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Abstract

Models of the mechanisms of saccadic eye movements are typically described in terms
of the block diagrams used in control theory. Recently, a nonlinear dynamics model of
the saccadic system was developed. The model comprises a symmetric piecewise-smooth
system of six first-order autonomous ordinary differential equations, which were obtained
by combining parts of the existing control models with data from experimental observations
of saccadic dynamics. A preliminary numerical investigation of the model revealed that
in addition to generating normal saccades, it could also simulate inaccurate saccades, and
an oscillatory instability known as congenital nystagmus (CN). By varying the parameters
of the model, several types of CN oscillations could be produced, including jerk, bilateral

jerk and pendular nystagmus.

The aim of this study was to investigate the bifurcations and attractors of the nonlinear
dynamics model, in order to obtain a classification of the simulated oculomotor behaviours.
The application of standard local and global stability analysis techniques, together with
numerical work, revealed that the equations have a rich bifurcation structure. In addi-
tion to Hopf, homoclinic and saddlenode bifurcations organised by a Takens-Bogdanov
point, the equations can undergo nonsmooth pitchfork bifurcations and nonsmooth glu-
ing bifurcations. These nonsmooth bifurcations were observed to result from simultaneous
transcritical and homoclinic bifurcations in a pair of related smooth systems. Evidence was
also found for the existence of Hopf-initiated canards, and for a global bifurcation involving
the catastrophic destruction of a symmetry-invariant limit cycle. Unlike the pitchfork and
gluing bifurcations, this bifurcation could not be explained in terms of the related smooth

systems.

The simulated jerk CN waveforms were found to correspond to a pair of post-canard
symmetry-related limit cycles, which exist in regions of parameter space where the equa-

tions are a slow-fast system. The slow and fast phases of the simulated oscillations were
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attributed to the geometry of an underlying slow manifold. This provides an alternative
explanation for the shape of the jerk oscillation, which contrasts with the prevalent control
model view that CN is caused by structural abnormalities. The simulated bilateral jerk
and pendular waveforms were attributed to a symmetry invariant limit cycle produced by

the gluing of the asymmetric cycles.

The bifurcation structure of the model suggests the possibility of moving between the differ-
ent simulated behaviours by varying the parameters of the model. This was in agreement
with experimental evidence showing that subjects can exhibit several different types of
behaviour in a single recording period. In addition, the bifurcation analysis places restric-
tions on which kinds of behaviour are likely to be associated with each other in parameter
space. On the basis of these restrictions, several experiments were suggested to assess the
validity of the model as a predictor of saccadic behaviour. In particular, it was proposed
that reducing the level of attention of a subject in a controlled way could induce a change

from a jerk to a pendular oscillation.

30



Chapter 1

Introduction

The study of eye movements is a source of important information for both clinicians and
physical scientists. To clinicians, the presence of abnormal eye movement behaviour in a
patient is often the indicator of a specific pathology. For physical scientists, the study of
eye movements presents a unique opportunity to understand the workings of the brain.
This is in part due to the relative simplicity of the oculomotor control system, in compar-
ison to other neurobiological control systems, and the wealth of quantitative data on eye
movements that has been collected in the last four decades [2], [5], [6]. Traditionally, the
investigation of oculomotor control has been dominated by control systems theory [2], [3],
[5], [6], [7], [8], [9], [10], [11]. In the last few years, however, there has been some interest
in using the techniques of nonlinear dynamics to model oculomotor control, and to anlayse

eye movement time series [12], [13], [14], [15], [16], [17].

The oculomotor control subsystem that is responsible for the generation of fast eye move-
ments, or saccades, has been the focus of much theoretical and experimental work [2], [3],
[5]-[11]. A recent nonlinear dynamics model of the saccadic system proposed by Broomhead
et al was found to be able to simulate both normal saccades and an oscillatory oculomotor
instability known as congenital nystagmus (CN) [14]. The existence of a single model able
to generate both normal saccades and CN oscillations conflicts with an influential control
theory model proposed by Optican et al, which suggested that CN results from structural
abnormalities in the oculomotor control system [7]. The work presented here is an analysis
of the nonlinear dynamics model of Broomhead et al, with a view to interpreting the pos-
sible implications that the predictions of the model may have for understanding saccadic

abnormalities and the aetiology of CN.
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The remainder of this chapter is a brief discussion of some characteristics of the oculomotor
control system relevant to this study, followed by a description of the context in which the
mathematical analysis of the model was carried out. Thereafter, chapter 2 describes the
construction of the model, with chapters 3 to 5 detailing the analysis of the bifurcations
and attractors of the model. In chapter 6 a full classification of the simulated saccadic
behaviours is proposed, based on the bifurcation analysis. This classification is then used
as the framework for a discussion of the biological implications of the model. Finally, in
chapter 7, a summary of the preceding analysis is presented. A number of suggestions
for further development of the model are also suggested. The more technical proofs from
Chapters 3 to 5, together with other results which were omitted for brevity, are given in

an Appendix.

1.1 Oculomotor control, saccades and congenital nystagmus

1.1.1 Eye movement control

Figure (1-1) shows the major structures of the eye in transverse section. Light enters the
eye through the pupil and is focused onto the retina by the lens. The retina contains
photoreceptors which absorb the incoming light, generating electrical impulses that are
relayed to the visual cortex via the optic nerve [1]. The density of photoreceptors is
greatest in a small region of the retina known as the fovea. Optimal visual performance is
only attained when images are held steady on the fovea; the ability of the eye to resolve
distinct points in the visual field (visual acuity) decreases sharply away from the fovea. In
addition, visual acuity is also degraded if images slip over the fovea at velocities greater
than a few degrees per second [1]. In broad terms, the brain controls the movement of the
eyes to ensure that the image of the object of interest falls on the fovea [1], [2]. This is a

process referred to as foveation [2].

Ocular movements are carried out by six extraocular muscles that are attached to the outer
wall of the eye (sclera). Figure (1-2) is a transverse section through the skull, showing
the orientation of the extraocular muscles. The medial and lateral rectus muscles produce
predominately horizontal movements, the superior and inferior rectus muscles produce pre-
dominately vertical movements, while the superior and inferior oblique muscles produce

mainly rotary movements. The extraocular muscles receive commands from motoneurons
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Figure 1-1: Transverse section through the right eye, seen from above (Reproduced from
figure 8.2 of [1]).
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Figure 1-2: Transverse section through the skull, showing the extraocular muscles. The
medial rectus is obscured from view by the eyeball. (Reproduced from figure 16.24 in [1]).
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in the nuclei of the abducent, trochlear and oculomotor nerves, situated in the brain stem
[1], [2]. The activity of these motoneurons is coordinated by a complex set of intercon-
nected neuronal groups. Physiological studies of such ‘preoculomotor’ nuclei and networks
through single neuron recording, electrical stimulation and lesion have identified many of
the pathways associated with different types of eye movement. This has led to the isolation
of six major preoculomotor networks: the saccadic system, the smooth pursuit system, the
vestibular system, the optokinetic system, the vergence system and the gaze-holding sys-
tem [1], [2], [5], [6], [18]. The saccadic system provides rapid shifts of gaze, or saccades,
to bring about foveation of new targets. The smooth pursuit system matches eye velocity
with target velocity to provide a stable foveal image when tracking objects in the visual
field. The function of the vestibular system is to stabilise gaze during brief head rotations
by generating an involuntary eye movement which has velocity equal and opposite to the
velocity of the head. The optokinetic system is responsible for matching eye velocity to
the velocity of the visual field to enable stable gaze during sustained head motion. The
vergence system acts so as to keep the target image on the fovea during motion of the
target away from or towards the eyes. Finally, the function of the gaze-holding system is

to maintain a stable foveal image during sustained fixation at a given gaze angle.

1.1.2 Saccades

Saccades are fast, conjugate eye movements which redirect gaze to bring the image of the
object of interest onto the fovea. In the following work, only horizontal saccades will be
considered. A schematic of the major neural pathways involved in the generation of a
horizontal saccade is given in figure (1-3). Physiological studies indicate that saccades are
initiated in response to signals from the visual cortex specifying the spatial location to
which the eyes are to be driven. These signals are conveyed via the superior colliculus
in the midbrain to burst neurons (or bursters) situated in the brain stem. The burst
neurons are normally prevented from discharging by inhibitory omnipause neurons. Just
prior to the onset of a saccade, an inhibitory trigger to the omnipause neurons releases
their inhibition of the bursters, which generate a signal referred to as the pulse. This
signal creates the initial ‘push’ of the eye to overcome orbital viscous drag. The pulse is
conveyed to a complex of neuronal feedback circuits, collectively referred to as the neural
integrator (NI), which integrate the pulse producing a signal called the step. This signal

generates the forces necessary to hold the eye in its new position against orbital elastic
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Figure 1-3: Schematic of the main neural pathways involved in the production of horizontal
saccades. P=omnipause neurons, B=burst neurons, SC=superior colliculus, OMN=ocular
motoneurons, E=saccadic eye movement, NI=neural integrator. Vertical lines represent
individual discharges of neurons. Underneath the schematised neural discharge is a plot
of discharge rate versus time. The schematic plot E shows horizontal eye position versus
time. (Adapted from figure 3.6 of [2]).

restoring forces. The step and pulse signals are then transmitted together to the relevant
motoneurons. These combine the signals to produce a final motor command which is sent
to the extraocular muscles. The muscles then move the eye to the required gaze angle
2], [5], [6], [18]. In control models of the saccadic system, the ocular motoneurons and

extraocular muscles are collectively referred to as the muscle plant.

The peak velocity of a 30 degree saccade frequently exceeds 500 deg/sec and the movement
can be completed in just 80 msec. Experimental investigation of the dynamic characteristics
of saccades has revealed that the peak velocities and durations of saccades are related
to their amplitudes. This relationship is often referred to as the main sequence [2],
[18]. Saccades can be normometric (accurate) or dysmetric (inaccurate), depending on
factors such as the eccentricity of the target, the type of saccadic task and the state of
the subject [2], [15]. Saccades which overshoot the target are referred to as hypermetric
while those which undershoot are called hypometric. Figure (1-4) shows the time course
of a normometric rightward saccade generated by a normal subject (i.e. one with no known
ocular pathology). As with all eye movement plots presented here, positive eye position

corresponds to rightward gaze, and negative eye position corresponds to leftward gaze.
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Figure 1-4: Recording of a normometric rightward saccade. t = time, g(¢f) = horizontal
eye position. The position of the target is indicated by the dotted line.

A particular class of hypermetric saccades which are of interest to this study are those
involving a dynamic overshoot. These are small, damped oscillations that follow the
primary saccade with no delay. Dynamic overshoots have been observed in both normal
subjects and those with an ocular pathology [2], [15]. Figure (1-5) shows the time course

of a hypermetric rightward saccade with dynamic overshoot.

1.1.3 Congenital nystagmus

The term nystagmus refers to an oscillatory movement of the eyes. The particular type
of nystagmus which is of interest here is a condition known as congenital nystagmus
(CN). CN is an involuntary, bilateral oscillation of the eyes that is present in approximately
0.025% of the population. The movements are conjugate and occur predominately in the
horizontal plane. CN develops at birth, or shortly afterwards, and persists throughout life
2], [18], [19], [20], [21]. In the last three decades, infrared reflection and electro-oculography
techniques have been used to accurately record CN time series, enabling CN waveforms
to be objectively analysed. It has been found that considerable variation in the mean
amplitude (1°-10°) and frequency (2 Hz-5 Hz) of the oscillation occurs between subjects
[21]. The ability to record CN oscillations has also led to the classification of CN waveforms
into subclasses. This classification is based on the decomposition of the oscillation into fast

and slow phases, depending on the magnitude of the instantaneous eye velocity. In general,
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Figure 1-5: Recording of a hypermetric rightward saccade with dynamic overshoot. t =
time, g(t) = horizontal displacement of the eye. The position of the target is indicated by
the dotted line.

the retinal image is held on the fovea for a short time before a slow phase takes the target
off the fovea. The slow phase is then interrupted by a fast or slow phase which moves the
target towards, or directly onto the fovea [2], [18]-[20]. As a consequence of the reduced
foveation time, nystagmats tend to have poor visual acuity [2], [18], [19]. Schematics of
some typical CN waveforms are shown in figure 1-6, together with the positions of the fast

and slow phases. Some of these oscillation types will now be described in greater detail.

Jerk nystagmus is composed of an increasing exponential slow phase followed by a sac-
cadic fast phase. The nystagmus is referred to as right-beating or left-beating in accor-
dance with the direction of the fast phase [2], [19], [20]. Figure (1-7) is a time series of
a left-beating jerk nystagmus. A variation on the jerk waveform is jerk with extended
foveation (JEF) [20]. As the name suggests, JEF has a longer slow phase than the plain
jerk waveform. Figure (1-8) is a time series of a left-beating JEF oscillation (compare with
figure (1-7)). In some subjects, an extended period of jerk oscillations is followed by a
shorter period of jerks that beat in alternate directions. After this bidirectional phase, the
oscillation reverts to a unidirectional jerk. This phenomenon is known as bias reversal
2], [20]. The bidirectional waveform associated with bias reversal will be referred to in the
following work as bilateral jerk. Figure (1-9) is a time series of a bilateral jerk oscillation.
Pendular nystagmus consists of sinusoidal slow phase movements. Pendular oscillations

tend to be of larger amplitude than jerk oscillations, and are seen more often in infants
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Figure 1-6: Schematic illustration of 4 waveform types found in congenital nystagmus.
E=eye position, E=eye velocity. The durations of the slow phases (SP) and fast phases
(FP) of the waveforms are indicated by the upper and lower solid lines respectively. The

waveforms depicted are: A) pure pendular, B) pure jerk, C) pendular with foveating
saccades and D) pseudocyloid.
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Figure 1-7: Recording of a jerk nystagmus waveform. ¢ = time, g(t) = horizontal displace-
ment of the eye.
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Figure 1-8: Recording of a jerk with extended foveation waveform. ¢ = time, g(t) =

horizontal displacement of the eye.
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Figure 1-9: Recording of a bilateral jerk waveform. ¢ = time, g(¢) = horizontal displacement

of the eye.
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Figure 1-10: Recording of a pendular waveform. ¢ = time, g(t) = horizontal displacement
of the eye.

than adults [2], [20]. Figure (1-10) is a time series of a pendular nystagmus.

Fourier analysis of CN waveforms has shown that there are marked differences in the
frequency spectra of waveforms from different CN classes, although all CN waveforms have
a strong periodic component [22]. Despite this variety, it has long been postulated by some
researchers that there is a common CN mechanism responsible for generating the different
types of oscillation that have been observed [7], [19], [20]. The most compelling evidence
for this idea is that many CN subjects can exhibit a range of different oscillations over
the same recording period. The type of waveform observed has been found to depend on
environmental factors, and in particular, on the level of attention of the subject [20], [21].
An example of this, which is of interest here, is the finding that some subjects who exhibit
a jerk nystagmus during a fixation task can switch to a pendular nystagmus upon entering

a state of low attention, such as when closing their eyes or daydreaming [20], [21].

The explanation for CN provided by the control theory model of Optican et al is that the
oscillations result from a malfunction of the gaze-holding system due to neural miswiring.
In this scheme, the malfunction causes drift of the eye away from the target, which is
followed by saccades to bring the eye back to the target [7]. Explicit in this idea is the
assumption that the fast phases of nystagmus are corrective; saccades are in fact assumed to
be generated when the retinal error exceeds a set threshold. By modifying parameters, such

as the gain of position and velocity feedback loops in both the gaze-holding and saccadic
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units of their model, Optican et al were able to generate a broad range of CN waveforms
[7]. The nonlinear dynamics model of the saccadic system proposed by Broomhead et al
was obtained by converting parts of the existing control models of the oculomotor system
into corresponding sets of ordinary differential equations. The model also incorporated
some characteristics of burst neurons obtained from empirical data that had been ignored
in the control models. By varying parameters governing the burst neuron characteristics,
and the speed at which burst neurons react to their input signal, Broomhead et al were
able to simulate saccadic dysmetrias-such as dynamic overshoot-and CN oscillations-such
as jerk, bilateral jerk and pendular nystagmus. These simulated eye movements were found
to be attributable to fixed point and limit cycle attractors of the model. The derivation of
the model due to Broomhead et al will be described in greater detail in the next chapter.
The following section presents the mathematical setting for the analysis of the model in

chapters 3-6.

1.2 The general system of first order autonomous ODEs

The material presented here is based on [4], [23], [24], [25], [26], [27] and [28]. Throughout
this section and the following chapters, ||.|| will be taken to represent the vector and matrix
p norm, unless otherwise specified. Also, 1,, represents the n x n identity matrix and 0y, x.m,
)T

the n xm zeros matrix. The expression (x,y)" where x € R™ and y € R" will be implicitly

taken to mean the vector:

The object of interest in this section will be the general system of n first order autonomous

ordinary differential equations (ODEs) below:

&1 = F1 (21,22, ... ,2n)
Gy = Fy (21,22, @) (L.1)
x.n:FTZ(xlaxQV" ’xn)

In (1.1), the dot represents differentiation with respect to time %. Thus, @; = %”L vl <
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i < n. By setting x = (z1,22,... ,2,)" and F(x) = (F| (x),F (x),...,F, (x))7, (1.1)

can be written in the vectorised form below:
x =F(x) (1.2)

It is assumed that x € W, where W is an open subset of R”, and that F : W — R”
is a locally Lipschitz function. The set W is called the state space of the system. The
map F is called the vector field. Given 1 < i < n, the subset of the state space on which

F; (z1,22,... ,x,) = 0is referred to as the z; nullcline.

The existence and uniqueness of solutions of x = F (x) will be covered first in this section.
This will followed by a discussion of w-limit sets, and two of the most simple types of w-limit
sets, fixed points and limit cycles will be defined. Next, the idea of linearising the system
about a fixed point will be introduced. Following this, the asymptotic behaviour of systems
in which solutions can be extended infinitely far forward in time, and are also eventually
confined to a compact subset of W will be discussed. This will lead to a definition of an
attractor which will be used throughout the rest of this work. The section will finish with

a brief discussion of symmetries of vector fields.

1.2.1 Existence and uniqueness of solutions

It can be shown that given x € W, there is a maximal open interval J(x) = (a, b) containing
0, such that a solution x(t) of X = F(x) with x(0) = x exists, and is unique on J(x) (a
may be —oo and b may be +00). For each x € W, write the solution x (t) as ¢(x,1).
The set {p(x,t) : t € J(x)} is referred to as the trajectory or orbit of x = F(x) passing
through x. Define the set @ C W x R by Q = {(x,t)T xeWte J(x)}. Then Q is
open in W x R and the map ¢ : Q@ — W defined by ¢ : (x,t) — ¢(x,t) is continuous.
The function ¢ is referred to as the flow of the system. Define the time set T C R by
T ={teR:3x e W for which t € J(x)}. Also, given t € T, define the t set Uy C W by
U ={xeW:te J(x)} and the time t map ¢, : Uy — W by ¢, (x) = ¢(x,t) Vx € Us.
Then Vt € T, Uy is open in W, —t € T with U_; = ¢,(U;) and ¢, : Uy, — U_; is a
homeomorphism with ¢, 1= ¢_;. Moreover, 0 is always an element of 7', and Uy = W
with ¢y = id|w, where id : R" — R" is the identity map. Also, for x € W and s,t € R

such that ¢; (x), ¢, (¢; (x)) and ¢4, (x) all exist, ¢, (¢; (x)) = ¢4y (x). If F is not just
locally Lipschitz but is in fact C* for some k > 1, the map ¢ is C¥ and ¢, : Uy — U_; is a
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C* diffeomorphism Vt € T.

A subset Sy of W is defined to be invariant if given x € Sy, J (x) = R and ¢, (x) € Sw
Vt € R. Sy is defined to be positively invariant if given x € Sy, [0,00) C J(x), and
¢y (x) € Sy Vt > 0. Similarly, Sy is defined to be negatively invariant if given x € Sy,
(—00,0] C J(x), and ¢, (x) € Sy Vt < 0. If Sy is invariant, then {¢; (x0) : t € R, %9 € Sw}
is said to be a dense orbit of Sy if given y € Sy, Ve > 0 there is some t' € R for which
6 (x0) —yll <e

Remark: Note that solutions of C* systems are C*¥*! functions of time. To see this, let
x (t) be a solution of X = F (x) where F is C* for some k& > 0. Then by the discussion
above, x (t) = ¢ (x(0),t) Vt € J(x(0)), where the flow ¢ : Q@ — W is a C* function of
(x,t)" on Q. It follows that x (¢) is a C* function of ¢ on J (x (0)). Now V¢ € J (x(0)),
% (t)=F (x(t)). Thus, since a composition of C* functions is itself C* % (t) is C* on

J (x(0)). This implies that x (¢) is C*** on J (x(0)).

1.2.2 w-limit sets of x = F (x)
Given x € W for which [0,00) C J (x), the w-limit set w (x) C W of x is defined as below:
w(x)={y € W:3(t,) C[0,00) with t;, — 00 as n — oo and ¢, (x) —y asn — 00}

Each element of w (x) is referred to as an w-limit point of x. It can be shown that w (x) is

closed.

Fixed points

A point X € W is called a fized point of x = F(x) if F (X) = 0. It follows that X is invariant.

Also w(y) = % for all y € W such that ¢, (y) — X as t — oo. In particular, w (X) = X.

Given § > 0, and x € R", define the ball Bs (x) C W by:
Bs(x) ={y e W: [ly —x[| <4}

A fixed point X is defined to be Liapunov stable if Ve > 0, 30 > 0 such that Vy € Bj (X),
0, (y) € Be (X) Vt > 0. X is defined to be quasi-asymptotically stable if 3§ > 0 such that
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Vy € Bs(X), ¢,(y) — X as t — oco. X is defined to be asymptotically stable (or simply
stable) if it is both Liapunov stable and quasi-asymptotically stable. X is defined to be

unstable if it is not Liapunov stable.

Limit cycles

A periodic orbit of x = F (x) of period T is a set S C W which can be written as

S={o(y):0<t<T}

for some y € W for which [0,7] C J(y), ¢r(y) =y and ¢, (y) #y forall 0 <t < T.
It can be shown that S is invariant, with S = {¢, (y') : 0 <t < T} for all y’ € S. Also,
w(y) =8 VYy €S. §Siscalled a limit cycle of period T if there is an open neighbourhood

U of S which contains no periodic orbits other than S itself.

Given § > 0, and a set V' C W, define the §-neighbourhood N (V,d) C W of V by:
N(V,8)={y e W :3Ix eV with ||y —x| < 8}

A limit cycle S is defined to be Liapunov stable if Ve > 0, 30 > 0 such that Vy € N (S,9),
¢y (y) € N(S,¢) Vt > 0. S is defined to be quasi-asymptotically stable if 35 > 0 such that
Vy € N (S,0), ¢, (y) — S ast — oo. S is defined to be asymptotically stable (or simply
stable) if it is both Liapunov stable and quasi-asymptotically stable. S is defined to be
unstable if it is not Liapunov stable. A related concept is that of a phase-coherent limit
cycle. A limit cycle S is defined to be phase-coherent if 3§ > 0 such that Vy € N (S,9),
Ix € S with ¢, (y) — ¢, (x) as t — oo. If F is C! it can be shown that, generically, a
stable limit cycle is a phase-coherent limit cycle. It will be assumed in the following work

that all stable limit cycles of the saccadic system model are phase-coherent.

There is another type of orbit of X = F (x) which will be of importance later. Let X € W
be a fixed point of x = F (x) and assume y € W\ {X} such that J(y) = R. The orbit
I' = {¢, (y) : t € R} is defined to be homoclinic to X if ¢, (y) — X as t — oo and as
t — —oo. It can be shown that T' is invariant, I' N {X} is empty, and for any y’ € T,
I'={¢,(y'):t € R} with ¢, (y') — X as t — +o0.
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1.2.3 Linearising x = F (x) about a fixed point

Assume that the vector field F : W — R™ is C1. Let X € W be a fixed point of x = F (x),
and write DF(X) for the Jacobian matrix of partial derivatives of F evaluated at X. By
Taylor expanding F about 0, x = F(x) can be written as w = DF(X)w+O <||w||2>, where
w = x — X. The linearisation of X = F(x) about X is the linear system defined on R™ which

is obtained by ignoring the O (HWH2> term:
z = DF(X)z (1.3)

The vector field of (1.3) is obviously Lipschitz (it is in fact C*°), and so solutions exist and
are unique. It can be shown that Vz € R", J (z) = R. Hence, the time set is R, and V¢ € R
the t set is R™. Moreover, Vt € R the time t map L; : R” — R" is C°°, and is defined by:

Li (x) = PF®ix (1.4)

Write {1, ..., A} for the eigenvalues of the Jacobian matrix DF(X). X is defined to be
hyperbolic if none of {A1,..., A\, } have zero real part. In this case, DF(X) is invertible and
so 0 = (0,0,.. .O)T is the unique fixed point of z =DF(X)z. The importance of the lineari-
sation is that the behaviour of x = F (x) about a hyperbolic fixed point X is determined
by the behaviour of Z =DF(X)z about 0. More precisely, the Hartman-Grobman Theorem
states that there is a homeomorphism H mapping some open neighbourhood Uz of X in

W to an open neighbourhood Vg of 0 in R™ with the following properties:
1. H(x)=0.

2. If x € Uz then Vt such that ¢, (x) € Usx:

Ho¢,(x)=L;oH (x) (1.5)

The conjugacy (1.5) shows that H maps trajectories of x = F(x) in Ug to trajectories of
z =DF(X)z in Vp in such a way as to preserve the parameterisation of trajectories with
time. An important consequence of this is that the stability of X as a fixed point of
x = F(x) is determined by the stability of 0 as a fixed point of z =DF(X)z: X is stable if

all the A\;s have negative real part and unstable if any of the A\gs have positive real part.
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IfF: W — R"is CF for some 1 < k < oo and {\y,... ,\,} satisfy nonresonance conditions,
the map H is not just a homeomorphism, but is a C* diffeomorphism. The fixed point X
is then said to be C* linearisable. {)\1,...,\n} are said to have a resonance of order j if
there is some 4 with 1 <4 < n and a vector (aq,... ,an)T € Z" with " | oy, = j and
Ai = Y om—1 mAm. An extended version of the Hartman-Grobman Theorem states that
H is a C! diffeomorphism, provided that there is no reordering of {\1,...,\,} for which
A1 = A2 + A3 with Re{A\2} < 0 and Re{A3} > 0. Sternberg’s Theorem states that when
k > 2, H is a C* diffeomorphism with DH (X) = 1,, if and only if {\1,...,\,} have no

resonances of order r with 2 < r < k.

In the case where k > 2 and the eigenvalues of linearisation have no resonances of order 2,

H is C? and so can be expanded as a Taylor series about X, giving:
H(x) =x - %+0 (||x - zHQ)

Using the above, it can be shown that given A with A > maxj<;<, Re{\;}, thereisa d > 0
with Bjs (X) C Ug and a constant K > 0 such that if x € B (X), then V¢ > 0 for which

¢y (x) € Bs (%)
¢y (x) — % =L; (x — %) + S (t) (1.6)
where:
IS (1) < KeMo? (1.7)

IfRe{\} <0V 1<i<n (soXis a stable fixed point of x = F (x)), it can be shown that
given A with maxj<;<, Re{\i} < A <0, thereis a § > 0 with B; (X) C Ug, and a constant
K > 0 such that if x € Bs (X), then ¢, (x) € Uz Vt > 0 with

O (x) =X =L (x —X)+ S (t) (1.8)
where:
IS ()] < Ke ||x — x| (1.9)

Note that in this case, for a given x with ||x — X|| < 0, the difference S () between the solu-

tion { Ly (x — X) : t > 0} of the linearised dynamics and the shifted solution {¢, (x) —X : ¢t > 0}
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of the nonlinear dynamics goes to 0 as t — oo.

1.2.4 Eventually compact systems

Assume that all solutions of x = F (x) can be extended infinitely far forward in time. i.e.
[0,00) C J(x) Vx € W. It follows that the time set is R, and V¢t > 0 the ¢ set is W.
Also assume that there is some compact subset C' of W such that solutions are eventually
confined to C (i.e. ¥x € W, 3t' (x) > 0 such that ¢, (x) € C' Vt >t/ (x)). A system which
satisfies these conditions will be referred to in the following as eventually compact. For
such a system, given x € W, the w-limit set w (x) of x can be shown to have the following

properties:

1. w(x) is nonempty, compact and invariant.
2. w(x)CC.

3. ¢ (x) > w(x)as t — oo.

The asymptotic behaviour of all solutions is therefore determined, in that as ¢ — oo, every
point in W converges to its w-limit set, which is an invariant, compact subset of W lying
in C. It is useful to partition W on the basis of the w-limit sets. For each x € W define
the set [x] C W by:

X ={yeW:w(y) =wx)} (1.10)

It is possible to find an index set I and a set of points {x; : i € I'} in W such that every
point of W lies in one and only one [x;]. W can then be written as the disjoint union
Uicr [x:] and the w-limit sets as the distinct collection {w (x;):4 € I}. For each i € I,
all points in [x;] converge to w (x;) as t — oo. This scheme is illustrated schematically in

figure (1-11).

Attractors of eventually compact systems

An w-limit set A = w (x;) is defined to be an attractor of the eventually compact system
x = F (x) if it has a dense orbit, and there is some open subset N of W with A C N
such that N is positively invariant, and ¢, (N) — A as t — oo. With this definition,
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Figure 1-11: w-limit sets of the eventually compact system x = F (x).

quasi-asymptotically stable fixed points and quasi-asymptotically stable limit cycles of
x = F (x) are attractors. Also, assuming that no unstable fixed point of x = F (x) is
quasi-asymptotically stable, unstable fixed points are not attractors. Similarly, assuming
that no unstable limit cycle is quasi-asymptotically stable, unstable limit cycles are not

attractors. If A = w (x;) is an attractor, its basin of attraction B(.A), is defined by:

B(A)={yeW:¢,(y) = Aast— oo} (1.11)

Since every point of W converges to its w-limit set, [x;] C B (.A). It follows that B (A) = [x;]

if A is a quasi-asymptotically stable fixed point.

1.2.5 Symmetries of F

A diffeomorphism o : W — W is called a symmetry of the vector field F if for all x € W,
J (0 (x)) = J (x) with ¢, (0 (x)) = 0 (¢, (x)) Vt € J (x). o therefore maps the trajectories
of the system into each other, in that if x(¢) is the unique solution of X = F (x) with
x (0) = x, then y (¢) defined by y (t) = ox(t) is the unique solution with y (0) = ox. It

can be shown that if o is a symmetry of F, then for each k € Z, ¢ is also a symmetry of
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F. ie. forallx € W, J (o (x)) = J (x) with ¢, (0¥ (x)) = 0% (¢, (x)) Vt € J (x). Define
the set G, by:

G, = { ,U_Q,U_l,id,O',U2...}

(Here id : W — W is the identity map. Also given r > 1, ¢" is defined as the r-fold
composition of ¢, and similarly, =" is defined as the r-fold composition of 0=1). G, is a
group under the group operation of composition, and will be referred to as the symmetry
group generated by o. For the case that oP = id for some p > 2, G, is the finite group

Gy = {id, og,0%... ,ap_l}, which is isomorphic to Z,.

If solutions of X = F (x) can be extended infinitely far forward in time, it follows that

Vp € Gy
pody=¢op:t=>0

For each p € G, p therefore conjugates the time ¢ map ¢; vt > 0. If solutions are also
eventually confined to a compact set C' C W (so X = F (x) is eventually compact), then for

each p € G, the w-limit sets of the system can be shown to have the following properties:

LViel, pwx)) =w(p (i) and [p(x:)] = p ([x]).

2. X is a fixed point of x = F (x) iff p (X) is a fixed point. Additionally, X is stable iff p (X)

is stable and X is unstable iff p (X) is unstable.

3. S is a limit cycle of X = F (x) of period T iff p (S) is a limit cycle of period T. Addi-
tionally, S is stable iff p (S) is stable, and S is unstable iff p (S) is unstable.

4. A = w(x;) is an attractor of x = F (x) with basin of attraction B (A) iff p(A) =

w (p (x;)) is an attractor with basin of attraction p (B (A)).

5. The set [ (p) C W defined by:
Fp)={xeW:p(x)=x}

is positively invariant.
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Chapter 2

The saccadic system model

The construction of the nonlinear dynamics model proposed by Broomhead et al is de-
scribed in this chapter. Following this, the analysis of the model presented in chapters 3-6

is outlined.

2.1 Local feedback hypotheses for saccade generation

Recall from section 1.1.2 that during a saccade, burst neurons discharge in response to a
signal from the visual cortex which specifies the required eye location. Current knowledge
of the firing characteristics of burst neurons is based on a comprehensive study conducted
by Van Gisbergen et al [3]. Through single neuron recordings from alert monkeys, Van
Gisbergen et al found that the rate of firing of burst neurons is a nonlinear, saturating
function of the dynamic motor error, which is the difference between the required eye
position and the current eye position. The existing control theory models of the saccadic
system are based on one of two hypotheses regarding how the dynamic motor error signal
is computed. In the position feedback hypotheses, the motor error €, is assumed to be
given by € = g* — n, where g* is the desired gaze angle supplied by the visual cortex, and
n is the output of the neural integrator (the step), which is taken to be an estimate of the
current eye position [3], [7], [8]. In the displacement feedback hypotheses, the output
of the burst neurons b (the pulse) is assumed to be integrated by a separate resettable
integrator (RI) to obtain an estimate of current eye displacement s. The motor error

is then obtained from ¢ = Ag — s, where Ag is the desired gaze displacement provided
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Figure 2-1: Position feedback hypotheses of saccadic generation. A copy of the step n,
is fed back from the neural integrator to generate the motor error €. The gaze angle is
denoted by g.
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Figure 2-2: Displacement feedback hypotheses of saccadic generation. A copy of the pulse
b, is integrated to obtain an estimate of current eye displacement s, which is fed back to
generate the motor error . The gaze angle is denoted by g.

by the visual cortex. The epithet ‘resettable’ refers to the fact that in this scheme, s is
required to be set to 0 at the beginning of each saccade [9], [10], [11]. In both schemes, ¢ is
driven to 0, causing the gaze angle g to be bought to the required value. The position and

displacement feedback hypotheses are illustrated in figures (2-1) and (2-2) respectively.

More recent models of the saccadic system have been based on the displacement feedback
hypothesis, owing to neurophysiological studies of the superior colliculus, which have pro-
vided strong evidence for a neural correlate of Ag [9]. The model of Broomhead et al also
assumes the displacement feedback hypothesis [14]. It does not, however, include the input
from the omnipause neurons (cf. section 1.1.2). This is in contrast to the control models,
which incorporate the contribution of the omnipause neurons. The derivation of the model

equations will now be described.
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2.2 Equations for the muscle plant and NI

In the control models of the saccadic system, the muscle plant is assumed to behave like a
second order linear system with time constants 77 and T3 such that Th > T3 [3], [7], [8].
This characterisation of the muscle plant is based on experimental measurements of eye

dynamics during saccades, and leads to the following second order ODE for the gaze angle

g

iy 1 n 1. + I | n 1 n 1 b
I\ )T hn! T e T\ T
where n and b are the driving signals from the neural integrator and bursters respectively.

Writing v for the eye velocity g, the above system can be expressed as the pair of coupled

first order ODEs below:

PR (2.1)

) = S gt et (et ) b (2.2)
v T Ty Y T1ng T1T2n AT ) '

Similarly, the neural integrator is modelled as a first-order linear system with time constant
Tn such that T > 0 [3], [7], [8]. This characterisation leads to the equation:

1

It should be noted that the neural integrator is not assumed to be a perfect integrator,
but is ‘leaky’ (a perfect integrator would have a time constant of co). This reflects the
experimental observation that following a saccade, there is a slow, exponential drift of the
eye back towards its initial position [2], [5], [6]. Equations (2.1)-(2.3) will be collectively

referred to as the plant equations.

2.3 Equations for the burst neurons and RI

In order to understand the reasoning behind the derivation of the equations corresponding
to the burst neurons and resettable integrator, it is necessary to first describe the properties
of the burst neurons in slightly more detail. The material presented here relating to burst

neuron characteristics is based on the results of Van Gisbergen et al [3].
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Figure 2-3: Trajectories in the firing rate against motor error phase plane obtained from
recordings of a right burst neuron during saccades of different amplitudes. The vertical
axis denotes firing rate in spikes/sec while the horizontal axis denotes motor error in steps
of 10 degrees. (Reproduced from figure 7 of [3]).

Individual burst neurons are divided into those that fire maximally for rightward saccades
and those that fire maximally for leftward saccades. The direction of eye movement for
which a burster fires maximally is referred to as its ‘on’ direction and the opposite direction
is referred to as its ‘off” direction. The net burst signal b is then given by r — [, where r
is the output of the right burst neurons and [ is the output of the left burst neurons. Van
Gisbergen et al investigated the responses of individual right and left burst neurons by
recording their firing rates during saccades made over a range of amplitudes, and plotting
the corresponding trajectories in the firing rate against motor error phase plane. It was
found that the trajectories contracted quickly to a unique curve in the phase plane before
converging slowly to the origin (cf. figure (2-3). By flipping the response curves from
left burst neurons about the firing rate axis, and then averaging over all response curves,
Van Gisbergen et al were able to obtain a single curve describing the mean response of
all neurons (cf. figure (2-4)). In the on direction, this mean burster response curve was
observed to have the form of an increasing exponential function that saturates at large
motor errors. In the off direction, the curve was found to be approximately zero except
for a small maximum close to zero error (cf. figure (2-4)). The off response is believed
to correspond to a braking saccade; this is a small tug at the end of the saccade in the
direction opposite to that of the eye movement. The braking saccade helps prevent the

inertia of the eye causing overshoot of the target. Van Gisbergen et al also proposed that
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Figure 2-4: Mean burst neuron response curve obtained by Van Gisbergen et al. The
vertical axis denotes firing rate in spikes/sec while the horizontal axis denotes motor error
in degrees. (Reproduced from figure 7 of [3]).

the left and right bursters exhibit mutual inhibition; that is the firing of the left bursters

inhibits that of the right bursters and vice versa.

The control models of the saccadic system that have been referred to here ignore both the
off response and the effect of mutual inhibition [3], [7], [8]. In these models, the mean right
and left burster responses are represented by the functions F¢ (¢) and F (—¢) respectively
where:

o (1=e=/%) if 20

Fo(e) =
0 if e<0

Here o/ and 3’ are positive parameters [3], [7], [8]. As € — oo, Fg (¢) — . o therefore
determines the magnitude of the saturated on response. Also, Fo(8') = /(1 — e~ 1), and
hence 3 determines how quickly the saturation occurs as € is increased. The following
pair of ODEs are a model of the burst neurons and resettable integrator based on the

assumptions of the control models:

b= L (bt He (o)

In the above, € is a small positive parameter, and Hc¢ () is given by:
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Hc (¢) = Fc (¢) — Fo (—¢) = o sign (¢) (1 _ e—l&\/ﬁ’)
Note that the resettable integrator is assumed to be a perfect integrator. Using e = Ag—s,

the ODEs can be written in terms of € and b only as:

b= (bt He(e) (2.4)

[a)

e = —b (2.5)

Equations (2.4)-(2.5) are an example of a so-called slow-fast system [4], [27], [29], [30].

Slow-fast systems have the general form

X = —f(X,y)
y = gxy)
x = f(xy)
5’ = eg(x,y)

where x € R™, y € R, f : R™™ — R™ g : R™™ — R” and € > 0 is small. Such
systems are common when modelling physical behaviour with 2 time scales, such as heart
and nerve cell dynamics [29]. There is a standard way to deduce the behaviour of slow-
fast systems. Since e is assumed to be small, [X| > |y| except in the neighbourhood of
the solution set of f(x,y) = 0. This set is referred to as the slow manifold (SM).
Assuming that the slow manifold is attracting, trajectories contract rapidly onto it with
y (t) = y (0). On the SM, the motion is governed by the equation for y. As € is decreased,
trajectories contract onto the SM more quickly and follow it more closely [4], [27], [29],
[30]. In the case of equations (2.4)-(2.5), the slow manifold is the b nullcline, b = H¢ (¢).
Trajectories outside the neighbourhood of b = H¢ (¢) will therefore contract rapidly onto
it, parallel to the b axis. On b = H¢ (g), the motion is governed by the equation for &. As
sign (He (g)) = sign (e), it follows that trajectories on the SM will move along it to the
stable fixed point at the origin (0, O)T. The origin is thus the unique attractor of the system,

with basin of attraction R?. Figure (2-5) is a plot of several trajectories generated by (2.4)-
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Figure 2-5: Plot of trajectories of (2.4)-(2.5) generated by the initial condition (0, Ag)” for
Ag = —30, —20, —10, 0, 10, 20 and 30 when o/ = 800, 8’ = 6 and € = 0.001 (black lines).
The slow manifold b = H¢ (¢) is indicated by the red line.

(2.5) for initial conditions of the form (0, Ag)” when o/ = 800, 5/ = 6 and € = 0.001. Such
trajectories correspond to saccades of Ag degrees. The slow manifold b = H¢ (¢) is also
shown. The behaviour of the trajectories is seen to be as predicted in the discussion above.
Comparing figure (2-5) to figure (2-3) indicates that the model has captured the basic
properties of trajectories in the firing rate against motor error phase plane observed by
Van Gisbergen et al: namely that the trajectories undergo fast contraction onto a unique
curve followed by a slower convergence to the origin. The parameter € can be thought of
as a measure of how quickly bursters respond to the motor error signal, with the response

time decreasing as € is decreased.

A more physiologically realistic model of the bursters needs to include the off response and
mutual inhibition neglected by the control models. One approach to incorporating the off
response is to represent the mean right and left burster responses by the functions F ()
and F (—e¢) respectively, where:

o (1=e=/?) if 20

F(e) = (2.6)
—%568/5 if <0

Here o/, 3, o and 3 are all positive parameters. F () preserves the form of the on response

used by the control models and also accounts for the off response through the function
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Figure 2-6: Plot of the burster response function F () defined in (2.6) for o/ = 800, 3’ = 6,
a =200, 8 = 1.5.

—%868/ B, For e < 0, F(¢) is a nonnegative function of ¢ with a global maximum at
(=B,2), such that F(¢) — 0 as ¢ — —o0. « therefore determines the magnitude of the
off response, while 5 determines the range over which this response is effective. Note that
F is continuous on R. Figure (2-6) is a plot of the burster response function F (¢) for the
parameter values o/ = 800, ' = 6, a = 200, 8 = 1.5 (cf. figure (2-4)). The following set of
ODEs for the burst neurons and resettable integrator has a similar structure to the model

(2.4)-(2.5), but incorporates both the off response and mutual inhibition:

o= % (=r =l + F(e)) (2.7)
i = % (=1 —~ir? + F(—¢)) (2.8)
e = —(r—1) (2.9)

Again, € is a small positive parameter determining the response time of the bursters. v > 0
is a parameter which represents the strength of the mutual inhibition. The functional
form of each mutual inhibition term has been taken to be quadratic in the activity of the
inhibiting neuron. This turns out to be the simplest polynomial term that gives a system
which cannot be reduced to one that depends only on b and € [17]. Equations (2.7)-(2.9)
will be collectively referred to as the burster equations. In contrast to (2.4)-(2.5), the
burster equations consider the right and left bursters separately, and therefore comprise a

bilateral model of burst neuron dynamics.
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2.4 The bilateral saccadic model

Combining the plant equations (2.1)-(2.3) with the burster equations (2.7)-(2.9) and using
b = r — [ leads to the bilateral model of the saccadic system proposed by Broomhead et al

[14]:

g = v (2.10)
1 1 1 1 1 1
)= (=t =) v —— — =) (r—1 2.11
v <T1+T2>v T1T29+T1T2n+<T1+T2>(T ) ( )
1

n = —En—i-r—l (2.12)
1

Po= s (=1 —rl® + F(e)) (2.13)

. 1

L= - (=1 —~lr? + F(~¢)) (2.14)

& = —(r=1) (2.15)

This set of 6 coupled ODEs will be referred to as the saccadic equations. The time
constants of the plant and neural integrator are set to the values used in the control model
proposed by Optican et al [7]. These are 77 = 0.15, To = 0.012 and T = 25. + is fixed
at 0.05. The parameters o/ and 3’ are fixed at o’ = 600 and 3 = 9, on the basis that
saccades modelled using these values have durations and peak velocities which follow the
main sequence for nystagmats (cf. section 1.1.2) [14]. The parameters of the model are
therefore «, 8 and €, representing the off response magnitude, off response range and burst
neuron response time respectively. These can be combined to give the parameter vector

a=(a,p, e)T. By assumption, a € II where:

0= {(a,ﬁ, T :a,B,¢ > o} (2.16)

Solutions of the saccadic equations with initial condition (0,0, 0,0, 0, Ag)T simulate sac-
cades to the gaze angle Ag from an initial angle of 0. Such solutions will be referred
to from now on as saccade-modelling solutions. The ultimate objects of interest in
the following work are the gaze time series {g (t) : t > 0} of saccade modelling solutions

obtained for ex in the subset IIp of II defined below:

Ip = {(a,ﬂ,e)T 0<a<d,15<f<6,0<e< 0.05} (2.17)

58



Broomhead et al found that for many choices of a in IIp, the saccade modelling-solutions
gave biologically realistic gaze time series [14] . IIp will henceforth be referred to as the

physiological parameter range.

