ F n is a composition of n in r parts such that k of the parts

are non-zero and m of the parts are 1, then

T
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(ii) Ifn > 6 is even, then

dim(G"),, = <n;1> <n+;—3>.

Moreover, if ¢ E n is a composition of n in r parts such that k of the parts

dim(G"), = (k ; 1).

are non-zero

O
We mention that the formula for dim G¥ has been derived in our earlier paper

[9].
7. THE BASIS THEOREM

In this section we return to the free centre-by-metabelian Lie ring. We need

another combinatorial result.

Lemma 7.1. Let X = {z1,22,...,2,} with r > 2 and let n be a positive integer
withn > 5.

(i) The number of Kuz’min elements of degree n with entries in X is

k(n’r):7“(n—3)<n+r—3>

2 n—1
(ii) If n = r, the number multilinear Kuz’min elements of degree n, that is
Kuz’min elements of multidegree (1,1,...,1), with entries in X is
~ -3
k(n) = %

Proof. For part (i) we use induction on r. The assertion is true for r = 2 as the

only Kuz’'min elements in this case are of the form
[z, 21] As [X2, z1]a¥ 2l =47k (k=0,...,n—4).

Hence there is n — 3 of them, which is the required number.

Now let r > 2. By induction, the number of Kuz’min polynomials of degree n
in X that do not involve z; is k(n,r — 1). To that we need to add the number of
Kuz’min polynomials (3.7) that do involve x;. If 1 is present, we must have that

ys = x1. Hence these polynomials are of the form

(7.1) [, y2] A [ys; 21]ys -+ yn

with

(7.2) Y1 2Ys>21, T1<Y2<Ys < S WYn
and

(7.3) Y1 > Yo.

First we count the polynomials satisfying condition (7.2). In these polynomials
(y1,y3) can be any pair of elements in X \ {z1} with y; < y3. The number of
such pairs is (r — 1)r/2. The entries yo,ys,. ..,y can be any elements of X with
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n+r74) )

Yo < Y5 < -+ < yp. The number of such sequences of n — 3 elements is ( s

Hence the number of polynomials (7.1) satisfying the conditions (7.2) is

2 ()

In order to find the number of Kuz’min polynomials involving x;, we need to sub-
tract from (7.4) the number of polynomials satisfying the conditions (7.2) but not
(7.3). These are precisely the polynomials (7.1) where the entries y1, Y2, Y3, Y5, - - - , Un
satisfy the condition 1 < y3 < y1 < y2 < y5--+ < Y. The number of such se-

n+r—3

el ) Thus the number of Kuz'min polynomials

quences of n — 1 elements is (

involving x; is

(r—Dr(n+r—4 n+r—3
(7:5) 2 n—3 n—1 )
Now we get the total number of Kuzmin polynomials in X by adding (7.5) to
k(n,r—1):

I (r1)2(n3)(n+r4>+(rl)r<n+r4) B <n+r3)'

n—1 2 n—3 n—1

An elementary calculation shows that this is equal to the number given in part (i)
of the lemma.

For part (ii), observe first that if an element of the form (3.7) is Kuz’'min and
of multidegree (1,1,...,1), then we must have that y4 = x1, and either yo = 5 or

y3 = x2. In the former case the element is of the form

(Y1, 2] Ax (Y3, 21]Y5 - - Yn-

Such elements are Kuz’'min if and only if y; > w3, and there are precisely ("52)

such elements of multidegree (1,1,...,1). In the latter case we must have y; = x3,
so the element is of the form

[y1, z3]) Ax (2, 21)Y5 - - Un.

All multilinear elements of this form are Kuz’min elements, and hence there are
n — 3 of them. Thus altogether we have

This completes the proof of the lemma. O

Now we are ready for our main Theorem. We find it convenient to state it in
terms of Lie rings. In this context the relevant elements are Lie monomials in X of

the form

(7.6) (w1, val, (Y3, Yas Yss - - - s Ynl] (yi € X).

Then Kuz’min elements are Lie monomials of the form (7.6) such that

Y1>Y2, Y3>Ya, Y1293, YaSY2S<Ys <0 < Yn,y
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and t-elements are defined as
w(yla Y2,Y3,Y43Ys5 - - - yn) = [[ylva]v[y37y4ay5, e ,yn]] + HyQayL’J, [yl,y47y57 oo aynH
+[[y37y1]a[y27y45y577yn]] (yz GX)

These correspond under the isomorphism (2.7) to the Kuz'min and ¢-elements in-
troduced in Sections 3 and 4.

