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Abstract

We consider the phenomenon of forced symmetry breaking in a symmetric Hamiltonian system on a symplectic manifold.
In particular we study the persistence of an initial relative equilibrium subjected to this forced symmetry breaking. We see that,
under certain nondegeneracy conditions, an estimate can be made on the number of bifurcating relative dguiiiterthis
article: F. Grabsi et al., C. R. Acad. Sci. Paris, Ser. | 338 (2004).

0 2004 Académie des sciences. Published by Elsevier SAS. All rights reserved.

Résumé

Bifurcation et brisure forcée de symétrie dans les systemes hamiltoniensous considérons le phénomene de brisure
forcée de symétrie dans un systeme hamiltonien symétrique défini sur une variété symplectique. Plus précisement, nous étudior
la persistance d’'un équilibre relatif soumis & une brisure de symétrie. Nous verrons que, sous certaines hypothéses de nor
dégénéréscence, on peut donner une estimation du nombre d’équilibres relatifs persistants apres IRooristiter. cet
article: F. Grabsi et al., C. R. Acad. Sci. Paris, Ser. | 338 (2004).

0 2004 Académie des sciences. Published by Elsevier SAS. All rights reserved.

Version francaise abrégée

Nous nous intéressons au phénoméne de la brisure forcée de symétrie dans les systémes hamiltonier
symétriques. On considére une action libre du tfede dimensiom sur une variété symplectiqueM, o)
qui admet une application moment (nécessairement invaridpte)\M — (")* ~ R". Soit Hp une fonction
hamiltonienne invariante par rapport a I'action @ et dont le champ de vecteuksy, associé présente, par
hypothése, un équilibre relatiER). Nous rappelons qu'ugr m de Xy, est défini par la conditiorX g, (m) =
&rq(m), pour un élémerg dans I'algébre de Lie d&" dénommé la vitesse deeRR.
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Soit T" ¢ T" un sous-tore d&" et H, une famille de perturbation§" -invariantes de I'hamiltonierHy,
paramétrée d’'une maniére lisse pac R. En principe, le€R du systéema M, w, Hp, T", J1») ne seront plus
en général desr pour le systeme&M, w, H, T", J1r). Notre intérét est de déterminer sous quelles conditions
I'ER de départn continue a étre uer du systemeéM, w, H., T", J1+). Plus précisement, nous montrons que les
ER qui sont non-dégénérés dans un certain sens et dont la vitesse appartient a I'algébre de Lie du §6us-tore
persistent. De plus, le théoréme suivant nous donne une estimation de leur nombre :

Théoréme 1.Soit H, une famille de fonctions hamiltoniennes paramétrisée d’une maniére lisse & et
définie sur la variété symplectiqugV, ). Supposons quélp est invariante par rapport a une action libre et
canonique du torel” et que le champ de vecteurs assokig, a un equilibre relatifm avec vitessé& < t" et
momenty :=J (m) € (A")* = R". I : M — (£")* est une application moment associée a I'actioriitie

Soit T" ¢ T" un sous-tore dont I'action restreinte associée gur laisse invariantes les fonciond,, pour
tout . Notons pari:t" — t" l'inclusion de l'algébre de Lie dé" dans celle del” et pari*: (t")* — (t")*
son dual. Sin esti*u-non-dégénéré dans le sens de la Définittohet sa vitesse appartient a I'algebre de Lie
deT” alors pour chaque valeur du paramétresuffisamment proche dg les équilibres relatifs d& g, sont en
correspondance bijective avec les points critiques d’une fonctionAiss&” " — R. Par conséquent, il existe au
moinsn — r + 1 équilibres relatifs deXy, avec moment* . et vitesse proche de De plus, si les points critiques
de#, sonttous non-dégénérés le nombre d’équilibres relatifs bifurqués est au #ioins

Pour établir ce théoréme, nous utilisons la technique de réduction symplectique par rapporffaye¢space
de Marsden-WeinsteiM,,) dans les coordonnées de Marle—Guillemin—Sternberg correspondantes a I'action de
T". Nous y caractérisons les équilibres relatifs bifurquant:daprées brisure forcée de symétrie comme points
critiques de I’hamiltonien rédult. sur.M, . Moyennant une condition de non-dégénérescence sur I'équilibre relatif
initial m, nous obtenons dk, une fonctioniz, sur le toreT"~" dont les points critiques sont en correspondance
bijective avec le€R recherchés. Il s’en suit par la théorie des points critiques d’une fonction a valeurs réelles sur
une variété compacte les estimations sur leur nombre (catégorie de Ljusternik—Schnirelmann, théorie de Morse).