2.5 Outline of the model analysis

By setting x = (g, v, n)T and y = (r,l,E)T, the saccadic equations can be written in the

form
x = Ax+By (2.18)
y = Y(y) (2.19)
where
0 1 0
A = —PQ —P1 P2 (220)
1
0 0 —7
0 0 O
B — P, —P, 0 (2.21)
1 -1 0
with
1 1
PP = —4 = 2.22
1 T1+T2 (2.22)
1
P = 2.2
2 TiTy (2.23)
and:

L (—r—arl? + F(e))

Y (rle)=| L(-l—~lr?+ F(-¢)) (2.24)
—(r—1)

By setting z = (x, y)T = (g,v,n,1,1, E)T, the saccadic equations can also be written as

2 =7 (z) (2.25)
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where:

2@ = [ Y (2.26)

Y (y)
The plant equations (2.18) are seen to be a linear set of equations which are forced by
the output y (¢) of the autonomous burster equations (2.19). The saccadic equations are
therefore a skew-product [31]. This fact simplifies their analysis, as it enables many impor-
tant properties to be inferred from the burster equations. In particular, the skew-product
structure implies that there is a one-to-one correspondence between the attractors of the
burster and saccadic equations, when the attractors are stable fixed points or stable limit

cycles.

Chapters 3 and 4 are an analysis of the burster equations. This analysis culminates in
a proposed classification of the attractors of the burster equations in an a range Ilp
containing IIp, in which the attractors are argued to be stable fixed points or stable limit
cycles. The classification includes a description of the morphology of the error time series
associated with limit cycle attractors. Chapter 5 is an analysis of the saccadic equations
modelled on that of the burster equations. It finishes with a classification of the attractors
of the saccadic equations for a in IIp. This classification includes a description of the
morphology of the gaze time series associated with limit cycle attractors. In chapter 6, the
work of the preceding chapters is used to obtain a classification of the gaze angle times
series associated with saccade-modelling solutions that simulate biologically realistic eye

movements for ¢ in I p.

2.6 The rescaled burster equations

In analysing the burster equations, it is useful to rescale time by 7 = % Doing so introduces

the related system of equations

dy

—=X 2.27

X (y) (227)
where the vector field X : R3— R3 is defined by:

X(y)=¢€Y(y) (2.28)
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Given vg € R3, if v (1) solves Z—Z: X (y) on the open interval (a,b) with v (0) = vo, then

w (t) defined by w (t) = v () Vt € (ea, eb) solves y = Y (y) on (ea, eb) with w (0) = vo.

Conversely, if w(t) solves y =Y (y) on (a,b) with w(0) = vq, then v (7) defined by

v (1) =w(er) V7 € (& b) solves ZII_Z: X (y) on (& Q) with v (0) = vg. The dynamics of

€re €’ e
vy =Y (y) and Z—Z: X (y) are therefore equivalent, up to the rescaling of time ¢ — 7. Both

systems will be referred to in the following work as the burster equations. Also, % will be

written as y, unless the two different time scales are being explicitly considered.
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Chapter 3

Analysis of the burster equations

I: Fixed points

This chapter and the following chapter comprise an analysis of the (rescaled) burster equa-
tions y = X(y). In this chapter, basic properties of the equations are discussed such as
the existence/uniqueness of solutions and the existence of attractors. The chapter finishes
with a full classification of the fixed points of the equations in the (3, &) plane. Included in

this classification are curves on which bifurcations of the equations are believed to occur.

3.1 Vector field

Equations (2.24) and (2.28) imply that the vector field X : R? — R3 is as below:

—r —rl? + F(e)
X (rle) = —l—~lr?+ F(—e¢) (3.1)
—e(r—1)

The (rescaled) burster equations y = X(y) are therefore given explicitly by:

7= —r—ri® 4 F(e) (3.2)
| = —l—~lrt 4+ F(—¢) (3.3)
& = —e(r=1) (3.4)
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As F is continuous on R, X is continuous on R3. Also since F(0) = 0 for all parameter

values, the origin 0 = (0,0, ())T is always a fixed point of the burster system.

3.1.1 Smoothness of the vector field

The existence/uniqueness and smoothness properties of solutions of y = X(y) are deter-
mined by the smoothness properties of the vector field X (cf. section 1.2). The latter is

addressed in this section.

In order to examine the smoothness of F, it is useful to introduce the functions f,h: R — R

defined Ve € R by
fle)=d (1 - efe/ﬁ/> (3.5)
and:
h(e) = —2ee/B (3.6)
It follows from (2.6) that F' can be written as:

g) if >0
F(e) = f(e) > (3.7)
h(e) if <0
The vector field X can then be expressed as a piecewise function involving f and A in the

following way:

—r —rl? + f(e)
—1 —~lr? + h(—¢) for €¢>0
X (r,1,¢) = —elr =) (3.8)

—r — 72 + h(e)
—l—Alr? + f(—¢) for €<0

—e(r —1)

\

f and h are both C™ on R with kth derivatives D¥f and D*h given by

DFf(e) = ﬂe%/ﬁ’ (3.9)

(8"
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and:

DFER(e) = —% <I<: + %5) /B (3.10)

As f and h are C* on R, X is C* on R\ P, where P is defined to be the plane:
P:{(r,z,a)TeR3:r,ZeR,g:0} (3.11)

X is, however, not differentiable at P as F' is not differentiable at 0. To see this, note that
F is right differentiable at 0 with right derivative A; = Df(0) and left differentiable at 0
with left derivative A_ = Dh (0). Explicitly:

~

Ay = (3.12)

x| =

A = — (3.13)

o
B
It follows that A, > 0 and A_ < 0. Hence, A, # A_, and so F' is not differentiable at 0.
X is therefore not smooth at P, and so is a piecewise C'*™ function about P. Note that
when A4 and A_ are considered as functions of the system parameters, A_ = A_ («, )

and A is a constant (the exact value of Ay is 232).

Smoothness of the vector field as a function of y and «

It will be useful when examining the bifurcations of y = X (y) to consider X as a function
of both the space variable y and the parameter variable o, X : R? x I — R3. Noting that
the a and 8 dependence of X comes from the « and S dependence of F', and hence from

the « and 3 dependence of h, X (y; @) can be written as

—r —rl? + f(e)
1 —~Ir? + h(—&;, B) for £>0
—e(r—1)
—r —y7l® + h(e; o, B)
—1 —~lr? + f(—¢) for €<0
—e(r —1)

X(T7l7€;a7/676) =

where h : R x (0,00) x (0,00) — R is defined in (3.6) above. It can be seen from equation

(3.6) that h (g;,8) is C*° on R x (0,00) x (0,00). It follows that as a function of both y
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and o, X is C* on (R3\P) x II.

3.1.2 Existence and uniqueness of solutions of the burster system

It can be shown that the vector field X of the burster system is locally Lipschitz on R3.
Solutions of y = X (y) therefore exist and are unique (cf. section 1.2.1). Additionally, it
is possible to show that all solutions of y = X (y) can be extended infinitely far forward
in time: i.e. for each y € R3, [0,00) C J (y), where J (y) is the maximal open interval on
which the unique solution y (7) with y (0) = y exists. Proofs of these claims are given in
sections A.1.1 and A.1.2. It follows from these results that the time set of y = X (y) is R,
and that the 7 set is R? V7 > 0. In addition, the flow ¢ is continuous, and V7 > 0, the
time 7 map ¢, : R3 — ¢_ (]R3) is a homeomorphism with ¢ 1= é_,..Moreover, for y € R3
and 71,72 € R such that ¢, (y),¢,, (¢,, (v)) and ¢, ., (y) all exist ¢, (¢,, (¥)) =
¢ry 17, (¥). In particular, given y € R3, bry ((;57.2 (y)) = ¢r 11y (¥) V71,72 > 0. Finally, if
y (7) is a solution of y = X (y), y () is C* on J (y (0)).

3.1.3 (C*° extensions of the vector field

Define N, N_ C R? by:

N, = (T,Z,E)T:T,ZE]R,EZO} (3.14)

{
N_ = {(T,Z,E)T:T,ZER,£§0} (3.15)

Then R? = N, UN_ and Ny N N_ = P. It will be useful in the analysis of the burster
system to extend X|y, out into N_ and X|y_ out into N, so as to generate two C*° vector
fields X and X_ which agree with X in N, and N_ respectively. This can be done in
a natural way by using the C* maps f and h. Define the maps X,,X_ : R? — R? as

follows:

—r —rl® + f(e)
Xy (rle) = | —l—~lr2 4 h(—e) (3.16)
—e(r—1)
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—r —y7l? + h(e)
X_(r,le)=| —l—n~ir2+ f(—¢) (3.17)
—e(r —1)

Then since f and h are both C* on R it follows that X, and X_ are C* on R3. Moreover,
equations (3.8), (3.16) and (3.17) imply that X[y, = X]y, and X_[y_ = X]y .

Smoothness of the extended vector fields as functions of y and «

When discussing bifurcations of y = X (y) in chapter 4, it will be necessary to discuss
the bifurcations of the systems y = X, (y) and y = X_ (y) associated with the extended
vector fields X and X_. Consequently, X1 will be considered as a function of both the
space variable y and the parameter variable o, X4 : R? x II — R>. Recall from section
3.1.1 that when considered as functions of both ¢ and the parameters o and 3, h is C*°
on R x (0,00) x (0,00). If follows easily that Xy (y; ) is a C* function of y and a on
R3 x II.

3.1.4 Existence and uniqueness of solutions of the extended systems

Since X4 is C°, it is Lipshitz, and so solutions of the extended systems y = X, (y) and
y = X_ (y) exist and are unique (cf. section 1.2.1). Given y € R3, denote the maximal
open interval on which the unique solution y+ (7) of y = X, (y) with y4 (0) = y exists
by J+ (y). Additionally, denote the flow of ¥ = X (y) by ¢F, the time set by 7% and the
7 set by UF for 7 € T. The following facts about the extended system y = X (y) can
then be easily deduced.

1. ¢F is C.
+.pt + o d; ; ; £\ -1 _ o+
2. V7 € T4, the map ¢ : UF — U2, is a C™ diffeomorphism with (¢F) = ¢~ .

3. For y € R® and 71,72 € R such that ¢, (y), ¢ (qﬁfz (y)) and ¢E . (y) all exist,

T1+T2
¢$1 (¢$2 (y)) = ¢7:!:1+T2 (y)
4. If y (7) is a solution of y = X4 (y), y (7) is C* on J4 (y (0)).

Also, note that Xy (0) = 0, and so the origin is a fixed point of y = X (y).
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The relation between the vector fields X4+ and X can be translated into a relation between
the associated flows ¢= and ¢_. Given y € R3, assume that (71, 79) C J (y) with ¢. (y) €
N, V71 € (11,72). Definey(7) by y (1) = ¢, (y) V7 € (71,72). Theny (1) solves y = X (y)
on (71,72). Hence since X [y, = X|N+, y(7) solves y = X (y) on (71, 72), implying that
(11,72) C Ju (y) with ¢ (y) = ¢, (y) V7 € (71,72). Similarly if y € R? such that
(11,72) € J(y) with ¢ (y) € N- V7 € (71,72), then (11,72) C J- (y) with ¢ (y) =
¢ (y) V7 € (71,72).

3.2 Physiological state space and attractors

The state space of the burster system y = X (y) is R3. However, 7 and [ represent the spik-
ing rates of neurons, and so are nonnegative quantities. All biologically feasible trajectories

of y = X (y) must therefore be confined to the set S defined below:
S:R2+xR:{(r,z,s)TeR?’:r,lzo,seR} (3.18)

S will be referred to as the physiological state space of the burster system. Conveniently,
S is positively invariant. To see this, let y (7) = (r(7),1(r),e(r))" be a solution of
y = X (y) with y (0) € S. Then r(0),7(0) > 0. The r equation (3.2) shows that 7 (1) > 0
whenever 7 (1) < 0. It follows that r(7) > 0 V7 > 0. Similarly, I[(7) > 0 Vr > 0.
Thus, y (1) € S V7 > 0. Note that since the trajectories of ultimate interest have initial
condition (0,0, Ag)T, these are confined to S for all 7 > 0, limiting the possibility of

biologically unrealistic behaviour.

It will further be assumed in the following work that for the choices of ¢ of interest, all

trajectories are eventually confined to a compact set C' = C (a) C S of the form:
C={01o)" €R 0 <l <anle] <=u} (3.19)

(By all trajectories being eventually confined to C is meant that given y € R3, there is
7o (y) > 0 such that ¢, (y) € C V7 > 7¢(y)). Consequently, y = X (y) is eventually
compact, by assumption (cf. section 1.2.4). Given y € R3, write w (y) for the w-limit set
of y in y = X (y). Then, as discussed in detail in section 1.2.4, there is an index set Ip
and a set of points {y; : i € Ig} in R? such that R can be written as the disjoint union

Uier, [yil, and the w-limit sets can be written as the distinct collection {w (y;) : i € Ip}
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where for each i € Ig:

yil={yeR:w(y)=w(y)}

Moreover, Vi € Ip, w(y;) is a compact, invariant set lying in C, and all points in [y;]
converge to w (y;) as 7 — oo. Also recall that A = w (y;) is defined to be an attractor of
y = X (y) if it has a dense orbit, and there is some open subset N of R? with A C N such
that IV is positively invariant and ¢, (N) — A as 7 — oo. Given an attractor A, its basin

of attraction B (A) is the set of all points which converge to it as 7 — oo.

It should be noted that since the w-limit sets of y = X (y) all lie in C, they must all lie
in S. Thus all fixed points, limit cycles and attractors of the burster system lie in the

physiological state space.

3.3 Symmetry

Define the map o : R? — R3 through the 3 x 3 matrix below:

01 0
co=|10 o0 (3.20)
00 -1

Giveny = (r,1,e)" € R3, oy = (I,r, —¢)”. Hence by (3.1):

—l —~lr? + F(—¢) —r —rl? + F(e)
X(oy)=X(,r,—€) = —r —rl? + F(e) =0 | —l—Alr?+F(—¢) | =0X(y)
—e(l—r) —e(r—1)
This holds Yy € R? and so:
Xoo=00X (3.21)

The conjugacy (3.21) implies that if y (7) solves y = X (y) on the interval (a, b), then oy (7)
also solves y = X (y) on (a,b). Moreover, 02 = 13, and so for all y € R3, J (oy) = J (y)
with ¢ (0y) = 0¢. (y) ¥7 € J (y). This can be seen in the following way. Given y € R3,
let y (1) = ¢, (y) V7 € J(y). Then y(7) solves y = X (y) on J (y) with y (0) = y. It
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follows that oy (7) solves y = X (y) on J (y) with oy (0) = oy. Hence, J(y) C J (oy)
and V7 € J(y), ¢, (0y) = oy (1) = 0¢,(y). Also, since oy (1) solves y = X (y) on
J (oy), oy (1) = y (7) must solve y = X (y) on J (oy), implying that J (cy) C J (y).
Thus, J (oy) = J (y). o is therefore a symmetry of the vector field X (cf. section 1.2.5).
Moreover, as 02 = 13, the symmetry group G, generated by o is G, = {13,0}, which is

isomorphic to Zs.

Define the plane D by:
D= {(x,az,s)T cR3:z,ce R} (3.22)

Then in terms of the state space, o is equivalent to reflection in D followed by reflection in
P. The symmetry of the vector field under o simplifies the analysis of the burster system.
In particular, since y = X (y) is eventually compact, it follows from the discussion at the

end of section 1.2.5 that y = X (y) has the following properties:

1. vr >0

pro00 =000, (3.23)

2. Vi€ Ip, ow(yi) = w(oyi) and [oyi] = o lyi.

3. ¥ is a fixed point of y = X (y) iff 0y is a fixed point. Also, ¥ is stable iff oy is stable,

while ¥ is unstable iff oy is unstable.

4. C is a limit cycle of y = X (y) of period T iff oC is a limit cycle of period T'. Also, C is
stable iff oC is stable and C is unstable iff oC is unstable.

5. A = w(y;) is an attractor of y = X (y) with basin of attraction B (A) iff 0 (A) = w (oy;)

is an attractor with basin of attraction o (B (A)).

6. The set F (o) defined by
Flo)={yeR 0y =y}

is positively invariant.

Note that properties 3-5 imply fixed points, limit cycles and attractors of y = X (y) are
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either symmetry invariant, or come in symmetry-related pairs. Explicitly, F (o) is given

by
Fo)={mLe": @r-)" =rLe"}
from which it follows that F (o) is the line Ly where:
Lo = {(z,z,0)" : 2z e R} (3.24)
On Ly the dynamics are described by:
i =—(1+~zHx (3.25)

The system (3.25) has the unique fixed point x = 0. Additionally, & > 0 for z < 0 and
< 0 for z > 0 and so x = 0 is globally attracting. In terms of the full system y = X (y),
it can be concluded that Lg is a stable 1-dimensional manifold of the origin 0. Since Lg
is a consequence of the symmetry of the system, its existence and form do not depend on

the choice of o.

Equations (3.16), (3.17) and (3.20) imply that for each y = (r,1,¢)” € R3:

—l —~lr? + f(—¢) —r —y7l? + h(e)
Xy (oy) =Xy (l,r,—€) = —r —rl® + h(e) =0 | —l—Alr?+ f(—e) | =0X_(y)
—e(l—71) —e(r —1)
Hence:
Xjioo=00X_ (3.26)

In addition to conjugating the vector field X, the map o therefore also conjugates the
extended vector fields X, and X_. Using a similar argument to the one above which
showed that o is a symmetry of X, it follows from the conjugacy (3.26) that for each y € R3,
J_(oy) = J4 (y) with ¢ (0y) = 0¢; (y) V7 € J4 (y). Recall from section 3.1.3 that ify €
R? such that (71,72) C J (y) with ¢, (y) € N+ V7 € (71,72), then (71,72) C J (y) with
oE (y) = ¢, (y) V1 € (11, 72). Hence, since Lg is positively invariant and Ly C Ny N N_,
this means that for each y € Ly, [0,00) C Jx (y) with ¢ (y) = ¢, (y) V7 € [0,00). Lo

is therefore a stable 1-dimensional manifold of 0 in the extended systems y = X, (y) and

70



y = X_ (y) also. Moreover, the dynamics of both y = X, (y) and y = X_ (y) on Ly are
given by (3.25).!

3.4 The slow manifold

Equations (3.2)-(3.4) indicate that for small €, the burster equations are a slow-fast system
with a slow manifold Sy; given by the intersection of the r and [ nullclines (cf. section
2.3). Equations (3.2) and (3.3) imply that the r and [ nullclines are the surfaces I, and I;
defined below:

. T
I = {(1”1(+—71§)l5> :l,eER} (3.27)

o T
I, = {(r, —F(lf,;rf)@) 1T E € ]R} (3.28)

(3.27) and (3.28) show that o, = I;. It follows that Sy is invariant under the symmetry
since oSy = o(I, N 1}) = (ol,) N (ol;) = ;N I, = Spr. As Sy is an intersection of two
surfaces, it is a union of curves. Also, since Sy is an intersection of nullclines, it must
contain all fixed points of the burster system. By (3.4), a given fixed point (ry, L, &) of
y = X (y) will have r, = l.. Fixed points will therefore lie on the intersection of Sy; with

the plane r = [ (i.e. the plane D).

The discussion of slow-fast systems in section 2.3 implies that trajectories of the burster
system outside the neighbourhood of Sj; will contract very rapidly onto it parallel to the
(r,1) plane. On Sjy; the dynamics are governed by the equation for &: trajectories therefore
move along Sys in the positive ¢ direction for » < [ and in the negative € direction for r > [.
As € is decreased, the contraction onto Sy; becomes more rapid and trajectories follow Sy
more closely. As € is increased, the contraction becomes less rapid and trajectories no
longer follow S3s. Note from the forms of I,. and I; that Sy is a function of « and 3 only;

that is Sy = S (a, 5).

For each choice of (a, ) in the range (0,00) x (0, 00), the slow manifold can be computed

in the following way. For a given value of €;7, the points on Sj; with € coordinate equal

! Note that since Lo is a positively invariant set of y = X (y), T+ = R.
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to eps have the form (7, [y, 5M)T, where rjs and [; satisfy the pair of equations:

ra(L+713) = Flem; o, 8) = 0 (3.29)

(1 +773) = F(=earian ) = 0 (3.30)

Let F1 = F(ey; o, fB) and Fy = F(—ep; 0, 3). Rearranging (3.29) for 7z, substituting

into (3.30) and then rearranging for [, gives:

2 25, 1 1 Fy
l5—Fl4+—l3——12+—<F2+—>l —-—= =0 3.31
M 200 ,yM ~ M ~ 1 ~ M 2 ( )

For a real solution of (3.31), the corresponding value of rjs is then obtained from:

Fy

= — 3.32
1+~13, (3.32)

M

By varying ey over an € range of interest, and performing this calculation for each choice
of )7, it is therefore possible to calculate all the points of the slow manifold over the
range. Since oSy = Sy, if y1,....,yi are the points on Sy with € coordinate = €4, the
corresponding points on Sp; with € coordinate = —ej; are oy, ....,0yk. In computing
Sir over an e range symmetric about € = 0, it is therefore only necessary to calculate the

points lying in N4 or N_: the remaining points can be obtained by applying o.

Note from (3.32) that for each choice of e, rpr > 0 since F; > 0. The symmetry therefore
implies that I3y > 0 also. The slow manifold must therefore lie in the physiological state

space S.

3.4.1 Geometry

It has been shown above that for a given choice of « and 3, the points (ras, lar, EM)T of Sy
lying in N4 can be obtained by considering the solutions of (3.31) for nonnegative values
of epr. Forepy >0, Fi = F ey, 8) = fey) and Fo = F (—epa,8) = h(—epsa, B).
A solution of (3.31) is therefore a root of the quintic polynomial Gs (Iar;enr, o, ) = 0

where:

G (htiennan) = By —h(—easion B) 14, + 203, — 2Zewia B e
1 1 h(— :
+= <f (ear)” + —> It — h(zem;a, f) gMQ’O"B) (3.33)
Y Y Y
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For each ey > 0, Gos (Iar;enr, @, 8) has 1, 3 or 5 real roots, as the complex solutions to
a general polynomial equation come in conjugate pairs. Sy therefore intersects the plane
e = ¢ at 1, 3 or 5 points. Moreover, G (Inar; €0, @, 3) always has at least 1 real root, and
so Sy N N, must extend infinitely into S N Ny in the positive ¢ direction. As ej; — 0+,
both f (epr) and h (—enr; o, ) — 0 and so Gar (Iar;enrs o, 8) — Gar (Iar; 0, v, ) uniformly

over bounded |l/], where from (3.33):
4 2 2 1
G (I 0,0, 8) = Iy | 15y + ;ZM + =

The only real root of Gys (Iar;0, e, 8) is 0. Substituting I3, = 0 into (3.32) gives ry; = 0.
For p; > 0 small, there is therefore only one point on Sy;. This point is approximated by
0; the error in the approximation approaches zero as €3y — 0+, and equals zero at €37 = 0.

For ep; > 0 small, Sy is therefore a single curve which intersects P at 0.

As ey — 00, h(—enr;a, B) — 0 and so Gas (Iar; enr, o, B) — Gar (Iar; ear, @, B) uniformly

over bounded |ljs|, where:
_ L 2, 1 , 1
Gum (vsem, o, B) =l (lar + ;lM 2 flem)” + 5 (3.34)

The only real root of Gus (Inr;enr, @, 8) is Iy = 0. Substituting Iy; = 0 into (3.32) gives
rayr = f(enr). For epyr > 0 large, there is therefore only one point on Sps. This point is
)T

approximated by (f (ear),0,ep7)", with the error in the approximation approaching zero

as )y — oo. For large epr > 0, Sjy is thus a single curve Cf , which converges to the curve
C’fr =l {(f (enr),0,e00)T sepr > ()} as ey — 00. As gy is decreased from a large positive
value to 0, additional roots of Gas (Iar;ea, @, ) may be created or destroyed as local
maxima and minima of Gy (Ip; €, v, 8) cross the [p-axis. Such events will correspond
to turning points in the corresponding curves that comprise Sps. It follows that C]~ will
extend to the plane P from above, and may have turning points between P and ep; > 0
large. The fact that C;  extends to the plane P identifies it as the single curve which
comprises Sy for ep7 > 0 small, and intersects P at 0. Hence, Sy = Cfr for epy > 0 small
as well as ;7 > 0 large. For intermediate values of €p; > 0, S);y may contain other curves

in addition to C’f . Moreover, as roots of Gs (Iar;en, o, 3) are created or destroyed in

pairs, any such curves will be closed loops.

By the symmetry of the slow manifold under ¢ it can be deduced that Sy; N N_ always

contains the curve C| defined by C] = UC’l+ . C] intersects the origin, and converges
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to the curve C’f def aé’f = {(O,f (em), —EM)T Cenm > O} as )y — —oo. Additionally,

Sy = Cy for epr < 0 with |eps| small and €57 < 0 with |ep| large, while for intermediate
values of ey < 0, €] may have turning points, and Sj; may contain additional closed

loops to C] . Any additional loops will map to corresponding ones in Sy N N4..

The existence of S places a strong restriction on the behaviour of the burster system
for small e. One important restriction is that trajectories cannot cross the plane P. This
follows from the fact that for || small, Sy is the single curve C’l+ U Cy . Consequently,
a trajectory which crosses P must do so on C’f U Cy . This cannot happen as C’f =o0Cy
and thus ¢ has opposite signs on C; and C] . Another important restriction pertains to
the attractors of the system. Fix a with € small, and assume that the burster system has
an attractor which is not a fixed point. Consider a trajectory on this attractor. Portions of
the trajectory must lie on Sjps. As Sy is a union of curves, this suggests that the attractor
is a limit cycle or a homoclinic orbit. Thus, for generic choices of a with e small, the only
attractors that the burster system may have are fixed points and limit cycles. In particular,
for sufficiently small «, it is possible to deduce that the unique attractor of the burster
system is the origin. To see this, note that as a — 0 for a fixed 8, h(—ep;a,8) — 0
uniformly in e5; > 0. This implies that as o — 0, Gas (Iag;enr, @, B) — Gar (Iag; e, @, B)
uniformly in ey and Iy for 57 > 0 and |l57| bounded, where G s (Ias; €, o, B) is defined
in (3.34). It was shown above that for each )7 > 0, the only real root of G s (Ias;enr, @, 3)
is [pr = 0, giving the point (f (eps) ,0,€M)T on Sy. It follows that for small «, Sy = Cf
in N} where C; is approximated by the curve CA'f defined above, with the error in the
approximation tending to zero as &« — 0. The symmetry of the system then implies that for
small o, Spr = C] in N_ where C] is approximated by the curve C’f defined above, with
the error in the approximation tending to 0 as a — 0. Note that since f is independent of
o and S, C’li is also independent of o and (. Figures (3-1)-(3-2) show Sy together with
the curves C;7 and C[ for {a = 20,8 = 2.25} and {a = 200, 3 = 22.5}. It can be scen in
both cases that Sy " N4 = C’li, and that C’ljE is well approximated by C’lj: Now consider
what happens to trajectories y (1) = (r (7),1(7) e (7))7 of the burster system for o small
when € is small. First consider trajectories with initial condition in ¢ # 0. If € (0) > 0,
y (7) will contract to Sps at Cj". As Oy is approximated by C;", C;"\ {0} will lie entirely
in r > [. This implies that ¢ < 0 on C;"\ {0} and so y (7) will contract to the origin
along Cf . All trajectories with initial condition in € > 0 will thus converge to the origin

in N;. By symmetry, this implies that all trajectories with initial condition in € < 0 will
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Figure 3-1: Projection of Sy (v, 8) (red dots) and the curves C (black lines) onto the
(r —1,¢e) plane for a = 20, 5 = 2.25.
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Figure 3-2: Projection of Sy (, 8) (red dots) and the curves C;= (black lines) onto the
(r — I, ¢) plane for o = 200, 8 = 22.5.
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converge to the origin in N_. Now consider trajectories with initial condition in ¢ = 0. If
r(0) > 1(0), £(0) < 0 and so y (7) will move into £ < 0, from where it will converge to
0 in N_, as argued above. By symmetry, if r (0) < [(0), y (7) will converge to 0 in N,.
If e(0) =0 and r(0) = 1(0), y(0) € Lo and so y (7) will converge to 0 along Lg. All
trajectories with initial condition on € = 0 will therefore also converge to the origin. It has
thus been shown that all trajectories will converge to the origin, implying that the origin

is globally attracting in this case.

3.4.2 An example of the form of 5,

The projection of Sy; onto the (g,7),(¢,1) and (r — [, €) planes is plotted for the choice of
parameters {a = 98, f = 1.5} in figures (3-3)-(3-6). Also plotted are the trajectories of the
burster system generated by the initial condition {r(0) ={(0) = 0,e(0) = 2} for ¢ = 0.001
and € = 0.005. Note that this initial condition corresponds to a rightward saccade of 2°.
Shir is seen in this case to be composed of the curves C’ljE together with two closed loops
Cgﬁ C N4, that map into each other under the symmetry. Also Cf lies entirely in r > [
while C| lies entirely in 7 < . Since € (0) = 2 and Sy = C for € = 2, both trajectories
initially contract onto C’l+ . As C’f lies in r» > [, the trajectories then slowly move down
this curve in the e direction towards the origin, which is a stable fixed point in this case.

The trajectory generated with the smaller value of € is seen to follow C;™ more closely.

3.5 Fixed points

3.5.1 Conditions for existence

Equations (3.2)-(3.4) show that fixed points of y = X (y) have the form (i, ., ,)" , where

x4 and g, solve the pair of equations:

ved+ oz, = Fley) (3.35)

ved 4z, = F(-¢,) (3.36)
Subtracting (3.35) from (3.36) gives:

F(ey) = F(—¢4) (3.37)
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Figure 3-3: Projection of the slow manifold Sy onto the (e,r) plane for « = 98, 5 = 1.5
(dotted lines). The trajectories generated by the initial condition 7(0) = [(0) = 0, (0) = 2
for ¢ = 0.001 and € = 0.005 are shown by the solid lines 1 and 2 respectively. Arrows
indicate the direction of time.
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Figure 3-4: Projection of the slow manifold Sy; onto the (¢,1) plane for « =98, 5 = 1.5
(dotted lines). The trajectories generated by the initial condition r(0) = [(0) = 0, £(0) = 2
for ¢ = 0.001 and € = 0.005 are shown by the solid lines 1 and 2 respectively. Arrows
indicate the direction of time. See figure (3-5) for details of trajectories.
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Figure 3-6: Projection of the slow manifold Sy, onto the (r — [, €) plane for a =98, 5 = 1.5
(dotted lines). The trajectories generated by the initial condition r(0) = [(0) = 0, £(0) = 2
for ¢ = 0.001 and € = 0.005 are shown by the solid lines 1 and 2 respectively. Arrows
indicate the direction of time.
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1 y=G(x)
Y=G()-F,
=G(X)-o/
X Xy X
TE
-

Figure 3-7: The curves y = G(z), y = G(z) — Fx and y = G(x) — o/, where G(z) =
z(yz? +1).

e« must therefore satisfy (3.37). Since equation (3.37) is symmetric in &, it can be assumed
that e, is nonnegative. Using the definition of F' given in (3.7), equation (3.37) can be

rewritten for nonnegative e, as:
flex) = h(—e4) (3.38)
Writing Fy = F(e,) results in the following equation for x,:
a2 + 2, — F =0 (3.39)

Define G(z) by G(z) = vo3 +2 = (2% +1). Real solutions to (3.39) are then real zeros of
G(z) — Fk, and correspond geometrically to intersections of the curve y = G(x) — Fy with
the = axis. This curve is obtained by displacing the curve y = G(x) by —F} parallel to the
y axis. Thus, since G is a strictly increasing function of z and Fi > 0 (F is a nonnegative
function), y = G(z) — F crosses the x axis once in > 0 (cf. figure (3-7)). Each solution
g, of (3.38) therefore gives rise to a single real nonnegative solution x, of (3.39). z, can
therefore be considered a function of ey, z. (¢4). Note that z, () will be a continuous
function of e, on [0,00). Moreover, since F} is a strictly increasing function of e, figure
(3-7) shows that z, is a strictly increasing function of ¢, on [0, 00) with z, (0) = 0. Also,
F, < o with F, — o as ¢, — 00 and so x, < xp; with x, — x1 as €, — 00, where x,/ is

the single real root of G(z) — o' (cf. figure (3-7) again).
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Figure 3-8: Intersections of f(¢) and h(—¢) on the positive real line.

For a given fixed point (ZL‘*,J}*,E*)T, (Ty T, —5*)T =0 (:B*,:B*,e*)T is also a fixed point,
as mentioned in section 3.3. Since f(0) = h(0) = 0, equation (3.38) always has the trivial
solution g, = 0. z, (0) = 0 and so this trivial solution gives rise to the fixed point at the
origin, which maps to itself under . A nontrivial solution e, > 0 of (3.38) will give rise to
the pair of distinct fixed points (:L‘*,.’L‘*,6*)T and (z, T, —5*)T, with z, > 0 (24 (e4) > 0

for e, > 0).

Note that equation (3.38) implicitly involves the parameters o, 3, @’ and 3’ while equation
(3.39) involves the parameter 7. Since it is assumed that o/, 3" and + are fixed, this implies
that when e, and x, are considered as functions of the system parameters, €, and x, are

functions of o and B only, e (, 5) and z, («, 8); they are independent of e.

3.5.2 Nontrivial fixed points

Geometrically, a nontrivial solution of (3.38) corresponds to an intersection of the graph
of f(e) with the graph of h(—e¢) on the positive real line. Intuitively, such an intersection
can occur in two ways, as illustrated in figure (3-8). Since o/ and 8’ are fixed, f(e) is fixed.
By varying « and (3, intersections of f(¢) and h(—¢) are obtained by varying the shape of
h(—¢). In the case where there is a single nontrivial intersection, the nontrivial solution of
(3.38) will be written as 1. In the case where there is a double intersection, the nontrivial
solutions will be written as €1 and 9 with €9 < £1. The two fixed points associated with a
)T

given nontrivial solution &; can be written as yfc where yf = (z;,x;, £e;)" and x; satisfies
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a3+ x; — F;=0 (3.40)

with F; = F(g;) = f(si). Note that when yi is considered as a function of a, yi =
yii (o, B), as ¢; = ¢; (o, B) and z; = x; (o, B). From equation (3.6) it can be seen that
for a fixed § and € > 0, h(—¢) is a strictly increasing function of a. Since f(g) is fixed,
the geometry of f(¢) and h(—¢) then implies that for a fixed 3, €1 is a strictly increasing
function of «, while €9 is a strictly decreasing function of a (cf. figure (3-8)). As z; is a
strictly increasing function of ¢;, this in turn implies that for a fixed 3, x; is a strictly

increasing function of «, while x5 is a strictly decreasing function of a.

The intersections of the graphs of f(e) and h(—¢) on the positive real line can be understood
by considering the corresponding tangents at 0,e; and 5. Recall from section 3.1.1 that
the right derivative of f(e) at 0 is A4 and the left derivative of h(¢) at 0is A_. Ay therefore
represents the tangent to the graph of f(e) at 0, while —A_ represents the tangent to the
graph of h(—¢) at 0. Also, the tangents to f(e) and h(—¢) at ¢; are represented by I} and
—T'; respectively where I'; = D f(g;) and I'; = Dh(—¢;). Using (3.9) and (3.10) gives the

following explicit forms for Fj and I'; :

T = %6_51'//6/ _ A+6_5i/6/ (3.41)
- a L) e/ L) eeis
o= G(imgm) e = A (1 g e (3.42)

Note that when Fj and I'; are considered as functions of a,

Fj_ = ]‘—‘j— (aaﬂ) = Dsf(gi <a75))

and:
I =T, (o, B) = Dch(—¢i (o, B) ; o0, B)

A+ and T5 are illustrated in figure (3-9) together with the graphs of f(¢) and h(—¢) on
the positive real line for the choice of parameters {a = 200, = 1.5}. Figures (3-8) and
(3-9) suggest that the intersection behaviour of f(e) and h(—e) changes with the sign of
A+ + A_. Noting from (3.13) that Ay = —A_ is equivalent to @« = A1, the 3 cases

a>Ai B, a=ALp and a < AL are now considered in turn.
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Figure 3-9: The tangents to f(¢) and h(—¢) at 0 and e; for the choice of parameters
a =200, B = 1.5.

L.a>AL8 (A <—AD)

Case (1) of figure (3-8) suggests that in this range there is only one nontrivial solution to

(3.38), 1.
2. a<AyB (Ay > —AD)

Case (2) of figure (3-8) suggests that in this range it is possible to have 2 nontrivial solutions
of (3.38). By a continuity argument, these solutions must be created through a tangency
of f(e) and h(—e¢). For a given f3, let the value of « at which the graphs of f(¢) and h(—e¢)
are tangent at a point on the positive real line be T(f). Then since f(e) is fixed, and
h(—¢) is a strictly increasing function of « for a fixed 5 and € > 0, the geometry of f(¢)
and h(—e) implies that for & > T'(3) there are 2 nontrivial solutions {e1,e2} to (3.38),
while for v < T'(f) there are no nontrivial solutions. At the point of tangency, there is one

nontrivial solution £; which satisfies the pair of equations below:

fe1) = h(—e1) (3.43)
rf = -1y (3.44)

Using (3.43) and (3.44) it is possible to obtain a parametric representation of the curve
a =T(B). For a given 1 = 6 > 0, let the corresponding values of 3 and « for which the
curves are tangent at 6 be G1(6) and ar(f) respectively. (Note that with this notation,
for B = B(0),T(8) = ar(f)). Substituting into equations (3.43) and (3.44) gives the

82



following pair of equations for 0, 5(0) and ar(0):

o (1 - 6_0/6,> = 2Lge—0/br (3.45)
T
/ 0
Ape /8 = 2T (1 - _> e—0/Br 3.46
N Br Br (3.46)

e~?/8" can be eliminated from (3.45) and (3.46), resulting in the following expression for

679/5’1“ :

—1
e0/6r _ Brhs <(1 b ) + %) (3.47)

ar BT

Substituting (3.47) into (3.46) and rearranging for S, yields:

30 (1 - e9/5’>

0) = - 3.48
ﬁT() 61(1_66/'8)""9 ( )
Substituting (3.48) into (3.47) and rearranging for ap gives:
! 0/B(0)
ap(0) = —Br O (3.49)

_ﬁ’+0<1—%@>

Equations (3.48) and (3.49) give the curve a = T'(3) in terms of the parameter 6. Note that
Br(0) and ar(6) are smooth functions of 6 for > 0, the range of interest. Differentiating
Br(0) and ar(0) in 6 > 0 gives

_ P(0)
Dpp(0) = G0 10y (3.50)
and
Dar(®) = A" (7T 7) Da(6) (3.51)
where:

P() = (5/)2629/5' _ (2 (ﬁ/)Q +92) R (B’)2
Fix # > 0 and consider the inequality P (0) > 0:

PO > 0
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= (@) (1) > (2(8)7+02)
= (B) () > 2(8) 4 6P
<:>2(B’ <cosh9 —-1) > ¢
<:>COShﬁ——1 > 2(%2,)2

By Taylor’s Theorem, cosh =1+ + 3 smhé— ( ,) for some ¢ € (0,0). It follows

( )2

from the above that P (f) > 0 <= sinh <i>3 > 0. As 0, > 0, sinh % <i)3 > 0
ﬁ/ BI . 5 5 ,3/ Bl

and so P (0) > 0. Hence, P () > 0 V6 > 0. Equations (3.50) and (3.51) then imply that

Dar(6), DB(0) > 0 V8 > 0. Both 51(6) and ar () are thus increasing functions of 6 on

(0, 00).

This information can be used to understand the shape of the curve a = 7' (f) in the (3, «)
plane. Begin by considering what happens to S(6), ar(0) as 8 — 0. At § =0, S1(0) is of
the form %. It can be shown using L'Hopital’s rule that limg_ oy 37(0) = 28’. Substituting
into (3.49) implies that limg_,o1 ar(0) = 2¢/. As f1(6) and ar(f) are increasing functions
of 0, it follows that V0 > 0, 8,(0) > 26" and ar(f) > 2¢/. In the (3, a) plane, the curve
a = T (B) therefore lies in the region {(ﬁ,a)T :8>20a> Qa’} with T'(8) — 2d/ as
B — 23'+. Since (26’, 20/) lies on the line o = A 3, this means that the curve o = T'(9)

converges to & = A 8 at this point.

The shape of the curve aw = T'() can be further understood by considering the derivative
of T(B). As B1(0) and arp(0) are smooth functions of 6 for 6 > 0, T'(3) is a smooth function
of B for 8 > 28 with DT(8) = %Z—;. Substituting (3.50) and (3.51) into this expression

gives
DT(8) = A, (3 7) (3.52)

where 8 = B (). Note that 8 > 238" = %—Bi <0=0< €0<%7%> <1l1=0<
DT(B) < Ay. Also limg_oy f7(0) = 26" implies limg 55, DT(8) = Ay. The curve
a = T(B) therefore lies below the line & = A3, converging to it tangentially at (26’, 20/ )
as 3 — 2('+. Finally, the behaviour of T'(3) as 8 — oo can be understood by noting from
(3.48) that for 8 > 0, 57(0) ~ 6. Substituting into (3.49) gives ap(f) ~ o’e. Hence, as
B — 00, 8 — oo and so T(B) — ’e. Since T'(3) is an increasing function of 3, it can be

concluded that the curve a = T'(3) asymptotes to the line & = o’e from below as  — co.

Figure (3-10) shows the form of the curve a = T'(8) together with the line « = A S. It
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Figure 3-10: Plots of « = T'(8) and o = A4 f in the (5, ) plane. These curves partition
the (B, a) plane into the regions labelled 1-3 above.

should be noted that a = T'(8) and o = A1 5 divide the (3, «) plane into 3 sectors. These

are numbered for future reference in figure (3-10).
3. a= A+B (A+ == —A_)

For 3 < 283’ cases 1 and 2 imply that there is one nontrivial solution &1 to (3.38) for
« > A4 and no nontrivial solutions for o < Ay . Thus, since €1 is a strictly increasing
function of «, as & — (A4S)+, the nontrivial solution ;1 — 0+ and at a = A, there
are no nontrivial solutions. For 3 > 23" there is one nontrivial solution &; for o > A3
and two nontrivial solutions e1,e2 for @ < A;B. Thus, since €3 is a strictly decreasing
function of «, as a — (A4f3) —, the nontrivial solution €3 — 0+ and at o = A4 /3 there is

one nontrivial solution 1.

3.5.3 Classification in the (3, «) plane

Recall from above that a nontrivial solution ¢; of (3.38) corresponds to two nontrivial fixed
points {yj,yl-_ } of y = X (y). Using the analysis of section 3.5.2 it is therefore possible
to determine the fixed points of the burster system for each choice of @ and 3. The
classification of the fixed points is given in table 3.1. The sector numbers refer to figure

(3-10).
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(B, a) range Fixed points
Sector 1 0
Sector2 | 0, Y1.Y1.Y2:Y2

a=A,3,3>23 O,yf,yf
o = AJrﬁ: B S 26, 0
Sector 3 O,yi“,yl—

Table 3.1: Fixed points of the burster system.

3.5.4 Smoothness of ¢;, z;, yii, in as functions of o and f

It was shown in the previous section that for ¢ = 1 and 2, the quantities ¢;, x;, y;t, Ffﬁ are
independent of e. In this section, it will be shown that these quantities are C'*° functions

of a and S in the regions R; and Rs defined below:

Ri = {(a,8):8<28,a>ABYU{(a,8): 8>26,a>T(B)}
Ry = {(a,B):8>28,T(B) <a<Aip}

With reference to figure (3-10), R; is the union of sectors 2 and 3 with the line

{(a,8):8>26 0 =78}

and Rs is sector 2.

