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Abstract

Let B = (B:)i>0 be a standard Brownian motion
started at zero, and let u € R be a given and fixed
constant. Set B} = By + ut and S!' = maxo<s<; B*
for t > 0. Then the process:

(x v 8§*) = B" = ((x v S) = B)izo

realizes an explicit construction of the reflecting Brown-
ian motion with drift —u started at = in R4.. Moreover,
if the latter process is denoted by Z% = (Z7);>0, then
the classic Lévy’s theorem extends as follows:

((x v S*) = B* (z Vv S") — x) faw (2*,0°(2%))

where (°(Z%) is the local time of Z% at 0. The Marko-
vian argument for (z V S*) — B* remains valid for any
other process with stationary independent increments
in place of B*. This naturally leads to a class of Markov
processes which are referred to as reflecting Lévy pro-
cesses. A point of view which both unifies and comple-
ments various approaches to these processes is provided
by the extended Skorohod lemma.

1 Introduction

A successful treatment of optimal stopping problems
(when solutions are not available in closed form) of-
ten requires that the underlying Markov process be ex-
pressed in terms of the initial point as explicitly as pos-
sible. The simplest example of this type is a standard
Brownian motion B = (B;):>o starting at 0 under P.
Setting Bf = x+ B, for t > 0 and z € R one obtains a
stochastic process B* = (B ):>¢ starting at = under P.
Moreover, letting P, denote Law(B*|P) on the canon-
ical space (C, B(C)) it follows that the coordinate pro-
cess ¢ = (¢;)>0 defined by ¢;(w) = w(t) for w € C and
t > 0is a standard Brownian motion starting at  under
P,. A similar argument applies to a geometric Brown-
ian motion S = (S;)¢>0 solving dS; = uS; dt + oSy dB;
where one sets S¥ = x exp(oB;+(u—02/2)t) to obtain
an explicit construction of the process in terms of the
initial point z from (0, 00). Many other similar exam-
ples can be given to illustrate the same argument. Very
often, however, such an explicit construction is not pos-
sible. In this case, moreover, any deeper treatment of

the optimal stopping problem is much harder (if at all
available).

The present note is motivated by one example of this
type which appeared in our treatment of the optimal
prediction problem [1]. In this context one automat-
ically arrives at the underlying Markov process X =
S# — B* where B}’ = By + ut and S}’ = maxg<s<¢ BY
for t > 0 and p € R. Recalling the result of [9] (see
also [19, Exc. 2.19, p. 388]) one knows that:

(1) X'y

where Y* = (Y*);>0 is the unique strong solution of
the stochastic differential equation:

(2) dY® = —pusign(Y®) dt + dB;

with Y§* = z. Moreover, it was shown in [9] that |Y7|
realizes an explicit construction of the reflecting Brown-
ian motion with drift —p started at = in Ry. A natural
way to proceed in the context of our example was there-
fore to identify X* with |Y*|. The difficulty we faced
at once, however, was that it is impossible to solve the
equation (2) explicitly so to determine the actual de-
pendence on x. The problem consequently appeared to
be intractable.

It turns out, however, that there is another way to
express X in terms of x so to preserve the Markov prop-
erty. The process X7 so defined is given by:

3) Xi = (zVS) - B

for t > 0. To see that the Markovian structure is pre-
served note that:

(4) Xion = (xVSty,) = By,
= (x\/St“\/ max Bé‘)
t<s<t+h °
- (B, — Bi') = BY'
_ 1y _ ph n_ ph
= ((m v S — B} ) Y (tgr?ggih(Bs B ))
- (Béﬂrh - B#)
= (X{ v 5)) - By
where gﬁ and E}’f are independent of F;¥ and equally
distributed as S}’ and BJ; respectively (upon using that



B* has stationary independent increments). From this
representation it is evident that X* is a Markov pro-
cess under P making P, = Law(X?|P) for z > 0 a
family of probability measures on the canonical space
(C4,B(Cy)) under which the coordinate process ¢ =
(ct)i>0 is Markov with P,(Xo =z) = 1.