1. Introduction

Forced symmetry breaking in dynamical systems is a phenomenon that takes place when we add to a symmetri
system a perturbation with less symmetry. In this Note we study this phenomenon in the context of globally
Hamiltonian dynamical systems, that is, symmetric Hamiltonian systems to which a momentum map can be
associated. The particular problem of study is the “survival” or persistence of relative equilibria of the fully
symmetric system after the symmetry breaking perturbation is added to it. Our motivation relies strongly upon
the fact that this phenomenon is naturally present in many systems. For instance, consider a spherical pendulur
whose bob of masa has been charged with a positive chaggsee Fig 1). Suppose now that right below the point
of suspension of the pendulum we place a charge identical to that of the pendulum (position (a) in the picture).
If the repulsive electrostatic force is strong enough, the stable downright equilibrium of the spherical pendulum
becomes unstable and a ring of equilibria appears. Suppose now that the circular symmetry of the system is broke
by slightly sliding the charge to a side (position (b) in the picture). It can be seen that only two of the equilibria
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in the ring survive. Our main goal in this paper is the formulation of a general theorem capable of predicting
such behaviour. The kind of systems we are interested in can be mathematically described by considering a finite
dimensional symplectic manifold\M, ») acted freely and canonically upon by thdorusT”. We assume that

this action has a momentum map. : M — (t")* ~R". Let T" c T" be a subtorusH, a family of Hamiltonian
functions onM parametrized by € R, and assume tha{y is T"-invariant whereagi, is only T" -invariant, for

all ¢ € R. The problem that we discuss in this note is under what conditions a given relative equilibriumt

of Hp with respect to itsI”-symmetrypersiststo relative equilibria of the Hamiltonian vector fields associated

to H;, for ¢ sufficiently small, with respect to thel”-symmetry. We recall that a relative equilibriumg) of a
T"-equivariant dynamical syste on M is a pointm for which there exists an elemenin the Lie algebra” of

T" (called thevelocityof the RE) such thatX (m) = &4 (m). The symboE x(m) := %l,zo expté - m denotes the
infinitesimal generator of th&"-action associated to the elemént

2. Preliminaries

Throughout we assume th&i, w) is a finite-dimensional symplectic manifold with a free Hamiltonian
action of the torusl™ with momentum magt: : M — (£")*. Such a momentum map is necessairiyariant
J(g -m) =J(@m) (with g € T" andm € M). We fix a torus subgroufi” c T”, and leti : t" < t" be the inclusion
of Lie algebras. The momentum map for the restricted actiofi’big J1r = i* o JT», wherei*: (#")* — {")* is
the dual map te.

We also assume that € M is a relative equilibrium for the Hamiltonian systehv, w, Ho, T", J»), with
momentumu := Jm (m) € (t")* and velocityé e t". We recall that this amounts to the pointbeing a critical
point of theaugmented Hamiltoniaily — Jfrn, that is,D(Hg — J%,,)(m) =0.

In order to formulate the main hypothesis of the theorem we need to rec#llitheArtin decompositioof the
tangent spacé,, M; defineV,, as a complement in k&},J» to the tangent spacg - m atm of the T"-group
orbit, that is, kefl;,J» =V, ® t* - m. The spaceV,, is called thesymplectic normal spacat m. Notice that
t'-m C (V,,)®"™. Let W be a Lagrangian complementtd- m in (V,,)*?™ . The decomposition

Tu M=V, ®t" - mdW 1)

is called a Witt—Artin decomposition of the tangent spaize\. We will refer to W as theorbital complemenéat
m of the Witt—Artin decomposition (1). To finish these preliminaries, we give a definition which we will use in our
result.

Definition 2.1. With the notation as above nmndegeneracy spagé, atm associated to the momentume (t")*
is defined as

Na = A(x @ va
whereA, :={w e W | i*(u+ Tppdm (w)) = a}. Let H € C® (M) be a smootH” -invariant function onM that
exhibits a critical point atz, that is, DH (m) = 0. We say that: is ana-nondegenerateritical point of H when
the symmetric bilinear form

D?H (m)| x, N,
is nondegenerate.

Lemma 2.2.Thea-nondegeneracy of a critical point given in the previous definition depends only on the value
a € (t')* and not on the specific Witt—Artin decomposition used to verify this condition.