Consider the case i = 1. For («, 8) € Ry, 1 (o, ) solves the equation G (¢1 (e, f) ; 0, 8) = 0
where G : (0,00) X Ry — (0,00) is defined by G (e;a,8) = f (¢) — h(—¢; o, B) (cf. section
3.5.1). As f and h are C* on R and R x (0, 00) x (0, 00) respectively, G is C* on (0, 00) X
Ry. Also, D.G (g1 (o, B);a,8) = T (o, B) + T] (@, ) and so D.G (g1 (o, B) 50, 8) > 0
for (o, 8) € Ry. It follows from the Implicit Function Theorem that ¢ (o, 8) is C* on
Ry [4]. Similarly, for (a,8) € Ry, x1 (e, 3) solves the equation H (z1 (o, 8);,8) = 0
where H : (0,00) x Ry — (0,00) is defined by Hj (z;a,8) = v23 + 2 — f (¢1 (o, B)) (cf.
section 3.5.2). As e (o, B) is C*° on Ry, it follows that Hy is C* on (0,00) x Ry. Also,
D H; (21 (o, B) ;o B) = 3vz1 (a, B)* +1 and so D Hy (z1 (v, B) 50, B) > 0 for (i, B) € Ry.
The Implicit Function Theorem then implies that z; (e, 8) is C* on R;. As both ¢ (a, )
and 71 (o, 8) are C* on Ry, yii (o, B) = (1 (e, B), 21 (e, B) , €1 (a,ﬁ))T is also C'*° on
R1. Moreover since I'{ (o, 8) = D.f (e1 (o, 8)) and Ty (o, ) = Db (—e1 (o, B) 5, ), it
follows from the fact that D, f (¢) and D:h (g5, 5) are C* on R and R x (0, 00) x (0, 00)
respectively that I'{ (o, 3) and T'] (o, ) are C* on R;. The case of i = 2 is similar.
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3.5.5 Invariant lines

Recall from section 3.3 that the line Lo = {(x,2,0)” : z € R} is a stable manifold of
the origin which is invariant under the symmetry. It is possible to show that every fixed
point of the burster system has such a stable manifold associated with it. For a given
fixed point y, = (s, s, e4)", define the line L., by L., = {(z,z,e,)" : z € R}. Since
F(es) = F(—ex) = F, on L., the equations of motion (3.2)-(3.4) can be written as
L (r—1)=0andé = 0. Thus for eachy € L.,, ¢, (y) € L., V7 € J (y). As[0,00) C J (y)
for all y € R3, it follows that L., is positively invariant. Restricting the dynamics to L.,

gives the 1-D system:
i=—(1+72z+ F, (3.53)

This has the unique fixed point x = x,. Moreover, & > 0 for x < x, and & < 0 for > x,,
and so this fixed point is globally attracting. In terms of the whole system, it can be
concluded that L., is a stable 1-dimensional manifold of y,. In particular, taking y, = 0
gives the line Ly (setting Fi. = 0 in (3.53) yields (3.25)), and taking y. = y; shows that
y; has the stable manifold LL = {(z,2,&;)" : © € R}. For brevity, write L} as L. Then
by the symmetry, y; = oy; has the stable manifold L; = oL ={(z,z, —e)' z e RY.

From (3.53), the dynamics on LZ,jE are given by
i=—(1+~2%)z+ F (3.54)

where F; = F(g;). Figure (3-11) shows the position of the invariant lines in the physiological

state space S.

3.6 Stability of the fixed points

It has been shown in this chapter that the vector field X of the burster system is C'°
smooth in an open neighbourhood of the general nontrivial fixed point yz?t. The discussion
of section 1.2.3 therefore implies that if yfc is hyperbolic, there is a homeomorphism HZjE
which maps an open neighbourhood Voi of 0 to an open neighbourhood Uyzi of yii such
that (i) H,LjE (0) = yz?t, and (ii) HZjE maps trajectories of the linearised system z = DX (y")z

in VOjE to trajectories of y = X(y) in in in such a way as to preserve the parameterisation
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Figure 3-11: Restriction to the physiological state space S of the invariant lines Lo, L{E and
in associated with the fixed points 0O, yli and y2i respectively. The planes D (shaded) and
P and are also shown.

of trajectories with time. The stability of yii is therefore determined by the eigenvalue
spectrum of DX(yZi),when yz?t is hyperbolic. Additionally, as long as the eigenvalues of
DX (y¥) have no resonances of order 7 for any r > 2, Hf is a C* diffeomorphism with
DH; (0) = 13. In the case where H;" is C®, a given k-dimensional invariant set Af
of z = DX(yZ?t)z containing 0 is mapped by HZjE to a k-dimensional C'*° local invariant
manifold M, ,;t of yf in y = X (y) which is tangential to Af at yz?t. The stability analysis
of the fixed point at the origin is more subtle because the origin lies in the plane P where
X is not smooth. In view of this, the stability of the nontrivial fixed points yzi is examined

first.

3.6.1 Stability of the nontrivial fixed points
Recall from section 3.1.1 that X|y, = X[y, and X[y = X_|y_. Thus, since y; €

Ny and y; € N_, DX (yzi) = DXy (yzi) Additionally, it was shown in section 3.3

that X_ oo = 0 o X;. Applying the chain rule to both sides of this expression at y € R3
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gives:

DX _(o0y)o = oDX(y)

(3.55)

Setting y = y;-F in the above and using the relation DX (yjt) = DX (y;t) then implies:

DX(y; )o = o DX(y;)

(3.56)

The symmetry therefore implies a similarity relation between DX (y;r) and DX(y; ). The

stability of the pair {y;F Y } is therefore determined in the hyperbolic case by the eigen-

value spectrum of DX (y;").

From (3.16), given y = (r,1,¢)", DX, (y) is given by:

— (L4 ~1?) —29rl Df(e)
DX, (y) = —2~lIr — (1 + 77“2) —Dh(—¢)
—€ € 0

Substituting y;~ for y in (3.57) leads to the following expression for DX (y;")

— (14 ~a?) —2yax? I
DX(y;) = —2vya? — (1+~2?) T/
—€ € 0

Recall that I'; and I'; are given explicitly by:

O[, ’
It = —eilb
I3 BI
1
I, = —% <1 - B€Z> ecilB

(3.57)

(3.58)

Write {1, ft;9, fti5} for the eigenvalues of DX(y;r). It was shown above that the restriction

of the dynamics to the positively invariant manifold Lii = yfc + Sp {(1, 1, O)T} is

i =—(1+~2%)z + F

where F; = F(g;) (cf. (3.53)). Linearising this about z; gives an eigenvalue (written f;;

below) of the full system with corresponding eigenvector vj; = (1,1, 0)”. By factoring out

89



i1, the remaining eigenvalues can easily be calculated as

pi = — (14 3vyz7)
pn = 3 (B0 A2 e (rf +17)) (3.59)
pis = & (80— /A7 —ac(rf +17))

) + ot o+ : : + ot oF
where A; = yx7 — 1. Let {vil, Vins vi3} be the corresponding eigenvectors. ({vﬂ,vi27 vi3}

are taken to be the generalised eigenvectors of DX (yl+ ) when the eigenvalues are not
distinct). Similarly, write {va,vig,vif,)} for the eigenvectors of DX (y; ) corresponding
to {1, iy 13} (Again, {v;l,vig,vi})} are taken to be generalised eigenvectors when
the eigenvalues are not distinct). The relation (3.56) implies that it is possible to choose

{v;l, Vigs V;3} so that v, = Uvj,; V1 < k < 3. This can be seen by noting that
o (DX(y]") — ulz) = (DX(y;) — ulz) o
from which it follows that
o (DX(y}) — uls)" = (DX(y;) = pls)" &

Vk > 1. So assume Vv is a generalised eigenvector of DX(yj) corresponding to the eigen-

value p with multiplicity 1 < m < 3. v then satisfies:

(DX(y]) —pls)" v=0
= o (DX(y;) — pul3)"v=0

— (DX(y;) —pl3)"ov=0

ov is thus an eigenvector of DX(y, ) corresponding to . {v;l, Vigs v;?)} can therefore be
chosen to satisfy [v;l Vio vi})] =0 [le V;E VE] as claimed. In particular, v;; can be set
equal to av;i = (1,1, O)T. For the generic case when the eigenvalues are distinct, the other

two eigenvectors Vg and v;g of DX (y;r) are as below:
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(Fj - F;) Hi3 — (F:r + F;) (thiz — Hi1)

Vb= (U =T7) i+ (TF +T7) (mip — pan)
21133 (12 — K1) (3.60)

(Fj - F;) Hio — (F:r + F;) (Hiz — Ha1)

vis=| () =T7) oo + (TF + 1) (mig — pa)

2459 (i3 — Hi1)

[It should be noted that when the dependence of X on the parameter vector ¢ is being
explicitly considered, the Jacobian matrix DX(y;t) is DyX(y;IE (o, B) ; @), while the eigen-
values and eigenvectors of the Jacobian are functions of e, p;; = p;; (a), v% = v% (o),
1<i<2,1<75<3. Also, as x; is a function of a and 5, A; = *ya:? — 1 will be a function
of  and 8, A; = A (o, B)].

Returning to the eigenvalue spectrum of DX(y?‘), since p;; is always < 0, it follows that
yi is stable if Re(u;5), Re(1;3) < 0 and unstable if Re {1;0} Re {45} # 0 with Re {5} > 0
or Re{u;3} > 0. If for a given a one or both of {19, 113} have real part equal to 0, y;-
is nonhyperbolic and so the burster system undergoes a local bifurcation at this choice
of parameters [4]. The stability of the fixed points ygc and yf will now be examined by

consideration of the pairs {fi99, 195} and {19, p113} respectively.

The stability of ygt

From (3.59), 199 and pgys are given by

i = (Be+ /A3 —de (17 +1y))

fog = 3 (Az - \/A% —4e (I3 + F;)) (3.61)

where Ay = vx3 — 1. Consideration of the forms of f(g) and h(—¢) on € > 0 indicates that

Iy < —T5 (cf. figures (3-8) and (3-9)). pgy and pigg are therefore both real. Moreover,

\/Ag —4e(I'y +T5) > |Ag|, and s0 pgy > 0 and pg3 < 0. It follows that yi is always

unstable.
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The stability of y7

From (3.59), 1115 and pq3 are given by

o = § (DA —de (0f +17))
Hi3 = %(Al—\/A%_‘lﬁ(Ff*”Fl_))

(3.62)

where A = vz — 1. Consideration of the forms of f(g) and h(—¢) on € > 0 indicates that
[T +T] > 0, except on the curve o = T(3) where I'f + '] = 0 (cf. figures (3-8) and
(3-9)). The stability of yi therefore depends the sign of A;. In view of this, the sign of

Aj in the regions of the (5, «) plane where yli exists is now found.

e The sign of Ay

Recall from section 3.5.3 that y© = (x1,x1,+¢e;)” exists in the ranges {a > A} and
{a <Ay B,a>T(B)} (sectors 2 and 3 of figure (3-10) together with the line o« = A S for
B > 283" and the curve a = T'(3)). Also recall from section 3.5.1 that £1 and z satisfy the

pair of equations

f(e1) = h(—¢1) (3.63)

’}/x? +a1— f(e1) =0 (3.64)

and that x; is a strictly increasing function of €; with 1 < xps, where xps is the real

root of the polynomial yz3 + x — o/. Since Ay = ya? — 1, this means that sign {A;} =
sign {:pl — %}

When o = %, Ty = Since z) is an increasing function of o (cf. figure (3-7)),

o+

/

oy < % for o < %, in which case A; < 0. Conversely, for Aj to exceed zero, it is

necessary to have o/y > 2. This is certainly possible since o/ = 600 and v = 0.05,
giving o/\/y = 134.16. Let the value of €1 when z; = % be €. Then as z; is a strictly
increasing function of e;, sign {A;1} = sign{e; —epn}. Consideration of (3.64) shows that
ey depends only on the fixed parameters o/, 3" and 7. It is possible to find ey explicitly.
Setting z1 = % and €1 = ey in (3.64) gives f(eqy) = % Using (3.5) this can be written

as:

o (1— eng/ﬁl) =

G
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Solving for ez then gives

ep=In <%)B (3.65)

which has the approximate numerical value 0.13517413.
In analysing the sign of A1, it is useful to consider the cases § < 23" and 8 > 23 separately.
1. B>2p.

When 8 > 24, yf exists for & > T(f). Recall from section 3.5.2 that on the curve
a =T(B), f(e) and h(—¢) intersect tangentially on the positive real line at 1 = 6, and
that 3 is a strictly increasing function of  with 8 — 28’4+ as § — 0+. It follows that there
is some value of 3, 34 say, with 85 > 23" at which § = ep. Let ay = T(85). Then, since
€1 is a strictly increasing function of « for a fixed §, it follows that for 8 > 8y, €1 > ey
except for at {f = (9, = aa} where €1 = . Hence, for 8 > (5, A; > 0 except for at
B = By, = ag where A; = 0. 5 and ay can be found explicitly by substituting 0 = ey
into (3.48) and (3.49) giving

20'en
= 3.66
and:
eH /B
oy = 2028 (3.67)

e/

Note that o/, 8',v and g are all fixed and so 35 and as are constants. 3, and as have the
approximate numerical values 85 = 18.045171 and ap = 1203. For 28’ < B < 5, €1 < e
on a = T(f). Thus, since &1 is a strictly increasing function of « for a fixed 3, given a value
of 8 in this range there is a value of «, ay(8) with ay (8) > T (5) for which ¢ = ep.
Hence, for 28" < 8 < B4, sign {A;} = sign{a — ag(B)}.

2. p<2p

In this range, yf exists for a > A3, with e;1 — 0+ as o — (A1) +. Hence, since €7 is
a strictly increasing function of « for a fixed (5, for each value of 3 in this range there is

a value of a, ay(f), for which &1 = ey, as in the case 28’ < 3 < 3, above. Also, as for

28" < B < By, sign{A1} =sign{a —ag(B)}.
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Figure 3-12: The sign of Aj.

In conclusion, it has been shown that for 8 > 5, A1 > 0 except at {8 = [y, & = as} where
Ay = 0. For 8 < By, sign {A;} = sign {a — ag(B)}, where ag () > A for 3 < 24" and
ag(B8) > T(B) for 28" < B < 5. The results on the sign of A; can be expressed in a
simple form by introducing the function a_ : (0, 35] — R defined by

A8 if B <28
T(8) if 268 <B<p,

and the function ay : [8y,00) — R defined by ay (8) = T (8) V8 > B5. The curves
a = a_(B) and @ = a4 (B) intersect at the point (84, ) in the (8, «) plane. The
curve o = ay (f) lies between these, in the sense that a continuous clockwise path about
(By, a2) from a point on o = a— () to a point on o = vy (f) passes through oo = gy ().
It has been shown that A; < 0 for (3, ) lying between o« = a— () and « = a (8), while
A1 > 0 for (8, a) lying between a@ = a4 () and o = ay (). This is illustrated in figure
(3-12).

An expression for ag () can be found explicitly, enabling the precise form of the curve

a = ay (B) to be established.

e The function oo = ar(B)
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Setting 1 = ep in (3.63) and using the fact that f(eg) = % together with expression

(3.6) for h(e) leads to the following equation involving oy, 5 and ep:

2 afg —en/B
— = ZepgetH
VY
Rearranging for ayy gives:
an(8) = _2_geenl? (3.68)
€Hﬁ
Clearly ay(B) is smooth on (0, 3,), the range of interest. The derivative Doy (5) of ()
is given by:
Dan(f) = — <1 . €_H> en /B (3.69)
EH/Y B

This implies that Dag(eg) = 0 with Dag(8) < 0 for § < ey and Dag(S) > 0 for
B > eg. The graph of ay(f) thus has a global minimum at 8 = ey and no other
extrema. Setting f = eg in (3.68) gives ay (eg) = %, which has the approximate
numerical value 24.3131. So consider the form of the curve a = a () in the (3, @) plane.
It can be seen from (3.68) that limg_.g,— an(B) = az (cf. (3.67)), and so a = ay(f)
converges to the curve a = T'(3) from above as f — [5—. Also, it can be shown using
(3.66) and (3.69) that limg_,5, Dag(8) = A+e€H<%7%). Setting = [, in (3.52) gives
DT (B,) = A+e€H<ﬁ_l27ﬁ) implying that a = ay(5) becomes tangential to a = T'(5) as
B — By—. Additionally, since a = a () converges to the curve a = T'(f) from above as
B — By—, and T(B) < Ay for > 26, a = ay(B) must intersect the line o = A, at
some value of 3, 3, say, with 28" < 8; < 5. From (3.68), ay(8;) = A3, is equivalent

to:

2

en/bB = A
€H\/’_}’/816 +61

Dividing through by §; and rearranging gives:

€H

- <A+@_€H> (3.70)

B =

Write a; for the corresponding value of o, so a; = Ay 3;. B and a; have the approximate
numerical values §; = 18.022557 and a; = 1201.5. Note that a; < as. Finally, (3.68)

shows that ay(f) — oo as B — 0+, implying that « = ag(5) asymptotes to the « axis
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Figure 3-13: Plots of @ = ay(8), « = T(8) and o = A4 in the (8, «) plane.

as f — 0+4. The form of the curve a = ay(f5) is shown in figure (3-13) together with
a=T() and a = A, p.

It will be necessary when discussing bifurcations of the burster system in Chapter 4 to use
the values of I'f and I'] when o = ay (3). Denote these values by (I‘f)H and (T7),
respectively. Then from (3.41), (3.42) and (3.65), (FT)H and (FI)H are given explicitly
by:

), = As <1 - Ofﬁ) (3.71)
)y = % <% - i) (3.72)

Note that since o/,/3,7 and ey are fixed, when (Ff) g and (I‘l_) y are considered as
5 is a function of 3, (FI)H = (FI)H (8).

(I‘f)  has the approximate numerical value 65.6728.

functions of a, (Ff) is a constant while (Ff)

H

e Stability

The stability of y{c can now be fully addressed. Recall the expressions for p;5 and ji3

given at the beginning of this section:

prz = 3 (D1 /A e (rf +1y))

1
2
(3.73)
ms = 3 (A1 /AT —4e(Tf +17))
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It has been argued above that I'7 +T7] = 0 for a = T(3) and I' +T] > 0 everywhere else.
Also, Ay < 0 for (8, @) lying between a = a— () and o = ag (8), A1 =0 on o = ay (B),
and A; > 0 for « lying between a = ay () and a = a4 (8). In view of this, the pair
{1412, 113} is now considered in turn for (5, «) lying between o = a_ (8) and a = ay ()

with o # ag(B), for a = ay (8) and for a = T ().
1. (B, @) lying between @ = a— () and o = a4 (B) with a # ag(5)

In order to establish the forms of 14,5 and j3 in this range, it is necessary to determine
the sign of the quantity A? — 4e (FIL + Fl_). Fix € > 0, and assume (3, ) lies between o =
a_ (B) and a = ay (B). As a — ay (B)—, Ay — 0and T'{ +T] — (I‘I“)H—i- (T7)y >0.
Thus, A? — 4e (I'f +T7) < 0 for & — ap (8) < 0 sufficiently small. Now as a — (Ay3) +
in 8 <28, e; — 0. This implies that I'{ + I'7 — A4 +A_ as @ — (A1) +. However at
a=AB, Ay +A_=0andso 'y +T] — 0 as @ — (Ay3) +. Thus, since A; — —1 as
o — (A4 B)+, it follows that A? — 4e (T} +TI7) > 0 for a — A3 > 0 sufficiently small
in B <2B. Also, I'f +T7 — 0as a — T(B8)+ in 28’ < B < B5. Let the value of Ay
when o = T (8) be Ay. Then A; < 0 and so as a — T (B) +, A? — A? with A? > 0. It
follows that for o — T'(5) > 0 sufficiently small in 23" < B < B, A2 — 4¢ (1“;r + I‘f) > 0.
Combining these last two results implies that A} — 4e (I'T +T7) > 0 for a —a_ (3) > 0

sufficiently small.

It has been argued thus far that for a fixed € > 0, given (3, ) lying between o = a— ()
and o = ay (8), A? — 4e (1“1F + Fl_) < 0 for a — ay (B) < 0 sufficiently small and A3 —
4e (F;r +Ff) > 0 for « — a— (B) > 0 sufficiently small. This fact, together with the
standard trace/determinant stability picture of linear systems in the plane, suggests that
for each € > 0, there is a single curve & = R_ ((3,¢€) in the (8, ) plane lying between
o =a_(8) and o = ay (8) on which A} —4e (I'f +T'7) = 0 [4]. Hence, for (3, ) lying
between a = a— (8) and o = R_ (B,€), AT — 4e (T'] +T7) > 0. g5 and py3 are therefore
real. Moreover since A; < 0 and I'} + I'; > 0 in this range, 13 < p15 < 0. For (8, )
lying between o = R_ (B,¢€) and a = ay (8), A2 —4e (T +T7) < 0. pyy and p3 are
therefore complex conjugate with Re {115} = Re{uy3} = $A; < 0. For a = R_ (B, €),
A2 — 4e (I‘f +I'7) =0, implying that pyy = py3 = %Al <0.

Now assume that (3, @) lies between o = a7 (8) and @ = ay (). A similar argument to the
one above implies that for each € > 0, there is a single curve « = R, (5, €) in the (3, o) plane

lying between oo = apy () and o = v () on which A —4e (I'7 +T'7) = 0. For (3, @) lying

97



\ )
“ oc=0cH(B) =R, (B.€)

o ‘\ Hip7M5>0
“ HyphypeC
Re(u,,)=Re(u,,)>0 7

o, X
2 - L7 [ —
0y \\ = o=o, ()
200+
=R (B,€) c
W<, <0 HygHya€
13~ H12 = (6) Re(u,)=Re(u, ;)<0

—
26 8, B,

Figure 3-14: The signs of p;5 and 3 in the (5, @) plane.

between a = ay (8) and o = Ry (B,¢€), A —4e (T} +T7) > 0. 5 and py5 are therefore
real. Moreover, since A; and I'] + '] are both greater than zero in this range, pq5 >
p13 > 0. For (8, a) lying between a = Ry (8,¢€) and v = ap (B), AT —4e (I'7 +T7) < 0.
{112 and p5 are therefore complex conjugate with Re {u;5} = Re {uy3} = 341 > 0. For
a =Ry (B,€), A? —4e (] +T7) =0, implying that 1,5 = 113 = 341 > 0.

The signs of p;5 and p;5 in the (8, a) plane are summarised in figure (3-14). The analysis
above implies that in the range of interest, yli is stable for (5, a) lying between o = av— ()

and a = ag () and unstable for (3, a) lying between o = oy (8) and a = a4 (B).

It is useful to consider what happens to the curves @ = R_ (f,¢) and a = Ry (B,¢€) as
€ — 0 and € — oc0. So fix (8, ) lying between a = R_ (3, ¢) and o = apy (). In this range
A}—4e (I'f +T7) <0. Since Ay and I'] +T'] are functions of o and 3 only, they are fixed.
By decreasing ¢ it is therefore possible to make A} — 4¢ (1“1r + Ff) > 0, and hence for the
curve a = R_ (B, €) to lie above (3, ). This can be done for (5, «) lying arbitrarily close
to a = ay (8), implying that the curve o = R_ (3, €) converges to the curve a = ay (5)
as € — 0. Now fix (8, ) lying between o« = a_ (5) and @ = R_ (3,€). In this range
A? —4e(Tf +T7) > 0. By increasing € it is possible to make A} — 4e (I +T7) < 0,
and hence for the curve a = R_ (5, ¢€) to lie below (5,«). This can be done for (3, a)
lying arbitrarily close to a = a— (3), implying that the curve o = R_ (3, €) converges to
the curve a = a_ () as € — co. Similar arguments show that a = R4 (8, €) converges to

a=apg(f)ase—0and toa=a; () as € — oo.
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2. a=ag(B)

Setting Ay = 0 in (3.73) gives p1o = —py3 =iy /e (I'7 +T7). y+ is thus nonhyperbolic for
this choice of parameters. The burster system will undergo a codimension 1 bifurcation at

yi when o = ag(8), which is generically a Hopf bifurcation [4].
3. a=T(p)

Setting T'f + Ty = 0 in (3.62) gives p15 = 3 (A1 + |Aq]) and py3 = £ (A1 — |Aq]). For
B < Bq, A1 < 0 giving p119 = 0 and 13 = Ay < 0. For 8 > B9, A1 > 0 giving p19 = A1 >0
and juy3 = 0. y1i is thus nonhyperbolic on o = T'(3) for 5 # (. In this range, the burster
system will undergo a codimension 1 bifurcation at yf, which is generically a saddlenode
bifurcation [4]. For f = 5 on a = T (), @ = g and so Ay = 0, giving 15 = p1453 = 0.
For {f = By, = aa}, y{c is therefore nonhyperbolic. At this point, the burster system

undergoes a codimension 2 bifurcation at yli.

Note that both the stabilities of {yf, yéc}, and the values of the parameters at which local

bifurcations occur are dependent only on « and 5: they are independent of e.

The results concerning the stability of yz?t obtained so far in this section have used the
fact that the linearising map ch : VOjE — ini is a homeomorphism. This has enabled
the stability of yl?IE to be determined by the signs of the real parts of the eigenvalues of
DX(y?E), in regions of the (8, a) plane where it is hyperbolic. It has been shown in this
way that yéc is always unstable, while yf is stable for (8, ) lying between oo = a_ ()
and a = ay (B) and unstable for (5, «) lying between o = ay (§) and a = a4 (8). By
using the fact that Hzi is generically a C*° diffeomorphism with DHZ»i (0) = 13, a more
detailed picture of the local dynamics of the burster system at the fixed points can now be

obtained. This analysis will come in useful when discussing bifurcations in Chapter 4.2

Local dynamics at y2i

It was shown above that o3 < 0 and p9y > 0. Hence, given a such that y%t exists,

the origin is a saddle node of z = DX(y%)z, with an unstable invariant line Sp {vé@},

2Tt should be kept in mind during the following analysis that if the dependence of X on a were being
explicitly considered, all local invariant manifolds of yli in y = X (y) would be functions of «, as would all
eigenvectors.
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and a stable invariant plane Sp {(1, 1,0)" V23} on which the origin is a stable node [27].
Typical trajectories z (7) of z = DX(y3 )z with z (0) € Sp {(1, 1,0)7, Vé%} will contract to
the origin tangential to either Sp {vé%} if |19q| > |pag/, or Sp {(1, l,O)T} if [1gs] > |91 |-
Trajectories z (1) with z(0) ¢ Sp {(17 1,0 V23} will diverge to oo in the direction of
Sp {va}.

As H2i is C®°, it therefore follows that ygc is a nonlinear saddle node of y = X (y) with a
I-dimensional C* local unstable manifold W&, = H2i (Sp {vétg}) which is tangential to
Sp {v2i2} at yQi, and a 2-dimensional C* local stable manifold WSN def Hi <Sp {(1, 1, 0) v23}>
which is tangential to Sp {(1, 1, 0) v23} at yQi, on which y2 is a nonlinear stable node.
Moreover, by the Stable Manifold Theorem, WQUi and WQi are unique [4]. Typical tra-
jectories y (1) of y = X(y) with Hy (0) — yziH small and y (0) € WN will contract to y5
tangential to either Sp {v%} if |pigq] > |pagl, or Li if |ugs| > |pgq|. Trajectories y (1)
with ||y (0) — yétH small and y (0) ¢ W5 will diverge away from y3 in the direction of

Sp {vas }-

Local dynamics at yf

For a given choice of a such that y{c exists, there are four generic possibilities for the
local dynamics at yf[ depending upon where the point (3, «) lies relative to the curves
a= ot (f),a =Ry (B) and a = ay (5) in the (8, «) plane (cf. figure (3-14)). Each of

these possibilities will now be examined in turn for a fixed e.
1. (B, ) lying between @ = a— (8) and o = R_ (B, €)

In this range pq; < f13 < 12 < 0 (see section A.1.3 for a proof that 111, < p;3). The origin
is therefore a stable node of z = DX(y7)z [27]. Typical trajectories z (1) of 2 = DX (y{ )z
contract to the origin tangential to Sp {VE} As Hli is C°, it therefore follows that yf
is a nonlinear stable node of y = X(y). Moreover, typical trajectories y (1) of y = X(y)
with Hy(O) —ny small contract onto yf tangential to Sp {VE} Figure (3-15) shows
the projection onto the (r — [, &) plane of some typical trajectories y (7) of the burster
system with ||y (0) — y{|| small obtained for {a = 106, 8 = 1.5, = 0.0005}.% Also shown

are the sets Sp {VE} and Sp {VE} together with the slow manifold Sj;. For this choice

3This projection is a convenient one to use-particularly when discussing the local dynamics at the fixed
points-because the (r — [, €) plane is orthogonal to the parameter-independent stable manifolds of the fixed
points.
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Figure 3-15: Projection onto the (r — [, ) plane of some trajectories y (7) of the burster
system with Hy(O) — ny small obtained for « = 106, § = 1.5, ¢ = 0.0005. The dotted
lines indicate the slow manifold Sp;. Arrows indicate the direction of trajectories with
time.

of parameters (3, a) lies between a@ = a— () and o = R_ (f,¢€). It can be seen that the

trajectories shown contract onto yf tangential to Sp {VE}, as expected.
2. (B, @) lying between o = R_ (3,¢€) and a = ag ()

In this range piq9, 113 € C with Re (115) = Re(uq3) < 0. The origin is therefore a stable
fixed point of 2 = DX (yi)z with the stable invariant line Sp {(1, 1, O)T} and the stable
invariant plane Sp {Re (vﬁ) ,Im (VitQ) }, on which the origin is a stable focus [27]. Trajec-
tories z (1) of z = DX(yi)z with z(0) ¢ Sp {(1, 1,O)T} spiral around Sp {(1, 1,0)T} as
they contract onto the origin. As Hli is C*°, it follows that yli is a stable fixed point of
¥ = X (y), and that trajectories y (1) of y = X(y) with ||y (0) — ny small and y (0) ¢ L5
spiral around Lit as they contract onto yf. Figure (3-16) shows the projection onto the
(r —1,¢) plane of some trajectories y (7) of the burster system with Hy (0) — yf“ small
and y (0) ¢ L{ obtained for {a = 256, 3 = 3.75,¢ = 0.05}. Also shown is the slow manifold
Spr. For this choice of parameters, (5, «) lies between o« = R_ (f,¢€) and o = ag (f). It
can be seen that the trajectories shown spiral around Lf as they contract onto yf, as

expected.

3. (B, @) lying between o = oy () and o = R4 (B, €)
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Figure 3-16: Projection onto the (r — [, &) plane of some trajectories y (7) of the burster
system with Hy (0) — yf” small obtained for o« = 256, § = 3.75, ¢ = 0.05. The dotted lines
indicates the slow manifold Sy;. Arrows indicate the direction of trajectories with time.

In this range pi19, 113 € C with Re (p15) = Re (13) > 0. The origin is therefore a saddle
focus of z = DX(yf)z, with the stable invariant line Sp {(1, 1,O)T}, and the unstable
invariant plane Sp {Re (vﬁ) ,Im (vﬁ)} on which the origin is an unstable focus [27]. Tra-
jectories z (1) of z=DX(y{)z with z(0) ¢ Sp {(17 l,O)T} spiral around Sp {(1, 1,())T}
as they diverge away from the origin to co. As HfE is C', it therefore follows that yfc
is a nonlinear saddle focus of y = X (y), with a 1-dimensional C* local stable man-
ifold Hli (Sp{(l,l,O)T}> which is tangential to Lf at yf[, and a 2-dimensional C'*°
local unstable manifold W = Hf (Sp{Re (VE) ,Im (VE)}) which is tangential to
Sp {Re (VE) ,Im (VliQ)} at yf, on which yli is a nonlinear unstable focus. By the Stable
Manifold Theorem, these local manifolds are unique; in particular HfE (Sp {(1, l,O)T})
can be identified with Li. Trajectories y (1) of ¥ = X(y) with Hy (0) — y{EH small and

y (0) ¢ LT spiral around L7 as they diverge away from yi.
4. (B, ) lying between o = Ry (f3,¢) and o = a1 (B)

In this range, fi;5 > f173 > 0. The origin is therefore a saddle node of z2 = DX (y{ )z, with
the stable invariant line Sp {(1, l,O)T}, and the unstable invariant plane Sp {vﬁ,vi}
on which the origin is an unstable node [27]. Typical trajectories z (1) of z2 = DX(y{)z
with z (0) ¢ Sp {(1, 1,0)T} diverge to oo in the direction of Sp {Vﬁ} As HljE is O, it

therefore follows that yli is a nonlinear saddle node of y = X (y), with a 1-dimensional
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Figure 3-17: The stability of yfc.

C local stable manifold H;® (Sp {(1, 1,O)T}) which is tangential to LT at yi, and a
2-dimensional C* local unstable manifold WﬂN =H 13: (Sp {VE, vf%}) which is tangential
to Sp {Vfg,vﬁ} at yf, on which yf is a nonlinear unstable node. Again, by the Stable
Manifold Theorem, these local manifolds are unique; in particular Hli (Sp {(1, 1,0)T})
can be identified with L. Typical trajectories y (1) of ¥ = X(y) with Hy (0) — yliH small
and y (0) ¢ L will diverge away from the origin in the direction of Sp {Vig}

Figures (3-17) and (3-18) summarise the results obtained in this section concerning the

stabilities of yf and ygt.

3.6.2 Approximation to ¢(7) for large 7 > 0 for initial conditions in

B (yf)UB(y;) with a_ (8) < a < R_(f,¢)

Assume that a_ (8) < a < R_(B,€), so that y; and y| are stable nodes of y = X (y),
and let yo lie in the basin of attraction B (y,) of y, = (21,%1,e,)", where y, = y; or
y. Define y (1) = (r(7),1(7),e (1))" = ¢, (yo) V7 > 0. In this section, an approximate
expression for ¢ (1) is obtained for 7 large, based on the fact that sufficiently close to y.,
the nonlinear dynamics are well approximated by the linearised dynamics. This expression

will come in useful when discussing the modelling of saccades in chapter 6.
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Figure 3-18: The stability of yéc.

Write L, for the flow associated with the linearised dynamics z = DX (y«) z, and fix p
with max;<j<3 Re {,ulj} < p < 0. It then follows from section 1.2.3 that there is 6 > 0
and K > 0 such that if ||y — y«|| <, then V7 >0

G- (¥) =¥« = L (y —y+) +S(7) (3.74)
where:
IS ()| < K62t (3.75)
Choose 71, for which ||¢,, (yo) — y«|| <. By (3.74), V7 > 0:
¢r (07, (¥0)) =¥+ = L+ (é7, (yo) = ¥«) +S(7)

Write yz = ¢,, (Yo) — ys, and define zr, (1) = (ug (1), vz (1) ,wr (7)) = Ly (y1) ¥7 > 0.
zy, (7) solves the linearised system z = DX (y.)z with initial condition z, (0) = yr.

Moreover, the above expression implies that V7 > 0:
y(T+7L) =y« +2zL(7) +S(7)

It follows that V7 > 7,
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y(r)=y«+z(r—70)+S(T—7L) (3.76)
where by (3.75):
IS (r = 71)|| < K§%e )
Write S (1) = (S, (1), 81 (1), 8= (7))T V7 > 0. (3.76) implies that V7 > 77
e(r)=extwp (1 —7L) + S (T —7L) (3.77)

By the equivalence of norms on R3, there is a constant L > 0 such that [ly[|; < L|y]|
Vy € R3. Thus, V7 > 71:

S. (1 — 71)| < KL§%eMT7L) (3.78)
(3.77) and (3.78) together show that for 7 — 7, > 0 sufficiently large:
e(r)~er+wr(r—7L) (3.79)

So far, it has been argued that 377, > 0 such that ¢ (7) satisfies the approximation (3.79)
for 7 — 77, > 0 sufficiently large. This is equivalent to the statement that given 77 > 0

sufficiently large, ¢ (7) satisfies (3.79) V7 > 7.

It is shown in section A.1.5 of the Appendix that wy, (7) satisfies
Wy, — A+ € (T) +T7 ) wp =0
and
wr, = —€(up, —vp)

on R. The first equation implies that wy, (7) solves the general linear harmonic oscillator
equation X +aX +bX =0 witha = —A; and b= ¢ (1“;r + Fl_). Since yr = ¢,, (Yo) — ¥+
ur, (0) =7 (7p)—x1, v (0) =1 (1) —x1 and wr, (0) = € (1) —ex. The second equation thus

implies that 1wy, (0) = —eb(71) where b(7) = r(71) — 1 (71). As A? —4e (I +T7) >0
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for the parameter range considered here, it then follows from the discussion of the equation

X +aX +bX =0 in section A.1.4 of the Appendix that V7 > 0
wr, (1) = Aef127 + Bet1sT (3.80)

where:

d = /A7 —4e(r} +T7)
A = —3(ms(e(rr) —eo) +eb(rr)) (3.81)
B = (p2(e(rr) — &) +eb(rr))

In conclusion, it has been argued here that given 77 > 0 sufficiently large, ¢ (1) satisfies

the approximation (3.79) V7 > 7, where wy, (7) is defined by (3.80)-(3.81).

3.6.3 Stability of the origin

As mentioned previously, the stability analysis of the origin is complicated by the fact that
X is not smooth at 0. In understanding the stability of 0 as a fixed point of y = X (y)
it is useful to first examine the stability of 0 as a fixed point of the extended systems

y =X, (y) and y = X_ (y) introduced in section 3.1.3.

Stability of the origin in y = X, (y)

Recall from section 3.1.3 that X} and X_ are C* smooth. It therefore follows that
if 0 is hyperbolic in y = X, (y), there is a homeomorphism HOi which maps an open
neighbourhood Vi of 0 to an open neighbourhood Ug of 0 such that (i) Hi (0) = 0, and
(i) HE maps trajectories of 2 = DXy (0)z to trajectories of y = X (y) in such a way
as to preserve the parameterisation of trajectories with time. In this case, the stability of
0 in y = X, (y) is determined by the eigenvalue spectrum of DX, (0). Setting y =0 in
equation (3.55) gives

DX_(0)o =0DX, (0) (3.82)

which implies that DX, (0) and DX_ (0) have the same eigenvalue spectrum. The sta-
bility of 0 as a fixed point of both y = X, (y) and y = X_(y) is therefore determined by
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the eigenvalue spectrum of DX (0) in the hyperbolic case. Setting y = 0 in (3.57) gives:

-1 0 Aj
DX.(0)=| 0o -1 —-A_ (3.83)
—€ € 0

A =1
Ao =1(-1+A) (3.84)
A3 =73 (-1-4)

where A = \/1 —4e(A+ + A_). Note that Ay + A_ # 0 corresponds to the hyperbolic
case. Also note that A\; = Aa + A3. {A1, A2, A3} therefore have a resonance of order 2, and

so by Sternberg’s Theorem, HSE is at most a C! diffeomorphism when A, + A_ # 0.

Let {wf, wy, W;} be the corresponding eigenvectors of DX (0) corresponding to {1, A2, As}.
({wi,wy, W:J{} are taken to be the generalised eigenvectors of DX (0) when the eigen-
values are not distinct). Similarly, write {wj, w5, w3 } for the eigenvectors of DX_(0)
corresponding to {A1, A2, Az}. (Again, {wl_,w;,wg} are taken to be the generalised
eigenvectors of DX_(0) when the eigenvalues are not distinct). Using (3.82), it can be
shown that it is possible to choose {wf, W, Wg} so that [Wf Wy wg] =0 [W;r w; w;{]
(cf. the proof that {vi_l,vi_g,vig} can be chosen to satisfy [vz_l Vio vz_3] =0 [v;ﬁ ng v;g]
in section 3.6.1). It can be seen from (3.83) that (1,1,0)” is an eigenvector of DX (0)
corresponding to the eigenvalue —1. wj can therefore be set equal to (1, 1,0)T. Since
0 (1,1,00" = (1,1,0)", wi can also be set equal to (1,1,0)". The fact that (1,1,0)” is
an eigenvector of DX 4 (0) corresponding to —1 means that Ly = Sp {(1, 1, O)T} is always

a stable 1-dimensional manifold of the linearised system z = DX (0)z. Moreover, the

dynamics of z = DX4(0)z on Ly is given by
&= —x (3.85)

which is consistent with the linearisation of (3.25) about = = 0 (recall that (3.25) describes
the nonlinear dynamics of y = X (y) on the invariant line Lg). For the generic case when
the eigenvalues {\1, A2, A3} are distinct, the other two eigenvectors w3 and w3 of DX (0)

are as below:
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5 = ~A | Wi = A (3.86)
1(1+A) 1(1-4)

It should be noted that when the dependence of X on « is being explicitly considered,
the Jacobian matrix DX (0) is Dy X (0; ), while the eigenvalues and eigenvectors of the
Jacobian are functions of e, A; = A; (@) and w;” = w; () for 1 < i < 3. Similarly for

X_.

Returning to the eigenvalue spectrum of DX (0), recall from (3.13) that A_ = —5- It
follows that o« £ A1 3 corresponds to the hyperbolic case Ay +A_ 7% 0. Thus, since A\; < 0,
the stability of 0 in y = X, (y) when « # A3 is determined by the signs of Re (A\2) and
Re(A3). For a < AyB, Ax + A_ > 0 and so A is either complex or is less than 1. This
means that Re (A2),Re (A3) < 0 and hence the origin is a stable fixed point of y = X (y).
For o > AL B, A+ + A_ < 0 implying that A > 1, and so A2 > 0, A3 < 0. In this range the
origin is therefore an unstable fixed point of y = X (y). The origin thus changes from
being a stable fixed point of y = X (y) to an unstable fixed point as e — A increases
through 0. Note that the stability of 0 as a fixed point of y = X (y) is a function of o and
B: it is independent of €. Also, the extended version of the Hartman-Grobman Theorem
stated in section 1.2.3 implies that HOi is a diffeomorphism for o« < A3, since Re {\;} < 0
for 1 <4 < 3 in this range. For o > A8, A1 = A2 + A3 with Re (A2), —Re(A3) > 0, and

SO HSE may not be a diffeomorphism.

Stability of the origin in y = X (y)

A useful expression for the dynamics of y = X (y) about the origin can be obtained by
utilising the extended vector fields {X,X_}. Since X is smooth, X can be expanded

as a Taylor series about 0 giving
Xi(y) = DXy (0)y + R (y)
where R4 (y) is O (HyHg) Similarly, X_ can be written as

X_(y)=DX_(0)y +R_(y)
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where R_ (y) is O (||y||2) Hence, as Xi|n, = X[y, , X can be written in the form

X(y)=Lx (y) + R(y) (3.87)
where Lx, R : R3— R? are defined by

DX, (0)y if yeN
Lx (y) = i i (3.88)
DX_(0)y if yeN_

and:

R (y) Ry(y) if yeNy (3.89)
R_(y) if ye N_

Note that R (y) is O (HyH2> with R (0) = 0. Using (3.87), the burster dynamics about

the origin can therefore be written as below:

y=Lx(y) +R(y) (3.90)

The piecewise linear system z = Lx (z) will be referred to in what follows as the lineari-
sation of the burster system about the origin. Using the expression for DX (0) given in

(3.83) and the fact that cDX_ (0) = DX (0) 0, z = Lx (z) can be written as:

-1 0 Ay
0 -1 —A_ |z if ze N4
—€ € 0
Z = (3.91)
-1 0 A_

0 -1 —A, |z if ze N_

Writing z = (u, v, w)T, the equations are given explicitly by:

@ = —u+L(w)|w (3.92)
v = —v+ L(—w)w| (3.93)
w = —e(u—0) (3.94)
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where L : R3 — R3 is defined as follows:

Lwy={ M w0 (3.95)
—A_ if w<O0

It can be shown that solutions of the linearised system z = Lx (z) exist and can be extended
infinitely far forward in time. Proofs are given in section A.1.6. Note from the definition
of Lx that Lx|y, = DX4 (0)|n,. Hence if z(7) is a solution of z = DXy (0)z with
z (1) € N1 on some interval (71,72), then z(7) solves z = Lx (z) on (71,72) also. In
particular this means that the line Ly = Sp {(1, l,O)T} will be a stable 1-dimensional
manifold of the fixed point at the origin in z = Lx (z). It is easy to see that coLx = Lxoo;
that is o conjugates both the nonlinear and linearised vector fields of the burster system.
[Let z € Ny. Then oLx (z) = 0DX;(0)z = DX_(0)(0z). Now oz € N_ and so
Lx (0z) = DX_ (0) (0z). Thus, cLx (z) = Lx (0z). A similar argument proves the case
z € N_]. The conjugacy implies that if z (7) is a solution of the linearised system, then

oz (7) is also a solution (cf. section 3.3).