Theorem 7.1. Let G be the free centre-by-metabelian Lie ring of rank r > 1 on a
free generating set X = {x1,xa,..., 2.}, let ¢ = (q1,92,--.,qr) E 1 be a composition
of n =5, and let G/ denote the fine homogeneous component of multidegree q of
the second derived ideal G"” C G.
(i) Suppose thatq = (qi,...,q-) E n is multilinear with g; = 1 fori =i1,i2,...,in,
where 1 < iy < --- <1, <r. Then,
(a) if n is odd, G;’ is generated by the Kuz’min elements of multidegree q and
the t-element w(x;, , Tiy, Tig, Tiy; Tis -+ - Ti, ). LThe former freely generate a
free abelian group of rank %n(n—?)) and the latter generates a cyclic group
of order at most 2,
(b) ifn is even, then Gy is a free abelian group of rank ("51), and the Kuz’min

elements of multidegree q together with the element

Hmiaazh]’ [1'7;47 Liyy Ligy- -+ ’xin“

form a free generating set for it.
(ii) Suppose that ¢ = (q1,---,qr) En is a composition of n with k non-zero parts,
such that q; > 2 for some i with 1 < i < n, and m of the parts of q are 1.
Then
(a) if n is odd, G is a free abelian group of rank (g) —m, and the elements
(7.6) of multidegree q with yo = y4 = x;, y1 > y3 and y1,ys # ;, form a
free generating set for it,

(b) if n is even, then G'q/ is a direct sum of a free abelian group of rank
(kgl) that is freely generated by the elements (7.6) of multidegree q with
Yo = Ya = Ti, Y1 > Y3 and y1,Ys # x;, and an elementary abelian 2-group
generated by the elements (7.6) of multidegree q such that yo = yq = x,
y1 = ys £ ;. If all parts of q are even, then all of the latter elements are
zero, and the torsion subgroup of G;’ is trivial.

Proof. Tt is clearly sufficient to prove part (i) in the case where r = n and ¢ =

(1,1,...,1). Then, by Lemma 3.3, the Kuz’'min elements of multidegree ¢ together

with the element h = [[x3, 22], [¥4, 21,25, . .., 7,]] form a generating set of G as a

Z-module. Assume that n is odd. Consider the t-element

w(gjhx%z& Tg;T5 ... l’n) = [[xlﬂ 1?2},[(133,‘%4,1‘57 o 71'”]] + [[I27z3]7 [I1,$4,’I57 o 7‘Tn]]
+ [[fES, ‘Tl]v [.’EQ,.’L’47£E5, ey xn”

The second summand on the right hand side is equal to h, and the first and third
summands on the right hand side are (up to sign) equal to Kuz'min elements:

Hxlaxﬂ; [x37x4,x5, e axn]] = [[.’1,'47.'1?3], [I‘Qa T1,T5, ... 7.’17»”]]
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[[z3, 21], [X2, X4, T5, . - ., 20]] = —[[24, T2, [23, T1, X5, - . ., Tn]]-

It follows that the element h in our generating set for G;’ can be replaced by the ¢-
element w(y1, Y2, Y3, Y4;Ys - - - Yn). In other words, the multilinear fine homogeneous
component G}/ is generated by the Kuz'min elements of multidegree ¢ and the single
t-element w(xy, o, s, x4;T5 - x,). By Lemma 4.1, this ¢-element is a torsion
element that is annihilated by 2. On the other hand, by Lemma 7.1 (ii), the
number of Kuz'min elements of multidegree ¢ is $n(n — 3). By Theorem 6.1 (i),
applied to the case where r = n = m, this is exactly the dimension of G;’ ® K, where
K is a field of characteristic other than 2. It follows that the Kuz’'min elements of
multidegree ¢ in G:I' freely generate a free abelian group of rank %n(n — 3). Hence
Gfl’ is the direct sum of this free abelian group and the torsion subgroup generated
by w. This completes the proof of (i.a).

Now assume that n is even. Again, by Lemma 3.3, Gy is generated by the
Kuz’'min elements and the element h = [[x3, x2], [x4, 21, T5, . .., 25]]. The number
of those Kuz’'min elements has been calculated in Lemma 7.1 (ii), and hence the
number of elements in our generating set is

%(n)+1:%n(n—3)+1: (”21).

By Theorem 6.1 (ii), applied to the case where r = n = k, this is exactly the
dimension of G} ® K, where K is a field of characteristic other than 2. It follows
that the elements in our generating set freely generate a free Z-module of rank
(";1) This proves (i.b).