Proof. It suffices to show that our nondegeneracy condition is independent of the choige afid W in the
Witt—Artin decomposition. Assume th# is «-nondegenerate ai for a fixed choice ofV,, andW. Let V,, be
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another choice of symplectic normal spacenatW’ a complement ta¢" - m in (V,)*™, and, the associated
nondegeneracy space. hat+ w1, v2 + w2 € N, be arbitrary withv1, v2 € A, andwi, wz € V,,. The Witt—Artin
decomposition of;, M implies the existence of unique elemeats € t*, v}, v, € A}, wj, w, € V,, such that

o’
vitwi=Em(m) +vp+w) and v+ wa = naq(m) + v5 + wh.
TheT"-invariance ofH implies that
D?H (m)(v1 + w1, v2 + wp) = D*H (m) (v + w}, vy + wh).

Given that the map + w € NV, — v/ + w’ € A, is an isomorphism, the result follows o

3. Theorem on forced symmetry breaking
The goal of this section is to prove the following theorem:

Theorem 3.1.Let (M, w, T", I, T", Hg, m, &, 1) be as above. Lel, be a family of T"-invariant Hamiltonian
functions onM smoothly parametrized by € R with Ho T"-invariant. Suppose that the relative equilibrium
m € M has velocity. If

(i) i) and
(i) m is ani*u-nondegenerate critical point dflg — J%n, whereu := Jn (m),

then for any value of the parameterclose enough to zero, the relative equilibria of the Hamiltonian vector field
Xy, are in bijective correspondence with the critical points of a smooth fundtioriT~" — R. Consequently,
under these hypotheses there exist at leastr + 1 relative equilibria ofX i, with momentum* . and velocity
close tog. Additionally, if the critical points ofi, € C°°(T"~") are all nondegenerate the number of bifurcating
relative equilibria is at leasp"~".

Proof. The local character of the result that we want to prove permits us to use the local model around the
T"-orbit of m given by theMarle—Guillemin—-SternbergMGS) normal form [1,3]. We recall that this result
provides &l -equivariant symplectomorphism betweeff’ainvariant neighborhood of the orbit” - m and the
productY :=T" x (t")* x V,,, considered as &"-symplectic space with th&"-action given byg - (h, n, v) :=
(gh,n,v), g,heT", ne({)*, veV, and with a symplectic form with respect to which the momentum map
associated to thi¥”-action has the forndp: (g, n, v) = u + n. In this model, the pointz € M is represented

by (e, 0,0) € Y and the spac#, is one of the symplectic nhormal spacesmathat we have previously defined.

We will carry out the proof of our theorem in these coordinates by looking for the critical points of the reduced
Hamiltoniang, , on theT”-Marsden—Weinstein reduced spaket, := Jq}}(a)/ﬂl" defined byi, o oty = He 01q,
wherea = i*u, iy :Jp(@) <= M is the injection, andr, : I3 (@) — M, is the projection. A straightforward
computation in MGS coordinates shows that

I @) =T" x Ag X Vi, 2)
where A, is the vector subspace at")* given by Ay := {n € ")* | i*(u + n) = a} = keri* and that
Ny := Ay x V,, is aa-nondegeneracy spacemt From expression (2) it is clear that

Mg =T" x Ag X Vi JT" = T"" x Ny.

The problem of finding the relative equilibria in the statement of the theorem is now equivalent to the search
for the critical points of the real-valued functiohs, defined on the Marsden—-Weinstein reduced spete=
T x Ny.
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The hypothesis on the-nondegeneracy of: as a critical point ofHy — X, implies that the quadratic form
D?ho 4 (e, 0,0) |A, <A, IS nondegenerate. In order to lighten the notation we will omit the symliothe function
he o in all that follows. With this notation, we need to find the triplésv, ¢) € T" " x N, x R such that

Dhe(k,v) =0. 3)

We proceed by using the Implicit Function Theorem to eliminate the parametgy, from Eq. (3) by writing it
in terms of thel”~" andR variables. Indeed, consider the following map

FiT" 7" x Ny x R— (NY)* = N,
(k,0,8) > Dpg he(k, ).
Sincem = (e, 0, 0) is aT" -relative equilibrium forHg we haveF (g, 0,0) =0, for allg € T"~". Moreover, since

the partial derivativeD;, F (g, 0, 0) : Ny, — (Ny)* >~ N, of F with respect to the\,,-factor, evaluated &fg, 0, 0)
is given byDx, F(g,0,0) = Djz\/aho(g, 0) then the hypothesis on thenondegeneracy ofi as a critical point of