As R(y) = O (||y||2), X (y) is approximated by Lx (y) for small ||y||. This suggests
that trajectories y (7) of the burster system with ||y (7)|| small may be well approximated
by corresponding trajectories of the linearised burster system. In particular, it follows
that the stability properties of the origin in the nonlinear system may be determined by
the stability properties of the origin in the linearised system. This claim is supported by
extensive numerical evidence. However, as the vector field of the burster system is not
smooth at 0, there is no obvious general result, such as the Hartman-Grobman Theorem,

which can be used to prove this statement.

For a > Ay, A\, A3 < 0 and Ay > 0. The 1-dimensional set E([)Ji def Sp {W;:} is there-

fore the unstable manifold of the origin in the system z = DXy (0)z. Since Lx|y, =
DX (0)|n,, it follows that EJ defined by Ef = (EJ,NNy) U (Ef_NN_) is a 1-
dimensional unstable invariant set of the origin in the linearised system z = Lx (z) which
maps into itself under o. The origin is therefore unstable in z = Lx (z) for « > Ay (. By
considering the explicit form of the linearised equations, it can be shown that the origin is

a stable fixed point of z = Lx (z) for « < A1 . A proof is given in section A.1.7.

The claim that trajectories of the nonlinear system lying close to 0 may be well approx-

imated by corresponding trajectories of the linearised system would therefore seem to
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suggest that the origin will be unstable in the nonlinear system for o > A and stable
for « < A+B. The Stable Manifold Theorem implies that for o > A, the origin has a
unique local unstable manifold W, in the extended system y = X (y)such that W, is
1-dimensional, C* smooth and tangential to EY, at 0 [4]. Since X|n, = X4|n,, it follows
that Wéj defined by Wéj = (Wéﬂr N N+) U (Wé{ N N_) is a 1-dimensional local unstable in-
variant set of the origin in y = X (y). Moreover, WY is (i) piecewise tangential to E§ at 0
about 0, (ii) piecewise C'* smooth about 0 and (iii) maps into itself under o. The existence
of Wéj implies that the origin is unstable in the burster system for « > A, /. Numerical
results suggest that for a < Ay the origin is stable, as predicted. This will be assumed
true in what follows. The fact that the origin changes stability with the sign of a — A
suggests that the burster system undergoes a nonsmooth codimension 1 bifurcation at the

origin when o = A4 .

The hypothesis that trajectories y (7) of the burster system with ||y (7)|| small may be well
approximated by corresponding trajectories of the linearised burster system can be used
to obtain a more detailed insight into the stability properties of the origin in the burster
system, by examining the behaviour of the linearised system z = Lx (z). This will be of
use when discussing saccades in chapter 6. There are 3 generic cases to consider: a > A4 5,

(A+ — ﬁ) B <a<Aip, and a < (A+ — i) (3. These are now analysed in turn.?
1. o> A+ﬁ

In this range A1, A3 < 0 and Ay > 0 with |[A3] > || (cf. (3.84)). The origin is therefore
a saddle node of z = DXy (0) z, with the stable invariant plane Ej, = Sp {Lo, Wgc} and
the unstable invariant line EJ, = Sp {W;:} Since |Ag| > |A1], typical trajectories z (7)
of 2= DXy (0)z with z (0) € Ej, contract onto the origin tangential to Lg. Trajectories
with z (0) ¢ E5, diverge to co in the direction of EY_. Note that as Lg is always a stable
manifold of z = DX (0) z, trajectories of this system with initial condition in Ef, N Ny
will be confined to E(Jq NN, for all 7 > 0, as they cannot cross Lg. Typical trajectories with
initial condition in E()q ' N N4 will therefore contract to the origin tangential to Lo confined
to N.. It follows that Ef, NN, is a stable invariant half-plane of 0 in 2 = DX (0) z. By
symmetry, Ey N N_ is a stable invariant half-plane of 0 in z = DX_ (0) z. Since Lx|y, =
DX (0) |y, it follows that the set Ej defined by E§ = {E5, NN, }U{ES NN_}isa

local 2 dimensional invariant stable set of the origin in the linearised system z = Lx (z),

‘During the following analysis, it should be kept in mind that if the explicit dependence of X on a were
being considered, all local invariant sets of 0 in y = X (y) would be functions of «, as would all eigenvectors.
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which maps into itself under o. Typical trajectories z () of z = Lx (z) with z(0) € Ef

will contract to the origin tangential to Lg, confined to either N or N_.

It can be shown that trajectories of zZ = Lx (z) can only cross the plane P an infinite
number of times if 1 —4e (Ay +A_) < 0 (cf. the remark at the end of section A.1.7). In
the range of interest, A, + A_ < 0, implying that trajectories cross P a finite number of
times. So let z (1) be a trajectory of the linearised system with z (0) ¢ Ej5. The relation
Lx|n. = DX4 (0) |, then implies that after crossing P for the final time, z (7) will be a
trajectory of either z = DX (0)z in N4 or z = DX_ (0) z in N_ for all subsequent time,
and so will diverge to oo in the direction of either E{ NNy or EY N N_. Recalling the
I-dimensional unstable invariant set Ej = (Eg . NNy)U (ng N N_) defined previously,
it can be concluded that z (7) will cross P a finite number of times before diverging to co

in the direction of Eg .

Thus far, it has been argued that for & > A3, the origin is a ‘saddle node’ of z = Lx (2z), in
that it has a 2-dimensional stable invariant set E@g and a 1-dimensional unstable invariant
set Eg . Both these sets map into themselves under o. It can be shown by applying the
Stable Manifold Theorem to 0 in z = DX (0) z and using the relation X|y, = X4 |y, that
in y = X (y), the origin has a 2-dimensional local stable invariant set Wég containing Lg.
Moreover, Wy is (i) piecewise tangential to Fj at 0 about Ly, (ii) piecewise C* smooth
about Lo and (iii) maps into itself under o. For a > A 3, the origin is therefore a nonlinear
‘saddle node’ of the burster system, in that it has both stable and unstable local invariant
sets, which are tangential to corresponding invariant sets of the linearised system at O.
Also, the conjecture that trajectories y (7) of the burster system with ||y (7)|| sufficiently
small are well approximated by corresponding trajectories of the linearised burster system
suggests that for y (0) ¢ W§ with ||y (0)| sufficiently small, y () crosses P a finite number

of times before diverging away from the origin in the direction of EY .

Figure (3-19) shows the projection onto the (r —1[,¢) plane of some trajectories of the
burster system with y (0) ¢ W§ and ||y (0)|| small obtained for {a = 600, 3 = 7.5,¢ = 0.001}.
For this choice of parameters, a > A . Also shown in figure (3-19) is the set E([)J . It can
be seen that trajectories cross the plane P a finite number of times before diverging away

from the origin in the direction of EOU , as predicted.
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Figure 3-19: Projection onto the (r — [, &) plane of some trajectories y (7) of the burster
system with ||y (0)|| small obtained for @ = 600, 5 = 7.5, ¢ = 0.001. Arrows indicate the
direction of trajectories with time.

In this range, 1 —4e(A+ + A_) > 0 and so 0 < A < 1, implying that A2 and A3 are real
with A2, A3 < 0 and |A1] > |[A3] > |[Aa] (cf. (3.84)). The origin is therefore a stable node
of z=DX (0)z, with the stable invariant lines Ly, Sp {wgc} and Sp {wgt} As |A1| >
|Az| > |A2], trajectories z (7) of z = DX (0) z with z (0) ¢ LoUSp {wgt} contract onto the
origin tangential to Sp {wzi} Since Lx|n, = DX4 (0) |n,, it follows that in z = Lx (),
the origin will have the stable invariant lines Lo, E§ , E:;? where EZS = {Sp {W:'_ } N N+} U
{Sp {WZ_} ﬂN_} for 2 < i < 3. Note that Eég and qu map into themselves under o.
For (A4 — i) B < a < AyfB, the origin is therefore a ‘stable node’ of z = Lx (z) in that
it is stable, with the 3 symmetric stable invariant lines, Lo, £§ and E3 defined above.
Since 1 — 4¢(A4+ + A_) > 0 in the range of interest, a given trajectory z (7) of z = Lx (z)
will cross the plane P a finite number of times before being confined to Ny or N_. i.e.
there will exist s > 0 such that z(7) € Ny Vr > sor z(7) € N_ Vr > s. So assume
z (0) ¢ LoU E5. Then as Lo U Ej is invariant, z (s) ¢ LoUEj. If z(s) € Ny, z (1) will be
a solution of z=DX, (0)z on [s,00) with z(s) ¢ Lo USp{wj }. The discussion of the
system z = DX (0) z above then implies that z (7) will contract to the origin tangential
to Sp{wj } as 7 — oo from s. A similar argument shows that if z (s) € N_, z(7) will
contract to the origin tangential to Sp {w; } as T — oo from s. It has thus been argued
that trajectories z () of the linearised system with z(0) ¢ Lo U Ej5 will cross P a finite

number of times before contracting to the origin tangential to EQS . This suggests that
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Figure 3-20: Projection onto the (r — [, &) plane of some trajectories y (7) of the burster
system with |y (0)|| small obtained for « = 80, 8 = 1.5, ¢ = 0.001. The dotted line
indicates the slow manifold Sy;. Arrows indicate the direction of trajectories with time.

typical trajectories y (7) of the nonlinear system with ||y (0)| sufficiently small will cross

P a finite number of times before contracting to the origin tangential to E.

Figure (3-20) shows the projection onto the (r — [, ) plane of some typical trajectories of
the burster system with |y (0)|| small obtained for {a = 80,3 = 1.5,¢ = 0.001}. For this
choice of parameters, (A+ — i) B < a < AipB. Also shown in figure (3-20) are the sets E5
and Egg together with the slow manifold Sys. It can be seen that the trajectories shown
cross the plane P a finite number of times before contracting to the origin tangential to
E5 as predicted. For (A+ — i) 8 < a < ALp, the origin is a nonlinear ‘stable node’ of
y = X (y), in that its local behaviour appears to be determined by the dynamics of the
linearised system z = Lx (z), for which the origin is a ‘stable node’ in the sense described

above.
3. a< (A — ﬁ) I}

For a < (Af —4£) B, 1 —4e(Ar + A_) < 0 and so Ay = 3 (=1 +wi), A3 = 3 (—1 — wi)
where w = \/4e(AL + A_) — 1 (cf. (3.84)). It follows that the origin is a stable fixed point

of z= DX (0) z with invariant directions Ly and Sp {Re {Wg:} , Im {WQi}}, such that on
Sp {Re {wét} , Im {wf}} the origin is a stable focus. Trajectories z (1) = (u (1), v (1), w (7))"

of z=DX (0)z with z (0) ¢ Lo spiral around Ly as they converge to the origin. More-
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Figure 3-21: Projection onto the (r — [, &) plane of some trajectories y (7) of the burster
system with ||y (0)|| small for & = 200, 5 = 15, ¢ = 0.05 . The dotted line indicates the
slow manifold Sy;. Arrows indicate the direction of trajectories with time.

over, since w = —e(u —wv) in z =DXy (0)z and z = DX_ (0) z, the spiralling direction
is the same in both linear systems. As Lx |y, = DXy (0) |y, it follows that trajectories
z (7) of z = Lx (z) with z (0) ¢ Lo will spiral around Lg as they approach the origin. This
suggests that trajectories y (7) of the burster system with ||y (0)| sufficiently small and
v (0) ¢ Lo will spiral around Lo as they converge to the origin.

Figure (3-21) shows the projection onto the (r — [, ¢) plane of some trajectories y () of the
burster system with ||y (0)|| small and y (0) ¢ Lo obtained for {ae = 200, 5 = 15, ¢ = 0.05}.
For this choice of parameters, a < (A+ — ﬁ) B. Also shown in figure (3-21) is the slow

manifold Sp;. The behaviour of the trajectories is as expected.

Figure (3-22) summarises the work on the stability of the origin in the burster system
given above. It is instructive to consider the effect on the stability of 0 of increasing € for
a fixed o and 8 with o < ALB. This will be useful when discussing saccades in Chapter
6. Figure (3-22) shows that as € is increased for such a choice of (3, «), the origin changes
from a stable node to a stable fixed point for which trajectories y (7) with y (0) ¢ Lg spiral
around Ly as they contract to the origin. This change can be interpreted in terms of the
slow manifold Sy;. For e small, trajectories with y (0) ¢ Lo and ||y (0)|| small contract onto

Sy and converge along it to 0 (cf. figure (3-20)). Increasing e causes these trajectories
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a=(A,-(4€))B
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Figure 3-22: Stability of the origin as a fixed point of y = X (y).

to contract onto Sp; more slowly and follow it less closely, until they eventually begin to

spiral around Lo as they approach the origin (cf. figure (3-21)).

3.6.4 Approximation to ¢ (1) for large 7 > 0 for initial conditions in B (0)
with (A, —£)f<a<Afor0<a<(AL—+)8
Assume that (A+ — ﬁ) g < a < AyfB, so that 0 is a stable node of y = X (y), or 0 <
a < (A+ — i) 0, so that 0 is a stable fixed point for which trajectories spiral around Ly
as they approach 0. Let yq lie in B(0) and define y (1) = (r (1), (1), (7)) = ¢. (yo)
V7 > 0. In this section, an approximate expression for € (7) is obtained for large 7, based on
the assumption that sufficiently close to 0, the nonlinear dynamics are well approximated
by the linearised dynamics (cf. the similar analysis of section 3.6.2). This expression
will be used when discussing the modelling of saccades in chapter 6. Write L9 for the
flow associated with the linearised dynamics z = Ly (z). Then by assumption, given ||yl

sufficiently small, for all sufficiently large 7 > 0:

¢- (y) ~ L2 (y)

Choose 7, for which quTL (yo)H is sufficiently small. The expression above then implies

that for sufficiently large 7 > 0:
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¢7— (¢TL (yo)) ~ L? (¢TL (yt)))

Write y1, = ¢, (yo), and define zy, (7) = (ug, (7), vz (7) ,wi, (7)) = L%y;, V7 > 0. 21, (7)
solves the linearised system z = Lx (z) with initial condition zy, (0) = y. Moreover, the

expression above implies that for sufficiently large 7 > 0:
y(T+71L) =z (7)

It follows that for sufficiently large 7 — 7 > 0

which suggests:
e(r) = wr (1 —71) (3.96)

Thus far, it has been shown that 377, > 0 such that e (7) satisfies the approximation (3.96)
for sufficiently large 7 — 71, > 0. This is equivalent to the statement that for sufficiently

large 71, > 0, € (7) satisfies (3.96) V7 > 7.

Section A.1.7 of the Appendix implies that wy, (7) satisfies
Wr + 1 +e(Ay +A_)wy =0
and
wr, = —€(ugp —vp)

on [0,00). The first equation in this pair shows that wy, (7) solves the general linear
harmonic oscillator equation X +aX 4+bX = 0 on [0,00) with a =1 and b= e (Ay + A_).
Since yr = ¢,, (yo), ur (0) = r(7r), v (0) = I(7r) and wg, (0) = e (71). The second
equation therefore implies that wr, (0) = —eb(7r), where b(rr) = r(71) — (7). The
discussion of the equation X + aX + bX = 0 in section A.1.4 of the Appendix leads to
the following expressions for wy, () on [0,00) in the ranges (Ay — +) 8 < a < A;Band

0<a< (Ay—4)p:
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1. (A — £) B < a < A B. In this range, 1 — 4e (A4 + A_) > 0. Thus, V7 > 0
wr, (1) = AeM™ + BT (3.97)

where:

d = \/1—4€(A++A_)
A = —L(se(rr) +eb(rr)) (3.98)
B = é ()\25 (TL) + eb (TL))

2. 0<a< (A+ — 4%) B. In this range, 1 — 4e (A4 + A_) < 0. Thus, V7 >0
wy, (1) = Ae” 7 cos (dr + B) (3.99)

where:

d = 3\/Ade(Ay +A) -1

A = %\/(% +d?)e () —ee(r1)b(rr) + €2b (1) (3.100)
B = —arctan <_5(Tézl;(2:§§m)>

In conclusion, it has been argued here that for sufficiently large 71, > 0, £ (1) satisfies the
approximation (3.96) V7 > 71, where wy, (7) is defined by either (3.97)-(3.98) or (3.99)-
(3.100).

3.6.5 Stability of the fixed points in the (3, ) plane

Using the analysis of sections 3.6.1 and 3.6.3, the stability of the fixed points in each region

of the (8, @) plane is summarised in figure (3-23).
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0 unstable

,y. unstable =
Yy, y,u a=A_f

= 0 stable
* OCH(B) y:, y;,y;, y, unstable

a=T(B)

0 unstable
Yy, Yy, stable
0 stable
0 stable .
Y.y, stable;y,,y, unstable
— |
0 28" B, B, B

Figure 3-23: Stability of the fixed points of the burster system in the (3, «) plane. Codi-
mension 1 bifurcations occur on the curves @« = Ay 3, @ = ay (8) and a = T(5).
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Chapter 4

Analysis of the burster equations

II: Bifurcations

In this chapter, the bifurcations and attractors of the burster equations y = X (y; ) are
investigated. Consequently, the vector field X will be explicitly considered as a function of
the parameter vector a in the following analysis. To begin with, each of the instabilities
proposed in the previous chapter is analysed. The results of this analysis together with the
restriction on the behaviour of trajectories imposed by the existence of the slow manifold
S (e, B) will then enable a full picture of the bifurcations and attractors of y = X (y; o)
to be proposed for € small. Finally, the effect on the attractors of y = X (y; «) of increasing
e will be discussed. This will enable a full classification of the bifurcations and attractors of
the burster equations to be proposed for a in a range Ip containing the physiological range
IIp. During this work, several parameter regions will be located in which the error time
series associated with limit cycle attractors of the burster equations resemble congenital

nystagmus waveforms.

Recall from section 3.6 that the burster system y = X (y; &) undergoes a codimension 2
bifurcation at yf when {a = a9, 5 = 5}, a codimension 1 bifurcation at yf when o =
agr (B), a codimension 1 bifurcation at yi when {a =T (), 3 # 85} and a codimension 1
bifurcation at the origin when = A 3. Each of these bifurcations is examined in greater
detail during this section. The bifurcation at the origin is perhaps the most interesting,
since it occurs in a region of the state space where the vector field is not smooth. This will

be examined first.
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4.1 The bifurcation at the origin when a = A (8

Set = — (A+ + A_). For simplicity u will be used as the bifurcation parameter during
this section, so that the bifurcation at the origin occurs at g = 0. It is important to note
that the bifurcation must change type at 3 = 23, since as j increases through 0 in 3 < 2§/,
the origin becomes unstable and a pair of stable fixed points {yf, yf} are created, while
as p increases through 0 in 3 > 23’ the origin becomes unstable and a pair of unstable
fixed points {yér ,¥5 } are destroyed (cf. fig (3-23)). The bifurcation which occurs at p = 0
can be understood in both these cases by examining the properties of the extended system
y = X, (y; @) in the neighbourhood of the origin for small p. It is first shown that given
¢, for small y the origin has a 1-dimensional local invariant set W¢ (a) in y = X (y; @).
W§ () is obtained by gluing together the sets W, () N Ny and oW§, () N N_, where
W§, (@) is a 1-dimensional C* local invariant manifold of the origin in y = X (y; ).
The dynamics on W{ () are then derived from the smooth dynamics on VVOC+ (o). It is
found that as u increases through 0 in 3 < 23, yf and y; are created in a supercritical
pitchfork-type bifurcation on W§ (), while as y increases through 0 in 3 > 24, y4 and
y, are destroyed in a subcritical pitchfork-type bifurcation on WOC (a). For B # 23, this
‘pitchfork-type’ bifurcation can be attributed to a transcritical bifurcation on W(ﬁ (o),
while for 3 = 2/, it can be attributed to a pitchfork bifurcation on WOCJF (ax). Finally, the

flow on W¢ (@) in the immediate neighbourhood of the origin for 4 small is characterised.

For simplicity, it will be assumed throughout the following analysis that 3 is fixed, and «

is being implicitly varied by varying pu.

4.1.1 Derivation of the dynamics on W¢ (a) for small p

Fix €, 8 > 0 and consider the extended system y = X, (y;a, 5,€). From equations (3.12)-
(3.13), p is given in terms of o and S by:

«
= B — Ay
Rearranging for a gives:
a=p3(p+Ay)
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Write y = X (y;o, 8,¢€) in the p parameter coordinates as y = X, (y;u,3,¢€), and the
burster system y = X (y;«, 8,€) as y = X (y;u, 8,€). Then since X (y;a, S, €) is a C™®
function of y and « for y € R3, a € (0, 00), it follows that X (y;u, 3,€) is a C* function
of y and i fory € R3, 1 € (—A,00) (cf. section 3.1.3). Expanding each of the components

of X (y;u, B, €) as power series in 7,1 and € about 0 leads to the following expression for

X (v B, €):
Xy (y5u, By€) = DyXy (O3, B,€) y + R (y;1, B €) (4.1)

Here the components of R.(y;u, 3, €) contain terms of the form f (i, 8, ¢) r¥11¥2e%3 | where
ki >0 for 1 < i < 3 with k1 + ko + k3 > 2, and f (u,[5,€) is a C* function of p on

(—A4,00). Explicitly, y = X, (y;u, B, €) is:

A A
o= —r+Ae—qrl? - =24+ L340 (! 4.2
. A A
[ = —l+(p+Ap)e—Alr? - (M+~)€2 + (M;—BZ”&‘:S +0 (54) (4.3)
€ = —er+el (4.4)

At 1o = 0, the derivative of X4 with respect to y evaluated at 0, Dy X (0;0, 3, €), is given
by:

-1 0 Aj
DyX+ (0707676): 0 —1 A+
—€ € 0

(cf. (3.83)). This has eigenvalues —1 with multiplicity 2 and 0 with multiplicity 1. The
eigenvector corresponding to 0 is wp = (A, Ay, l)T. The generalised eigenvectors of

T
DyX, (0;0, 3, €) corresponding to —1 can be taken to be (1,1, O)T and vp = (i, 0, ﬁ) )

Define the 3 x 3 matrix P, (¢) by Py (¢) = [(1,1,0)" vp wp]. Then the matrix
Py (6) 7' DyXy (00, 8,¢€) Py (e)

is a normal form for Dy X, (0;0, 3, €). Explicitly:
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Py ()" DyX; (0;0,8,0) Py ()= 0 -1 0 (4.5)

Perform the change of coordinates y — x given by x4 = (24, y4, 2 )T =Py (e) 'y, The

coordinate transformations x; — y and y — x, are given by

ZIT+ = €A+T' =+ (1 — 6A+) l — A+€ (46)
y+ = eAir—eAql (4.7)
2y = —er+el+e (4.8)
and:
1
ro= T4+ v + Az (4.9)
U= wrt A (4.10)
1
e = A_+y+ + 24+ (411)

In the new coordinates, the dynamics are x.= G (x;u, 3, €) where:

G (x 13, B,€) = Py (€)' Xy (P (€) X450, B €) (4.12)

Since Xy (y;u, B, ¢€)is C® iny and p fory € R3, u € (—A,, 00), it follows that G (x4 ;u, 3, €)

is C*° in x4 and p over this range. Write:

G (X+;,u7/37 6) = (Gl (X+;/~L7 Ba 6) 7G2 (X+;,u7/37 6) ’ G3 (X+;M> 67 6))T

Then for each 1 < i < 3, G; (X434, 3,¢) is also C® in x; and p fory € R3, u € (—A,00).

Substituting y = Py (€) x4 into (4.1) and then substituting into (4.12) gives

G(X+;M>B7E) :A(M,B,E)X++S(X+;ﬂ,ﬁ,€) (413)

where

A(p, B, €) = Pi () 7! DyXy (0311, B, €) P (e) (4.14)
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and:

S (XJr;ﬂ:Ba 6) = P+ (6)_1 R(P+ (6) X+;,u7/31 6)

Here the components of S (x4;u, f, €) contain terms of the form g (i, 3, €) xlf yf sz’ where
ki > 0 for 1 < i < 3 with k1 + k2 + k3 > 2, and g (p, 5,¢) is a C*° function of p on
(—A4,0). Note that this implies G (O;u, 3,€) =0 VY € (—A4, 00).

Consider the system composed of X1 = G (x4,u; 3, €) together with the trivial equation

=0

x4 = G (x4, 8, 6) (4.15)

1 =0 (4.16)

(0, M)T is a fixed point of this augmented system Vu € (—A, 00). Moreover, as G (x4,u; 3, €)
is a C* function of (x;, p)” for x; € R3, p € (—A,,00), the vector field of this augmented
system is a C*° function of (x4, ,u)T over this range. In particular, the vector field is C*°

in a neighbourhood of (0,0)7.

The derivative of the vector field of the augmented system evaluated at (0, O)T is:

Dx, G (0,0;8,¢) D,G (0,0; 8, ¢€)
0 0

(4.13) and (4.14) imply that:

Dy, G (0,0;3,¢) = Py () DyX, (00,85,¢€) Py (e)
D,G(0,0;5,¢) = 0

Thus, from (4.5), the derivative at (0,0)7 is:

-1 1 00
0 -1 0 0
(4.17)
0 0 00
0 0 00

Explicitly the equations for the augmented system (4.15)-(4.16) are
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.’i’Jr = —x+—|—y++

+A 22 +0(3)

WY+ + apzy + 2eA dy 2y + ecly%r + eAidzi

Ur = —Yg —epuys+ — eNypzy + 2eA by zy + ebyi + 6A%rbz%r + 6A2+ezjo’r
+0(3)
. € €, 2 2 3 A
iy = epzy +—pyy —2ebyrzy — —byt —eAybzi —eAiez +0(3)
Ay Ay
=0

where a, b, c,d and e are constants given by

_ 1
232

Téza—i-AJrc

(4.18)

(4.19)

(4.20)

(4.21)

(4.22)

and O (3) denotes terms of order 3 in x4, y4, z4+ and p, excluding zi. (4.17) implies that

in the linearised augmented system, the origin (0, ())T has a 2-dimensional stable manifold

and a 2-dimensional centre manifold:

E& = {(ZL‘+, Yty 245 1

T
EOSJr = {(ervervZJr’:u) PR U= O}

Yorag,yy = 0}

It follows from the Centre Manifold Theorem that in the nonlinear augmented system, the

origin has a 2-dimensional C* local stable manifold W, (8, €) tangential to Ej, at (0, 0)7,

and a 2-dimensional C* local centre manifold W, (8, €) tangential to EJ, at (0, 0)" [4].

Moreover, as (0, 1)” is a fixed point of the system Vu € (—A,00), (0,p)" € W§, (Be)

for sufficiently small u. Now as qur (B, ¢€) is tangential to EOC+ at (O,O)T, WOC—L (B,€) can

be considered as a graph

{(hl (Z+a M;ﬁa 6) ah2 (Z+Hu; ﬁa 6) 7z+>:u)T}
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, where h; and hy are C* functions of z; and p with

over z; and p for small H(szH)T
hi (0, p; B,€) = 0, and g—:ﬁ (0,0;8,¢) = %—7} (0,0;8,€) = 0 for ¢ = 1,2. The centre manifold
dynamics can be found up to terms of order 2 and zi by calculating hg (24, p; 5, €) up to
these terms, and then substituting = = hy (24, 5 8, €), y+ = ha (24, 15 5, €) into equation
(4.20).

So write hg (z4, u; 5, €) as
ha (24, 115 B, €) = k122 + kopzy + kap® + kgz2 4+ O (3) (4.23)

where, as above, O (3) represents terms of order 3 in y4, z4 and p, excluding zi. The con-
stants k1 — k4 can be found by obtaining two different expressions for 4, equating these
expressions and then comparing coefficients. On the centre manifold, y+ = ho (24, u; 5, €).

Differentiating gives

o Ohy, . Ohe, o Oha
Yy+ = aer (z+7ﬂaﬁ’€)z++ 8,& (Z+7M)576)1u_ 8Z+ (Z+,M,ﬁ,€)2+

- <2klz+ + kgt + 3ka2 + O (2)) i

where O (2) represents terms of order 2 in y, z; and p, excluding 2. Substituting (4.23)
for y, and h; (24, p; B, €) for x4 in (4.20), and then substituting the resulting expression

into the above leads to the first expression for ¢ on the centre manifold:
gy = —2eA i k1bz2 + O (3) (4.24)

Setting y4 = ha (24, p; B, €), x4 = h1 (24, u; B, €) in equation (4.19) and rearranging gives

another expression for g, on the centre manifold:

Yy = (eAib — k1) zi — (eAy + ko) pzy — kap® + (2eA4 kb + eAie — ky) zi +0(3)
(4.25)

Equating (4.24) and (4.25) and comparing the coefficients of 22, uzy, p? and 23 gives
ki = eAib, ko = —eA4, ks = 0 and kg = eAie + 4eA 4+ k1b. Thus, up to terms of order 2

and zi, ho (z+, ; B, €) is given by:

ho (24, 15 By €) = eA% bz — eAppzy + A2 (e+ 46A+b2) 23+ 0(3) (4.26)

126



Substituting the above for y; and substituting hj (24, u; 3, €) for x4 in (4.20) then gives

the flow on the centre manifold up to terms of order 2 and zi:

A~

2. = €uzy — eAerzfL — €Ny (26A+b2 +e) zi +0(3) (4.27)

o o= 0 (4.28)
Note that the Z; equation can be written as z24 = G (24, ; 8, €) where:

G(z+aﬂ§575) = G3 (hl (Z+7M;676)7h2 (Z-‘ra/j“;/Bae) y Aty 15 57 6)

Since G3 (x4, Yy, 24, 1; B, €) is a C* function of (x4, y4, 24, ,u)T for (z4+,y+, z+)T eER3 e

. ) . 0o . T T
B o) ) s Hoy My ) ) .
(—A4, B), it follows that G (z4, u; 5, €) is a C* function of (24, )" for small H(z+ ) H

It follows from the analysis of the augmented system (4.15)-(4.16) above that given p small,
in the 3-dimensional system y = X, (y;u, 3, ¢€), the origin has a 1-dimensional C* local

invariant manifold W&, (u, 3, €) defined by

W (1, B, €) = {y eR: (y,n)" e WL (B,e)}

which is tangential to the vector (A, Ay,1)7 at 0 when g = 0. In the normal form
coordinates (24, y4,24)", the dynamics on WE (, By€) is 24 = G (243 1, B €), where G is

given by:
G (2451, By €) = epzy — eAybz? — ey (26A+b2 +e) 2 4+0(3) (4.29)

For a given p small, each fixed point z, of 2, = G (z4;u,5,€) will correspond to a
fixed point y, of y =X, (y;u, 5,€) lying on I/VOCJr (u, B,€) close to the origin. If y, €
Wqu (1, B,€) N N4, ys4 is a fixed point of the burster system y = X (y;u, 5, €) with the form
Vi = (T4, T4, 64) 7, and so (4.8) implies z, = &,. In particular, as G (0;p,8,€) = 0, 0 is a
fixed point of 24 = G (z4; 1, B, €), corresponding to the fixed point of the burster system
at the origin.! Write p = (i, 3, e)T for brevity. By using the fact that the burster system

is symmetric under o, it can be inferred that given p small, the set WOC (p) defined by

W' (1) = (Wi (1) NN+ ) U (WG (k) N N-)

124, %4, €+ and y. are all explicitly functions of x4 and 3 (c.f. section 3.5.2). Their (u, ) dependence is
in general supressed throughout this chapter for simplicity.
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is a 1-dimensional local invariant set of the burster system containing the origin, which
is piecewise C'™° smooth about the origin, and tangential to (A4, Ay, 1)T in Ny when
i = 0. The W(ﬁ (p) dynamics induce piecewise dynamics on W§' (u) about the origin.
Moreover, using € as a coordinate for fixed points of the WOC (p) dynamics, a fixed point
gx of 24 = G (24; ) with e, > 0 will correspond to a pair of fixed points {e,, —e.} of
the W¢ () dynamics, with 4, stable (resp. unstable) according to whether e, is stable
(resp. unstable) in 2y = G (z4; p). The pair {e,, —&4} themselves correspond to a pair of
symmetry-related fixed points y. = (zx, x*,s*)T and y. = (2, Tx, —5*)T of y =X (y; 1)
lying on W (i) close to the origin.

Using the observations above, the bifurcation of the burster system that occurs on WOC (p)

at pu = 0 is now characterised.

4.1.2 Bifurcation on the invariant line W{ () at =0

Assume g is small, and let €, be a fixed point of the W, () dynamics 2, = G (24 p). &

satisfies G (e4; ) = 0, which by (4.29) has the form

A~

epiey — eAypbe? —eAy (2€A+b2 +e) E4+03)=0 (4.30)

where now O (3) denotes terms of order 3 in e, and p, excluding €3. The stability of e, is
dependent on the sign of D, G (e4; ) [4]. Differentiating (4.29) w.r.t. z; and evaluating

at &4 leads to

D.,G (e p) = ep — 2eAbey — 3eAy (2eA 0% +€) e2 + 0 (2) (4.31)

where 0(2) denotes terms of order 2 in e, and p, excluding €2. There are 2 cases to

consider in solving G (g4; ) = 0: 8 # 28 and 8 = 23".

1 g #2p

1

i =1 _ 1
Since b = 5~ 27

this case corresponds to b # 0. Equation (4.30) suggests trying a power
series solution of G (g4; u) = 0 of the form e, = ayp + agp® + ... Substituting into (4.30)

gives:

are(1—Aybay) p? + O (,u3) =0
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= stable

------- = unstable

Figure 4-1: Schematic of the supercritical pitchfork-type bifurcation which occurs in the
W§ (@) dynamics for 8 < 23" as = — (A4 + A_) increases through 0.

Comparing terms of order p? implies aje (1 — A1ba;) = 0. There are thus two possible

28'8 . . .
055 The first case gives the trivial solution,

€« = 0. The second case gives a nontrivial solution é of the form:

values of a1: a1 = 0 and a; = ﬁ =

é:%;ka(uQ)

From (4.31):

D: G(O;p) = en+O (p?)

D..G(Ep) = —ep+0 (47

For u < 0, 0 is stable and & is unstable, while for p > 0, 0 is unstable and & is stable.
Moreover, & scales linearly with u. As p increases through 0, 0 therefore loses stability in

24 = G (z4; p) through a transcritical bifurcation [4].

If p <28,28<0forpu<0andé >0for u> 0. It follows that for p < 0, the only
fixed point of the WOC (p) dynamics is 0, which is stable, while for p > 0, the fixed points
are {0,&, —£}, with 0 unstable and {&, —2} stable. Given 8 < 2, the fixed points of the
burster system are 0 for 4 < 0 and {O,yf,yf} for ;4 > 0. The correspondence between
fixed points of the WOC (p) dynamics and fixed points of the burster system therefore implies
that & can be identified with ¢; in this range. As p increases through 0, the transcritical
bifurcation in Z2; = G (z4; p) thus induces a supercritical pitchfork-type bifurcation in the
W¢ (1) dynamics, in which 0 loses stability creating the stable pair {1, —¢1}, where 1

scales linearly with p. A schematic of this bifurcation is given in figure (4-1). The values of
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Figure 4-2: Scaling of £1 and —e7 with p for 3 = 15. 3 < 2/3’, so this choice of 3 corresponds
to the supercritical linear pitchfork-type bifurcation (cf. fig (4-1)).

= stable

\ ------- = unstable

Figure 4-3: Schematic of the subcritical pitchfork-type bifurcation which occurs in the
W¢ (1) dynamics for 8 > 28" as p increases through 0.

e1 and —&; as a function of p are shown in figure (4-2) for 8 = 15. These were obtained by
varying « over an appropriate range and numerically solving the equation f () = h (—ex)

for e, > 0. The scaling of €1 with u seems to agree with the analysis.

If 3>25,2>0for u<0andé <0 for u> 0. It follows that for ;1 < 0, the fixed points of
the W§ (n) dynamics are 0, & and — , with 0 stable and {&, —&} unstable, while for p > 0,
the only fixed point is 0, which is unstable. Given 3 > 23, the fixed points of y = X (y; )
lying close to O are {O,y;,yg } for 4 < 0 and 0 for u > 0. The correspondence between
fixed points of the W () dynamics and fixed points of ¥ = X (y; ) therefore implies
that & can be identified with €5 in this range. As p increases through 0, the transcritical
bifurcation in 2y = G (z4; p) thus induces a subcritical pitchfork-type bifurcation in the
W¢ (1) dynamics, in which 0 loses stability destroying the unstable pair {e2, —e2}, where

g9 scales linearly with . A schematic of this bifurcation is given in figure (4-3). The values
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Figure 4-4: Scaling of e5 and —eg with p for 3 = 21. 3 > 2/’, so this choice of 3 corresponds
to the subcritical linear pitchfork-type bifurcation (cf. fig (4-3)).

of e and —e9 as a function of y are shown in figure (4-4) for § = 21. Again, the scaling of

€9 with p agrees with the analysis.

2. B =28

In this case, b = 0. G (e4; ) = 0 becomes:
epe, —eh e +0(3) =0 (4.32)

(4.32) suggests trying a power series solution of the form e, = am% + agpt + ... with g >0

to obtain a nontrivial solution. Substituting into (4.32) gives:

eay (1 — A+ea%) ,u% +0 (/LQ) =0

. 3. . 1
Comparing terms of order p2 implies ea; (1 — A+ea%) =0. Thus,a; =0ora; = :I:\/A—+6 =

3
+24/ %. The first case corresponds to the trivial solution €, = 0. The second case gives

a pair of nontrivial solutions {&, —¢} with:

Setting b =0 in (4.31) gives
D, G (ex; ) = €p — 3eAec? + 0 (2)

which leads to:
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= stable

------- = unstable

Figure 4-5: Schematic of the supercritical pitchfork-type bifurcation which occurs in the
W¢ (1) dynamics for 8 = 28" as p increases through 0.

D..G(0ip) = en+0 (1%

D.,G(Ep) = —2eu+0<ug)

¢ is stable, while 0 is stable for u < 0 and unstable for ;1 > 0. Moreover, ¢ scales like /ﬁ. As
o increases through 0, 0 therefore loses stability in 2y = G (z4; p) through a supercritical

pitchfork bifurcation [4].

€ exists for p > 0, where it is greater than 0. It follows that for p < 0, the only fixed point
of the W () dynamics is 0, which is stable, while for x> 0, the fixed points are {0, 2, —},
with 0 unstable and {&, —2} stable. Given 8 = 273, the fixed points of the burster system
are 0 for u < 0 and {O,yf,yf} for 4 > 0. The correspondence between fixed points of
the WOC (p) dynamics and fixed points of the burster system therefore implies that & can
be identified with e for 8 = 23’. As pu increases through 0, the supercritical pitchfork
bifurcation in Z2; = G (z4; p) thus induces a supercritical pitchfork-type bifurcation in the
W¢ (1) dynamics, in which 0 loses stability creating the stable pair {e1, —¢1}, where 1
scales like ,u%. A schematic of this bifurcation is shown in figure (4-5). The values of £;
and —e; as a function of p are shown in figure (4-6) for 5 = 18. The scaling of €1 with u

is seen to agree with the analysis.

In conclusion it has been shown during this section that given €, for |a — A4 3| small, the
origin of the burster system y = X (y, @) has a local 1-dimensional invariant set W¢ (c)

which maps into itself under the symmetry operator o, and is tangential to (A4, A4, 1)T
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Figure 4-6: Scaling of £1 and —e; with p for 8 = 18. 3 = 2/’, so this choice of 3 corresponds
to the supercritical square-root pitchfork-type bifurcation (cf. fig (4-5)).

at 0 in Ny when o = A;f3. As « increases through A, in 3 < 23’, 0 goes unstable
and {yf, yf} are created on W¢ (@), via the fixed point 0 of the W (o) dynamics going
unstable in a supercritical pitchfork-type bifurcation, which creates the stable fixed points
{e1,—€1}. As « increases through A3 in 8 > 23’, 0 goes unstable and {y;,yg} are
destroyed on W§ (), via the fixed point 0 of the W¢ (a) dynamics going unstable in a
subcritical pitchfork-type bifurcation, which destroys the unstable fixed points {e2, —€2}.
For 3 # 2/3', the pitchfork-type bifurcation can be attributed to a transcritical bifurcation
in the qur (a) dynamics, while for 8 = 23, it can be attributed to a supercritical pitchfork

bifurcation in the qur (o) dynamics.

4.1.3 Local dynamics on W{ ()

In order to obtain a fuller understanding of the bifurcation at the origin, it is useful to have
a more detailed picture of the local dynamics on WOC () in the immediate neighbourhood

of the origin for | — A4 3| small.

First consider the dynamics for 3 > 23" and | — A, 3| small. For 3 > 23" and a—A 3 <0
small, the fixed points of the burster system in the immediate neighbourhood of 0 are 0,
y3 and y,. 0 is stable in the W§ (a) dynamics and so as y3 lies on W (), this
means that W () must contain a I-dimensional local unstable manifold of y3 in Ny.
Recall from section 3.6.1 that y2i is a saddle node with a unique 1-dimensional C'*° local
unstable manifold WY, (), which is tangential to Sp {vgc2 (a)} at y3. If follows that
in the parameter range of interest, W () must contain WY, (a) in Ny. Moreover, as

WOC () contains a unique invariant manifold in both N and N_, it is also unique.
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Figure 4-7: Projection of the flow on W§ () in the neighbourhood of 0 onto the (r — [, ¢)
plane for 3 > 25" and o — A, 8 < 0 small.

For 8 > 23" and a— A 3 > 0 small, the only fixed point in the immediate neighbourhood of
0 is 0. 0 is unstable in the W' () dynamics, and so W§ (a) must contain a 1-dimensional
local unstable invariant set of the origin in the burster system. As the unique such unstable
invariant set of 0 in the parameter range of interest is the set W (a) introduced in section
3.6.3, W (a) must contain WY/ (e). Also, as W§ (a) contains a unique invariant set, it
must itself be unique. Figures (4-7)-(4-8) are schematics of the projection of the flow on
W¢ (@) in the neighbourhood of 0 onto the (r —I,¢) plane for 3 > 24" and |a — A4 f|

small, based on these arguments.

Now consider the dynamics for 3 < 23" and |a — A 8| small. For 8 < 23" and a—A 3 <0
small, the only fixed point of the burster system is 0. 0 is stable in the WOC () dynamics
and so W () is a 1-dimensional local stable invariant set of the origin in the burster
system. For 8 < 2/’ and a—A 8 > 0 small, the fixed points are 0, yf and y; . 01is unstable
in the W () dynamics and so W¢ () contains a 1-dimensional local unstable invariant
set of the origin in the burster system. Again, the unique such set in the parameter range
of interest is WV (a), implying that W¢ () contains WY (a), and is therefore unique.
Also, since W¢ () contains y=, W§ (a) must intersect a local stable manifold of y7 in
Nx. Figures (4-9)-(4-10) are schematics of the projection of the flow on W¢ (a) in the
neighbourhood of 0 onto the (r —1,¢) plane for 3 < 23" and |a — A, 3| small, based on

these arguments.
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Figure 4-8: Projection of the flow on W§ () in the neighbourhood of 0 onto the (r — [, ¢)
plane for 3 > 25" and o — A, > 0 small.

Figure 4-9: Projection of the flow on W§ () in the neighbourhood of 0 onto the (r — [, )
plane for 8 < 28" and a — A3 < 0 small.
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Figure 4-10: Projection of the flow on W () in the neighbourhood of 0 onto the (r — [, )
plane for 3 < 24" and o — A, > 0 small.

Using the analysis of this section together with the work of the previous chapter, the
provisional local bifurcation scheme for the burster system in the (5, «) plane shown in
figure (4-11) can be obtained. Also indicated on the figure are the fixed points of the

burster system, together with their stabilities.

4.2 The codimension 2 bifurcation at a = as, 5 = (5,

The bifurcation which occurs in the burster system y = X (y;a, 3, €) at y{c when (o, ) =
(a2, B5) will be examined in this section. Although this occurs in a region of the state space
where the vector field is smooth, and so is amenable to standard centre manifold theory, it
will be analysed fully in this case for completeness. The bifurcation at y;~ will be examined
first. The nature of the bifurcation at y; can then be inferred from the symmetry of the

system.2

Fix € > 0. Also fix an open set Rp of the (a, 3) plane containing (g, 35), and consider
the burster system y = X (y;, 8,€) for y € N.\P, (a,ﬂ)T € Rp. X is a C™ function

of both y and (a,3)” in this range. Let ¥1 = yi (a2, B5). Explicitly, ¥{ is given by

2As in the disussion of the pitchfork-type bifurcation in the previous section, the dependence of yii on
a and 8 will be generally supressed throughout this section.