Now suppose the assumptions of part (i) are satisfied. Then, by Lemma 3.2
the elements (7.6) of multidegree g with yo = ys = 24, y1 > y3 and y1,y3 # a4,
form a generating set of Gj. The number of such elements is (’;) —m. If nis
odd, this is precisely the dimension of G ® K, where K is a field of characteristic
other than 2 (see Theorem 6.1 (i)). It follows that these elements freely generate
a free abelian group of rank (g) —m in G;’ . There is no torsion part in this fine
homogeneous component. Now suppose that n is even. Then we split the elements
(7.6) of multidegree g with yo = y4 = z;, y1 = y3 and y1,ys # x; into the disjoint
union of those with y; = y3 and those with y; > y3. The former generate an
elementary abelian 2-group. Indeed, in view of (3.6), translated into the setting of

G", we have
[[yhxi]a [y17 Tiy Y5, 7yn]] = _Hylvxi]a [ylaxia Y5, .- ayn]]7
and hence

2([y1, za]s Y1, T, Y5, - - - yal] = 0.
So the elements (7.6) with yo = y4 = z; and y; = y3 generate a torsion group. If
all free generators involved in such an element occur even multiplicity, the images
of such elements in (M A M) ®y Z are of the form [y1, z;] A« [y1, 7] (2% . .. z(2n_4)/2)
for some 21,...,2(n—4)/2 € X. But then, by using (3.5),

[y1, T Aelyn, xi]('z% e Z(2n—4)/2) =
+ [yl, xz](zl e Z(n—4)/2) AW [3/17 l”v](?«’l cee Z(n—4)/2) =0,
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and hence we can delete these elements from our generating set. The number of
elements with y; > y3 among the elements (7.6) is (kgl). By Theorem 6.1 (ii),
this is exactly the dimension of G ® K, where K is a field of characteristic other
than 2. It follows that these elements in our generating set freely generate a free

Z-module of rank (k ;1) This completes the proof of the theorem. (]

Our theorem asserts, inter alia, that each of the homogeneous components G/
(n = 5) is a direct sum of a free abelian group and a (possibly trivial) elementary
abelian 2-group, that is, we obtain the direct decomposition (1.1) in Section 1. The
rank of the free abelian group F, in this decomposition is equal to the dimension
of G” ® K where K is a field of characteristic other than 2. This dimension was

calculated in Section 6.

Corollary 7.1. For each n > 5, GI! is a direct sum of a free abelian group F,
and a (possibly trivial) elementary abelian 2-group T,,. The rank of F,, is equal to
the dimension of G" @ K, where K is a field of characteristic other than two. A

formula for this dimension is given in Theorem 6.1. (]

Remark. For certain compositions ¢ the generating sets described in part (ii) of
the main theorem turn out to be empty, and then the corresponding parts of G:I’
are zero. For example, G’(’471) = 0, and, more interestingly, G/(I3,1,1,1) is torsion-free

and G’(’3 3) is a torsion group.

Theorem 7.1 does not address the question of whether or not the torsion sub-
groups featuring in parts (i.a) and (ii.b) are actually non-trivial. According to [6],
the t-element in part (i.a) is a non-trivial element of order 2. This is confirmed in
[4], which in its turn relies on [5, Lemma 3.8] for the crucial fact that this element is
not zero. In fact, in [5] the relevant part of Lemma 3.8 is attributed to Hurley (un-
published). According to [13], the torsion elements described in part (ii.b) are not
only non-zero, but form a basis of Tj; as a Z/2Z-module. However, no proof is given,
and instead the author says that this can be established by the methods used in [6].
The latter is hardly satisfactory since we know that some of the arguments in [6] are
flawed. However, the torsion part of G” is beyond the scope of the present paper.
We focus exclusively on the determination of the ranks and the construction of ex-
plicit Z-bases of the free abelian groups Fy. Our results contradict what is claimed
in parts 3) and 4) of Theorem 4 in [6]. For r = 3, for example, this theorem asserts
that the elements [[x3,z2], [z3, 1, %2, x3]] and [[z3, z2], [T2, 21, x5, z3]] are linearly
independent over Z in GE’17273), while Theorem 7.1 (ii.b) says that GEI1,273) modulo
its torsion subgroup is an infinite cyclic group. Our results are in keeping with
parts 1) and 2) of Theorem 4 in [6]. Moreover, we can confirm the assertions of

this Theorem regarding the free abelian part of G for odd n:

Theorem 7.2. [6, Theorem 4, Parts 1) and 2)] For G as in Theorem 7.1, and all

odd n = 5, the homogeneous component G.! is a direct sum

Gl =F,oT,
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where F,, is a free abelian group that is freely generated by the Kuz’min elements
(7.6) of degree n and T,, is an elementary abelian 2-group generated by the multi-
linear t-elements w(x;,, Tiy, Tig, Tiy; Tig + - T4 ) WIth Tiy, Tin, ... 25, € X and i3 <
tg < o0 < .