Ho—J, implies thatDs, F(g. 0, 0) : N, — N is injective. Consequent) ;, F (g, 0, 0) is an isomorphism and

we can then define via the Implicit Function Theorem a smooth #gaffy, x W, — (M), C N, defined in an

open neighborhood afs, 0) € T"~" x R such that, for anyk, ¢) € T"" x R in that neighborhood, we have that:
D he(k, Tg(k, €)) = Dg he (k, Tg.e (k) = O. (4)

Given that this argument can be repeated foramyT”~" we can invoke the compactnessitf~" to build a finite
family of functionsiy, : U, x Wy, — (N, i € {1,..., £}, satisfying (4) and such thay’_, U, = T"". Let
us define

14 4
7T x ngi - U(Na)gn
i=1 i=1
(8,8) > Vg (g,8) iIf g ely,.
This map is well defined by the uniqueness of the mapsbtained from the Implicit Function Theorem. Taking
into account this new map, our bifurcation equation (3) is now equivalent to:
Dhy(k, 5(k, £)) =0. ()

The solutions of this equation coincide with the critical points of the fundiiai) := &, (k, 7(k, €)) defined, for
each value of the parameteron the compact manifol@”~". Indeed, using (4), we have

Dh(t) = Dyn—rhe (1, 0(t, €)) + Dar,he (2, 0(2, €)) - Dpn—r0(t, €) = Dpn—r g (1, 0(, €))
= Dpu—rhg(t,0(t,8)) + Dp, he (1, 0(t, €)) = Dhe (1, 0(2, €)).
Consequently, the pair, 7(z, €)) is a solution of (5) if and only if € T"~ is a critical point ofi,.. A lower bound
for the number of these critical points is provided by the Ljusternik—Schnirelmann categgdf)Cat=n —r + 1
of the torusT”~" (see, for instance, [2]), which proves the statement of the theorem. Additionally, if we know in

advance that the critical points bf € C>°(T"~") are all nondegenerate, the Morse inequalities guarantee that this
function has at leagto(T" ") + b1(T" ") 4 - -- 4+ b" " (T"") critical points, wheré!(T""), i € {0, ...,n —r},

is thei-th Betti number of the torug”—". Sinceb’ (T"~") = (" l_r) i€{0,...,n—r}, we have

n—r
bO(Tn—r) +bl(Tn—r) + L. + bn—r (Tn—r) — Z (n l_ r) — 2n—r
i=0

and hence the second estimate in the statement follows.
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4. Symmetry breaking using Poisson reduction

In the previous theorem we confined our search for bifurcated relative equilibria to the momentum level set
Jq},l(i*u). This fact appears in the proof of that result when we use the symplectic reduced\dpacdf instead
of usingM;+,, we consider the Poisson reduced sp&ie: M/T" we can obtain another bifurcation result where
the predicted relative equilibria could, in principle, have a momentum different from that of thergvdihis is
obtained at the expense of imposing a more demanding nondegeneracy condition.

Theorem4.1.Let(M, w, T", I, T", Ho, m, &, ) be as in SectioB. Let H, be a family of Hamiltonian functions
on M parametrized by € R and assume thailp is T"-invariant whereasH, is only T”-invariant, for all ¢ € R.
Suppose that the poimt € M is a T"-relative equilibrium of the Hamiltonian vector fieltiz, with velocity
& €i(t). Suppose moreover that

D?(Ho — 35,) (m) | s

is a nondegenerate quadratic form, wheké := W x V,,, for the symplectic normal spacg, and orbital
complemenW corresponding to some Witt—Artin decompositiorfiM. Then for any value of the parameter
close enough to zero, the relative equilibria of the Hamiltonian vector figld are in bijective correspondence
with the critical points of a smooth functigh.]: T"~" — R. Consequently, under these hypotheses there exist at
leastn — r + 1 T" -relative equilibria nearn with momentum close 6 and velocity close t§. Additionally, if

the critical points offh.] € C°°(T"") are all nondegenerate the number of these bifurcated relative equilibria is
at least2" .

Proof. This mimics the proof of Theorem 3.1 where the reduced spagehas been replaced byi. Note that in
the MGS normal form coordinates we can write, locally,

M= (T" x (€)X Vo) /T =T x () x V. D
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