136



o o=A
0 unstable +B
Yy, ¥, unstable

0 stable,
Y ¥, ¥, Y, unstable
Oy -
o a=T(B)
20/ 4 a=o,,(B)
0 unstable 0 stable
y,.y, stable
0 stable

y;. Y, stable;y’, y, unstable

0 28" B, B, B

Figure 4-11: Provisional local bifurcation scheme for the burster system. « = ag (0)
is a line of Hopf bifurcations at yf, a = T(P) is a line of saddlenode bifurcations at
yf, a = A;f is a line of pitchfork-type bifurcations at the origin. The pitchfork-type
bifurcation is supercritical for 8 < 23’ and subcritical for 3 > 23" (red line). Also shown
are the fixed points of the system.

T
yf = (%, %, €H) . Change to local parameter coordinates by setting a = o — as and

b= — fB,, and let

X (y;a,b,¢) = X (y;02 + @, By + b, €)
so that the burster system is y = X (y;a, b, €) in the new coordinates. In these coordinates,
the bifurcation at ¥ occurs when (a,b)” = (0,0)". Also, X (y;a,b, €) is a C* function of

y and (a,b)” for y € Ny\P, (a,b)" € Rp where Rp = Rp — (aa, 85). At (a,b)" = (0,0)7,
the derivative of X evaluated at yf, Dy)_( (yf; 0,0, e), is given by

-2 =2 (FT)H
DyX (57:0,0,¢) = D,X (700,806 = | 2 —2 (1Y),
—€ € 0

where (FT)H =T7 (amg (B),B) (cf. (3.71)). The eigenvalues of this matrix are —4 with

multiplicity 1, and 0 with multiplicity 2. The eigenvector corresponding to —4 is (1,1,0)”.
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The generalised eigenvectors corresponding to 0 can be taken as v (€) and we (€) where:

() 0
vo (6) = (FT I , Wo (6) = 4 (4.33)
1 GHPRE

Define the 3 x 3 matrix P (¢) by P (¢) = [(1,1,0)" v (¢) we (¢€)]. Then the matrix
A(e)=P (6)71 Dy)_( (yf; 0,0, 6) P (e)

is a normal form for Dy}_( (yf; 0,0, 6). Explicitly:

—4 0 0
A= 0 0 1 (4.34)
0 00

Now with the change of coordinates y — y’ = (+/,I,¢/)" defined by y' = y — ¥, the

burster system can be written as
y=F (y’; a,b, e)
where:
F(y';a,b,¢) =X (y/ +¥1:a,b, e) (4.35)

(Note that since X (y;a, b, €) is a C* function of y and (a, b)T fory € Ny\P, (a, b)T € Rp,
F (y';a,b,€) is a C™ function of y’ and (a,b)” for y’ € N, \P -5, (a, »)" € Rp.) A final

change of coordinates y’ — x defined by
x=(z,9,2)  =P(e) 'y +P(e) ' Di(e) ' Dz(e)a (4.36)

where a = (a,b)", Dy (€) = DyX (yf;o,(), €) and Dy (e) = DaF (0;0,0,¢) brings the

burster system into the following useful form

x =G (x;a,b,¢) (4.37)
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with:
G (x;a,b,e) =P (e) 'F (P (€)x—D1 (€)' Dy (€) aa, b, 6)

Since F (y';a,b, €) is a C™ function of y' and (a,b)” for y’ € N;\P — 57, (a,0)" € Rp,
there is an open set Ro of R3 containing 0 = (O,O,O)T such that G (x;a,b,¢) is a C™®
function of x and (a,b)” for x € Re, (a,b)” € Rp. For (a,b)" = (0,0)7, the change of
coordinates y’ — x is x = P (¢) 'y’, and so 0 is a fixed point of (4.37) corresponding to

the fixed point yf in the y coordinates. Write:
G (X;CL, b7 6) = (Gl (X;CL, ba 6) ) Gs (X;CL, ba 6) ) Gs (X;aa b7 6))T

Then as G (x;a,b,¢) is C* in x and (a, b)T for x € R, (a,b)T € Rp, G; (x;a,b,¢€) is also

C'™ over this range for 1 <7 < 3.

Now consider the 5-dimensional system composed of X = G (x, a,b;€) together with the

trivial equations @ = 0 and b = 0:

x = G (x,a,b;¢)
a=0 (4.38)
b=0

(O,O,O)T is a fixed point of this augmented system. Also, the vector field of the system
is a C*° function of (x,a, b)T for x € Re, (a, b)T € Rp. In particular, the vector field is
C* in a neighbourhood of (0, O,O)T. Using (4.35), it can be shown that in the (y’, a, b)T
coordinates, the derivative of the vector field of the augmented system evaluated at (0,0, O)T
is:

Dy () Da(e)

0ox3  O9xo

It follows that the derivative of the vector field of (4.38) evaluated at (0,0,0)” has the

form:

P(e)™" P(e)"' Di(e) Dy (e) Di(€) D (e) P(e) —D1(e) ' Dy(e)

023 Loyxo 0ox3  O2xo 02x3 Loyxo
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Evaluating this product and using (4.34) leads to the following expression for the derivative:

-4 0 0 0 0
0 0100
0 00 0O
0 00 0O
0 00 0O

In the x coordinates, the linearised augmented system thus has a 1-dimensional stable

manifold

Eﬁr: {(m,y,z,a,b)T:y:z:a:b:O}

and a 4-dimensional centre manifold:

EY, = {(aj,y,z,a,b)T rxr = O}

It therefore follows from the Centre Manifold Theorem that in the nonlinear augmented
system, (0,0,0)” has a C* 1-dimensional local stable manifold W, (e) tangential to EY,
at (0,0,0)” and a C* 4-dimensional local centre manifold W (€) tangential to E¢, at

(0,0,0)" [4]. Also, since the nonzero eigenvalue is negative, W, (€) will be attracting.

Now as W (e) is tangential to E, at (0,0, 0)7, it can be considered as a graph

{(h (y,z,a,by€),y, z,a, b)T}

over y, z,a and b, for H(y,z,a, b)TH small, where h is a C* function of (y, z, a, b)T with
h(0,0,0,0;¢) = 0, and % (0,0,0,0;¢) =0 for u =y, z, a and b. Setting =z = h (y, z, a, b; €)
in the equations for ¢ and 2 in (4.38) gives the following expression for the dynamics on

WE (e):

y = G2 (h (y7zaaab;6)ayuz)a7b;€)
z = GS (h (yazaaa b7 6),]/,2’,&, b) 6)
a = 0

b = 0
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Define z = (y,2)”. Then the y and z equations can be written as z = H (z,a, b; €) where

G2 (h (y7 2, @, bv 6) Y, 2,4, b; 6)
G3 (h‘ (y7 Z, @, b7 6) Y, 2,4, b) 6)

H (y7 z7a7 b; 6) =

Note that since Gy (x,a,b;e) and Gs(x,a,b;e) are C functions of (x,a,b)’ for x €

R, (a, b)T € Rp, H(z,a,b;¢) is a C* function of (z, a, b)T for H(z,a7 b)T‘ small. Also

0 1
H (0,0,0,0;¢) = and D,H (0,0,0,0;¢) =
0 0 0

The analysis of the augmented system (4.38) implies that given a fixed (a,b)” with

o.0]
small, for ||x| small, the nonaugmented system (4.37) has an attracting 2-dimensional C'*

invariant manifold Wﬁ (a,b,€) defined by:
W (a,b,€) = {x eR?: (x,a,0)" e WC (6)}

Moreover, (0, O)T IS VVSr (0,0, €) and Wl(it (0,0, €) is tangential to the plane {(33, v, z)T tT = O}
at (0, O)T. On Wﬁ (a, b, €), the dynamics is given by z = H (z;a, b, €), where H is defined
above. For (a, b)T with H(a, b)TH small, zZ = H (z;a, b, €) can be considered a small pertur-

0 1
bation of the system z = H (z;0, 0, €), the linear part of which is . The dynamics
0 0

of systems with this linear part have been analysed in detail by both Takens and Bogadanov
independently. The discussion here follows the summary of their results given in Chapter

7.3 of [25].

It is shown in [25] that the following 2-parameter families of 2-dimensional systems provide

a universal unfolding of z = H (2;0,0, ¢)

Y =27

_ (4.39)
Z=—pyg— i Z+Y?£YZ

in the sense that either the (4) or the (-) family provides a family of vector fields whose local
flows contain all possible small perturbations of the degenerate flow of z = H (z;0, 0, ¢), up
to a smooth change of coordinates. It is necessary to establish which of these families is
relevant to the given problem. This family will be referred to as the canonical family. It
follows that given (a,b)” with H(a, b)TH small, there will exist u; = p; (a,b) and py =
fi5 (@, b) such that the flow of z = H (z;a, b, €) local to (0,0)” will be equivalent to the flow
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of the canonical family local to (0, O)T, up to a smooth change of coordinates. Hence, for
a and b with H(a, b)TH small, one would expect to find a 1 to 1 correspondence between
curves in the (b, a) plane of bifurcations of z = H (z;a, b, €), and curves in the (p;, 15) plane

of bifurcations of the canonical family.

Recall that system (4.37) represents the dynamics of the burster system y = X (y;«, 53, €)
in the local spatial coordinates x and the local parameter coordinates (a, b)T. The analysis
of system (4.37) above therefore implies that given o and § with H(a,,B)T - (062,62)TH
small, for Hy -y H small the burster system has an attracting 2-dimensional C* invariant
manifold W, () in Ny, such that §7 € W, (a2, By, €) and W, (a2, By, €) is tangential
to the plane Sp {vc (€),we ()} at ¥, where vo (e) and we (€) are defined in (4.33).

r_ (ag,ﬁQ)TH small, there will exist pu; = p; (o, 5)

Moreover, given « and 3 with H(a, B)
and py = iy (o, B) for which the flow on W, () local to §; will be equivalent to the
flow of the canonical family local to (0, O)T, up to a smooth change of coordinates. This
implies that there will be a 1 to 1 correspondence between curves in the (5, ) plane of
bifurcations of = X (y; a) which occur on W (), and curves in the (piy, p15) plane of
bifurcations of the canonical family. Note that in the parameter range of interest, fixed
points y, (a, 8) of the burster system with ||y. (o, 8) — ¥ || small will lie on W, () and
correspond to fixed points of the VVSr () dynamics. It follows that there will be a 1 to
1 correspondence between such fixed points of the burster system and fixed points of the
canonical family close to (0,0)”. Moreover as W (@) is locally attracting, a fixed point

of the canonical system corresponding to a fixed point y. (a, 3) of the burster system will

be stable (resp. unstable) according to whether y, («, 8) is stable (resp. unstable).

The bifurcation set and local phase portraits of the (-) family of (4.39) is shown in figure
(4-12). In the (-) family, as p, increases through 0, a pair of fixed points r1 = (—,/fiz,0)
and ry = (\//72, 0) are created in a saddlenode bifurcation. ro is a saddle while rq is
created stable in y; < 0 and unstable in g; > 0. The curve py = uf in gy < 0 is a line
of supercritical Hopf bifurcations. As y, increases through p? in u; < 0, r1 goes unstable
and a stable limit cycle enclosing ry is created. The curve py = Hge (pq) = g—gul +0 (,u‘cl})
in 4y < 0 is a line of homoclinic bifurcations. As p, increases from u? to Hsc (pq) in
p1 < 0, the limit cycle increases in size and its period tends to infinity. At py = Hge (1y),
there is an orbit homoclinic to ry. For uy > Hge (1), the limit cycle does not exist. The
bifurcation set and local phase portraits of the (4) family can be obtained from the (-)

family by what amounts to a time reversal. Hence, in the (+) family, py = pu? will be
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Figure 4-12: The bifurcation set and local phase portraits of the (-) family of (4.39).

a curve of subcritical Hopf bifurcations with r; changing from unstable to stable as iy

increases through p3.

The fixed points and bifurcation curves of the burster system for o and 8 with H (v, ﬁ)T — (oo, ﬂQ)TH
small can now be matched up with those of the canonical system. The fact that yf and
y; are created in a saddlenode bifurcation at &« = T () means that the pair {yf,y;r }
can be identified with the pair {ri,ro}, while &« = T (8) can be identified with the p;
axis (see figure (4-11)). Moreover, since y;” undergoes a Hopf bifurcation at o = ay (),
y; can be identified with r; and y3 with re, while @ = ag (8) can be identified with
g = p3. Also, since yf can be identified with ry, it follows that, for o« and 8 such that
y, exists, yi € Wﬁ_ (av), and thus qur (c) is a local invariant manifold of y;". It was
argued above that ry is stable (resp. unstable) in the canonical family when yf is stable
(resp. unstable) in the burster system. Hence, since yf changes from stable to unstable
as « increases through ag (), it follows that in the canonical family, r; must change from
stable to unstable as j, increases through p# . This identifies the canonical system as the
(-) family. o = ap (B) is therefore a curve of supercritical Hopf bifurcations of the W, (ct)
dynamics. Hence, as Wﬁ () is locally attracting, the supercritical Hopf bifurcation at
a = ay (B) will create a limit cycle which is stable in the full 3-D system. This limit cycle

will be referred to in what follows as C.
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The existence in the (py, p9) plane of the curve py = Hge (144) of homoclinic bifurcations of
the canonical family at ro implies that there will be a corresponding curve oo = ay, (8, €) in
the (8, @) plane of homoclinic bifurcations of the W, (c) dynamics at y5. Moreover since
yo exists for (3, a) between @ = A, and o = T (B), @ = oy, (B, €) will lie between the line
a = A, B in B > ; and the union of the two curves o = ay (8) and a = a (3) in 8 > B2
As (B, ) approaches a = ay, (3, €) from the left, C will increase in size and approach y; .
At a = ap, (B,€), C4 will be homoclinic to y§ on qur (av), while for (8,a) to the right
of a = ay (B, €), C4+ will no longer exist. Finally, note that as the saddlenode bifurcation
at a = T (B) which creates y; and yj is a 1-dimensional bifurcation, it will occur on a
1-dimensional invariant manifold of the burster system lying in Wﬁ_ (). Also, since y;
is unstable for (8, a) lying between a = ay (8) and a = ay (8), W, (o) will contain a
2-dimensional local unstable manifold of yf in this range. This manifold can be identified
as WIE (a) for (B, a) between o = apy (8) and a = R, (8, €), and as W () for (B, )
between o = Ry (B,€) and o = ay (8), where W () and WY (a) are the unique
2-dimensional local manifolds of y;~ defined in section 3.6.1 (cf. figure (3-17)). W, (a)
thus contains a unique 2-dimensional manifold for (3, «) lying between oo = ay (8) and

a = a4 (), and so will itself be unique in this range.

To conclude-and by way of a summary-the symmetry of the system under ¢ implies that

the following will hold for a given e:

1. For o and 8 with H(a,B)T - (a2,62)TH small, the burster system y = X (y,a) has
an attracting 2-dimensional C™ local invariant manifold W (a) in N_, which can be
considered to be the image of W{, (a) under o. For (8, a) lying between o = o () and
a = a; (B), WE (a) contains y;, while for {a = az, 8 = 85}, W (a) is tangential to
the plane o Sp {vc (¢),wc (6)} at y;. Also, WY (@) is unique for (8, ) lying between
a=ayg(f) and a = ay (5).

2. As a increases through T' (), y; and y, are created in a saddlenode bifurcation on a
1-dimensional invariant manifold of the system lying in W (). This can be considered

to be the image under ¢ of a corresponding invariant manifold in qur (o).

3. As «a increases through ay (8), y; goes unstable in a supercritical Hopf bifurcation on

W (), creating a stable limit cycle C_ where C_ =l oC.

#The curve a = a4 (8) was defined in section 3.6.1 as the restriction of the curve o = T () to the range

(B3, 00).
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4. As (B,a) crosses a = ay (B,€) from left to right, C_ is destroyed in a homoclinic

bifurcation on W¢ () at y .

The Takens-Bogadanov analysis thus enables a full description of the bifurcations of the
burster system close to the codimension 2 point (a2, 55) to be proposed for a fixed e. In
order to construct a picture of the bifurcations of the system away from this point, the
Hopf, saddlenode and homoclinic bifurcations will now be examined in greater detail. This

will enable a full bifurcation diagram to be suggested for a with e small.

4.3 The Hopf bifurcation at o« = ay ()

The Hopf bifurcation which occurs at y;” when a = ag (8) for a given € will be examined
in this section. The properties of the bifurcation which occurs at y; for @ = ay (f) can

then be understood by using the symmetry of the system under o.

Fix ¢, > 0. Also fix ay, and aps with a_ (8) < am < ap(8) < apy and consider
the burster system y = X (y;a, 8,¢) for y € Ni\P, o € (am,an). At a = ag (B),
yf = (%, %, € H>T, which is independent of a. In keeping with section 4.2, write this as
¥1. Recall from (3.59) that the eigenvalues {1 (@), 115 (@) , pq3 (@)} of DyX(y7; @) are

p (@) = —(1+3(A1 (0, 8) +1)
pa (@) = 3 Al(avﬁ)Jr\/Al(a,ﬁ)z—46(Ff(a75)+FI(oz,B)) (4.40)
pig (@) = 5 (A1 (eB) — /A1 (. 8)? — de (TF (@0 ) + T (o 5)

where Ay (o, B) = yz1 (a 5)2 — 1. Also recall that the corresponding eigenvectors are

{(1, 1,0)",viz2 (), vis (a)}

where via () and vi3 () are given by:
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(Ff (o, 8) =Ty (0475)) fa3 (o) — (Ff (o, B) + T (OZ»B)) (112 (@) = pi11 ()
vig(@) = | (I] (a,8) =T7 (a, ) pz (@) + (TF (a, 8) +T7 (a0, 8)) (p12 () — pqq ()

(T7 (o, B) =TT (@, B)) a2 () —
) —T7 (a,8)) g (@) + (T (a, 8) + T (a,
2419 (@) (3 (@) — iy (@)

<
=+
£
I
—
H
=4
Q
=)

(4.41)

Let (,uj)H (B,€) = pyj (am (B),B,€) for 1 < j < 3. On the curve a = ay (8), A1 =0, and
so (4.40) implies

(“1)H (576) = —4
ie (T g + (7)1 (9)
()i (Bre) = —inJe((T])  + (1) (8)

=
S
3
=
o
I

where (FT)H =T (ag (B),B) and (T7) 5 (B) = I7 (am (B),8) (cf. (3.71) and (3.72)).
Introduce the vectors v (8, €) = Re {vi, (an (8),8,€)} and wy (8,€) = Im {v{, (an (8),B,¢€)}.
Setting o = ay (5) in (4.41) gives:

My 0 [ i
vHe (B’ 6) = \/ ey p L -2 y WH (576) = - (Fl_)H (6) (4'42)
—€ 4

These quantities allow the reduction of DyX (yf; am (B), 0, 6) to its Jordan normal form.
Define the 3x3 matrix P (ﬁa 6) by P (ﬁa 6) = [(17 1, O)T VH (ﬁa 6) WH (/87 6)] and write A (/87 6)
for the real 3x 3 matrix P (3, 6)71 DyX (yf; am (B), 5, e) P (B, ¢€). By construction, A (3, €)

has the form:

—4 0 0
A(B.e) = 0 0 \/6((F;F)H+(FI)H(5))
N AT I e ) 0

Bringing these results together, it is now possible to analyse the bifurcation that occurs on

a = ay (B). Change to local coordinates y’ by setting y’ = y — y7 (a, 3), and then perform
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the normal form change of coordinates y’ — x defined by x = (z,v, z)T = P (B, 6)71 y'.
Using a similar analysis to that of section 4.1, it can be shown that the following hold for

|l — ap (B)| small:

1. y{ has an attracting 2-dimensional C* local invariant manifold Wi () iny = X (y; ),
such that I/VllfL (cv) is tangential to the plane Sp{vy (8,¢),wu (3,€)} at y; when o =
ag (8). Also, in the normal form coordinates x = (z,y, z)”, W{L (@) can be considered as

a graph

{(h@z50),5.2)"}

(y,z)TH small, where h is a C* function of y and z such that (i)

h(0,0;c) = 0 Vo and (i) 32 (0,05 (8),8,€) = J2(0,0; a5 (8), B,€) = 0.

over y and z for

2. The dynamics on Wil () has the form {z =G(z;a) :z = (y, z)T}, where G (z; ) is a

0
C* function of z and « such that (i) G (0,0; @) = Va and (ii) D,G (0,0; ap (B) , B, €)

is given by:

0 \/E((FT)H""(F;)H(B))

D,G(0,0; « ,B,€) =
B N A s I e 0

(4.43)

The fixed point (0,0) of the Wi (e) dynamics corresponds to the fixed point y; of the

burster dynamics.

It was shown in 3.6.1 that yf is stable in the burster system for a < a7 (). This implies
that (0,0)7 is a stable fixed point of z = G (z; &) for a—ayy (8) < 0 small. It was also shown
that for o — agy (B) > 0 small, yf has a unique 2-dimensional C'**° local unstable manifold
WIE (a) (cf. figure (3-17)). In this range Wil (o) must therefore contain W (),
and so is itself unique. Moreover, (0,0)7 will be an unstable fixed point of z = G (z; c).
As D,G (0,0; o7 (B), B, €) has the form shown in (4.43), and (0,0)” becomes unstable in
z = G (z; ) as « increases through ag (3), it follows from the Hopf Bifurcation Theorem

that generically, there are two possibilities for the Wfi (o) dynamics [4]:

1. (0, O)T is a stable focus for a < ay (), and an unstable focus surrounded by a stable

limit cycle for o > ar (B) (supercritical Hopf).
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Figure 4-13: Projection of the stable limit cycle C onto the (r — [, &) plane for a = 108.62,
B = 1.5, ¢ = 0.001. This choice of parameters corresponds to a — a () ~ 0.008.

2. (0, O)T is a stable focus surrounded by an unstable limit cycle for o < ag (), and an

unstable focus for oo > ap () (subcritical Hopf).

In both cases, for |a — ay (8)| small, the limit cycle is approximately harmonic, and its
amplitude grows like /|a — ap (B)| [4], [27]. In keeping with section 4.2, the limit cycle
created by the Hopf will be referred to in what follows as C;. The Takens-Bogadanov
analysis of section 4.2 showed that the Hopf is supercritical for 5 — 55 < 0 small. Nu-
merical results suggest that the Hopf is in fact supercritical for all 5 > 0. As Wﬁ (o)
is attracting, this implies that V3 > 0, C; will be stable in the full burster system for
a — ag(B) > 0 small. Figure (4-13) shows the projection of C; onto the (r —1,¢)
plane for {« =108.62,8 = 1.5,¢ = 0.001}. This choice of parameters is equivalent to
a—ag () =~ 0.008, close to the bifurcation point. It can be seen that C; is an approximate
ellipse in this case, as predicted by the Hopf Bifurcation Theorem. Figure (4-14) shows
the projection of C; onto the (r — [, ¢) plane for {a = 110, 8 = 1.5, = 0.001}. This choice
of parameters is equivalent to a — ay () ~ 1.39 > 0.008. It can be seen that C; has

increased significantly in size and is now anharmonic.

In summary, given a fixed €, for |a — ay (8)| small, y{ has a 2-dimensional C*° local
invariant manifold Wil (a). Wi (a) is tangential to the plane Sp {vy (8,¢),wr (B,¢€)}
at y; when a = ay (8), where vy (8,€) and wy (3, €) are given by (4.42). Also, Wi ()
is unique for o > ay (B). Finally, as « increases through ay (8), yi loses stability in a

supercritical Hopf bifurcation on W{i (ax), creating a stable limit cycle C4. Note that the
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Figure 4-14: Projection of the stable limit cycle C onto the (r — [, ) plane for a = 110,
B = 1.5, ¢ = 0.001. This choice of parameters corresponds to o — ay () ~ 1.39.

uniqueness of Wil (a) for a > ay (8) means that for 8 — 85 < 0 small in this range, it
can be thought of as a subset of the invariant manifold W{, () introduced in section 4.2.

The symmetry of the system under ¢ implies that the following holds for a given e:

1. For |a — ay (B)| small, y; has a 2-dimensional C* local invariant manifold Wi (a),
which can be considered to be the image of Wi (a) under 0. W{l () is tangential to
the plane o Sp {vy (B,€),wn (B,€)} at y; when a = ay (3). Also, Wi () is unique for
a > ay (B), and can be thought of as a subset of W{ () for f — 35 < 0 small in this

range.

2. As « increases through ap (3), y; loses stability in a supercritical Hopf bifurcation on

WH (@), creating a stable limit cycle C_, where C_ = oC..

It was argued at the end of section 3.4.1 that for small €, trajectories of the burster system
cannot cross the plane P. As limit cycles are trajectories, it follows that for small €, C4

lies entirely in N, and C_ lies entirely in IV_.

4.4 The saddlenode bifurcation

The bifurcation which occurs at y{ when o = T'(8), 8 # 35 will be examined in this
section. Again, the properties of the bifurcation at y; when a = T' (), 8 # B, can then

be inferred by the symmetry of the system under o.
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[ 267 < B < B \ B> By |

() (Bi€) = = (1 +3((A1)r (B)+1)) <0 | (p1)p(B6) == (1 +3((A1)7(B) +1)) <0
()7 (B,€) =0 (12)7 (B, €) = (A1) (B) >0
(13)r (Bs€) = (A1) (8) <0 (13)r (B,€) =0

Table 4.1: Values and signs of {(u1)r (8.€) , (1) (8,) . (13)7- (3. ©)}.

Fix € > 0 and 8 > 28'. Also fix a,, and ap with 0 < oy, < T(8) < ay < ALS and
consider the burster system y = X (y;a, 8,¢) for y € N\ P, a € (am, apr). It was shown
in section 3.6.1 that the eigenvalues {/iy; (@) , figy (@) , pto3 (@)} of DyX (y3; ) are always

real and have the signs below:

{121 (@) <0, pigy (@) > 0, pgg () < 0}

Following the notation of 3.6.1, let {(1, 1,0)7 v (o), v (a)} be the eigenvectors of
DyX (y5; @) corresponding to {19; (@), poy (@) , f1g3 () }. As was stated in 3.6.1, y5 has
a unique 1-dimensional C* local unstable manifold WY, (a) which is tangential to v3, (ct)
at y2+ . y2+ also has a unique 2-dimensional C'*° local stable manifold W25+N () which is

tangential to the plane Sp {(1 1,0)7 vy (a)} at y5 , on which it is a stable node.

Write yf (8) = (xp (B) 7 (B) ,er (B))T for yf (T (B), B) and let the eigenvalues of Dy X (yf (B);T(B),p, e:
be {(p)r (B, €), (12)7 (B,€), (13) 7

y1 (a, B) in section 3.6.1 that {(y

~~

B,€)}. It then follows from the stability analysis of

2 (8:), (12)7 (B,€), (13) (B, )} have the values and
signs shown in table (4.1), where (A1), (8) = yor (3)2—1. Let the generalised eigenvectors

of DyX (yf (8);T (), B, e) corresponding to the eigenvalues {(1t1) 1 (8, €), (12)p (B, €), (3)p (B, €)}
be {(1, 1,0 vr (B,€), wr (8, 6)} It can be shown that vy (8, €) and wr (3, €) are given

~—

by
ar (B,¢) if 2B’ < B < By
vr (ﬁa 6) = .
bT(ﬁae) if ﬁ>ﬁ2
br (B,€) if 28" < B < By
wT (ﬁa 6) = .
aT(ﬁae) if ﬁ>ﬁ2
where
1 e(TF) £ (B) =2y (B)* (A1) 1 (8)
deyar (B)>
ar (f,¢) = 1 b (0, = | LGP, (4.44)
_ ()80 o
(1)) !
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and (I'7) . (8) =T{ (T'(8),B). Define the 3 x 3 matrix P (6, €) by
P(B,€) = [(1,1,0)" vr (B, €) wr (B, )]
and the 3 x 3 normal form matrix A (3, €) by:
A(Bre) = P (B,6)" DyX (37 (8); T (B),B,¢) P(B,e)

Table (4.1) then implies that A (3, €) has the form:

;

—(1+3((A)r(B)+1)) 0 0
0 0 0 if 28" << f,y
A(Bre) = ! 0 (Ba)r(B) (4.45)
—(1+3(A)r(B)+1)) 0 0
0 (A1) (B) 0 | if B>5,
\ 0 0 0

Perform the change of coordinates y — y’ defined by y' =y — §7 (8). Next perform the

normal form change of coordinates y' — x defined by
x=P 8,07y + P (B, DyX (37 (8);T(B).B.¢) " DaF (0;T(B),5,¢) (a— T (5))
where

F(y;o8,¢) =X (y’ +31 (8)0. B, 6)

and

(z,2,y)" if 28/ <B<p,
X =
(xvyvz)T 1f 5 > B?

Using a similar analysis to that of section 4.2, it can be shown that the following hold for

o = T'(B)| small, 5 # By:

1. y = X (y; ) has a l-dimensional C* invariant manifold W’ (e) such that 37 (8) €
WEP (T (B),B,€) and WP (T (B),B,€) is tangential to the vector ar (B,€) at 97 (8).
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Also, in the normal form coordinates x, Wlsf) (ax) can be considered as a graph

{(n(z0) 2 (,0),2)" )

over z for |z| small, where for i = 1,2, h; is a C* function of z such that(i) h; (0; T (5),5,¢€) =
0 and (i) G2 (0;7(8) .8, €) = 0.

2. The dynamics on WP (a) have the form 2 = G (2; @), where G (z; c) is a C* function
of both z and o with G (0;7 (8),5,¢) =0 and D,G(0;T(B8),5,¢) =0. At a =T () the
fixed point 0 of the WP () dynamics corresponds to the fixed point §i () of the burster

dynamics.

Since D,G (0;T (8),8,¢) = 0, it follows from the Saddlenode Bifurcation Theorem that,

generically, there are two possibilities for the Wlsf () dynamics.

1. There is a pair of fixed points of opposite stability in o < 7' (/3) and no fixed points in
a>T(6).

2. There are no fixed points in o« < T' (/) and a pair of fixed points of opposite stability in
a>T(B).

[4].

The burster system has the fixed point 0 for « < T' () and the fixed points {0, yf, Y1 y; Yo }
for a« > T (B8) (cf. figure (3-23)). Thus, since fixed points of the G (z; ) dynamics will
correspond to nontrivial fixed points of y = X (y; @) close to §7 (3), this suggests that case
2 above holds: as « increases through T (), two fixed points of the WP (o) dynamics of
opposite stability are created, corresponding to the fixed points yf and y; of the burster
system. Moreover, as the positions of yf and y; in the r = [ plane are determined by
€1 and &9 respectively, € can be used as a coordinate for the fixed points of the W{%P ()

dynamics.

The stability of e; and &5 as fixed points of the WP () dynamics for o — T (3) > 0
small can be determined by noting that since WP () contains y; and y3, WP () is a
local invariant manifold of both yf and y; . i.e. it is a heteroclinic connection of the two
fixed points [27]. Thus, since €1 and 2 have opposite stability, if Wlsf (a) is a local stable
manifold of y;, €1 is stable and &5 is unstable. Conversely, if WP () is a local unstable

manifold of yf, g1 is unstable and &5 is stable. Now when 28" < 8 < 35, yf is a stable
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Figure 4-15: Schematic of the projection of the flow on Wlsf onto the (r — [, ) plane for
small o — T () > 0 in the case 23 < 8 < f3,.

node for small v — T (8) > 0 (cf. figure (3-17)). In this range, WP () is therefore a local
stable manifold of yi, and so &1 is stable in the WP (o) dynamics. [Also, WP (a) is
a local unstable manifold of y; , and so must contain the unique such manifold WY, (c).
Moreover, as Wlsf) () contains a unique set, it is itself unique in this range]. For 5 > (5,
y; is a saddle node for small a—T (3) > 0 (cf. figure (3-17) again). It is possible to argue-
by contradiction-that Wlsf (c) is an unstable local manifold of y;, and hence that ; is
unstable in the WP (c) dynamics. Assume that WP (c) is a local stable manifold of y7.
It is then a local unstable manifold of y3, and must therefore contain WY, (o). Now as
a— T (B)+,ys — yi. Thus, since WY, () is tangential to v, (e) at y5 and WP ()
is tangential to ar (8, €) at y; when a = T (83), it would be expected that v, — ar (3, ¢€)
as a — T (B)+, implying that vr (5,€) = ar (8,¢). By (4.44), vr (8,€) = br (5,¢) for

B > [, giving the contradiction.

Figures (4-15) and (4-16) are schematics of the projection of the flow on WP (c) onto the
(r —1,¢) plane for small a —T (8) > 0 in the cases 2’ < 8 < 35 and 8 > 35, based on this
analysis. The exact values of £; and 3 as a function of « — T (3) for 8 = 21 and 8 = 30 are
shown in figures (4-17) and (4-18) respectively. These are obtained in each case by varying
a over an appropriate range and numerically solving the equation f(e,) = h(—e4) for
gx > 0. It can be seen from figures (4-17) and (4-18) that £; and 2 scale like /oo — T (53)

for small o — 7' () > 0, which is consistent with the existence of a saddlenode bifurcation
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Figure 4-16: Schematic of the projection of the flow on WISJP onto the (r —1,¢) plane for
small @« — T'(f) > 0 in the case 5 > (5.

0 0.5 1 1.5 2 25

o-T(B)

Figure 4-17: Scaling of ¢; and 2 with a — T (5) for 5 = 21.
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o-T(B)

Figure 4-18: Scaling of ¢; and 5 with a — T () for 5 = 30.

at a = T (B) [4]. Note that for |3 — 35| small, WP (a) can be thought of as a subset of

the local invariant manifold chJr (a) of y; introduced in section 4.2.

Using the results of this section together with the symmetry of the burster system under

o leads to the following conclusions about y; :

1. For |a — T ()| small, y = X (y; ) has a 1-dimensional C™ invariant manifold WP (),
which can be considered as the image of WP (a) under 0. W' (a) is tangential to the
vector oar (B,¢€) at y; for a =T (B). Also, WP () is unique for 28’ < B < 35, and can
be thought of as a subset of W (a) for |3 — B5] small.

2. As a increases through 7' (8), y; and y, are created on W () via a saddlenode
bifurcation in the W (a) dynamics which creates the fixed points {—e1, —e2}. For 23" <

B < B9, —€1 is stable and —ey is unstable while for 5 > (5 the stabilities are reversed.

4.5 The homoclinic bifurcation

Using the Takens-Bogadanov analysis, it was argued in section 4.2 that given € > 0, for
a and (B with H(a, BT — (a2,52)TH small, there exists a line of homoclinic bifurcations
a = ap, (B, €) in the (B, @) plane between the line a = A5 in 5 > §; and the union of the
two curves a = a () and @ = a4 () in 8 > [, such that as (3, ) crosses a = ay, (5, €)
from left to right, Ci+ is destroyed in a homoclinic bifurcation on WSE () at yQi. The

fact that the curves of Hopf and saddlenode bifurcations extend out away from the point
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(B9, 2) in the (B, ) plane suggests that the curve of homoclinic bifurcations may do the
same. Before addressing this issue, it will be useful to briefly summarise some results

concerning homoclinic bifurcations in smooth systems.

4.5.1 Homoclinic bifurcations of smooth systems

Consider the general 1-parameter family of systems x = F (x;u), with x € W where W is
an open subset of R™ for some n > 2, p € (uy, p1g) with —oo < py < py < o0, and
F : WX (uq, pg) — R™is a C* function of x and p. Assume that for each € (pq, p9), y (1)
is a hyperbolic saddle of x = F (x;u), and that for some p = i, X = F (x;u) has an orbit I’
homoclinic to y (1) which is bounded away from any other fixed points, and has no homo-
clinic orbits for p € (uy, pg) \ji. Further assume that y (u) is C* linearisable in x = F (x;1)
Y € (uq, o), and that the eigenvalues of DxF (y (i) ;i) are distinct. Homoclinic bifur-
cations in systems of this type will henceforth be referred to as regular homoclinic
bifurcations. Since the eigenvalues of DxF (y (i) ;1) are distinct, they can be divided
into two sets {l; : 1 <i <d,} and {m; : 1 <j < d,}, such that 0 < Re {l;} <Re{l;+1} for
1 <i<d,and 0 < —Re{m;} < —Re{mjq1} for 1 < j < d,. In %X =F (x;01), typical
trajectories which approach y (f1) as t — oo do so tangential to the eigenspace correspond-
ing to eigenvalues with Re {m;} = Re {m}. Similarly, typical trajectories which approach
v (i1) as t — —oo do so tangential to the eigenspace corresponding to the eigenvalues with
Re{l;} = Re{li} [4], [32]. There are then 3 possibilities for the behaviour of solutions
of x =F (x;i) close to I' according to the dimensions of these eigenspaces: 1) Both of
the eigenspaces are 1-dimensional, in which case the behaviour is typically 2-dimensional
(a saddle homoclinic orbit). 2) One of the eigenspaces is 1-dimensional and the other is
2-dimensional, in which case the behaviour is 3-dimensional (a saddle-focus homoclinic
orbit). 3) Both of the eigenspaces are 2-dimensional, in which case the behaviour is 4
dimensional (a bi-focus homoclinic orbit). In each case, the behaviour of x = F (x;u) in
a tubular neighbourhood of T" for |y — | small is determined by a quantity known as the
saddle index [4], [32]. If the homoclinic orbit is of the saddle type, the saddle index
0 is defined as 0 = —”;—11. If the orbit is a saddle-focus, the saddle index is defined as

0= —%ﬁnl} if mq is complex and ¢ = —R—gzh if 17 is complex. If the orbit is a bi-focus,

Re{mi}
Re{ll}

ing analysis is the bifurcation associated with a saddle homoclinic orbit. For the saddle

the saddle index is defined as § = — . The case that will be of interest in the follow-

homoclinic bifurcation, a single limit cycle is created at g which exists in either p < fi or
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Figure 4-19: Putative bifurcation diagram for small e. @ = Ayf is a line of nonsmooth
pitchfork bifurcations at 0. The bifurcations are supercritical for 3 < 23" (black line) and
subcritical for 8 > 24’ (red line). a = ay (B) is a line of supercritical Hopf bifurcations
at yi. o = T(B) is a line of saddlenode bifurcations at y. a = ay, (8,¢€) is a line of
homoclinic bifurcations at ygc. Identified attractors of the system are also shown.

p > p. If d, = 1, the limit cycle is stable for 6 > 1 and is a saddle for § < 1 [4], [32].

4.5.2 Homoclinic bifurcation of y = X (y; ) at o = «y, (5, €)

In section 3.4, it was argued on the basis of the existence of the slow manifold that for
small €, the only possible attractors of the burster system are limit cycles and fixed points.
For (8, ) lying between o = vy () in 5 < 31 and the line « = A5 in § > 3, the burster
system has no stable fixed points (cf. figure (4-11)). This suggests that C; and C_ will exist
in this range, where they are the attractors. Incorporating this observation leads to figure
(4-19) which shows the bifurcations and attractors of the burster system identified thus
far. It was also argued in section 3.4 that for a given 3, if « is sufficiently small, the origin
is the unique attractor. This implies that for a fixed 8 > 35 and e small, C+ is destroyed in
a bifurcation as « is decreased (cf. figure (4-19)). The bifurcation that destroys C+ must
be the homoclinic bifurcation at yQi for § — By > 0 small. Hence, since C1+ was argued to
be confined to N. for € small at the end of section 4.3, it seems reasonable to suggest that

the bifurcation will continue to be a homoclinic bifurcation at yéﬁ as 3 is increased from
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B5. This argument thus suggests that for a given small ¢, in the (5, «) plane the curve
a = ap, (B, ¢) will extend out from (s, a2) in the positive 5 direction between o = T ()
and « = A4S, and that the limit cycles C; and C_ will exist for (8,«) lying between
a=ag(B) and a = ay (8, €). Numerical evidence supports this hypothesis. Additionally,
numerics indicate that for each e small, oy (5,€) converges quickly to A4S as 8 — oo.
This makes the homoclinic bifurcation difficult to resolve accurately for large values of 5.
Additionally, 85 — (3, is very small (= 0.022614) which makes it hard to ascertain whether
the curve a = ay, (B, €) extends out into (8, Sy) or not. Write Sy (¢) for the minimum g
value of the curve in the (3, a) plane. Then for 5 < Sy (€), C+ is destroyed by the Hopf
bifurcation as « is decreased to 0, while for 8 > By (€¢), C+ is destroyed by the homoclinic

bifurcation as « is decreased to 0.%

Since X (y; @) is a C™ function of (y,a)’ on R3\P x IT and y&,C C Ni\P, the homo-
clinic bifurcation at yéﬁ for € small and 8 > (3, is regular, and so the analysis of section
4.5.1 can be used to determine some properties of the bifurcation. Keeping with the nota-
tion of 3.6.1, let {j9; (@), f1og () , g3 (ar)} be the eigenvalues of Dy X (y2i (o, B) ; ), and
{(1, 1,07 V(@) , vy (a)} be the corresponding eigenvectors. Also, denote the orbit of
vy = X(y;ap (B,€),,€) homoclinic to ygc (ap, (B,€),B) by Hy (B,€). Note that by the
symmetry, H_ (5,e) = cHy (5, €). It was shown in section 3.6.1 that uy; (), pgs (o) <0
and fige (o) > 0. The homoclinic bifurcation is therefore of the saddle type, with d,, = 1.
As was stated in section 3.6.1, the eigenvalue spectrum of Dy X (ygE (o, B); a) implies that
ygt (o, B) has a unique 1-dimensional C* local unstable manifold W, (o) which is tan-
gential to Sp {v22 )} at vy (a, B). Hx (B,€) must therefore intersect W&, (o, (8, €) , B, €)
in the system y = X (y;ap, (5, €) , 8, €), and so converges to y2i (ap (B, €), B) tangentially to
Sp {véﬁ2 (ap, (B €), B, e)} as 7 — —oo. Additionally, if po; (o, (B, €), B, €) < tos (ap, (B, €), B, €),
Hy (B, ¢) will converge to y3 (an, (B, €), §) tangential to Sp {V2i3 (o (Bs€), B,€) } as T — oo,
while if fig3 (v (B, €) . B, €) < gy (i (B €) , B, €), Hy (B, €) will converge to yy (au, (B,¢), 5)
tangential to Sp {(1, 1, O)T} as T — 00.

Figures (4-20) and (4-21) are plots of H, (B,¢) for {5 = 18.6375,¢ = 0.001}. For this
choice of parameters, po; (v, (B,€),8,€) < o3 (ap, (B,€),B,€). It can be seen that the
convergence of H, (8,¢€) to yg (ay (B,¢€), ) is tangential to Sp {v23 ap ( } as

T — 00, and is tangential to Sp {VQL2 (ap, (By€), B, € } as T — —o0.

Tt is being assumed here that there are no other bifurcations of the system for 8, < 8 < 3, other than
those predicted by the Takens-Bogadanov analysis.
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Figure 4-20: Projection onto the (r —[,¢) plane of Hy (5,¢€) for § = 18.6375, ¢ = 0.001.
Arrows indicate the direction of motion with time. «ay, (8, €) ~ 1242.26 for this choice of
and €.
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Figure 4-21: Close up of figure (4-20) about y; . The projections of Sp {v3, (an, (8,€), B, €)}
and Sp {v33 (o, (8,€),B,€)} onto the (r —,£) plane are also shown (coloured lines).
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Figure 4-22: Plot of /0, (o) against a on the interval (T'(8),A+3) for B = 18.6375,
e = 0.001. The dotted line indicates d, (a¢) = 1. The arrow indicates the numerical
approximation to ay, (3, €). [The quantity /0, () is plotted instead of d, (a) so that the
point at which §, () increases through 1 can be seen].

Since the homoclinic bifurcation involves the destruction of the stable limit cycle C., the
saddle index 0 (/3,€) must be greater than 1. Given a fixed e small and 8 > [ (€), this
restriction enables a range of existence of oy, (3, €) to be constructed, thereby reducing the
amount of numerical work necessary to approximate ay, (8,€). More explicitly, for each
T (B) < a < Ay, define the quantity J, () as below:

5 (@) = figo(c) b M2l (@) < pig3 () (4.46)

_“21_(0‘; if pog (@) < pgy (@)

oo (e

Then «y, (5,€) must lie in a subinterval of (T'(3),A+B) where J, () is greater than 1.
The union of these subintervals gives the possible range of existence of oy, (8, €). Figure
(4-22) is a plot of {/5, () against a on the interval (T'(8), A, 3) for the choice of 3 and
€ used to generate figures (4-20) and (4-21). a4, (5, €) is seen to lie in a small subinterval

of (T (8),A+5) close to A4S on which d, (a) > 1.
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Figure 4-23: Projections of C4 and Sjs onto the (r —1,¢) plane for « = 100, 8 = 1,
e = 0.001. C4 is in black, with the dots representing points spaced equally in time. Sps is
in red.