Proof. Let n be odd with n > 5. It is sufficient to prove the theorem for the case
where n = r. In the proof of Theorem 7.1 (i.a) we have seen that the multilinear
component G/(/l,l,...,l) is generated by the multilinear Kuz'min elements and the ¢-
element w(xy, T2, 3, L4; X5 . . . ) of degree n. Since n is odd, Corollary 4.1 tells us
that the ¢-element has order at most 2. Any other fine homogeneous component G/
of total degree n is a homomorphic image of the multilinear one under a suitable
endomorphism of the form 7 (see Section 2). Moreover, this endomorphism can be
chosen in such a way that it preserves the order of the free generators. In this case,
the images of Kuz'min elements under 7y will be either Kuz'min elements them-
selves or zero. Moreover, every Kuz’'min element of multidegree ¢ is a homomorphic
image of a multilinear Kuz'min element. Furthermore, the image of the multilinear
t-element will be a t-element. But the latter will have at least two equal entries,
and hence, by Corollary 4.1, it will be zero. It follows that for odd n > 5 every fine
homogeneous component G, with ¢ F n and ¢ # (1,1,...,1) is generated by the
Kuz’'min elements multidegree ¢q. By Lemma 7.1 (i) and Theorem 6.1 (i), the total
number of Kuz’'min elements of degree n is equal to the dimension of G/! ® K, where
K is an arbitrary field of characteristic other than 2. It follows that the Kuz’min
elements of odd degree are linearly independent over Z, and freely generate a free
abelian group F,. O

Finally, our results imply that the generating sets for the free abelian part of the
lower central quotients v,®/v,+1® of the free centre-by-metabelian group & are
optimal. We use the notation introduced in Section 1.

Corollary 7.2. The generating sets for §,, the free abelian part of the group & =
(Yn® N B Y116 /Y118 with n > 5 given in [4, Theorems 1 and 4] are optimal,

i.e. linearly independent over Z.

Proof. By [7, Theorem 1], we have that G ® Q =2 &/ ® Q. In view of this, the
result for odd n follows immediately from Theorem 7.2 since the generating set in
Theorem 1 of [4] is exactly the set of Kuz’min commutators. For even n it is not
hard to verify that the number of commutators of a given multidegree ¢ F n in the
generating sets in Theorem 4 of [4] is equal to the dimension of G” ® Q as given in
Theorem 6.1. The result follows. U

8. A DIRECT DECOMPOSITION

The decomposition of each homogeneous and fine homogeneous component of
G” into a direct sum of a free abelian group and an elementary abelian 2-group
was a by-product of the proof of Theorem 7.1. In conclusion we give a short direct
proof of this result. We mention that this is actually a special case of a far more

general result proved in [13]. However, since this paper is not easily accessible, and
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since our proof is short and does not require the full force of the arguments used in

[13], we felt it is justified to include it for completeness.

Theorem 8.1. The second derived ideal G" of the free centre-by-metabelian Lie
ring of rank r > 2 is a direct sum of a free abelian group and an elementary abelian

2-group.

Proof. In view of the isomorphism (2.7) it is sufficient to prove the result for the
tensor product (M AM)®yZ. For the exterior square M A M there is an embedding
v:MAM— M®M given by mqy Ams — my @ mg —mg @ my (mq,mg € M).
On the other hand, there is the epimorphism 7 : M ® M — M A M given by
mi ®meo — mq Ams. The composite vm amounts to multiplication by 2 on M A M.

Consequently, the composite v ® 1,
(MAM)®yZ 225 (Mo M)y Z 225 (M AM) ey Z,

too amounts to multiplication by 2 on (M A M) ®y Z. Tt follows that the kernel of
v ® 1 is annihilated by 2, i.e. it is an elementary abelian 2-group. We claim that
the tensor product (M ® M) ®y Z is a free abelian group. Once established, this
will prove the theorem, as (M A M) ®y Z will be the direct sum of the kernel of
v ®1 and the image of v ® 1 in (M ® M) ®y Z. Tensoring the exact sequence (2.4)
with M yields an exact sequence

0O—-—MeM-—->MP—-MA —=0.

Recall that M ® P is a free U-module (see Corollary 5.1). Then part of the long
exact homology sequence associated with that short exact sequence looks as follows.

0T/ (M@A,Z) > (MIM)QuZ - (MQP)QyZ — - .

Here (M ® P) ®y Z, the trivialization of a free U-module, is a free abelian group.
But Torzlj (M ® A,Z) too is a free abelian group. Indeed, dimension shifting using
the short exact sequences (2.4) and (2.2) gives

TorY (M ® A, Z) = Tor¥ (2, Z),

and the latter is a free abelian group of rank (}) [8, Section VII.2]. Now the long
exact homology sequence gives that (M Q@M )®yZ is free abelian, and this completes
the proof of the theorem.

O
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