This simple fact being unveiled it comes with no sur-
prise that the process X* realizes an explicit construc-
tion of the reflecting Brownian motion with drift —pu
started at « in R4. This is formally verified in the
proof of Theorem 2.1 below. The Ito6-Tanaka calculus
and Skorohod’s lemma then naturally lead to an exten-
sion of classic Lévy’s theorem (given in Theorem 3.1
below) where the process can start at arbitrary points
in the state space R4. In the case when the initial
point is zero this extension was derived in [9] using the
Girsanov-Maruyama theorem and invoking Lévy’s orig-
inal theorem for Brownian motion with no drift (see also
Section 4 in [9] for connections with [15] and [8]). Since
the only two properties used in (4) to verify the Markov
property are embodied in stationary and independent
increments, we are naturally led (in Section 4) to dis-
cuss a class of Markov processes which are referred to as
reflecting Lévy processes. A point of view which both
unifies and complements various approaches to these
processes is provided by the extended Skorohod lemma
(cf. [7, Lemma 1]).

2 Reflecting Brownian motion
with drift

1. Recall that the reflecting Brownian motion with
drift ¥ € R started at = in Ry is a diffusion (strong
Markov) process (with continuous sample paths) asso-
ciated with the infinitesimal operator I.” acting on:

(5) DIL") ={feCi(Ry)| f(0+) =0}
according to the following formula:
(6) Lf=vf +35f"

for f € D(IL").

It is well known (cf. [12, Chap. 4, Sect. 5-7]) that the
operator (IL”, D(ILY)) generates a unique family of diffu-
sion (strongly Markovian) measures { P, | z € Ry } on
the canonical space (Cy,B(CL)) with Py(co = x) =1
such that:

(7) fler) = fleo) / (L f)(e.) ds

is a martingale under P, for every f € D(ILY) and every
x € Ry. (Throughout Cy = C([0,0), R4 ) denotes the
family of continuous functions from the time set [0, c0)
into the state space Ry, the symbol B(CL) denotes
the Borel o-algebra on C4, i.e. the smallest o-algebra
containing all Borel cylinder subsets of C, and ¢ =

(ct)1>0 denotes the coordinate process on (Cy, B(Cy))
given by ¢;(w) = w(t) for w € Cy and t > 0.)

We let RBM”(v) denote the unique law of the co-
ordinate process ¢ = (¢t)i>0 on the canonical space
(C4,B(C4)) under P, for x € Ry and v € R. Any
other (continuous) process Z%(v) defined on (some)
probability space (£, F, P) such that Law(Z*(v) |P) =
RBM?(v) for all x € Ry with v € R given and fixed is
thus one realization of the reflecting Brownian motion
with drift v started at x in Ry. We will now see how
one such realization can be constructed explicitly.

2. Let B = (By)i>0 be a standard Brownian motion
defined on a probability space (2, F, P) such that By =
0 under P. Set B} = By + ut and S} = maxo<s<¢ BY
for t > 0 with g € R given and fixed. Consider the
process X* = (x V S*) — B* defined by:

(8) X{ =(zVvSy) - B

for ¢t > 0 and x € R4+. To indicate the dependence
of X* on p we will write X*(u) instead of X* when
needed. The following theorem states that X% (u) is a
reflecting Brownian motion with drift —p started at «
in Ry.

Theorem 2.1. The following identity in law holds:
T law T
(9) X7(4) 'Y RBM*(—p)
for every x € Ry and every p € R.
Proof. We apply the well-known method of proof.
According to Theorem 5.2 in [12, p. 207] (upon invok-

ing the basic transformation theorem for integrals with
respect to image measures) it is sufficient to show that:

(10)  FOXE) - F(XE) - / L f)(X.,) ds

is a martingale under P for every f € D(IL™*) and every
x € R+.