4.6 Relaxation oscillations and canards

Given a € II with (3, «) lying between o = gy (8) and ay, (B, €), define p, () by:

. () = max {€}— min {¢ 4.47
pol@)= max (e}~ min {c) (447)

p. (o) can be taken as a measure of the amplitude of C+ (). Numerical results indicate
that for small ¢, p, () is a monotonically increasing function of « for fixed {3, €}. Assume
€ is small. Then the existence of the slow manifold, Sy, suggests the possibility that
for sufficiently large p, (), C4+ can consist of parts lying on Sps (on which the dynamics
is slow motion along Spys) together with parts parallel to the (r,l) plane which connect
different regions of Sy (on which the dynamics is rapid motion in one direction). Figure
(4-23) is a plot of the projection of C; and the slow manifold Sy onto the (r —[,¢) plane
for {a =100,8 =1,e =0.001}, while figure (4-24) is a plot of a corresponding burster
time series, {b(7) =7 (1) —1(7): 7 > 0}. Figures (4-25) and (4-26) are similar plots for
{a=12000,3 = 27,¢ = 0.002}. The figures show that for both parameter choices, p, ()
is sufficiently large for C; to have the anticipated form. The rapid contractions onto Sy
are manifested as large jumps in the corresponding burster time series, as can be observed
in figures (4-24) and (4-26). The existence of the slow manifold thus means that for e

sufficiently small and « sufficiently large, y = X (y; ) is a relaxation oscillator [4]. In
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Figure 4-24: Plot of a burster time series {b(7) : 7 > 0} associated with C; for a = 100,
8 =1, e =0.001. Dots indicate points spaced equally in time.
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Figure 4-25: Projections of C; and Sys onto the (r —[,¢) plane for a = 2000, § = 27,

e = 0.002. C4 is in black, with the dots representing points spaced equally in time. Sp; is
in red.
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Figure 4-26: Plot of a burster time series {b(7) : 7 > 0} associated with C; for a = 2000,
B =27, e = 0.002. Dots indicate points spaced equally in time.

such parameter ranges, the limit cycle C1 (@) is a relaxation oscillation with 2 time scales:
a ‘fast’ time scale corresponding to rapid contraction onto Sys (e, 5) and a ‘slow’ time scale

corresponding to motion along Sys (e, ).

Numerical work indicates that given e small, for g > 35, C+ is always a relaxation oscil-
lation, while for small 3, p, () increases steadily with «, generating a steady transition
to a relaxation oscillation. This steady transition can be seen in figures (4-27) and (4-28).
Figure (4-27) shows a plot of p, () against & — ag (5) for {8 = 0.15,¢ = 0.001}. In figure
(4-28), a plot of a numerical estimate Dap. (o) of Dap. () against a — o (3) is shown
for the same choice of 3 and e.> The steady increase in p, () with « is characterised by

the monotonicity of the derivative Dyp, ().

The transition to a relaxation oscillation for intermediate values of § is more interest-
ing. Figures (4-29) and (4-30) are plots of p. () and Dup, (o) against o — ayr (3) for
{8 =0.75,¢ = 0.001}. For this choice of parameters, p, () increases steadily with « until

®Given the set of points

{Pe (Oélaﬂae) ) Pe (al + h7ﬂ7€)7' ce s Pe (al +Nh75a6)}
the numerical estimate Dap, (o1 + kh, 8,€) to Dap. (a1 + kh, B, €) is defined by

Dapg (061 + kh,ﬁ, 6) _ Pe (al + (k + 1) h7ﬁ7;) — Pe (al + khvﬁ7€)

forall 0 < k<N —1.
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Figure 4-27: Plot of p, (o) against a — ay () for 8 = 0.15, € = 0.001.

0.04
0.035 i
0.03} i
S o.025) |
<A 0.02- ]
0.015| i

0.01 B

0.005
0

0.2 0.4 0.6 0.8 1 1.2 1.4 1.6 1.8 2
OL-OCH(B)

Figure 4-28: Plot of a numerical estimate Dap, (o) of the derivative Dop. (c) against
a—ag (B) for B =0.15, e = 0.001.
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Figure 4-29: Plot of p, (o) against a — ay () for 8 = 0.75, e = 0.001.
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Figure 4-30: Plot of a numerical estimate ﬁap€ (a) of the derivative D,p, (o) against
a—ag (B) for =0.75, e = 0.001.
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Figure 4-31: Projection of C4 (black) and Sy (coloured dots) onto the (r — [,¢) plane for
a = 59.5328, 5 =0.75, e = 0.001.

at a critical value ac (8,€) of a, p. () suddenly jumps to a larger value. The sudden
increase in p, (a) at ac (5, €) can be seen to correspond to a local maximum of Dyp, ().
For oo > ac (B, €), the rate of increase of p, (o) is comparable to the rate of increase for

a < ag (B,€). The sudden jump in the increase of the amplitude of Ci is referred to

as a canard. Canards are associated with relaxation oscillators in which limit cycles can
interact with the slow manifold as a parameter of the system is varied [4], [30]. For the

purposes of this discussion, canards will be identified with local maxima of D,p, (c).

In the burster system, the canard can be understood by observing the evolution of the slow
manifold Sy as «v increases through the critical value. Figures (4-31)-(4-33) show how both
C+ and Sy vary as « increases through ac (5, €) for {5 = 0.75,e¢ = 0.001}. Figure (4-31)
is a plot of C4 and Sy for @ = 59.5328. This corresponds to o — ap () &~ 0.105, just
after the Hopf bifurcation. It can be seen that Sy; N Ny comprises C; , together with a
closed curve Cy. For this value of o, Cy is confined entirely to C; . Figure (4-32) is a
plot of Cy and Sjs for v = 59.8486. This corresponds to o — ag (8) ~ 0.42, just before
the critical value. Sy N Ny now consists solely of C;", where C;" has a double loop for
intermediate values of € > 0, and is asymmetric about the plane » = [. The change in the
shape of Sj; has occurred through the curve C’; intersecting C’f as « is increased through
some value @¢ (). The double loop form of C;" means that for o > ac (8), Cj" can be

subdivided into 2 portions (C’fr)L and (C’fr)R, on the basis of the projections of the loops
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Figure 4-32: Projection of C4 (black) and Sy (coloured dots) onto the (r — I,¢) plane for
a = 59.8486, 5 = 0.75, ¢ = 0.001.
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Figure 4-33: Projection of C4 (black) and Sps (coloured dots) onto the (r — I, ) plane for
a = 59.9539, 8 = 0.75, € = 0.001.
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Figure 4-34: Plot of p, (o) against a — apg (5) for 5 =15, ¢ = 0.002.

onto the (r — I, ) plane. (C’f)L is defined to be the part of C;~ connecting the origin to
the maximum of the leftmost loop, and (C’l+ ) 18 defined as Cih\ (C’l+ ) ;- For the value of

a corresponding to figure (4-32), only the region of (C’l+ ) ;, Closest to (C’fr ) is attracting,

R
thereby limiting the extent of C in the e direction. Figure (4-33) is a plot of C and Sys
for o = 59.9539. This corresponds to a — ay () =~ 0.52, just after the critical value. It
can be seen from the figure that all of (C’iF ) ; has now become attracting, resulting in a

sudden jump in the extent of C in the ¢ direction.

Numerical results indicate that for all values of 3 lying between 35 and some cut-off value
Bc ~ 0.615, Spr N N4 comprises the two curves Cfr and C’QJr for o — a (B) > 0 sufficiently
small. Moreover, there is some value & (8) > ag (8) at which C;" and Cy coalesce to
form the asymmetric double loop form of Cf . Additionally, given S~ < 8 < f35, for each
small € there is a value ac (8,€) > ac (B) of a such that ac (5, €) is a local maximum of
Dyp. (), corresponding to a sudden jump in p, (a). This jump appears to be attributable
to (C’iF ) ; becoming attracting, as in the example above. Figures (4-34)-(4-36) are plots
showing the canard for {5 = 15,¢ = 0.002}.

For B~ < B < By and € small, as « is increased from ag (), C+ thus becomes a relaxation
oscillation through a canard at o = i (3, €). Numerics suggest that for a fixed S < 5 <
Ba, ac (B, €) is an increasing function of € with ac (8,€) — ac (5) as € — 0. Additionally,

numerics indicate that ac (8) — ag (8) is a decreasing function of 5 on (8y,89) with
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Figure 4-36: Projection of C4 (black) and Sy (coloured dots) onto the (r — [,¢) plane for

a =1001.62, 8 = 15, e = 0.002. This choice of parameters corresponds to « just after the
critical value ac (8, €).
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ac (B) —ag (B) — 0 as 8 — (5. Also, for each fixed value of €, ac (8,¢) — ag () is a
decreasing function of 5 on (8o, B,) with ac (8,€) — ag (5) — 0 as § — (5. In terms of
curves in the (8, ) plane, @« = ac¢ (5) and o = ¢ (5, €) intersect at the codimension 2

point, and a = a¢ (B, €) converges to a = ac¢ () from above as € — 0.

4.6.1 Error time series associated with relaxation oscillations for 3, <

B < Byy ac (B,€) < a < 2.5¢/ and € small

Given Bo < B < By, for ac (8) < a < 2.5¢/, the slow manifold curves Cy (a, ) and
C; (o, B) appear to have the asymmetric double-loop form of figure (4-23), where in the
(r —1,¢) plane, C’l+ has greater extension in the positive r —[ direction than in the negative
r — [ direction, and by symmetry, C| has greater extension in the negative r — [ direction
than in the positive r — [ direction. This configuration of Cf and C| has an important
effect on the error time series {€ (7) : 7 > 0} corresponding to the post-canard limit cycles
which are observed for a and [ in this range with € small. Since ¢ = —e(r —1), the
contraction of C4 onto Cy parallel to the (r,1) plane results in & changing rapidly from
small and positive to large and negative. By symmetry, the contraction of C_ onto C
parallel to the (r,1) plane results in & changing rapidly from small and negative to large
and positive. This means that the error time series associated with C; and C_ for such
parameter choices in the range of interest consist of a slow drift away from ¢ = 0 followed
by a sudden switch to a faster return towards € = 0. Figures (4-37) and (4-38) show two
such error time series associated with Cy while figure (4-39) shows a time series of this
form associated with C_. The error time series are seen to have a ‘slow-fast’ form which

resembles jerk nystagmus (cf. section 1.1.3).

4.7 Bifurcations and attractors for small ¢

The results of this chapter and the previous chapter suggest the bifurcation diagram of the
burster system for small € given in figure (4-40). Also shown in this figure are the attractors
of the system. It can be seen from the figure that the dynamics of y = X (y; ) for small €
are organised by the codimension 2 points (26/, 2a’) and (S, a2). The point (51, 1) is not
a codimension 2 point, as may be inferred from the diagram. At (3, 1), three separate

bifurcations occur simultaneously: a nonsmooth subcritical pitchfork bifurcation occurs at
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Figure 4-37: Plot of an error time series {e(7) : 7 > 0} associated with C; for v = 90,
B =12, ¢ =0.001 (black). The corresponding velocity time series {¢ (1) : 7 > 0} is also
shown (red). € (7) has been rescaled to enable it to be compared with € (7) on the same
plot.
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Figure 4-38: Plot of an error time series {e (1) : 7 > 0} associated with Cy for a = 210,
B = 3, e = 0.003 (black). The corresponding velocity time series {& (1) : 7 > 0} is also
shown (red). & (7) has been rescaled to enable it to be compared with {¢ (7)} on the same
plot.
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Figure 4-39: Plot of an error time series {¢ (7) : 7 > 0} associated with C_ for a = 620,
B =9, e =0.002 (black). The corresponding velocity time series {¢ (7): 7 > 0} is also
shown (red). € (7) has been rescaled to enable it to be compared with € (7) on the same
plot.

the origin together with a pair of symmetry related supercritical Hopfs at yit. It should
be noted that since X (y;a) = X4 (y; @) Yy €Ny, the saddlenode and Hopf bifurcations
at yfc, and the homoclinic bifurcation at y2jE can be thought of as occurring in the smooth
system y = X4 (y; ). The nonsmooth pitchfork bifurcation at « = A3, however, is

specific to the piecewise smooth system y = X (y; «).

Figures (4-42)-(4-44) are schematic bifurcation diagrams showing how the w-limit sets of
the burster system evolve as the parameter ¢ describes three representative closed curves
in the (8, @) plane for a fixed small €, shown in figure (4-41). In the bifurcation diagrams,
for each choice of ¢, the corresponding values on the vertical axis are the minimum and
maximum ¢ values of the w-limit sets which exist for that a. Attractors are indicated
by solid lines and nonattractors by dotted lines. The saddlenode bifurcation in g < S,
is labelled ‘a’, the homoclinic bifurcation is labelled ‘b’, ‘c’ labels the Hopf, ‘d’ labels the
saddlenode bifurcation in 5 > 35, ‘¢’ labels the nonsmooth subcritical pitchfork bifurcation

and ‘f’ labels the nonsmooth supercritical pitchfork bifurcation.
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Figure 4-40: Bifurcations and attractors of the burster system for small e. « = AL is a
line of nonsmooth pitchfork bifurcations at 0. The bifurcations are supercritical for 3 < 23
(black line) and subcritical for 8 > 23’ (red line). o = iy (B) is a line of supercritical Hopf
bifurcations at y£. a = T (8) is a line of saddlenode bifurcations at yT. a = ay, (3, €) is a
line of homoclinic bifurcations at ygc.
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Figure 4-42: Bifurcation diagram corresponding to parameter path A in figure (4-41).
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Figure 4-43: Bifurcation diagram corresponding to parameter path B in figure (4-41).

Figure 4-44: Bifurcation diagram corresponding to parameter path C in figure (4-41).
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Figure 4-45: Bifurcations and attractors of the burster system for small e and 8~ < 8 < 2.
a = AyfB is a line of supercritical pitchfork-type bifurcations. « = ay (8) is a line of
supercritical Hopfs. a = a¢ (5, ¢€) is a line of canards. a = &¢ (f) is the limiting curve of
a=ac(B,€) as e — 0.

4.8 The effect of increasing ¢ from 0 to 0.05 for 5, < 3 < 23’

In this section the effect on the burster dynamics of increasing e from 0 to 0.05 in the
reduced range B, < B8 < 23 is discussed. The findings of this section will be used to
propose a description of the bifurcations and attractors of the burster system in an «

range p containing the physiological range Ilp.

Figure (4-45) is a proposed picture of the bifurcations and attractors of the burster sys-
tem for € small and B, < B < 28, including the canard, based on the findings of this
chapter thus far. Figure (4-45) was obtained by combining local analysis of the system
with the global information that can be inferred from the observation that trajectories are
constrained by the slow manifold for small €. As € is increased, trajectories are no longer
constrained by the slow manifold, creating the possibility of bifurcations and attractors
other than those shown in figure (4-45). In particular, the restriction that limit cycles

cannot cross the plane P no longer holds. The effect of increasing € for a > ay (B) is
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discussed first, followed by the effect of increasing € for o < ar ().

4.8.1 The effect of increasing ¢ from 0 to 0.05 in 8, < 8 < 28, a > ay (B)

For small ¢, the attractors of the system in this range are the pair of symmetry related
limit cycles C+ (o) (cf. figure (4-45)). An important consequence of increasing ¢ in this
range is that eventually C+ stops undergoing a canard as « is increased from 0 for a fixed 3.
Recall from section 4.6 that given e small, for each 8- < 3 < 2’, C+ undergoes a canard
at ac (B, €) > ac (B), characterised by a local maximum of D,p, (a) on (ac (B),00). The
natural objects of interest in section 4.6 were the curves of canards a = a¢ (8, €) in the
(B, ) plane. Since the idea in this section is to consider the effect of increasing e, the
natural object of interest is the surface of canards in («a, 3, €) space. This will be thought

of as the graph of a function e (a, ).

Properties of the surface € = ¢¢ (a, )

Given 3o < B < 28 and € > 0, define ay, (3,¢€) to be the maximum value of « such that
C+ (o) exists on (ac (B),«). (For € small, ay (8,€) = c0). Numerics indicate that for
B — B > 0 small, Dyp, (ac (B,€), 5, €) decreases with increasing e until at some critical
value € () of €, Dyp. () no longer has a local maximum on (a¢ (8),ar (B,€)). For
e > ¢(f), no canards are observed to occur as « is increased from o = a¢ (). Figures
(4-46) and (4-47) illustrate the termination of the canard through this mechanism for

B = 0.75. The decrease in Dyp, (ac (B,¢€), 5, €) as € is increased can be clearly seen.

For 3 greater than some cut-off BC ~ 0.9, the situation is different. D,p, () does not
evolve into a monotonic function on (&¢ (B) , ar (B, €)) as € is increased. Instead, the canard
keeps occurring until at some sufficiently large value of ¢, a bifurcation appears in which
C+ is destroyed as « is increased from ac¢ (). In addition to the destruction of C4 and
C_, this bifurcation also involves the creation of a g-invariant limit cycle. In keeping with
the notation above, write € () for the critical value of € at which the bifurcation begins to
occur. It follows that for all 8~ < 8 < 23, no canards occur for € > ¢(3). Given 3 with
Be < B <28, write a¢ (B) for lim_;8)— ac (B,€). The findings of this section can then

be summarised as below:

1. For a given € € <O, max(g_og/) € (ﬁ)), the curve a = a¢ (8, €) is the projection onto the

177



0.8

0.7
0.6
0.5F /
/
- /
B o4t
w
[N 1 2 3 4
0.3F
o — 1: €=0.0015
0.2 = — 2: €=0.0032
= — 3: €=0.0043
o1l — 4: €=0.0054
— : €=0.0065
0 L L L L L I}
59.5 60 60.5 61 61.5 62
o

Figure 4-46: Plots of p, (o) against « on (ac (8),ar (8,€)) when 5 = 0.75. The red line
corresponds to a value of € greater than € (3).
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Figure 4-47: Plots of a numerical estimate Do p, (a) of the derivative D,p, (o) against o
on (ac (B),ar (B,€)) when = 0.75. The red line corresponds to a value of € greater than
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Figure 4-48: Schematic of the canard surface € = ec (o, §) (see text for details).

(B, @) plane of the intersection of € = ec («, 3) with the plane e = ¢€'.

2. € = ec (a, B) is bounded above by the curve Ec = {(do (8),8,¢ (B : Bo < B < 25'}.

The projection of this line onto the (3, ) plane is the curve a = é¢ (5).
3. € = e¢ (e, B) is bounded below on the (8, «) plane by the curve a = ac¢ (5).

4. For BC < 8 < 2/, the canard surface intersects a surface of bifurcations on the curve E¢.
As « increases through é¢ (B) from ac (B) for € > € (), this bifurcation simultaneously

destroys {C+ (a),C_ (o)} and creates a symmetric limit cycle.

Figure (4-48) is a schematic of the surface € = e¢ (o, 8), while (4-49) is a schematic of a
cross-section through € = ec (a, 8) for a fixed B < 8 < 2/, to aid visualisation of the

surface.

Bifurcations in the range - < 8 <28, a > ag (), 0 < e <0.05

The discussion of the surface e = ¢ («, 3) in the previous section implies that any param-
eter path in (o, (3, €) space which crosses € = ec (o, ) will involve a canard. In particular,

for a fixed @ and 3 with 3, < B8 < 26" and ac¢ (8) < a < &¢ (B), increasing € through
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Figure 4-49: Schematic of a cross-section through the canard surface € = ec (a, §) for a
fixed 8o < B < 26

ec (o, B) will cause C4 to go through the canard ‘backwards’. For € > ec (a, 3), C+ will
no longer be a relaxation oscillation (cf. fig (4-45)). Figures (4-50)-(4-52) illustrate such a
parameter path for the case {a = 59.9539, 5 = 0.75}.

For a fixed o and 3 with 8o < B8 < 26" and a — a¢ (8) > 0 small, C+ (o) does not
go through the canard backwards as € is increased from 0. In fact, numerics indicate
that for such a choice of o and 3, the distance d (C+ (ax),0) between Cy () and the
origin 0 decreases as ¢ is increased, until C4 () becomes homoclinic to the origin at
some value €g (a, 8). Since X (y;a) = X4 (y;a@) Vy € Ny, and Cy () C Ny, Cy (o)
is homoclinic to 0 in the C* system y = X (y; a)when ¢ = e (o, ). Assuming that 0
is C! linearisable in y = X (y; ) for |e — e (o, 8)] small, the homoclinic bifurcation of
v = X, (y; ) at 0 when € = eg (@, ) is regular, and so the analysis of 4.5.1 can be used to
determine some properties of the bifurcation.®. It was shown in 3.6.3 that the eigenvalues

{M (@), X2 (), A3 (a0) } of DyX 4 (0; ) are

)\1(&) = -1
No(a) = 5(-1+A()
M) = 3 (-1-Aa)

®Recall from section 3.6.3 that for & > Ay, the C! linearisability of the origin in y = X, (y; ) cannot
be assumed from the extended version of Hartman’s Theorem.
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Figure 4-50: Plot of the minimum and maximum ¢ values of the limit cycle C; against €
for a = 59.9539, = 0.75. For this choice of a and 8, ac () < a < éa¢ (5). C+ can be
seen to go through the canard backwards as € increases through ec (a, ).
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Figure 4-51: Plot of a burster time series {b(7) : 7 > 0} associated with C for v = 59.9539,
B =0.75 and € = ¢; = 0.0092. Dots represent points spaced equally in time. €; < ec («, )
for these values of o and /3, as can be seen in figure (4-50) on which € is indicated. The
time series shows that C, is a relaxation oscillation for this choice of parameters.
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Figure 4-52: Plot of a burster time series {b(7) : 7 > 0} associated with C for o = 59.9539,
B =0.75 and € = e = 0.0195. Dots represent points spaced equally in time. €2 > ec («, 3)
for these values of a and f3, as can be seen in figure (4-50) on which es is indicated. The
time series shows that C+ is not a relaxation oscillation for this choice of parameters.

where A (o) = /1 — 4e (A4 + A_ (a, B)) (cf. (3.84)). Recalling the notation of 3.6.3, write
the corresponding eigenvectors of Dy X4 (0; ) as {(1, 1, O)T,wgE () ,wgt (a)} Writing
G4 (a, ) for the homoclinic orbit of the system y = X4 (y; o, 5, eg (o, 8)), the effect of
the symmetry can be expressed as G_ (o, ) = 0G4 (o, ). For a > AyB, Aa(ax) > 0
and A3 () < A () < 0. The homoclinic bifurcation at € = eg (e, 3) is therefore of
the saddle type, with d,, = 1 (cf. section 4.5.1). As was stated in section 3.6.3, the
eigenvalue spectrum of DyX4 (0; ) for o > AL implies that in this parameter range,
the origin has a unique 1-dimensional C* local unstable manifold W, () in the sys-
tem y = X4 (y; ), which is tangential to Sp {wgE (a)} at the origin. G4 (o, ) must
therefore intersect WY, (o, B, €g (@, B)) in the system ¥ = X4 (y;a, B8, ¢6 (o, 3)). In y =
Xy (v, By ec (a, B)), G+ («, ) thus converges to the origin tangential to Sp {W;: (o, B, ec (v, 5))}
as T — —oo. Also, since A3 () < A1 (a), G+ («, B) converges to the origin tangentially to
the stable manifold Ly as 7 — oo. It follows from these observations that in the system
vy = X(y;o, 8, ec (o, B)), both G4 (o, 5) and G_ («, ) intersect the 1-dimensional local

unstable invariant set WY (o, B, €c (a, B)) of the origin, defined by:

Wéj (o, Beq (, B)) = {Wéﬂr (o, Byec (a, B)) N N+} U {WOU_ (o, Byeq (o, B)) N N_}

(cf. section 3.6.3). Additionally, as 7 — —o0, G4 (o, ) will converge to 0 tangential to
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Figure 4-53: Projection onto the (r + 1, ¢) plane of G4 (a, 5) (black line) and G_ (a, ) (red
line) for o = 620, 8 = 9. Arrows indicate the direction of motion with time. eq (o, 8) =~
0.004823385 for this choice of o and S.

Sp {w;r (o, By e (av, B))}ﬁ]\hr and G_ («, 8) will converge to 0 tangential to Sp {WQ_ (o, By e (av, 6))}0
N_, while as 7 — o0, both G4 («, 5) and G_ (o, §) will converge to 0 tangential to L.
Figures (4-53) and (4-54) are plots of G4 («, 8) and G_ (v, ) for {a = 620, 5 = 9}. It can
be seen that the behaviour of the homoclinic orbits close to the origin is consistent with

these arguments.

Since the homoclinic bifurcation in y = X4 (y; ) at € = eg (o, 8) involves a stable limit
cycle, the discussion of section 4.5.1 implies that y = X4 (y; a) has no stable limit cycles
passing close to the origin for small € — €5 (o, f) > 0, and that the saddle index § («, [3)
is greater than 1. This means that for small € — eg (a, 5) > 0, the piecewise smooth
system y = X (y; @) has no limit cycles passing close to the origin which are attributable
to the existence of corresponding limit cycles in the smooth systems y = X (y;«) and
y = X_ (y; ). However, numerical work does indicate that for small € — e (o, 8) > 0, the
piecewise smooth system y = X (y; ) has a o-invariant limit cycle which passes close to
the origin, and that this is produced by the ‘gluing’ together of C; () and C_ («). Figures
(4-55)-(4-57) illustrate the gluing process for {a = 110, = 1.5}.

The simultaneous homoclinic bifurcations of the asymmetric limit cycles Cy and C_ at the

origin to form a symmetric limit cycle is very similar to a smooth bifurcation known as the
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plane are also shown (coloured lines).

(4-53) about 0. The projections of

C,(a)

Figure 4-55: Projection onto the (r — [,¢) plane of the pre-gluing asymmetric limit cycles
C+ (o) (black) and C_ () (red) for o = 110, 8 = 1.5, € = 0.004.
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Figure 4-56: Projection onto the (r — [, &) plane of the symmetry-related homoclinic orbits
G4 (o, B) (black) and G_ («, ) (red) for a = 110, 8 = 1.5, € = e¢ (a, 5) =~ 0.005076305.
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Figure 4-57: Projection onto the (r — [, &) plane of the post-gluing symmetric limit cycle
for o = 110, 8 = 1.5, ¢ = 0.006.
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Figure 4-58: Possible configurations of the gluing bifurcation in 3-D. (a) the figure-eight;
(b) the butterfly; (c) the saddle focus. (Reproduced from figure 12.6 of [4]).

gluing bifurcation. Gluing bifurcations are homoclinic bifurcations of smooth systems in
which a pair of limit cycles merge at a saddle point which has a single unstable eigenvalue
to form a large limit cycle [4], [33], [34], [35]. These bifurcations are typically observed in
systems possessing a reflection symmetry that maps a saddle point onto itself. For such
systems, the existence of an orbit homoclinic to the saddle point implies the existence of
another, which is the image of the first under the reflection. In 3 dimensions, the gluing
bifurcation can occur in one of three configurations. Two of these-the ‘butterfly’ and ‘figure-
of-eight’ configurations-are associated with a saddle homoclinic bifurcation, while the third
is associated with a saddle-focus homoclinic bifurcation (cf. section 4.5.1). Schematics of

the 3 possible configurations are given in figure (4-58).

As may be expected, the value of the saddle index ¢ is significant in determining the
dynamics for each of the configurations. If § > 1 gluing bifurcations occur in all 3 configu-
rations and the limit cycles involved are stable. If § < 1, a gluing bifurcation occurs for the
figure-of-eight configuration, but the limit cycles involved are unstable. No gluing bifur-
cation occurs for the butterfly configuration for § < 1. Instead a pair of homoclinic orbits
arise through a homoclinic explosion and no large-amplitude limit cycles exist beyond the
bifurcation point. No gluing bifurcation occurs for the saddle-focus configuration either for
0 < 11[4], [33], [34], [35]. The bifurcation which occurs in the burster system y = X (y; )
as € passes through eg (o, §) appears to be qualitatively equivalent to a smooth gluing

bifurcation of the saddle type with saddle index § > 1.

The observation that the saddle index 0 (o, ) > 1 for the homoclinic bifurcation of

y = X, (y; ) at the origin can be used to obtain a restriction on the value of g (o, 3) for
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a given a and (. Since A3 (o) < A1 (ax) <0, 6 (o, ) is given by:

_>\1 (O[,,B,Eg(a,ﬂ)) _ 2
>\2 (O[,,B,Eg(a,ﬂ)) _1+\/1_46G (Oé,ﬂ) (A++A— (avﬁ))

d(a,B) = (4.48)

It follows from (4.48) and A_ (a,8) = —F that & (o, 8) > 1 is equivalent to e (o, 3) <

éa (o, B) where:

2p

éG(O‘wB) = Ot—A+B

(4.49)

This implies that in (o, 3,€) space, the surface of gluing bifurcations € = eg («, ) lies
below the surface € = ég («, 5). The relation eg (a, 8) < ég (, 8) reduces the amount of

numerical work necessary to approximate eg («, 3).

In addition to the gluing bifurcation and the canard, there is a further global bifurcation
which occurs in the burster system as € is increased from 0 to 0.05 for a fixed o and
with B8~ < 8 < 28 and a > ac (8). This bifurcation has only been observed numerically.
It also produces a stable symmetric limit cycle, although the mechanism by which this
occurs is unclear and-unlike the gluing bifurcation-does not seem related to any global
bifurcations which occur in the smooth systems y = X, (y;a) and y = X_ (y; ). The
bifurcation will be henceforth referred to as the hard oscillation bifurcation, or H-
bifurcation for short. Actually, it appears that there are two different bifurcations which
might sensibly be designated ‘H-type’. In addition to the basic creation of a symmetric
limit cycle, the simultaneous destruction of the symmetry-related pair {C; (ar),C_ ()}
can also occur. The H-bifurcation which only involves the creation of the symmetric limit
cycle will be referred to as the type I H-bifurcation, while the H-bifurcation which also
involves the destruction of the asymmetric limit cycles will be referred to as the type I1

H-bifurcation.

For a given a and § in the range of interest, the value of € at which a type I H-bifurcation
occurs will be denoted €g («, 3), and the value of € at which a type IT H-bifurcation occurs
will be denoted €g (o, §). The existence of the gluing and H-bifurcations means that there
are choices of a for which the burster system has 2 distinct symmetric limit cycles. For
such parameter choices, the limit cycle with the greatest amplitude in the ¢ direction will

be labelled Co and the other limit cycle C;. More specifically, C; and Csy are labelled so as
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to satisfy:
€} — min e} > €} — min {¢e
pe e e e e

For parameter choices for which there is only one symmetric limit cycle, this will usually

be labelled Co, unless convenience dictates otherwise.

A natural question to ask is what happens to the surfaces of gluing and H-bifurcations as
« is varied for a fixed B8~ < 8 < 23’. Numerical work seems to indicate that the type
I H-bifurcation exists for all 0 < a < &¢ (5), with €g(a, 8) increasing without bound
as @ — 0+. Numerics also indicate that as « is increased from &c (f), the type I H-
bifurcation and gluing bifurcation both persist, with ez (o, 8) a decreasing function of «,
and € = eg (o, B) an eventually increasing function of a. Both bifurcations certainly exist
for ae (B) < a < 2.5¢/. For a fixed 8 with Bo < 8 < B¢, the type II H-bifurcation does
not occur. Also, as « — ag (8)+, eg(«,3) increases without bound. Figure (4-59) is
a schematic of the surfaces € = ec (o, ), € = eq (a, 8), € = ég (o, B) and € = eg (o, )
for B = 0.75, ag (B) < a < 2.5¢/, 0 < € < 0.05, based on numerics. Also shown are
the attractors in this range. Figure (4-60) is a bifurcation diagram obtained numerically
for a closed parameter path in the (a,€) plane for § = 0.75. Figure (4-59) is the typical
bifurcation picture observed in the («,¢€) plane for a fixed 8 with So < 8 < BC, and

ag (B) < a<2.5a/,0<e<0.05.

For a fixed 8 with BC < B < 28, both the type I and type II H-bifurcations occur.
Figure (4-61) is a schematic of the surfaces € = ec (o, ), € = eg (a, B), € = ég (o, 5),
e = es(a,B) and € = €g (, B) for B = 3, ag (B) < a < 2.5¢/, 0 < e < 0.05, based on
numerics. Also shown are the attractors in this range. Figures (4-62)-(4-65) are bifurcation
diagrams obtained numerically for parameter paths in the («,¢€) plane for § = 3. Figure
(4-61) is the typical bifurcation picture observed in the («,¢€) plane for a fixed § with
BC < B<2f,and ag (B) < a < 2.5¢/, 0 < € < 0.05. In this range, numerics suggest that
the surface of gluing bifurcations € = eg (o, §) and the surface of type II H-bifurcations
€ = €s (a, B) both intersect the canard surface € = ec (o, §) at the point (&c (8),€(5)) in
the (a,€) plane. It is the surface of type II H-bifurcations which terminates the canards
for BC < B < 28 (cf. section 4.8.1). The surfaces € = eg (o, 8) and € = €5 (c, 3) also
intersect the surface of type I H-bifurcations € = eg (o, §) at a point (& (8),es (@ (8),05))

in the (o, €) plane with ay (5) < & (8) < éc (8). The surface € = €g («, B) exists between
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Figure 4-59: Schematic of the global bifurcation surfaces for 8 = 0.75, ay (8) < a < 2.5¢/,
0 < € < 0.05, based on numerical results. Also shown are the attractors for this parameter
range, the parameter path used to generate figure (4-60), and the limiting surface ¢ =

éG (aaﬁ) of e = €G (avﬁ)‘
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Figure 4-60: Bifurcation diagram obtained numerically for a closed parameter path in the
(a,€) plane for f = 0.75. A schematic of the parameter path is shown in figure (4-59).
a = 60.0591 at aq, @ = 61.4275 at ap, € = 0.0001 at a4, € = 0.04 at . For each choice
of a, the corresponding values shown on the vertical axis are the minimum and maximum
€ values of the attractors which exist for that a. ‘a’ denotes the canard, ‘b’ denotes the
type I H-bifurcation and ‘c’ denotes the nonsmooth gluing bifurcation.
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Figure 4-61: Schematic of the global bifurcation surfaces for 8 = 3, ay (8) < a < 2.5¢/,
0 < € < 0.05, based on numerical results. Also shown are the attractors for this parameter
range, the parameter paths used to generate figures (4-62)-(4-64), and the limiting surface
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Figure 4-62: Bifurcation diagram obtained numerically for a closed parameter path in the
(o, €) plane for § = 3. A schematic of the parameter path is shown in figure (4-61) (solid
line). o = a1 = 207.6744 at a4, o = g = 209.6544 at ap, € = 0.001 at ay, € = 0.04
at ap. For each choice of a, the corresponding values shown on the vertical axis are the
minimum and maximum & values of the attractors which exist for that a. ‘a’ denotes
the canard, ‘b’ denotes the type I H-bifurcation and ‘c’ denotes the nonsmooth gluing
bifurcation.
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Figure 4-63: Close up of figure (4-62) to reveal the details of the canard and the type I
H-bifurcation which occurs between ag and a.
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Figure 4-64: Bifurcation diagram obtained numerically by varying a« between oy =
207.6744 and ao = 209.6544 for 8 = 3, € = 0.0054. A schematic of this parameter path is
shown in figure (4-69) (dotted line). For each choice of «, the corresponding values shown
on the vertical axis are the minimum and maximum ¢ values of the attractors which exist
for that «. ‘d’ denotes the type II H-bifurcation.
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Figure 4-65: Close up of figure (4-64) to reveal the details of the type II H-bifurcation which
simultaneously destroys the asymmetric pair {C4 () ,C_ (o)} and creates the symmetric
limit cycle Ca ().

the two points of intersection (& (f5),es (@ (5),0)) and (& (B),€(B)), while € = e («, 5)
exists for « < @(f) and o > &¢ (B). Numerics also indicate that as « — apg (8) +,
ec (o, B) increases without bound. Note that in both the  ranges considered above, the
curves € = €g (@, 8) and € = €g (o, ) can intersect, meaning that there are regions of the
(a, €) plane where C; and Co both exist, and regions where C; and C_ coexist with Co.
Figures (4-66) and (4-67) are plots of the attractors of the burster system corresponding
to both these situations. It should also be noted that the bifurcation picture of the burster
equations in the range S~ < 8 < 28/, ag (8) < a < 2.50/, 0 < € < 0.05 proposed here
seems to suggest that the surface of type II H-bifurcations is created by the surface of
gluing bifurcations intersecting the canard surface as 8 increases through Bc (cf. figures

(4-59) and (4-61)).

Numerics indicate that for 3 greater than some value B ~ 1.35, s (a, 3) > 0.05 for
a > &c (B). Consequently for a fixed o and 8 with B, < 8 < 28, a > é&c (B), only the
gluing bifurcation occurs as € is increased from 0 to 0.05: the canard and H-bifurcation do

not occur.
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Figure 4-66: Attractors of the burster system for o = 64.6, § = 0.825 and € = 0.02. This
choice of parameters corresponds to S < f < Bo, a < ac (B), es (o, B) < € < eq (a, B).
The attractors are the pair of asymmetric limit cycles Cy and C_ (black) produced by the
Hopf bifurcation at &« = apg (), and the symmetric limit cycle Co (red) produced by the
type I H-bifurcation at € = eg (v, 3).
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Figure 4-67: Attractors of the burster system for o« = 88.1822, § = 1.1591 and
e = 0.0338. This choice of parameters corresponds to 3o < 8 < 28, a > ac (B),
€ > eq(a,B) > es(a, ). The attractors are the symmetric limit cycle C; (black) pro-
duced by the nonsmooth gluing bifurcation at € = e (o, 8), and the symmetric limit cycle
Ca (red) produced by the type I H-bifurcation at € = eg (v, 3).
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Figure 4-68: Plot of an error time series {€ (1) : 7 > 0} associated with C_ for av = 408.0569,
B = 6, € = 0.0047 (black). The corresponding velocity time series {¢ (1) : 7 > 0} is also
shown (red). ¢ (7) has been rescaled to enable it to be compared with € (7) on the same
plot.

4.8.2 Error time series for 3, < 8 < 24, d¢ (B) < a < 2.5¢/ and € < 0.05

For € < €g (o, ) in this range, the attractors are Cy and C_. Thus since a > a¢ (f), if
eg (o, B) is not too large, then for € < eg (o, 8), C+ and C_ lie close to the slow manifold
S, and so are large-amplitude relaxation oscillations. Moreover, Sy has the asymmetric
double-loop form discussed in section 4.6.1, and therefore the corresponding error time
series {e (1) : 7 > 0} will have the associated slow-fast form, which resembles jerk nystag-
mus. As € — eg (o, ) —, the period of C+ goes to co as it becomes homoclinic to the
origin. The effect of this on {e (7) : 7 > 0} is that the waveform develops longer and longer
intervals on which € (7) ~ 0. This effect can be seen in figure (4-68) which shows a plot of
an error time series corresponding to C_ for a choice of ax in the range of interest at which
C_ is near-homoclinic. € (7) can be seen to resemble a jerk nystagmus waveform with an

extended foveation period (cf. section 1.1.3).

For € — e (a, 8) > 0 small, the symmetric limit cycle Cy created by the gluing of C; and
C_ has the form of a relaxation oscillation, as parts of it still lie close to S3;. Moreover, the
asymmetric double-loop form of Sj; means that the error time series associated with Co
are of slow-fast form, consisting of a slow drift away from € = 0 in the positive € direction

followed by a faster motion back towards € = 0 in the negative ¢ direction, and then a slow
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Figure 4-69: Projections of Cy (black line) and Sy (red dots) onto the (r — [, &) plane for
a = 209.6544, § = 3, € = 0.006.

drift away from € = 0 in the negative ¢ direction followed by a faster motion back towards
¢ = 0 in the positive ¢ direction. Figures (4-69) and (4-71) show projections of Ca and Sys
onto the (r — [, ¢) plane for two choices of a in the range of interest, while figures (4-70)
and (4-72) are plots of error time series associated with Cy for these parameter choices.
In both cases, ¢ () resembles a bilateral jerk nystagmus waveform (cf. section 1.1.3). As
€ — eq (o, B) +, the period of Ca goes to 0o as it becomes homoclinic to the origin. This
causes the same effect on {e(7): 7 > 0} as the homoclinicity of C4, with the waveform
developing increasingly long intervals on which € (7) ~ 0. Figure (4-73) illustrates this
effect, showing a plot of an error time series corresponding to Cy for a choice of av in the
range of interest, at which Cy is near-homoclinic. It can be seen that e (7) resembles a

bilateral jerk waveform with an extended foveation period.

As € is increased to 0.05 from eg («, 3), Co is progressively less confined to Sys, and so no
longer has the form of a relaxation oscillation. Consequently, the corresponding error time
series {e (1) : 7 > 0} lose the slow-fast form, and become increasingly sinusoidal. This
transition is illustrated in figures (4-74)-(4-77) which show the effect of increasing e for
{a = 408.0569, 8 = 6}. The figures indicate that increasing € seems to generate error time

series which resemble pendular nystagmus (cf. section 1.1.3).
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Figure 4-70: Plot of an error time series {e (7) : 7 > 0} associated with Ca for v = 209.6544,
B =3, e = 0.006 (black). The corresponding velocity time series {& (1) : 7 > 0} is also
shown (red). ¢ (7) has been rescaled to enable it to be compared with € (7) on the same
plot.
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Figure 4-71: Projections of Cy (black line) and Sy (red dots) onto the (r —,¢) plane for
a = 805.0171, B =12, € = 0.0065.
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Figure 4-72: Plot of an error time series {e (7) : 7 > 0} associated with Cy for v = 805.0171,
B =12, ¢ = 0.0065 (black). The corresponding velocity time series {& (7) : 7 > 0} is also
shown (red). ¢ (7) has been rescaled to enable it to be compared with € (7) on the same
plot.
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Figure 4-73: Plot of an error time series {e (7) : 7 > 0} associated with C, for a = 408.0569,
B =6, ¢ = 0.0049 (black). The corresponding velocity time series {£ (7) : 7 > 0} is also
shown (red). € (7) has been rescaled to enable it to be compared with € (7) on the same
plot.
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Figure 4-74: Plots of Cy in the (r — [,¢) plane for increasing values of € > ez (a, (), given
a and [ fixed at the values a = 408.0569, 8 = 6. The slow manifold Sy, is also shown (red
dots). €1 = 0.065, ea = 0.0214, e3 = 0.05.
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Figure 4-75: Plot of an error time series {e (7) : 7 > 0} associated with Co for o = 408.0569,
B =6, e=e¢ =0.0065 (cf. figure (4-74)).
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Figure 4-76: Plot of an error time series {e (7) : 7 > 0} associated with Cs for o = 408.0569,
B =6, €=e=0.0214 (cf. figure (4-74)).

Figure 4-77: Plot of an error time series {e () : 7 > 0} associated with Ca for o = 408.0569,
B =6, €=e3=0.05 (cf. figure (4-74)).
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Figure 4-78: Bifurcations and attractors of the burster equations for 8~ < 8 < 28/,
0<a<ag(f),0<e<0.05.

4.8.3 The effect of increasing ¢ from 0 to 0.05 in - < 3 <28, 0< a <
0954 (5)

As mentioned above, numerics suggest that for a fixed 8 with 3, < 8 < 2/, the surface
of gluing bifurcations € = eg (o, §) and the surface of type II H-bifurcations € = €g (a, [3)
do not exist in o < ap (f), while the surface of type I H-bifurcations € = eg («, ) does
exist in a < ay (5), with €g (o, ) becoming unbounded as « — 0+. Assume that o and
B are fixed with B < 8 < 28, 0 < o < A;B3. In this range, the attractor of the system
is the origin O for e small (cf. figure (4-45)). If eg (o, 5) > 0.05, no bifurcation occurs
as € is increased from 0 to 0.05, while if eg (o, ) < 0.05, the type I H-bifurcation occurs,
and so Cy coexists with 0 for eg (o, f) < € < 0.05. Now assume « and 3 are fixed with
Be < B <268, A8 < a < ag(B). In this range, the attractors of the system are the
pair of symmetry-related nontrivial fixed points y; and y; for € small (cf. figure (4-45)
again). If eg (o, B) > 0.05, no bifurcation occurs as € is increased from 0 to 0.05, while if
es (o, B) < 0.05, the type I H-bifurcation occurs, and so Cy coexists with y;” and yj for

€s (a, B) < € < 0.05. This discussion is summarised in figure (4-78).
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4.9 Bifurcations and attractors for o € II p

The work of the previous section suggests the bifurcation diagram of the burster system

for av in the range IIp defined by
Ip={Bc<B<28,0<a<25d,0<e<0.05)

given in figure (4-79) (cf. figures (4-61) and (4-78)). Also shown in this figure are the
attractors of the system, and the corresponding modelled nystagmus waveforms, where
applicable. IIp contains the physiological range IIp defined in (2.17). The bifurcation
diagram has been split into sectors labelled A-J for future reference. In the following,
these labels will be taken to represent the corresponding subsets of Ip in (a, B, €) space.

For example, A will be taken to represent the range:

{Be<B<28,0<a<AiB,0<e<min{0.05 €5 (c,3)}}
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Chapter 5

Analysis of the saccadic equations

This chapter is an analysis of the saccadic equations z = Z(z). The results described
here are based on knowledge of the behaviour of the burster equations y = Y (y) obtained

L' The first part of this chapter is similar to the first part

in the previous two chapters.
of chapter 3, examining the existence and uniqueness of solutions, symmetry and fixed
points. It is then shown that there is a one-to-one correspondence between attractors
of y =Y (y) and z = Z (z) for the parameter ranges considered in chapter 4, where the
attractors of y = Y (y) were found to be stable fixed points and stable limit cycles. Next it
is argued that the gluing bifurcation of the burster equations described in chapter 4 induces
a gluing bifurcation in the full saccadic equations. Following this, Fourier analysis is used
to approximate a relationship between the gaze and error time series associated with limit
cycles of z = Z (z). The approximation is in turn used to describe the morphology of the
gaze time series associated with stable limit cycles of Z = Z (z) in the parameter range IIp.
In particular, it is found that error time series resembling congenital nystagmus waveforms
correspond to gaze time series resembling the same type of waveform. The chapter finishes

with a suggested description of the attractors of z = Z (z) in the range f[p, analogous to

that obtained in chapter 4 (cf. figure (4-79)).

During the analysis of the saccadic equations in this chapter, much use will be made of the

projection operator 7 : RS — R3 defined through the 3 x 6 matrix:

'Recall that the equations %} = X (y) analysed in chapters 3 and 4 are obtained from y =Y (y) by
setting 7 = L.
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= ( 03x3 13 ) (5.1)

Clearly ¥x,y € R3, 7 (x,y) = y. It can be shown that 7 is linear, continuous and maps

open sets of R% to open sets of R3. Proofs are given in section A.2.1.

5.1 Vector field

Recall from chapter 2 that the vector field Z : Ré— RS of the saccadic equations is defined
by

Ax+B
7 (z) = Y (5.2)
Y (y)
where
L (—r—Arl® + F(e))
1
Y(y)=-Xu)=| ¢ (-l-9r’+F(-e)) (5.3)
—(r—=1)
and:
0 1 0
A = -P P P (5.4)
1
0 0 ~Tw
0 0 0
B =[P -P 0 (5.5)
1 -1 0
1 1
P = —+ = .
1 T + T (5.6)
1
P, = —— :
2 TTy (5.1
(Here x = (g,v,n)", y = (r,1,e)" and z = (x,y)” are the state vectors. Also, P; = 90 and

P, = 555%). The saccadic equations z = Z (z) can thus be expressed as the skew product

204



where (5.8) are the plant equations. Written explicitly, the full saccadic equations are:

g = v (5.10)
b = —Pw—Pyg+Pn+ P (r—1) (5.11)
0= —%njtr—l (5.12)
Po= % (—r —rl% + F(e)) (5.13)
| = % (=1 —~ir? + F(—¢)) (5.14)
e = —(r—1) (5.15)

It should be noted that as X is continuous on R®, Y is continuous on R® and so the
form of Z implies that Z is continuous on R®. Also, as X (0) = 0 where 0 = (O,O,O)T,
Y (0) = 0. Setting x =y =0 in (5.2) therefore gives Z (0,0) = (0,0)”. The origin
(O,O)T = (O,O,O,O,O,O)T is thus always a fixed point of the saccadic system z = Z (z).
This fixed point corresponds to a gaze angle and gaze velocity equal to zero. i.e. to the

eye being at rest in its natural resting position.

5.1.1 Smoothness of the vector field

It was established in section 3.1.1 that X is C* on R3\ P where P C R? is the plane defined
by P = {(T,Z,E)T eR:rleRe= ()}. AsY = %X, Y is also C* on R3\ P. Define the
hyperplane P CRS by:

P = {(g,v,n,r,l,e)T €R6:g,v,n,7’,l ER,&ZO} :R3 X P

The form of Z then implies that Z is C°° on the set R®\ P. Z is however not differentiable
at P since, as was shown in section 3.1.1, F' is not differentiable at 0. Z is therefore not

smooth at P, and so is a piecewise C'*° function about P. Note that 7P = P.
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Smoothness of the vector field as a function of z and «

It can be seen from the form of the saccadic vector field Z that the dependence of Z on
the parameter vector @ comes from the dependence of the burster vector field Y on a.
When considered as a function of both z and a, Z : R® x IT — RS, Z (z; ) can be written

as below:

Ax+ By
Y (y; o)

Z(z;a) =

It was shown in section 3.1.3 that X (y; ) is C* on R*\P x II. Since Y = 1X, it follows
that Y (y; @) is also C* on R?*\ P x II. The form of Z (z; ) then implies that Z (z; a) is
C° on RO\ P x 1I.

5.1.2 Existence and uniqueness of solutions of the saccadic system

It can be shown that the vector field Z is locally Lipschitz. A proof is given in section
A.2.2 of the appendix. Solutions of z = Z (z) therefore exist and are unique (cf. section
1.2). Additionally, solutions can be extended infinitely far forward in time. To show
this, it is first necessary to establish some notation relating to solutions of the unscaled
burster system ¥ = Y (y). Given y € R3, the maximal open interval on which the unique
solution y (¢) of y =Y (y) with y (0) = y exists will be written as Jp (y). Also, the flow
of y =Y (y) will be denoted by ¢. The relation 7 = é therefore implies that given y € R3,
Jp(y)=€J(y) and o (yt) = ¢ (y,%) Vt € Jp(y).

Returning to solutions of the saccadic system, for each z € RS, write Jg (z) for the maximal
open interval on which the unique solution z (t) of zZ = Z (z) with z (0) = z exists. Further,
denote the flow of zZ = Z (z) by v, the time set by T, and the t set by U; for each t € T.
It is now shown that Vz € R®, Jg(z) = Jp (7z). Since [0,00) C Jp(y) Vy € R3, this
implies that solutions of z = Z (z) can be extended infinitely far forward in time. i.e.

[0,00) C Js (z) Vz € RE.

Let 2o = (x0,¥0)" € RS, and define yg () by yr (t) = ¢; (yo) Vt € Js (yo)- Then yg (¢)
solves ¥ = Y (y) on Jp (yo) with yr (0) = yo. Now it can be shown that if r (¢) is a C!
function defined on some open interval (¢1,t2) containing 0 (¢; may be —oo and t2 may be

00), then the unique solution of the initial value problem {x = Ax+Br (t) : x (0) = X} on
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(t1,t2) is x, (t), where Vt € (t1,t2):

t
xy () = eAtfc—i—/ A=) Br () ds
0

Moreover, there is a constant Pc > 1 such that Vt € [0, ¢2):

Lt b _(=s)
1% (O)l, < Fe (e ™~ Hxllﬁ/0 e v HBr(s)!hd8>

A proof of this can be found in the appendix in section A.2.3. Since yg (t) is C*, this
means that the function xg (t) defined V¢ € Jp (yo) by

t
xp () = eAtx0+/ A=) Byp (s)ds
0

solves x = Ax+Byr (t) on Jp (yo) with xr (0) = x¢. Also, as [0,00) C Jg (yo), Vt > 0:
.t b s
e @l < 2o (7 ol + [ 5 Bya o)l as)
0

Define z (t) by zg (t) = (xg (t),yr (t))T Vt € Jp (yo). It then follows from the fact that
the saccadic equations can be written as the skew product (5.8)-(5.9) that zg (¢) solves
z=127Z(z) on Jp(yo) with zr (t) = zo. Hence Jp(yo) C Js(z0) and zgr (t) = 1 (20)
Vt € Jp(yo). Extend zg(t) to Js(zo) by setting zg (t) = (xg(t),yr )" = ¥, (z0)
Vt € Jg (zg). The skew product form of z = Z (z) implies that yr (¢) solves y = Y (y) on
Js (zo) with yr (0) = yo. Hence Js (z0) C Jp (yo) and so Jp (yo) = Js (2z9). This holds

for each zg = (xo,y0)” € RS, showing that Js (z) = Jp (7z) Vz € RS, as claimed.

Using the analysis of the saccadic system thus far, the following facts can be easily estab-

lished:

1. % is continuous.

2.T=R

3.VteR, Uy =R3 x U§ and v, : U, — (N (Ut> is a homeomorphism with @b[l =Y_,.

4.Vt >0, Uy = RS.

5. For z € RS and t,¢; € R such that ¢, (z),v;, (¢4, (2)) and ¥, ., (z) all exist,
Yy, (th (z)) = 4, 14, (z). In particular, given z € RS, Py, (wtz (z)) =Py 14, (2) VE1,t2 > 0.
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6. If z (t) is a solution of z = Z (z), z (t) is C* on Jp (7z (0)).

7. Given t € R and z = (x,y)” € Uy, ¥, (z) is defined by

Lt (Xa Y)
s () = (5.16)
o (y)
where:
t
Lixy) = eVt [ By, (3)ds (5.17)
0
Also, given z = (x,y)T € RS vt > 0:
Lt U (t=s)
1L ()1, < Pe ( i+ [T B )], ds> (5.18)

The form of 1, implies that for each t € R, w o1, (z) = ¢; o7 () Vz € Uy (or equivalently
for each z € R®, w0, (z) = ¢, o7 (z) V¢t € Jp(7z)). The projection operator 7 thus

semi-conjugates the time ¢ maps of z = Z (z) and y =Y (y). In particular:

mot, =pom:t>0 (5.19)

5.1.3 (C°° extensions of the vector field

Define the sets N+,]\7, C R by:

N,y = {(g,v,n,r,l,e)TeRG:g,v,n,r,lGR,EEO}:R3><N+ (5.20)
N_ = {(g,v,n,r,l,a)TeRﬁ:g,v,n,r,lER,ESO}:]R3><N_ (5.21)

Then RS = N, UN_ and N+QN_ = P. Also 7Ny = N. It will be useful in the analysis of
the saccadic system to extend Z| &, out into N_ and Z|; out into N, in such a way as to
generate two C'* vector fields Z and Z_ which agree with Z in N+ and N_ respectively.
This can be done easily by using the extended vector fields X, X_ : R? — R3. Define
Z,,Z_ :RS — R by
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Ax + By

Z,(z) = (5.22)
Y. (y)

7 (@) - | XY (5.23)
Y_(y)

where Y4 (y) = X4 (y). The relation Xy, = Xi|ny implies Y|y, = Yi|n,. Let z =
(x,y)" € Ny. Then y € N, and so Z (z) = (Ax+ By, Y (y)) = (Ax+ By, Y, (y))' =
Z. (z). This holds Vz € N, and so Z| N, = Z,| N A similar argument implies that
Ziy =7 |5y . As X1 is C® on R3, Y4 is C™ on R3. The form of Z4 therefore implies
that Zy is C™ on RS.

Smoothness of the extended vector fields as functions of y and o

Equations (5.22) and (5.23) show that the dependence of the extended saccadic vector field
Z . on the parameter vector @ comes from the dependence of the extended burster vector
field Y+ on a. When considered as a function of both z and a, Zy : RS x II — RS,

Z. (z; ) can be written as below:

Ax+By
Y. (y;)

Z, (z;a0) =

Recall from section 3.1.3 that X+ (y; ) is C™ on R3 x II. Since Yy = %Xi, it follows
that Y+ (y; a) is also C* on R? x II. The form of Z (z; ) then implies that Z. (z; @) is
C*> on RS x 1I.

5.1.4 Existence and uniqueness of solutions of the extended systems

z=272,(z)and z=7Z_(y)

As the extended vector field Z is C, it is Lipschitz, and so solutions of z = Z4 (z) exist
and are unique (cf. section 1.2.1). Given z € RS, denote the maximal open interval on which
the unique solution z4 (¢) of z = Z4 (z) with z4 (0) = z exists by J; (z). Additionally,
denote the flow of z = Z (z) by ¢, the time set by T4 and the ¢ set by U}i for each

t € Ti. Rescaling time in the extended burster system y = Y (y) via 7 = L gives the
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system Z—’T' = X (y) discussed in section 3.1.4. Given y € R3, write the maximal open
interval on which the unique solution y (¢) of y = Y, (y) with y (0) = y exists as J3 (y).
Also, denote the flow of ¥ = Y (y) by »T. The relation 7 = é therefore implies that
given y € R3, JE (y) = eJx (y) and * (y,t) = ¢F (y, %) Yt € Jg (y). Similar arguments
to those used in the discussion of the existence and uniqueness of solutions of z = Z (z)
together with the fact that Z. is C* on R® and Tt = R then allow the following facts to
be established:

1. Vz € RS, JZ (z) = JE (nz).
2. YT is C°.
3. Ty = R.

4. For each t € Ty, U = R3 x U and o : U — of (Uti) is a C'*° diffeomorphism with
-1 €
(i)™ =vZ

5. Given t € T and z = (x,y)” € U7, ¢ (2) is defined by

LF (x,
T . (5.24)
e (¥)
where:
t
L (xy) =Mt [ eMIBgE (v) ds (5.25)
0

Also, given z = (x,y)’ € RS, Vt € JE () N0, 00):

ot t_(t=s)
1L 9|, < Po ( ™ |lxl, + /0 B HBso;%y)Hlds) (5.26)

6. For z € RS and ¢;,t2 € R such that wi (z) ,wi (wi (z)) and wiﬂz (z) all exist,
Uiy V3, (2) = Visa, (2):

The form of ¢ implies that for each t € Ty, 7 o ¢f (z) = i o 7w (z) Vz € UF (or
equivalently, for each z € RS, moF (z) = g om (z) Vt € J;E (z)). The projection operator
7 thus semi-conjugates the time ¢t maps of z =74 (z) and y =Y, (y). Also, note that

Z+ (0,0) = (0,0)” and so the origin (0,0)7 is a fixed point of z = Z (z).
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The relation between the vector fields Z4+ and Z can be translated into a relation between
the associated flows wf and 1,. Using a similar argument to that at the end of section 3.1.4,
it can be shown that if z € RS such that (t1,t2) C Jg (z) with ¢, (z) € Ny Vt € (t1,t2),
then (t1,t2) C Jz (z) with ¢ (z) = 1, (z) Vt € (t1,12).

5.2 Physiological state space and attractors

The state space of the saccadic system z = Z (z) is R®. However, since 7 and [ are nonneg-
ative quantities, all biologically feasible trajectories of z = Z (z) must be confined to the

set S C RS defined by

=R3x S

>

where
S = {(r,z,s)T ER3:r,1>0,cc R}

is the physiological state space of the burster system y =Y (y) introduced in section 3.2
(cf. 3.18). S will be referred to as the physiological state space of the saccadic system.
As S is a positively invariant set of y =Y (y), S is a positively invariant set of the sac-
cadic system. Hence, since the trajectories of interest have initial conditions of the form
(9(0),0,0,0,0, Ag)T, these are confined to S for all ¢ > 0. This limits the possibility of

biologically unrealistic behaviour in the saccadic equations.

Recall from section 3.2 that-by assumption-all trajectories of the burster system y =Y (y)

are eventually confined to a compact set C' = C () C S of the form:
C = {(r,z,e)TeR3:ogr,lgaM,|e| §€M} (5.27)

(cf. (3.19)). It is possible to show that this implies the existence of an Mz = Mz () > 0,
such that all trajectories of the saccadic system z = Z (z) are eventually confined to the

compact set C' = C (a) C S, defined by
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where:
By (0) = {x e R?: ||x||; < M:}

A proof of this can be found in the appendix in section A.2.4. Since solutions of the
saccadic system z = Z (z) can be extended infinitely forward in time, and are by assumption
eventually confined to the compact subset C of the state space RS, z = Z (z) is eventually
compact. Given z € RS, denote the w-limit set of z in z = Z (z) by w (z). Then as discussed
in section 1.2.4, there is an index set Ig and a set of points {zi = (xy, yi)T (1€ IS} in RS
such that R can be written as the disjoint union Users [z;], and the w-limit sets as the

distinct collection {w (z;) : i € Ig} where for each i € Ig:
[z;] = {z eRC:w (z) = w(zi)}

Moreover, Vi € Ig, w(z;) is a compact, invariant set lying in C such that all points in [z;]
converge to w(z;) as t — oo. Conveniently, Ig can be chosen to be equal to I, where
Ip is the index set of the w-limit sets of the burster equations y =Y (y), as will now be

demonstrated.

It can be shown that given y € R3, w ((xl,y)T> =w ((x2,y)T) Vx1,%x2 € R3. Conse-
quently, for each i € Jg, [z;] = [(O, yi)T} . RS can therefore be written as the disjoint union
Uiers [(O,yi)T} , and the w-limit sets as the distinct collection {w <(0, yi)T> S IS}. It
can also be proven that 7w (z) = w (7z) Vz € R®. This in turn can be used to demonstrate
that given i1,i9 € Ip, [(O,yil)T} N [(O,yiQ)T} = ¢ if i1 # i3. The latter implies that Ig
can be chosen so that Ig C Ig. Choose such an Ig. Then it can be shown that Vi € Ig,
[(O,yi)T] =R3 x [y;]. Thus, [(O,yi)T] =R3 x [y;] Vi € Ip and so:

U [(O,Yi)T} = R x [y =R*x ] [yi] =R* x R® =RS

i€l i€l i€lp
Since RS = Uiers [(0, yi)T} is a disjoint union, this implies Is = Ig, as claimed.

In conclusion, R® can be written as the disjoint union Uie Iy [(O,yi)T}, and the w-limit

sets as the distinct collection {w ((O,yi)T> (i€ IB}, where for each ¢ € Ipg:

(0.y)"] =R x [y,
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Moreover, since mw ((O,yi)T> = w(y;) Vi € Ip, the projection operator m provides a
bijection from the set of w-limit sets of the saccadic system z = Z (z) to the set of w-limit

sets of the burster system y =Y (y).

Note that since the w-limit sets of z = Z (z) all lie in C, they must all lie in S. Thus all
fixed points, limit cycles and attractors of the saccadic equations lie in the physiological

state space.

Using the results concerning the w-limit sets of the saccadic system that have been stated
so far, it is straightforward to prove that if A = w ((0, yi)T> is an attractor of z = Z (z)
then mA = w(y;) is an attractor of ¥ =Y (y). The proof of this and the other results

stated here without proof can be found in section A.2.5 of the appendix.

5.3 Symmetry

Recall from section 3.3 that the map o : R? — R3 defined through the 3 x 3 matrix

01 O
c=110 0
00 -1

is a symmetry of the rescaled burster system vector field X. The equivalence of the solutions
of % = X (y) and y =Y (y) under the rescaling of time 7 — ¢ implies that ¢ is also a
symmetry of the vector field Y. This symmetry can be regarded as a consequence of a
corresponding symmetry of the saccadic vector field Z. Define the map ¥ : R® — RS
through the 6 x 6 matrix below:

-13 O
E _ 3 3x3 (528)

O3x3 O

Note that the form of ¥ implies 70 ¥ = g o w. Given z = (x,y)? € RS, ¥z = (—x,0y)”.
Hence, by (5.2):

Z(Sz) = Z (—x,0y) = —Ax+ Boy (5.29)

Y (oy)
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It was shown in section 3.3 that X oo = 0o X. Thus, since Y (y) = X (y), Yoo =00Y.
Also, by (5.5):

0 0 O 01 0 0 0 0
Bo=1| P —-P 0 10 0 |=| -~ P 0 |=-B
1 -1 0 0 0 —1 -1 1 0

Setting Y (oy) = oY (y) and Bo = —B in (5.29) gives:

—(Ax+ B
z(sz) = | V') Zsz)
oY (y)
This holds Vz € R, and so:
ZoY=%oZ (5.30)

¥ thus conjugates the vector field Z. Also, as 02 = 13, ¥? = 1. A similar argument
to that which showed o is a symmetry of X in section 3.3 therefore implies that > is a
symmetry of Z. Moreover, since ¥? = 1g, the symmetry group Gy generated by ¥ is
Gy, = {14,2}, which is isomorphic to Zs. The symmetry of Z under X simplifies the
analysis of the saccadic equations. In particular since z = Z (z) is eventually compact, the

discussion at the end of section 1.2.5 implies that z = Z (z) has the following properties:

1.Vt >0

Yo =%o1h:t>0 (5.31)

2. VieIp, Yw <(O,y¢)T> =w (Z (O,yi)T) and [Z (O,yi)T] =X [(O,yi)T}.

3. Z is a fixed point of z = Z (z) iff ¥z is a fixed point. Also, z is stable iff ¥z is stable,

while Z is unstable iff ¥z is unstable.

4. C is a limit cycle of z = Z (z) of period T iff ¥C is a limit cycle of period 7. Also, C is
stable iff ©C is stable and C is unstable iff C is unstable.

5. A=w ((0, yi)T> is an attractor of zZ = Z (z) with basin of attraction B <fl> iff ¥ (/l) =
w (Z (0, yi)T) is an attractor with basin of attraction X (B (fl))
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6. The set f (X) defined by

F(Z):{ZERG:ZZZZ}

is positively invariant.

(cf. the similar list in section 3.3). Properties 3-5 imply fixed points, limit cycles and
attractors of z = Z (z) are either symmetry invariant, or come in symmetry-related pairs.

Explicitly, the positively invariant set f (X) is given by

F )= {(fc,y,z,r,l,s)T (=, —y,—z, L —e) ! = (x,y, z,r,l,e)T}
from which it follows that f () is the line Lo where:
Lo ={(0,0,0,z,2,0) : 2 e R} (5.32)

Thus, Ly = 0 x Ly where L is the stable invariant line of 0 in y=Y(y). On Lo the

dynamics are described by:
. 1 2
T = —Z(l +yx®)x (5.33)

The system (5.33) has the unique fixed point x = 0. Additionally, & > 0 for z < 0 and
& < 0 for z > 0 and so x = 0 is globally attracting. In terms of the full system z = Z (z),

it can be concluded that Lg is a stable 1-dimensional manifold of the origin (0, 0)”.

In addition to conjugating the vector field Z, the symmetry map X also conjugates the
extended vector fields Z and Z_ introduced in section 5.1.3. To see this, let z = (x, y)T €
R®. Then by (5.22):

—Ax + Boy —Ax — By
Z. (Y2) = Z. (~x.0¥) = -

Y (oy) Y (oy)

It was shown in section 3.3 that X4 oo = o o X_. Thus, since Y4 (y) = 1Xy4 (y),

Y oo =00oY_. Substituting this into the above yields:
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—Ax — By 5 Ax + By
oY (y) Y_(y)

(5.23) therefore implies that Z (¥z) = XZ_ (z). This holds ¥z € R®, and so
Z,oY=Yo0Z_ (5.34)

as claimed. This conjugacy implies that for each z € RS, J5 (¥z) = J{ (z) with ¢, (3z) =
Sy;f (z) Vt € TS ().

Finally, the relation between the flows of z = Z (z) and z = Z (z) can be used to show that
Ly is a stable 1-dimensional manifold of the origin (0,0)” in z = Z. (z), with the dynamics

of z = Z(z) given by (5.33) (cf. the similar discussion at the end of section 3.3).

5.4 Fixed points

In this section the fixed points of the saccadic equations are characterised. Let z, =

(%4, ¥+)! be a fixed point of z = Z (z). Then (5.2) implies that x, and y, satisfy:

Ax,+ By, = 0 (5.35)

Y(y,) = 0 (5.36)

(5.36) shows that y, is a fixed point of the burster system y = Y (y). y« thus has the form
Ve = (L4, T4, 64)7 (cf. section 3.5). (5.4) implies that det (4) = —% = —ﬁ #0. Ais
therefore invertible and so (5.36) implies x, = —A~!By,. By (5.5):

0 0 O T4
By, = P —-P 0 T =0

Hence, x, = 0. Fixed points z, of z = Z (z) therefore have the form z, = (0,y,)” where
¥« is a fixed point of the burster system y = Y (y). (In terms of the projection operator
T, 24 is a fixed point of z = Z(z) iff 7z, is a fixed point of y =Y (y)). The analysis
of section 3.5 therefore implies that the possible fixed points of z = Z (z) are (0,0)” and
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z- = (O,yii)T, for 1 <7 < 2. By the definition of ¥, for 1 <1 < 2, z; = (O,y;)T =

)

(—0,0y7)" =% (0,y")" = 2/

+ - . . + + + +
Note that when z;~ is considered as a function of o, z;” = z; (o, f) as y; = y; (a, ).

Moreover, the region of existence of z;t in the (8, @) plane is the same as that of y?:.

5.5 Stability of the fixed points

During the first part of this section, the skew product nature of the saccadic equations is
used to relate the stability of a given fixed point z, = (0,y,)” of z = Z (z) to the stability
of the corresponding fixed point y. of y = Y (y). This analysis is used in the next section,
when discussing the relation between attractors of the burster and saccadic systems. Next,
the eigenvalues and eigenvectors of DZ. (0) are examined, showing that (0,0)7 is a hyper-
bolic fixed point of z = Z(z) iff 0 is a hyperbolic fixed point of y = Y (y). Finally, it is
demonstrated that 7 maps the local stable and unstable manifolds of z = Z(z) at (0,0)
to the local stable and unstable manifolds of y = Y_(y) at 0, when (0,0)” is hyperbolic.
This fact is used later on in the chapter when discussing gluing bifurcations of the saccadic

system.

5.5.1 Using the stability of y. to determine the stability of z, = (0, y*)T

It is shown here that the stability of a given fixed point z, = (O,y*)T of the saccadic
equations z = Z (z) is determined by the stability of the corresponding fixed point y, of
the burster equations y =Y (y). i.e. z, is stable (resp. unstable) according to whether y.

is stable (resp. unstable). The proof that z, is stable when y, is stable is presented first.

Proof that y,. stable implies z, stable

Assume that y, = (:L‘*,.’L‘*,E*)T is stable. To prove that z, is stable, it is necessary to
demonstrate that it is both Liapunov stable and quasi-asymptotically stable. It is first

shown that z, is Liapunov stable.

To prove that z, is Liapunov stable, it is required to show that for any e > 0, there is a

0 > 0 such that Vz € Bj (z«), ¥, (z) € B (z«) ¥t > 0. Let € > 0 be given. Since y, is stable,
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it is Liapunov stable. Hence, 3§’ > 0 such that Yy € By (y«), ¢, (y) € Bm (¥+)

Vt > 0. So fix § > 0 with § < min {5’, ﬁ} Let z = (x,y)” € Bs(z.). Then ||z — .|, =
|y =y = Il +lly =yl Thus, as |1z = z.]l, <6, xll, <6 and [ly =y, <.

The latter implies that y € Bs(y«) C By (y«), and so ¢, (y) € B c (y«) Vt > 0.
2PcTN 1By
Hence, for each ¢ > 0:
len () =zl = (B w0 3)) = (0,3

1
- H(Lt(XaY)>90t(Y)_y*)TH1

= Lyl + Ml (v) = vy
€

< L (x, 4+ -
H t( Y)Hl 2PCTN||BH1

Now Pc,Tn > 1. Also, ||B||; = 2P > 1. Thus, W < §, and so the expression
1

above implies that for all ¢ > 0:
€

19 (2) = zally <Lt (x,¥)l + 5 (5.37)

Consider ||L¢ (x,y)||;- (5.18) implies that for all ¢ > 0:

Lt t_(t=s)
ILy)l, < Po ( el + [ e uBsoS(y)Hlds)

IN

t S
Poe T (5+ [ s, <y>||1ds)

-t bt s
< (S [ B, 1 0s) (5.38)
0
Define yr (t) by yr (t) = ¢, (y) — y« ¥t > 0. Then for each t > 0:
By (y) = Byr (t) + By« = Byr (1)

Hence V¢ > 0, ||By; (y)lly = [|Byr ()|, < [[Blly lyr (lly < g It follows from (5.38)
that for all ¢ > 0:

|~

[
~

1 b s
ILy)ll, < Semv (1 v [ d5>
N Jo

~ (1 S (TNeﬁ _ TN)>
TN

|~

NN IO N NN e N NON e )
ml
N

Substituting into (5.37) implies that for all t > 0, ||1); (z) — z«||; < € and so ¢, (z) € Be (z«),
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as claimed. This holds for all z € B (z.), completing the proof that z, is Liapunov stable.

It is now shown that z, = (O,y*)T is quasi-asymptotically stable. To prove this, it is
necessary to show that there is a 0 > 0 such that Vz € Bj(z«), ¥, (2) — 2z« as t — oo.
Since y, is stable, it is quasi-asymptotically stable, and so there is a § > 0 such that
Vy € Bs(y+), ¢ (y) — y« as t — oo. Fix such a ¢, and let z = (x,y)T € Bs(zs). Then
as was established in the previous proof, |y —y«||; < J implying that ¢, (y) — y« as
t — oo. Define z(t) = (x(¢),y ()" by z(t) = ¢, (z) Vt € Jp(y). Also set zp(t) =
(x7 (t),yr ()" =2z (t) — 2, Vt € Jg (y). Then if it can be shown that zp (t) — (0,0)" as
t — oo, this will imply that 1, (z) — z. as t — oo. Since z (t) solves z = Z (z) on Jp (y),

Vit € Jp(y), x (t) and y (t) satisfy:
x(t) = Ax (t) + By (¢)
Hence, Vt € Jp (y):
xr (t) = Axr (t) + Byr (t) + By«
But By, =0, and so Vt € Jp (y):
X7 () = Axr (t) + Byr (1)

The discussion of the initial value problem {%x = Ax+Br () : x(0) = X} in section 5.1.2
therefore implies that V¢ > 0:

.t b _(=s)
Iz ()], < Pe ( o+ [ e HByT<s>||1ds)

Define Ug (t) by U (t) = ||Byr (t)||; ¥t > 0, and Ug (t) by Ug (t) = ¢ TN Vi > 0. It then

follows from the inequality above that for all t > 0
ot
loer (0)ly < Pe (7% [l + (U * U) (1)) (5.39)

where Up+UFE, represents the convolution of Ug and Ug [36]. Now ¥t > 0,y (t) =y (t)—y«.
Hence since ¢, (y) — y« as t — oo, yr (t) — 0 as t — oo implying that Up (t) — 0 as
t — oo. Also, Ug (t) converges to 0 exponentially fast as t — oo, and thus (Up * Ug) (t) — 0

as t — oo (cf. section A.2.6). (5.39) therefore implies that x7 (t) — 0 as t — oo, and so
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zr (t) — (0,0)7 as t — oo. Hence, 1, (z) — 2z as t — oo. This holds for all z € Bs (z,),

completing the proof that z, is quasi-asymptotically stable.

It has been shown that y. stable implies that z, is both Liapunov stable and quasi-
asymptotically stable, and therefore that z, is stable. In particular O stable implies that
(0,0)7 is stable.

Proof that y, unstable implies z, unstable

Assume that y, is unstable. To prove that z, is unstable, it is necessary to demonstrate
that it is not Liapunov stable. i.e. that there is an € > 0 such that V6 > 0, z € Bs (z,)
and ¢ > 0 can be found for which v, (z) ¢ Be(z+). Now since y. is unstable, it is not
Liapunov stable. Fix e > 0 such that V6 > 0, y € Bs(y«) and ¢ > 0 can be found for
which ¢ (y) ¢ Be(y«). Let 6 > 0 be given. Choose y € Bs(y«) and ¢ > 0 for which
¢ (y) € Be (y+), and define z € R® by z = (0,y)”. Then:

vv () =2l = [0 @) 00 ) = O3]
= H(Lt/ 0,y); ¢v (y)—y*)TH1

1L (0,3)[ly + e (v) = vy

Since @y (y) ¢ Be (¥+), ¢y (y¥) — y«ll; > €. Thus from the expression for |1y (z) — 24|,
above, Yy (z) — z«||; > €, implying that ¢, (z) ¢ Bc (2z+). Such a z € Bs(z) and ¢ > 0

can be found for all § > 0, completing the proof that z, is unstable.

It has been shown that y, unstable implies z, is unstable. In particular, O unstable implies

that (0,0)” is unstable.

5.5.2 Eigenvalues and eigenvectors of DZ. (0,0)

In section 5.3 it was shown that Z_ o ¥ = ¥ o Z,. Applying the chain rule to both sides

of this expression at z € RS yields:
DZ_(¥z)¥ =XDZ, (z)

Setting z = (0,0)” in the above gives
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DZ_(0,0) = ©DZ, (0,0) (5.40)

which implies that DZy (0,0) and DZ_ (0,0) have the same eigenvalue spectrum. From
(5.22), given z € R®, DZ (z) has the form:

(z)
DZ,(z) =
033 DY, (7z)

Setting z = (0, O)T in the above gives:

A B
DZ.(0,0) — (5.41)
03x3 DY, (0)

Write {p1,p2, p3} for the eigenvalues of A and {p1, p2, p3} for the corresponding eigenvec-

tors. It can be shown that p; = —Tll, po = —T%, p3 = —% and:
- =15 —Tn
pi=| 1 |[|.,p2= 1 |,ps= 1 (5.42)
0 0 Ty @ Ty)
({p1,p2,p3} have the following values: p; = —6%7172 = —83% and ps = —0.04). Also,

for 1 < i < 3 define \; by N = %)\i where {A1, A2, A3} are the eigenvalues of DX (0)
(cf. section 3.6.3). {5\1, A2, 5\3} are then the eigenvalues of DYy (0), with corresponding

eigenvectors {w;, w3, wj }. (5.41) thus implies that the eigenvalues of DZ (0, 0) are:

{p17p27p37 5‘17 XQ? 5‘3}

[37]. Since p1, p2, p3 < 0, this means (0,0)7 is hyperbolic in z = Z4. (z) iff 0 is hyperbolic
iny =Y, (y). Thus (0,0)" is hyperbolic iff v # A, 3. Also note that since A = Ay + A3,
Al = X2+ A3. The eigenvalues of DZ,(0,0) thus have a resonance of order 2 and so
Sternberg’s Theorem implies that the origin is at most C' linearisable. Moreover, the
extended Hartman-Grobman Theorem mentioned in section 1.2.3 cannot be used to show

that the origin is C! linearisable when o > A3, as A2 > 0 and A3 < 0 in this range.

Let {f){c, f)éc, f)gt, v“vfc, v“vét, v“v?jf} be the eigenvectors of DZ(0,0) corresponding to:
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{pl,pz,p3,5\1,;\2,5\3}

({f)f, f)gc, f)éc, v‘vfc, Wgc, Wgt} are taken to be the generalised eigenvectors when the eigen-

values are not distinct). By (5.41):
p; Ap; Pip; p;

DZ..(0,0) = = = pj
0 0 0 0

Thus, f);r can be set equal to p; def (pj, O)T for 1 < j < 3. It was shown in section 3.6.3
that wi” = (1,1,0)”. Hence:

0 Bwi Bwi
DZ.(0,0) = = (5.43)
wi DY, (0)wi Awi
By (5.5):
0o 0 0 1
BWT = P —-P 0 1 =0
1 -1 0 0
Substituting 0 for Bw{ in (5.43) gives:
0 0 . 0
DZ.,(0,0) = . =
W1+ )\1W1+ wf

v”vf can therefore be set equal to (O,WT)T = (0,0,0,1, l,O)T. Note that the form of v‘vfr

implies 7rv“vf = wf. In the generic case when {pl,pg,pg, 5\1, 5\2, 5\3} are all distinct, the

other eigenvectors {VIV; , v”vgr} are given by

A -1 ~ -1
— (A — )\213> BWSF — (A — )\313> ngr
Wy = Wy =
2 » 3
w3 w3
where w; and w3 are defined in (3.86). The forms of W5 and W3 imply that 7r\?\/j+ = WJJ-r
for 2 < j <3.

Let 1 < j < 3. (5.40) implies:
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DZ_ (07 0) Xpj =XDZy (07 0) Pj

bj

= DZ_(0,0) = p;jXD;
0
=0z (0,0 P |=p | ¥
0 0

= DZ_ (0, 0) ﬁj = pjfjj

f)j_ can therefore be set equal to p; for each 1 < j < 3. By using (5.40), it is possible
to show that {W7, W, , W3 } can be chosen to satisfy [W; w5 W3 | =X [v“vf’ Wy v?/;'] (cf.
the discussion of {wf,w;,wg} in section 3.6.1). In particular, W] can be set equal to
(O,UWT—)T = (O,WI)T = (0,0,0,1, 1,O)T. Note that 7w, = w; . Also, since ro¥ = oo,
in the generic case when {pl,pg,pg, 5\1, 5\2, ;\3} are all distinct, for each 2 < j < 3, 7w, =

J
~t) f ) — vt —
W(ij>—a(7rwj>—awj =w;.

It should be observed that when the dependence of Z. on « is being explicitly considered,
the Jacobian matrix DZ4(0,0) is D,Z(0,0; ), while the eigenvalues and eigenvectors
of the Jacobian attributable to the burster equations are functions of a, 5\1 = 5\1 (),

Wi =W (a), 1<i<3.

)

5.5.3 Local stable and unstable manifolds of z = Z, (z) at (0,0)"

Assume that o # A4 f, so (0, O)T is a hyperbolic fixed point of z = Z4(z). The semi-
conjugation of the time ¢ maps of z = Z1(z) and y = Y (y) by the projection operator 7
can be used to show that the local stable and unstable manifolds WgF and Wi ofy =Y, (y)
at 0 are the images of the local stable and unstable manifolds W; and W; of z="7,(z)
at (0, O)T under 7. It is proved here that W; = TFW; . Using a very similar argument, it
can be shown that WJ = WWJ The conjugacies Zy o3 =X oZ_ and mo X = g ow then

imply that Wg = ng and Wi, = WW[j

To prove W; = 7TVAVS+ , it is sufficient by the uniqueness of W; to demonstrate that WWJ
is a local stable manifold of 0 in y =Y (y). i.e. that WW; is positively invariant with
of (y) = 0ast — oo Vy € WW; Solet y € WW;— Then there is an x € R? such that

z=(x,y) ¢ Wg Hence, J4 (y) = J& (z) D [0,00). Now, as Wg is positively invariant,
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for all t > 0:

Ui (2) € Vg
= oy () € aW S

= o (y) € TWg
Also, since W; is a stable manifold of (0,0)”:
Ui (z) — (0,0)" ast — oo
However, 7 is continuous and so:

) (2) — 7(0,0)" ast — oo

=, (y) = 0ast— oo

It has been shown that given y € WW;, o (y) € WW; vt >0, and ¢} (y) — 0 as t — oo.

TFW; is therefore a local stable manifold of 0, as claimed.

5.6 The relationship between the attractors of the burster

and saccadic systems

Recall from section 5.2 that the projection map 7 provides a bijection between the set of
w-limit sets of z = Z (z), {w ((O,yi)T) (i€ IB}, and the set of w-limit sets of y =Y (y),
{w(y;):i€Ip}. Tt was stated at the end of section 5.2 that if A is an attractor of
z = 7 (z) then, 7 A is an attractor of y = Y (y). It follows that if to each attractor A of
v =Y (y) there corresponds an attractor Aofz=12 (z) with 7 A = A, then 7 provides a
bijection between the set of attractors of zZ = Z (z) and the set of attractors of y =Y (y).
The attractors of z = Z (z) can then be written as {flz =w <(O,yi)T> S IA} and the
attractors of y =Y (y) as {A; =w (yi) : i € Ia}, where I4 C Ip.

Let « lie in a region of IT where the attractors of y =Y (y) are either stable fixed points
or stable limit cycles. It was shown in section 5.5.1 that if y, is a stable fixed point
of y =Y (y) then z, = (0,y,)7 is a stable fixed point of z = Z (z). It is demonstrated

in this section that for each stable limit cycle C of y =Y (y), there is a corresponding

224



stable limit cycle C of 2 = Z (z) of the same period as C, with 7C = C. For « lying in
the regions of II discussed in chapter 4 (e small and ﬂp), the attractors of y=7Y (y)
are stable fixed points and stable limit cycles, and so the argument above implies that
7 provides a bijection between the sets of attractors of y =Y (y) and z = Z (z) in these
ranges. Consequently, the attractors of the saccadic system for such choices of e can be

inferred from the attractors of the burster system.

In the regions of IT discussed in chapter 4, each stable limit cycle of y =Y (y) is labelled
C4, C_, Cy or Cy. In the following, the corresponding limit cycle of z = Z (z) will be labelled
é+, CA,, Ci or Cy respectively.

Remark: Recall from section 5.3 that C is a stable limit cycle of z = Z (z) with period T'
iff ©C is a stable limit cycle of the same period. The relations 0Cy =C_,0C; = Cq, and
0Cs = Co therefore imply that E(f+ = (f_, Eél = él, and Eég = ég. To see that Eé+ = (f_,
assume Z(?+ #+ C_. It is shown that this gives a contradiction. Since (?+ is a stable limit
cycle of z =Z(z), Eé+ is also a stable limit cycle and so Eé+ € {é+,él,ég}. Hence,
moC, € {ﬂé+,ﬂél,WéQ} = {C4,C1,C2}. Now mo¥ = oo, and so 72C4 = onCy =
0Cy = C_. This implies C_ € {Cy,C1,C2}, giving a contradiction. Thus, ¥C, = C_ as

claimed. The other relations can be proved by using a similar argument.

5.6.1 Proof that stable limit cycles of y = Y (y) correspond to stable limit
cycles of z =Z (z)

Let C be a stable limit cycle of y =Y (y) of period T'. It is demonstrated here that there
is a stable limit cycle C of z = Z (z) of period T such that =C = C.

The first step is to show that if C is a limit cycle of y =Y (y) of period T, then there is a
corresponding periodic orbit Cofz=127 (z) of period T with 7C = C. To do this , fix some
yo € C, and define yg () = (rg (¢),ls (t),es ()" by ys (t) = ¢, (yo) for all t € R. Then
ys (t) is a periodic solution of ¥ = Y (y) with period T.. As yg (¢) is C!, this means it can

be expressed as a vectorised complex Fourier series

ys(t)= > ype*er! (5.44)

k=—o00

where the y;g s are the Fourier coefficients, and wp = 2% is the fundamental frequency [36],
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38]. For each k € Z, write y7 as:

yi=1| 1§ (5.45)

Define bg (t) by bs (t) = rg(t) — ls (t) ¥t € R. Then by (5.44) and (5.45), bg (t) has the

Fourier series

o0
b (t) = Y bpetert (5.46)
k=—oc0
where:
by =7y — 13 (5.47)

So consider the 1st order system below:

A (1) + %n () = bs () (5.48)

The transfer function of this system is H,, (s) where:

1
H, (s) = L (5.49)
TN

It therefore follows from linear systems theory that the function ng (¢) defined on R by the

Fourier series

o0
ns(t)= Y Hy,(ikwr)bye™r* (5.50)

k=—o00

solves (5.48) on R [36]. Thus, V¢ € R:
) 1
ng (t) = —T—ng (t) +rg (t) —lg (t) (5.51)
N

Next, consider the 2nd order system:

G(t)+ P1g(t) + Pog (1) = Pans (t) + Pibs (t) (5.52)
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The transfer function of this system is Hy (s) where:
1
(s + T%) <s + T%)

Additionally, (5.46) and (5.50) imply that the right-hand side of (5.52) has the Fourier

Hy(s) = (5.53)

series expansion below:

Pong (t) + Pibg (t) = Z (P, + PyH,, (ikwr)) b eikort

k=—o00

Consequently, it follows from linear systems theory again that the function gg (¢) defined

on R by the Fourier series:

gs () = > Hy(ikwr) (P + PyHy (ikwr)) by et (5.54)

k=—o00

solves (5.52) on R. Thus Vt € R:

gs (t) = —Pigs (t) — Pags (t) + Pang (t) + Py (rs (t) — s (t)) (5.55)

Define the function vg (¢) by:
gs (t) = vs (t) (5.56)

(5.54) implies that this has the Fourier series expansion:
o0

vs (t) = Y (ikwr) Hy (ikwr) (Py + PoH, (ikwr)) by ™! (5.57)

k=—o0

Also, (5.55) implies that Vt € R:
Vg (t) = —Pyvg (t) — Pags (t) + Pong (t) + P (7“5 (t) —lg (t)) (5.58)

Finally, define x5 (t) by x5 (t) = (g5 (t),vs (t),ns (t)) V¢t € R, and zg (t) by zs (t) =
(x5 (t),ys (£)T V¢t € R, and set xg = xg(0) and zg = zg (0) = (x0,y0)’. Then since
vs (t) solves y = Y (y) on R, and the elements of xg () satisfy (5.51), (5.56) and (5.58) on
R, zg (t) solves the saccadic equations z = Z (z) on R, with zg (0) = zo (cf. (5.10)-(5.12)).
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Moreover, xg (t) can be expressed as the vectorised complex Fourier series
o0 .
xg (t) = Z xy ethwrt (5.59)
k=—o00
where for each k € Z:
Hg (z’kwT) (Pl + PH, (z’kwT))

= | (ikwr) H, (ikwr) (P, + PoyHy, (ikwr)) | 0h (5.60)
H,, (ikwr)

S
Xk

(5.59) implies that xg (¢) is periodic with period T', from which it follows that zg (¢) is
periodic with period T'. Since zg (t) solves z =Z (z) on R with zg (0) = zo, z5(t) =
Y, (2zo) YVt € R. Hence, ¢ (z9) = zs(T) = z5(0) = zg. Also, ¢, (z9) # 2z for all
0 <t < T. [Assume that there is some 0 < ¢’ < T with ¥, (z0) = z9. Then 7Yy (z0) =
mzo = @y (Yo) = Yo. But yo € C, which is a periodic orbit of period T, so this gives a
contradiction.]. Tt follows that the set ¢ C R® defined by

C={t;(z0):0<t<T}
is a periodic orbit of z = Z (z) with period T'. Also:
7C = {mip, (20) : 0 <t < T} ={g, (yo): 0<t<T}=C

This completes the first part of the proof.