To this end, let f € D(L™*) and z € R4 be given and
fixed. Noting that X* is a continuous semimartingale
by It6’s formula we get:

(1) FXP) = F(X3) + / f/(X7) dX*
0
1 ¢ 2 x xT xT
+§/0 f (Xs)d<X 7X >s
— F(XE) + / F1(X2) d(z v S
- [ e g [ o aoexe,
— F(XE) + / (—uf! + LF")(X7) ds

- p(xz) dB,



since d(x V S#) is zero off the set of all s at which X7 #
0, while f'(X?) = 0 for X = 0so that [] f/(XZ)d(zxV
St) = 0 for ¢ > 0. Note also that d(X7*, X*), = ds
since s — (x V S#) is increasing and thus of bounded
variation.

Since M; = fg f/(X¥)dBs is a martingale under P for
t > 0 (due to the fact that f’ is bounded) we see that
(10) holds as claimed and the proof is complete. O

3. In exactly the same way (using the Ité-Tanaka for-
mula) it can be verified (cf. [9, Theorem 2]) that the
process |Y?| stated following (2) above is a reflecting
Brownian motion with drift —u started at « in R..

3 Extended Lévy’s theorem

The classic Lévy’s theorem (cf. [19, p. 240]) extends as
follows. In the sequel we adopt the setting and notation
introduced in Sections 1 and 2 above. Recall that Z* =
Z*(—p) denotes a reflecting Brownian motion with drift
—p started at « in Ry.

Theorem 3.1. The following identity in law holds:
(12) ((zV S*) = B, (xV S*) —z) "2 (2%,0(Z%))
for every x € Ry and every p € R.

Proof. We apply the well-known method of proof.
Let x € Ry and g € R be given and fixed. As indi-
cated following (2) above there is no loss of generality to
identify Z* with |Y®| where Y solves (2) with Y = z.

By the It6-Tanaka formula we then have:

t
(13) Y7l =o+ [ sV dvs + £(r7)
0
t
=z — ut + / sign(Y®) dB, + £2(Y7)
0
=BT BT

where the final identity constitutes a definition of ;"™ *
for t > 0.

From the properties of functions t — |Y*|, t — B, #
and t — £9(Y*) we see that Skorohod’s lemma (cf. [19,
p. 239] or (18)-(22) below) can be applied. This yields:

(14) €t0(Y”) = sup (— Bk v 0)
0<s<t

sup (( -+ ps— Et(gc)) v 0)

0<s<t

= ( sup (gs(x) + ps) \/x) -z
0<s<t
where (B, (z))s>0 = (— Jy sign(Y,®) dB,)s>0 is a stan-
dard Brownian motion (started at zero) by Lévy’s char-
acterization theorem (cf. [19, p. 150]).

Inserting (14) into (13) and using that Z7 = |Y;*| and
09(Z%) = 19(Y'") one gets:

(15) (Z7,6)(z")) = << sup (B, (z) + ps) \/x)

0<s<t

— (Et(x) + ut), ( sup (Es(x) + ps) \/x) - x)

0<s<t

proving (12) as claimed. O

4 Reflecting Lévy processes

The Markovian argument for (z V S*) — B* given in
(4) above remains valid for any other process with sta-
tionary independent increments in place of the process
B*. This naturally leads to a class of Markov processes
described as follows.

1. Let L = (L¢)i>0 be a Lévy process defined on a
probability space (€2, F,P) such that Ly = 0 under P.
Set Et = —L; and §t = SUP g<s<t ZS for t > 0. Consider
the process X* = (xV S) — L defined by:

(16) XF=(xVS)—Ly=(z+L)V Orgggt(Lt —L,)

fort >0 and z € Ry.

In exactly the same way as in (4) (upon invoking the
basic transformation theorem for integrals with respect
to image measures) it follows that P, = Law(X?|P) for
x > 0 is a family of probability measures on the canoni-
cal space (D4, B(D4)) under which the coordinate pro-
cess ¢ = (¢t)i>0 is Markov with Py(co = ) = 1. We
let RLP* denote the law of ¢ = (¢;)¢>0 on (D4, B(D4))
obtained in this way for x > 0.

Definition 4.1. A Markov process Z* = (Z})i>0
satisfying the identity:

(17) Law(Z”) = RLP”
for all x € R is referred to as a reflecting Lévy process.

Reflecting Lévy processes (16) have been intensively
studied in the last fifty or so years by a number of au-
thors (see [3], [2], [6], [13] and the reference therein).
An early prominent paper on quality control where
these processes (in discrete time) were considered is
[16]. More recent applications, among others, include
optimal prediction problems (cf. [10], [17], [1]).

2. Despite the fact that there are various ways which
lead to these processes (either theoretically or practi-
cally) a simple unifying view can be obtained using the
original Skorohod’s path-by-path approach [18] to the
reflection problem as follows.

Given a continuous process L” = (L});>o with Lf =
x > 0 consider the Skorohod equation:

(18) Xe=L{+Y,



for t > 0. Then Skorohod’s lemma (cf. [19, p. 239])
states that there exist unique continuous processes X
and Y satisfying (18) as well as:

(19) Xt >0
(20) Yy =0 and ¢+—Y; is increasing
(21) [ I(Xs>0)dY, =0

for ¢ > 0. Moreover, the following explicit formula is
valid:

(22) Y; = sup (—L5) VO
0<s<t

for all ¢ > 0. It may be noted that the whole result (18)-
(22) is often referred to as Skorohod’s lemma although
Skorohod [18] only proved the existence and uniqueness
of X and Y when L7 is an integral functional arising
from diffusion processes, while the explicit expression
(22) is due to Watanabe [21, p. 190] in the case of stable
processes (giving a credit to Itd) and McKean [14, p.
86] in the case of Brownian motion and other diffusions
as in [18].

It was recently observed (cf. [7, Lemma 1]; see also
[20, Lemma 20], [11, p. 307], [5, Theorem 2.3]) that the
Skorohod lemma (18)-(22) extends verbatim to the case
when L7 is only assumed to be RCLL (right continuous
with left limits). Moreover, if L? is a Lévy process, then
we can write LY = x + L; with Ly = 0 under P, and
from (18)-(22) one finds:

(23) Xy =Ly + Jnax (=L%) VO

<s<t

=24 L+ max (—z— Ls) VO
0<s<t

=(x+ L)V Orgsagt(l/t —Ly)

which is exactly (16). Thus, the reflecting Le¥y process
of Definition 4.1 can be seen as the unique solution
of the Skorohod reflection problem extended verbatim
from continuous to RCLL sample paths.

It should be noted that this process is different from
the reflecting process introduced in [4] as the unique so-
lution of a modified Skorohod reflection problem. The
main difference is that when L® at some ¢ jumps from
LY above zero to LY below zero, then the reflecting
process value is set to be 0 in the former case, while
it is set to be the mirror image —L¥ in the latter case.
Thus, in the case of the reflecting LeVy process (4.8),
the jumps of L* from R4 to R_ over 0 are not mirror-
imaged but absorbed at 0. In the case when L* is con-
tinuous the two definitions coincide.

3. Note that the previous two sections deal with re-
flecting Brownian motion with drift, which is the only
reflecting Lévy process (in the sense of Definition 4.1)
having continuous sample paths (up to B being re-
placed by B for some ¢ > 0 constant). Moreover,
this is also the only example of a continuous process L*

in the Skorohod equation (18) that makes the resulting
process X Markovian (cf. [8]). One could expect that
a similar uniqueness conclusion can be drawn for Levy
processes within the class of RCLL processes.

A more detailed comparison and study of reflecting
Lévy processes with jumps, including the boundary
classification at zero in terms of the infinitesimal op-
erator, appears to be worthy of further consideration.
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