It will be useful later on to be able to express the Fourier coefficients x3 of xg (¢) in a

slightly different way. As yg (t) solves y =Y (y) on R, V¢ € R:
és (t) = —bs (t) (5.61)

(5.44) and (5.45) imply that g (¢) has the Fourier series expansion:

[e.e]
es(t)= Y eie’™r

k=—o00

Hence by (5.61), bg () has the Fourier series expansion:
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[e.9]

b (t) = — Y (ikwr)eper!
k=—o00
Comparing this expression with (5.46) implies that Yk € Z, b7 = — (ikwr) 5? . It s

convenient to introduce the functions Ty (s) and T}, (s)

Ty(s) = —sHgy(s)(P1+ PH,(s)) (5.62)

T,(s) = —sHp(s) (5.63)
because it then follows from (5.60) that Vk € Z:

Tg (z’kwT)
= | (ihwr) T, (ikwr) | <X (5.64)
Tn (ikwT)

S
k

In conclusion, zg (t) can be written as the Fourier series

e Xf .
()= > | |
k=—00 Y&

where for each k € Z, Xf € R3 is given by (5.64) and y,f € R3 is given by (5.45).

It is now shown that 96 > 0 such that for each z € N (@,6), there is a z’ € C with
Y, (z) — 1, (2') as t — oo. This implies that C is a stable limit cycle. Since C is stable,
30 > 0 such that for all y € N (C,0) there is a y’ € C with ¢, (y) — ¢, (y') as t — oc.
Fix this 0. Let z = (x,y)’ € N (é,d), and define z (t) = (x (¢),y (¢))" by z(t) = ¢, (z)
Vte Jg(z). Asze N (é,é), there is a 2 € C with ||z — 2|/, < §. Thus, |7 (z — 2)||;, < =
ly — 7z||; < (cf. section A.2.1). 7z € C, and so this implies y € N (C,d). Hence, Iy’ € C
with ¢, (y) — ¢; (y') as t — oo. Choose x' € R3 such that z’ = (x,y’)" € C, and define
zs (t) = (xs(t),ys (t)" by zs (t) = o, (2) Vt € R. Also set zr (t) = (x7 (t),y7 (£)' =
z(t) —zs(t) Vt € Jg(z). Then Vt € Jg(z), yr (t) = ¢ (y) — ¢; (y'), and so yr (t) — 0
as t — o0o. Hence if it can be shown that x7 (t) — 0 as ¢ — oo, this will imply that

Yy (2) — Py (2') as t — oo.
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As 7 (t) solves 2 = Z (z) on Js (2), ¥t € Jg (z), x () and y (t) satisfy:
% (t) = Ax (t) + By ()
Hence, Vt € Jg (2):
X5 (t) + % () = Axg (t) + Bys (t) + Axr (t) + Byr (1)

But zg (t) also solves z = Z (z) on Jg (z), and so Xg (t) = Axg (t) + Bys (t) Vt € Js (z). It

follows from above that V¢ € Jg (z):
X7 (t) = Axr (t) + Byr (t)

The discussion regarding solutions of the initial value problem {%x = Ax+Br (¢) : x (0) = X}

in section 5.1.2 therefore implies that V¢ > 0:
ot t_-s)
e (0 < P (7% fpe=xll + [ 1By (o) s
0

ot
Define Ug (t) by Ug (t) = ||Byr (t)||; ¥t > 0 and Ug (t) by Ug (t) = e ™~ ¥Vt >0, as in
section 5.5.1. It then follows from the above inequality that V¢ > 0:

Ixz (B, < P (aﬁ x|, + (U «Ug) (1)) (5.65)

yr (t) — 0 as t — oo implying that Up (t) — 0 as ¢t — oo. Also, Ug (t) — 0 exponentially
fast as t — oo and so (Up * Ug) (t) must converge to 0 as t — oo. (5.65) therefore implies

that xp (t) — 0 as t — oo. Hence, 9, (z) — 1, (z') as t — oo, completing the proof.

5.6.2 Symmetry properties of the coordinate time series associated with

symmetric limit cycles

The conjugacy ¢, o X = ¥ o), for t > 0 can be used to obtain some useful properties of
the coordinate time series associated with a symmetry invariant limit cycle of the saccadic

system. Let C be such a limit cycle of period T'. Choose zg € C and define

VA (t) = (gs (t) , VS (t) ,ng (t) , TS (t) ,1ls (t) JES (t))T
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by zs (t) = 1, (20) Vt € R . Fix z; € C, and set zy = Xz;. By the S-invariance of C, z, € C.
Moreover, since CNniy= ¢, 21 # zz. This implies that 30 < r < T with 9, (z1) = zo.
Applying 9, to both sides of this equality and using v, 0 ¥ = X 0 1), yields ¥y, (z1) = z1,
from which it follows that 2r = kT for some k > 1. As0<r < T, 0 < kT < 2T, implying
that k = 1. Thus, r = £ and so ¢§ (z1) = Xz;1. Let t € R. Then zg (t) = v,/ (z1) for some

0 <7 <T. Hence:

as 1+ ) =V (as () = Vg0 a1) = s (¥ (00)) = b (S1) = S5 () = Zas 1)

It has been shown that zg (t + %) = Yzg (t) Vt € R. By the definition of X, the following
therefore hold for all ¢t € R:

) = —ng (t)
) = —es (t)

)= —gs(t) : vs(t+L)=—vs(t) : ns(t+
)=ls(t) = ls(t+L)=rst) : es(t+

gs (t+
rg (t+

NI ENIL
SIS

rs (t) is thus simply a delayed version of Ig (t), while gg (t),vs (t),ngs (t) and eg (t) have

half-wave symmetry [38].

5.7 Gluing bifurcations of the burster and saccadic systems

It is argued in this section that the gluing bifurcation which occurs in the burster system
vy =Y (y; @) at the origin 0 when € = eg («, ) induces a gluing bifurcation of the same
type in the saccadic system z = Z (z; ) at the origin (0,0)".

Following the notation of section 4.8.1, write G4 (o, ) and G_ («,3) for the pair of
symmetry-related orbits homoclinic to 0 in ¥y =Y (y; @) when € = e (o, §). It is first
shown that when € = eg («, ), there is a pair of symmetry-related orbits Gy (a, B) and
G_ (a, 8) homoclinic to (0,0)” in z = Z (z; ) with 7G (a, 8) = G (e, B). The existence
of these orbits is then used to infer that a gluing bifurcation occurs in z = Z (z; o) when

€ =¢q@ (Oé,ﬂ).

5.7.1 The homoclinic orbits G, (o, 8) and G_ («, )

Recall from section 4.8.1 that G+ (a, f) C Ny, and so G4 («, 3) is homoclinic to 0 in

the smooth system y = Y4 (y;) when € = €g (, ). It is shown here that there is
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an orbit G (a, 3) which is homoclinic to (0,0)” in the smooth system z = Z, (z; )
when € = eg (a, 3), with 7G4 (o, 8) = G4 (o, 8). Tt then follows from the conjugacies
Z,oY=YoZ_ andmoX =ocon that G_ (a,) =l »G. (o, B) is homoclinic to (0,0)7
in the smooth system z = Z_ (z; &) when € = e¢ (o, 8), with 7G_ (o, 8) = G_ (v, B). As
G (o, B) C Ny, 7Gx (o, B) € Ni = G4 (o, 8) € Ni. The relation Z (z; ) = Z4 (z; a)
Vz € Ny therefore implies that when ¢ = eg (o, B), Gy (v, B) and G_ (ar, B) are both

simultaneously homoclinic to (0,0)" in the saccadic system z = Z (z; o).

The existence of G+ (av, B) is now demonstrated. Recall from section 5.5.2 that the eigen-

values of D,Z(0,0; ) are

{pl,pz,p& M (a), Ao (o), 5\3 (a)}

where p; = —Til, p2 = —T%, p3 = —ﬁ, and {5\1 (), A2 (a), A3 (a)} are the eigenvalues of
DyY 4 (0; o). In keeping with the notation of 5.5.2, write {f)l, P2, P3, \?\/1i () ,vAv2i () ,vAvgf (a)}
for the corresponding eigenvectors. Since \; () = %)\i (a) for 1 < i < 3, in the range
a>ALB3, Ao (a) >0 and A3 (a) < A; (o) < 0. Tt follows that for @ > A, 8, (0,0)” has a
unique 1-dimensional C*° local unstable manifold WOIQE (a) in z = Z(z; &) which is tan-
gential to Sp {\?\75t (a)} at (0, O)T. Also, 0 has a unique 1-dimensional C'*° local unstable
manifold W, () in the system ¥ = Y4 (y; ) which is tangential to Sp {WéE (@)} at 0
(cf. section 3.6.3). As was stated in section 4.8.1, G (a, 3) intersects Woﬂ (a, B, ec (o, B))
in the system y = Y (y;a, 5, ec (a, 8)). The discussion in section 5.5.3 of the rela-
tionship between local stable/unstable manifolds of z = Z (z; «) at (0,0)” and local
stable/unstable manifolds of y =Y _ (y; ) at 0 when (O, O)T is hyperbolic implies that
W (a, B, e (o, B)) = W (o, B,ec (o, B)). So fix y' € Gy (o, B)NW, (o, B, i (e, B)),
and choose x’ € R3 so that z’ = (x’,y’)T c W(ﬂ (o, Byec (o, B)). Asy’ € G4 (a,3) and
G+ (a, B) is homoclinic to 0, J5 (y') = R and

Gy (. 8) ={¢f (¥') : t e R}

with ¢, (y') — 0 as t — +oo (cf. section 1.2.2). Since J& (z) = J} (7z) Vz € RS,
J& (2) =R. Also, y’ # 0 and thus z’ # (0, 0)". Define G (o, B) by:

Gy (a,B) = {vf (2):teR}

The fact that m semi-conjugates ¢; and v;” then implies wé+ (o, B) = G4 (e, B). If it can
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be shown that ;" (z’) — (0, O)T as t — oo, this will imply that G (a, ) is homoclinic to
(0,0)”. The fact that z’ € Wéﬂr (a, B, € (a, 3)) means that 7 (z') — (0,0)" as t — —oc.
For all ¢t > O:

T

v (@) = (L (¥.) o v)
where:

Lt t =9
I Gyl < P (7 I+ [ et )

(cf. (5.26)). Define Uf (t) by UZ (t) = || By (¥')||, V¢ > 0, and Ug () by Ug(t) =

e_ﬁ YVt > 0. It then follows from the inequality above that for all t > 0:
|2 (3l < Po (77 (%], + (U4 + Us) () (5.66)

Since ¢, (y') — 0 ast — oo, U4 (t) — 0 as t — oo. Also, Ug (t) converges to 0 ex-
ponentially fast as ¢ — oo, and thus (U} «Ug) (t) — 0 as t — oo (cf. section A.2.6).
Equation (5.66) therefore implies that L, (x/,y') — 0 as t — co. The form of ¢ (z')
then implies ¢ () — (0,0)" as t — oo. G4 (a, ) is thus homoclinic to (0,0)” in
the smooth system z = Z, (z;«, 5,¢ec (o, 3)), as claimed. Note that é+ (a, B) intersects
VA[/'OU+ (a, B, €c (e, B)) in this system. Thus, the conjugacy Z oY = YoZ_ implies G_ (a, B)
intersects Wé]_ (o, Byeq (a, B)) in 2 = Z_ (z;00, B, e (v, B)).

Some properties of the homoclinic orbits G (av, B) and G_ (ar, B) in the piecewise smooth
system z = Z (z;a, 3, e (o, #)) are now established. Since Gy (a, B) intersects Wéi (o, B, eq (o, B))
inz =72y (2,5, eq (o, ), it converges to the origin tangential to Sp {ﬁr; (o, B, e (a, B)) }
in this system as ¢t — —oo. Additionally, G+ (ar, B) converges to the origin tangential to
the eigenvector corresponding to max {pg, M (o, B, e (av, B))} as t — oo. Write this eigen-
vector as Wi, (o, B, eq (o, B)). Tt then follows that in the system z = Z (z;a, 3, eg (o, ),

both G4 (ar, B) and G_ (e, B) intersect the 1-dimensional local unstable invariant set Wéj (o, Byeq (e, B))

of the origin, defined by:

WY (e B, e (0, 8) = { W (o, B ec (0, 8) N Ny F U {WEL (@, B, e (e ) N V- }

Moreover, ast — —o0, G’+ (e, B) will converge to (0, O)T tangential to Sp {v”v;L (o, B, ec (v, B))}ﬂ
N, and G_ (o, 8) will converge to (0,0)” tangential to Sp {%3 (e, B,ec (o, B))} N N_.
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Figure 5-1: Projection onto the (g + n,v) plane of G («, 3) (black line) and G_ (o, 8) (red
line) for a = 620, § = 9. Arrows indicate the direction of motion with time. eg (o, 5) ~
0.004823385 for this choice of o and .

Also, as t — 0o, G (a, 3) will converge to (0,0)” tangential to Sp {Wi-.. (v, B, eq (o, 8))}N
N, while G_ (cr, B) will converge to (O,O)T tangential to Sp{W . (o, 5,€eq (o, 5))} N
N_. Figures (5-1) and (5-2) are plots of G4 (a,3) and G_ («, 8) for {a = 620, 8 = 9}.
This was the choice of parameters used to obtain figures (4-53) and (4-54) in chapter
4. For this choice of @ and 8, p3 > A (o, B,ec (o, B)). Thus, Wit (o, 8,eq (o, B)) =
Wimar (6, €6 (0, 8)) = P, and 50 as B3 = (03, 0)7, Sp {Wihas (0, et (0, 6))} N Ny =
Sp {Wiay (@, B, ec (a, B))}YNN_ = Sp {p3}. It can be seen from figures (5-1) and (5-2) that

the behaviour of the homoclinic orbits close to the origin is as expected.

5.7.2 The gluing bifurcation of the saccadic system

The analysis of section 4.8.1 demonstrated that the homoclinic bifurcation of y =Y (y; )
at 0 which occurs when € = €5 (o, §) involves the destruction of the pair of stable limit
cycles {C4 (a),C_ (a0)}. The one-to-one correspondence between stable limit cycles of
z=172Z(z;a) and y =Y (y; ) established in section 5.6 therefore implies that the cor-
responding simultaneous homoclinic bifurcations of z = Z (z; ) at (0,0)” which occur
when € = €g (o, 8) coincide with the destruction of the pair {é+ (a),C_ (a)} Since
Ci (@) C Ny, it follows that the homoclinic bifurcation in the smooth system z = Z (z; cx)

which occurs when € = eg (o, 8) coincides with the destruction of C+ (a). Assuming that

234



151

0.5F

-0.5¢

-1.5¢

-1 -0.8 -06 -04 -02 0 0.2 0.4 0.6 0.8 1
g+n

Figure 5-2: Close up of figure (5-1). The projections of Sp {v“v;r (o, By e (a,ﬁ))} NNy,
Sp {W; (o, By eq (a,ﬁ))} N N_ and Sp {f):{} onto the (g + n,v) plane are also shown.

the origin (0,0)" is C! linearisable in z = Z (z; c) for |e — eg (e, B)| small, this bifurca-
tion is a regular homoclinic bifurcation of the saddle type with d,, = 1 (cf. section 4.5.1).
Since saddle homoclinic bifurcations involve the destruction of a single limit cycle, it is
therefore reasonable to assume that C4 (a) becomes homoclinic to (0,0)" in z = Z4. (z; a)
as € — eg (a, ) —. This in turn implies that C, (e) and C_ (e) both become simultane-
ously homoclinic to (0,0)” in z = Z (z; @) as € — e¢ (o, 3) —, which is consistent with the
fact that C+ (a) and Cx () have the same period, and hence the period of C () goes to
o0 as € — €g (o, B) —. Note that since the bifurcation in z = Z4 (z; &) involves a stable

limit cycle, the associated saddle index is greater than 1.

The one-to-one correspondence between the stable limit cycles of the burster and saccadic
systems also implies that as € increases through g (o, 3), the asymmetric pair Cy (av) and
C_ (o) are destroyed and replaced with the symmetric limit cycle C; (o). Since the pe-
riod of C; () goes to 0o as € — eg (o, B)+, and the system is symmetric under ¥, it
seem reasonable to assert that Cy (a) and C_ () coalesce in a nonsmooth gluing bifur-
cation at the origin as e increases through eg (o, ), mirroring the gluing of C; (o) and
C— (o) in the burster system as € increases through eg (o, ). Numerical evidence seems
to be in agreement with this argument. Figures (5-3)-(5-5) show this gluing process for
{a =110, 8 = 1.5}. This was the choice of parameters used to construct figures (4-55)-(4-
57) in chapter 4.
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Figure 5-3: Projectiqn onto the (¢ — v,n) plane of the pre-gluing asymmetric limit cycles
C4 () (black) and C_ («) (red) of z = Z (z) for « = 110, 5 = 1.5, € = 0.004 (cf. figure
(4-55)).

-80 -60 -40 -20 0 20 40 60 80
g-v

Figure 5-4: Projection onto the (9 — v,n) plane of the symmetry-related homoclinic orbits
G+ (a, B) (black) and G_ («, B) (red) of z = Z (z) for a = 110, § = 1.5, € ~ 0.005076305
(cf. figure (4-56)).

236



2 L
1.5
1 L
05¢ N
C )
n o
05
-1+
1.5
_2 L
25 L L L L L L L
80 60  -40 20 0 20 40 60 80

Figure 5-5: Projection onto the (g9 — v,n) plane of the post-gluing symmetric limit cycle
C1 (o) for a =110, = 1.5, € = 0.006 (cf. figure (4-57)).

The nonsmooth gluing bifurcation discussed in this section appears to be qualitatively
equivalent to a smooth gluing bifurcation of the saddle type with saddle index greater
than 1 (cf. section 4.8.1). This raises an interesting question regarding the effect on the
nonsmooth gluing bifurcation of splitting the symmetry of the saccadic equations which

will be addressed in chapter 7.

5.8 Approximation of the gaze time series associated with

limit cycles of the saccadic equations

In this section, the Fourier analysis of section 5.6.1 is used to approximate a relationship
between the error and gaze time series of limit cycles of z =Z (z). The approximate
relationship is then used to transfer the results of chapter 4 regarding the morphology
of the error time series of stable limit cycles in the parameter range IIp, over to the
morphology of the corresponding gaze time series. This analysis, together with the one-
to-one relationship between the attractors of ¥ =Y (y) and z = Z (z) in IIp established
earlier, will enable a full description of the attractors of z = Z (z) in IIp to be proposed in

the next section.

In the first part of this section, the Fourier analysis of section 5.6.1 is recapped and extended
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slightly. Following this, the characteristics of a filter which relates the gaze and error time
series are examined. Next, the filter characteristics are used to obtain the approximate
expression relating the error and gaze time series. In the final part of the section, the

morphology of the gaze time series in IIp is quantified.

5.8.1 Fourier analysis of the limit cycles

Assume C is a limit cycle of z = Z (z) of period T. Choose zo = (x0,y0)" € C, and define

25 (t) = (xs (t),ys ()" = (g5 (t),vs (t) . ns (), s (t),Is (t) €5 (£))"

by zs (t) = 1, (z0). Write yg (t) as the vectorised complex Fourier series

ys(t) = Z yyetkert (5.67)

k=—o00

where wr = 2% is the fundamental frequency and, for each k € Z, y,f is given by:
yi=1| 1§ (5.68)

It was shown in section 5.6.1 that xg () can be represented as the vectorised complex

Fourier series

o
xs(t)= Y xpeert (5.69)

k=—oc0
where, for each k € Z, xf is given by
Tg (z'kwT)

(ikwr) Ty (ikwr) | €k (5.70)
T, (tkwr)

with:
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Ty(s) = —sHy(s)(P1+ PH,(s)) (5.71)

T,(s) = —sHy(s) (5.72)
1
Hy(s) = (5.73)
0 TR
Ho(s) — HL (5.74)
TN

It follows from equations (5.67)-(5.70) that the error and gaze time series {eg (¢) : ¢ > 0}

and {gg (t) : t > 0} associated with C are given by

es(t) = Y egeltert (5.75)
k=—o00
gs(t) = Z gy ethert (5.76)
k=—o0
where:
S _ ; S .
gp =Ty (ikwr)ey k€ Z (5.77)

Equations (5.75)-(5.77) show that gg (¢) is obtained by passing eg (t) through a linear
system (or linear filter) with transfer function 7T} (iw) [38]. It will be useful in what follows
to get T} (iw) into polar form. Substituting (5.73) and (5.74) into (5.71) and rearranging
yields

P18 (S + Cl)

(42) (o4 2) (4 25)

Ty (s) = —

where:

11
T+ Ty Tn

Cy

Setting s = iw in the above expression for Ty (s) and using

a+bi = <\/ a? + b2> garetan(g )i

1 _ ; e~ arctan(%)z‘
a+ bi w/a2 + b2
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leads to the expression

T, (iw) = R, (w) %) (5.78)
where
w2 4+ C?
Ry (w) = P || 1 (5.79)
2 1 2 1 24 1
(“’ +Tf) (“’ +T§> (“ +Tﬁ>
and:

4 (w) =— (arctan (Thw) + arctan (Thw) + arctan (Tvw) + arctan (%)) (5.80)

The identity

arctan <1X}};,> for XY <1
X4Y

arctan (X) + arctan (V) = 7 + arctan ( ) for X >0;XY >1

1-XY

—m + arctan (%) for X <0;XY >1

can be used to obtain the alternative expression for 6, (w) below:

02w4 + ng2 -]
0,y (w) = — arctan ( o (Cra? + C5) +0gr (w) (5.81)
Here
7w for w>0
Or (w) =
—7 for w<O0
and:

Co = NN

1 1
Cs = Tl (——i— )

Ty T+ 15
TV T5TN
Cy = Ty (T +Ty) — =28
4 v (T 2) T+ To

Ti+Th+Tn  Th+1
T +15 TN

Cs =

(Note that R, (0) = 0, so 0,4 (w) does not have to be defined at 0. Also numerics indicate
that Cj, > 0 V2 < k < 5).

240



5.8.2 Properties of R, (w) and 6, (w)

The functions R, (w) and 0, (w) are investigated in this section. R, (w) is analysed first.

Properties of R, (w)

The expression (5.79) for R, (w) implies that R, (w) is continuous on R and C* on R\ {0}.
Also, R, (w) is an even function. Consider the right derivative of Ry (w) at 0, D4Ry (0).

By definition:

Ry (h) — Ry (0)

D+Rg (0) = hli%lJr h
, h? + C?
= am PIJ (hz I A) (hz N A) (hz N L)
77 73 7%
= PC1Cy

Write D_R, (0) for the left derivative of Ry (w) at 0. Then as Ry (w) is even, D_R, (0) =
—D, R4 (0). Thus, since P;,C1,C2 > 0, D_R,(0) # —D1 R, (0). Ry (w) is therefore not
differentiable at 0. For w # 0, DR, (w) is given by:

P sign (w) Ry (w)

DRy (w) = — 7 > (5.82)
(w? +CF)> Ry (w)?
where
Ri(w) = w®+2CHwb + (C6CF — Cr) w* — 2Csw? — C5C3 (5.83)
1 1 1
= 2+ = 2+ = 24 = 5.84
m) = (o) (o) (7 ) .
and:
1 1 1
Ce = T_12 + T_22 + ﬂ
1 1 1
Cr = + +
(L2 (TTn)*  (TTw)?
1
Cyg = ———
(TT>Ty)
Equations (5.82)-(5.84) imply that for w > 0, sign (DR, (w)) = —sign (Ry (w)). It can

be seen from (5.83) that Ry (0) = —CsC? < 0, while Ry (w) ~ w® for large w. Rj (w)
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Figure 5-6: Plot of Ry (w) in the range (—100,100). The maxima at wy and —wys are
indicated.

must therefore have at least one zero on (0,00). Numerics indicate that R; (w) has only
one zero, wyy, in this range, with wys ~ 12.7419. Define Ry by Ry = Ry (war). Rm
has the approximate numerical value 1.0524. Since R; (w) has only the single zero wys
on (0,00), Ry (w) is increasing on 0 < w < wys and decreasing on wyr < w < oo, with a
maximum at wys. As Ry (w) is even, this means that Ry (w) is increasing on (—oo, —war)
and decreasing on (—wjpz,0), with a maximum at —wps. Finally, (5.79) implies that for
w> 0, Ry (w) ~ %. Hence, Ry (w) — 04 as w — oo. Since Ry (w) is even, this means
R, (w) — 0+ as t — —oo also. Figures (5-6) and (5-7) are plots of Ry (w), confirming the
above analysis. Inspection of figures (5-6) and (5-7) suggests R, (w) ~ 1 for w in the range
0.1 < |w| < 35. This observation will now be made more concrete. As R, (w) has a global
maximum on (0, 00) at wys and Ry (war) = Rar > 1, it follows that there are 2 values of w
at which R, (w) =1 on (0, 00). Write these as wi and wy with wy < wa. By (5.79), wi and

wo must satisfy

w2+012
2 1 2 1 2, 1
(”*Tf)(‘”*T;)(“W?V)

Squaring both sides of the above and rearranging yields:

Wb+ (Cs — PP)w* + +(C7 — PECHw® +Cs =0
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Figure 5-7: Close up of figure (5-6) about w = 0.

Solving this equation numerically gives w1 = 0.3456, we = 33.3871. For w; < |w| < wa,

1 < Ry (w) < Ry and so Ry (w) ~ 1. This approximation will be useful later in the section.

Properties of 0, (w)

The function 0, (w) is now analysed. (5.80) implies that 0, (w) is C* on R\ {0}. Also, 8, (w)

is an odd function. By, (5.80), limy,_,o4 04 (w) = — lim,, o4 arctan (%) Asw — 0+, % —
oco. Thus, limy_o4 04 (w) = 3L, Since, 04 (w) is odd, this means that lim,_o_ 0, (w) =
_3r

5. 04 (w) is therefore discontinuous at 0. Using (5.81), the following expression for

DO, (w) on R\ {0} can be derived

G3 (w)
G1 (w)? + G (w)?

D, (w) = — (5.85)

where:

Gy (w) = 02w4 + ng2 -]
Go(w) = w (C4w2 + 05)

G3 (w) = C2C4w8 + (3C2C5 — C3Cy) wt + (3C1Cy 4 C3C5)w? + C1Cs
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Figure 5-8: Plot of 6, (w) in the range (—100,100).

The constant 3C2Cs — C3Cy is greater than 0. Thus, G3(w) > 0 Vw € R and so 0, (w)
is strictly decreasing on R\ {0}. Finally, it can be seen from (5.81) that for w > 0,
04 (w) ~ —arctan (%w) + . Hence, as w — o0, Oy (w) — =5 + 7 = Z. Since 0, (w) is

odd, this means 04 (w) — —F as w — —o0.

Figure (5-8) is a plot of 6, (w) on the interval (—100, 100), confirming the above analysis.
Figure (5-9) shows 6, (w) restricted to the interval (wi,ws). It can be seen that 6, (w)
is close to being linear in this range. This suggests that 6, (w) can be fitted by a linear

function on (wy,ws) (and hence on (—ws, —w;) also). Let @, : R — R be defined by

A~

0y (w) = —tgw + sign (w) by

and given N > 1, set vy = wy + (“’ﬁf_“{l> (k—1) V1 <k < N. For N = 10000, the values

of t, and by, which minimise the summed square error

2

N A
S 16, (0) = 0 (vr)
k=1

t, = 0.0126 (5.86)

by = 3.1848 (5.87)
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Figure 5-9: Plot of 6, (w) in the range (w1, ws)

Figure (5-10) is a plot of both 6, (w) and 9g (w) on (w1, ws) for the values of ¢, and by
above. 6, (w) can be seen to be a close approximation to 6, (w) on (wy,ws). The mean
relative error Eyrp = % Zévzl qugg)(;vig)‘(w in the approximation is 0.001219. Since
64 (w) and 6, (w) are both odd, it follows that 6, (w) is a good approximation to 6, (w) for

w1 < |w| < wg, with the same mean relative error.

The fact that for w; < |w| < wg, Ry (w) =~ 1 and 6, (w) is near linear, suggests that the
filter Ty (iw) will preserve the amplitude of the components of the input signal eg (¢) in
the frequency range (—wg, —w1) U (w1,ws2), while introducing a delay. The amplitude of
components lying outside this range will be attenuated with the attenuation increasing as
|w| — 0 and as |w| — co. In particular, T, (0) = 0, so the output signal gg (¢) will have zero
mean. Additionally, the phases of components lying outside the range (—ws, —w1)U (w1, w3)
will be modified in a nontrivial way. This discussion suggests that provided the input signal
does not have significant power outside the frequency range (—ws, —w1) U (w1, w2), it may
be possible to model gg (t) as a time-delayed version of £g (¢), which has had its mean

subtracted. This approach forms the basis of the next part of the analysis.
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3.4

3.3F

Figure 5-10: Plot of §, (w) (black line) and ég (w) (red line) on (w1, ws2) for the values of t,
and b, given in (5.86)-(5.87).

5.8.3 Relating ¢5 (t) to gs (t)

It was demonstrated above that for [w| € (w1,ws), Ry (w) = 1 and 0, (w) =~ 6, (w) where:

3 () —tgw+by if w1 <w<ws
g\W) =
—tgw — by if —wy <w < —wq

(Recall, wy = 0.3456, wy = 33.3871, t, = 0.0126, b, = 3.1848). Making the further
approximation by ~ 7 and using expression (5.78) leads to the approximation T} (iw) ~

—e % for |w| € (w1,ws). Define the set Wg C N by
Ws={k>1:kwr € (w1,w2)} (5.88)
and the set Wy C N by W = N\Wg. Then by (5.75):

es(t)=cf+ > epe’ri4 > glehort
‘k}‘EWS IkIEWN

Note that by definition, £ is equal to the mean (g (¢)) of £5 () over one period, (5 (t)) =
%fg es (t)dt [38]. Assuming that 3 cy ‘65’2 > X klewy {65}2 (i.e. that the power

of e (t) in the frequency range (wi,ws) is greater than the power in the range (0,w;) U
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(wg,00)), it is possible to make the approximation:

es (t) = (es (t)) + Z ef ethwrt (5.89)

|kleWs

As mentioned previously, Ty (0) = 0, and so g5 = 0. Hence, by (5.76):

Z g;}qukth—i- Z gfezkth
|k|eWs |k|eWN

Consider the power of gg (t) in the frequency range (wi,ws). Using g = Ty (ikwr)ey

together with the approximation Ty (iw) ~ —e "% for |w| € (w1, w2) gives:

Z |9k} Z }Sk\

|kleWs |kleWs

Thus, since by assumption Z\klews ’55{2 > Z\k\eWN ‘65’2, Z|k|EWS ‘95’2 > Z|k|EWN {55}2.

By the definition of Wy, |T} (ikwr)| < 1 V|k| € Wix. Hence:

S Y m ke[ = > o)

[kleWn |k|eWn |k|eWn

It follows that Z|I<:|6WS }95‘2 > ZlkleWN !gf!g (i.e. the power of gg (t) in the frequency
range (wi,ws2) is greater than the power in the range (0,w;) U (wg,00)). It is therefore

possible to make the approximation:

Z 973 ikwrt

|k|eWs
The relation gy = T, (ikwr) e} together with the approximation T} (iw) ~ —e~ s for
lw| € (w1, w2) then yields:

> eetherlith (5.90)

|kleWs

Comparing (5.89) and (5.90) and using the equality (eg (t —t4)) = (€5 (t)) leads to the

final approximation gg (t) =~ gs (t) where:

9s (t) = —es (t —tg) + (es (1)) (5.91)
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In conclusion, provided that eg (t) does not have significant power in the frequency range
(0,w1) U (w2,0), gs (t) should be reasonably well modelled as a flipped, time-delayed

version of eg (t), with a d.c. shift that zeroes the mean.

If the limit cycle of interest Cis symmetric, then as shown in section 5.6.2, €g (t + %) =

—e(t) vt € R, from which it follows that (g (t)) = 0. In this case, (5.91) reduces to

gs (t) = —es (t —tg).

5.8.4 Morphology of {gs (¢) : t > 0} in the range IIp
Given a € IIp, let

z5 (t) = (g5 (t) ,vs () ,ns (£) 75 (), 1s (1) €5 (£)"

be a periodic solution of z = Z (z) associated with a stable limit cycle C. The approximation
gs (t) = gs (t) is now used to relate the morphology of the error time series {eg (t) : t > 0}
to the gaze time series {gg (t) : t > 0}. By assumption, all limit cycles of the saccadic

system lie in the compact set C' = By (0) x C, where
By (0) = {x e R?: ||x||; < M:}
and:
C = {(r,l,a)T ER:0< I <any,le < EM}

(cf. section 5.2). Asé = —(r—1)and 0 < r,1 < ay for (r,l,e)" € C, it follows that
Vit > 0, |és(t)] < 2ap. Moreover (for small e in particular), the extent of C in the
r — | direction is limited by the existence of the slow manifold Sy, giving an even tighter
bound on g (¢)]. The limit on the size of |ég (t)| suggests that it is unlikely eg (¢) will have
significant power in the higher frequencies. Hence, provided eg (t) does not have significant
power in the lower frequencies, the function gg (¢) defined in (5.91) should provide a good
approximation to gg (t). If, however, C is near-homoclinic, the trajectory {zs (t):t > 0}
spends long periods in the vicinity of the origin (0,0)”, and so eg (t) may have significant
power in the lower frequencies. Consequently, g (t) may a poorer approximation to gg (t),
at least during the low velocity phases of the waveform. Figures (5-11)-(5-20) are plots

of gaze time series {gg (t) : ¢ > 0} associated with limit cycle attractors for choices of a
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x 10°

Figure 5-11: Plot of a gaze time series {gg (¢) : t > 0} associated with C for o = 306.84,
B =4.5, € = 0.002 (black line) together with the approximation {gs (¢) : t > 0} (red line).
« lies in region C of IIp. Erg ~ 0.051535.

in each of the regions C-J of Ip, together with plots of the corresponding approximation

{gs (t) : t > 0} in each case. A numerical approximation to the relative error

B llgs (t) — gs ()|l  maxo<i<T |95 (t) — gs ()]
RE = =
lgs ()|l oo maxo<i<7 |gs (t)]

is also included in each figure.? For the choices of o used to generate the plots, the limit
cycles are far from homoclinicity. It can be seen that in each case gg (t) very closely approx-
imates gg (t). Indeed, this was found to be the case for all such test choices of a in regions
C-J. An important consequence of the accuracy of the approximation gg (t) ~ gg (¢) for
far-from homoclinic limit cycles is that the gaze time series {gg (t) : t > 0} corresponding to
such cycles in regions D and E inherit the slow-fast form of the associated error time series
{es (t) : t > 0}, and therefore resemble the corresponding congenital nystagmus waveforms.
This can be seen in figures (5-12) and (5-13): the gaze time series associated with the cycle
in D can be seen to have the form of a jerk nystagmus, while the gaze time series associ-
ated with the cycle in E has the form of a bilateral jerk nystagmus. Another interesting
consequence of the accuracy of the approximation for far from homoclinic limit cycles is

that the gaze time series {gg (t) : t > 0} corresponding to cycles in region F inherit the si-

?Erp is approximated for each function in the fraction by finding the maximum of the absolute value of
the function over 10° equally spaced points in [O, T], where T is a numerical approximation to 7' obtained

through a level crossing method [39].
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Figure 5-12: Plot of a gaze time series {gg (£) : t > 0} associated with C_ for a = 408.0569,
B =6, € = 0.0005 (black line) together with the approximation {gg (¢) : ¢ > 0} (red line).
a lies in region D of Ilp. Erp =~ 0.187591.

50

-50

Figure 5-13: Plot of a gaze time series {gg (t) : t > 0} associated with Cy for v = 805.0171,
B =12, e = 0.0065 (black line) together with the approximation {gs (t) : ¢ > 0} (red line).
a lies in region E of llp. Erp =~ 0.048727.
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Figure 5-14: Plot of a gaze time series {gg () : t > 0} associated with Cy for o = 420,
B =6, e =0.04 (black line) together with the approximation {gs (¢) : ¢ > 0} (red line).
lies in region F of Ilp. Erp =~ 0.061026.
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Figure 5-15: Plot of a gaze time series {gs (t) : t > 0} associated with C; for o = 208.4,
B =3, e =0.03 (black line) together with the approximation {gs (t) : t > 0} (red line). a
lies in region G of I[Ip. EFrp ~ 0.041557.
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Figure 5-16: Plot of a gaze time series {gg (t) : t > 0} associated with Cy for a = 208.4,
B =3, e =0.03 (black line) together with the approximation {gg (¢) : t > 0} (red line). a
lies in region G of I[Ip. Frp ~ 0.060948.

x10°

Figure 5-17: Plot of a gaze time series {gg (¢) : t > 0} associated with C_ for a = 108.62,
B =15, e =0.01 (black line) together with the approximation {gs (¢) : ¢ > 0} (red line).
« lies in region H of IIp. Erg =~ 0.051614.
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Figure 5-18: Plot of a gaze time series {gg (¢) : t > 0} associated with Cy for @ = 108.62,
B = 1.5, ¢ = 0.01 (black line) together with the approximation {gs (¢) : t > 0} (red line).
« lies in region H of IIp. Erg =~ 0.118728.
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Figure 5-19: Plot of a gaze time series {gg (t) : t > 0} associated with Cy for o = 620,
B =9, e=0.02 (black line) together with the approximation {gs (t) : t > 0} (red line). a
lies in region I of Ilp. Ergp ~ 0.088364.
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Figure 5-20: Plot of a gaze time series {gg () : t > 0} associated with Cy for @ = 600,
B =12, € =0.01 (black line) together with the approximation {gs (¢) : t > 0} (red line).
lies in region J of IIp. Erp ~ 0.049554.

nusoidal form of the associated error time series {eg (¢) : ¢ > 0}, and consequently resemble

pendular nystagmus waveforms. This is illustrated in figure (5-14).

Figures (5-21)-(5-24) are plots of gaze time series {gg (¢):t > 0} associated with near-
homoclinic limit cycle attractors in regions D, E, G and H of IIp, together with plots of
the corresponding approximation {gs (¢) : ¢ > 0} in each case. The values of o and 5 used
in figures (5-21) and (5-22) are the same as in figures (5-12) and (5-13) respectively, while
the values of § and € used in figures (5-23) and (5-24) are the same as in figures (5-15) and
(5-17) respectively. Again, a numerical approximation to the relative error Erg is included

with each plot.

The figures illustrate that, perhaps surprisingly, gs () is still a very good approximation to
gs (t) in each case, despite the near-homoclinicity of the limit cycles. Indeed although gg (%)
can be seen to be a poorer approximation to gg (t) during part of the slow-velocity portions
of the waveform, for all test choices of « in regions D, E, G and H, the approximation was
found to be sufficiently accurate for the basic morphology of gg (t) to be determined by
that of gg (t). A significant outcome of this is that, as in the far-from homoclinic case, the
gaze time series {gg (t) : t > 0} corresponding to near-homoclinic limit cycles in regions
D and E inherit the slow-fast form of the associated error time series {eg (t):t > 0}.

As a consequence, the gaze time series resemble the corresponding congenital nystagmus
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Figure 5-21: Plot of a gaze time series {gg (¢) : t > 0} associated with C_ for v = 408.0569,
B =6, ¢ = 0.0045 (black line) together with the approximation {gg (¢) : ¢ > 0} (red line).
a lies in region D of Ilp. Erp =~ 0.083806.
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Figure 5-22: Plot of a gaze time series {gg (t) : t > 0} associated with Cy for v = 805.0171,
B =12, e = 0.0054 (black line) together with the approximation {gs (¢) : t > 0} (red line).
a lies in region E of llp. Erp =~ 0.040183.
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Figure 5-23: Plot of a gaze time series {gs (t) : t > 0} associated with C; for a = 208.3876,
B =3, e=0.03 (black line) together with the approximation {gg (¢) : ¢ > 0} (red line).
lies in region G of IIp. EFrp =~ 0.190401.
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Figure 5-24: Plot of a gaze time series {gg (¢) : t > 0} associated with C_ for a = 109.4003,
B =15, e =0.01 (black line) together with the approximation {gs (¢) : ¢ > 0} (red line).
« lies in region H of IIp. Erg ~ 0.218605.
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oscillations. This can be seen in figures (5-21) and (5-22). The gaze time series associated
with the limit cycle in D has the form of a jerk nystagmus with an extended foveation
period, while the time series associated with the cycle in E has the form of a bilateral jerk

nystagmus with an extended foveation period.

5.9 Attractors of the saccadic equations in Ilp

Figure (5-25) is a plot of the attractors of the saccadic system for a € f[p, based on
the analysis of this chapter (cf. figure (4-79)). Also shown in the figure are the identified
modelled nystagmus waveforms, where applicable. The range IIp contains the physiological

range:
_ T. /
pr{(a,,b’,e) .0<a<a,1.5<5<6,0<e<0.05}

Numerics indicate that for 1.5 < 8 < 6, &c (8) < /. The attractor picture for a €
IIp is therefore the same as that in figure (5-25). This figure will form the basis of the
classification of the eye movements modelled by the saccadic equations in the following

chapter.
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Chapter 6

Classification of modelled
behaviours and biological

implications

Recall from chapter 2 that the ultimate objects of interest in the analysis of the saccadic

equations z = Z (z) are the gaze time series of solutions with initial condition
20 = (0,0,0,0,0,Ag)"
for choices of « in the physiological range:
Hp:{(a,ﬁ,e)T:0<oz<o/,1.5<5<6,0<6<0.05} (6.1)

As stated in chapter 2, solutions with this initial condition simulate saccades to the gaze
angle Ag from an initial gaze angle of 0. In this chapter the morphology of the saccade-
modelling solutions generated for a such that a lies in the intersection of IIp with the union
of regions A-F of ITp is analysed. It is shown that for such choices of o, the solutions can
model both accurate saccades, and a range of saccadic instabilities including jerk and
pendular nystagmus (cf. section 1.1). Following this, the modelled saccadic behaviours
are classified in a diagram based on figure (5-25). The chapter closes with an attempt to

interpret some of the biological implications of the modelled behaviour.

For convenience, the analysis of the form of the gaze time series is divided into two sections.
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The first section deals with choices of o for which the attractor of the system is a fixed
point (regions A-B), and the second with choices of a for which the attractor is a limit

cycle (regions C-F). Throughout this chapter, it will be useful to write T as T5.

6.1 The form of the gaze time series for fixed point attrac-

tors

Assume that « lies in either region A, where the attractor is the origin (0, O)T, or in B,
where the attractors are the nontrivial fixed points zf = (O, yf)T and z] = (0, yf)T (cf.
figure (5-25)). Further assume that if « lies in region B, then e is sufficiently small for
trajectories of the burster system y =Y (y) not to cross the plane P, and for yf to be a
stable node of y = Y (y). Fix Ag > 0 and set zg = (0,0,0, + (Ag)T. Define z4. (¢) V¢ > 0
by:

24 (t) = (xx (8) 4 (8)7 = (g4 (8) 0 (1) s me (1) e (1) 0 (1) e (0) = ¢ (25)

Then g4 (t) simulates a saccade of Ag degrees and g_ (t) simulates a saccade of — (Ag)
degrees. By the symmetry of the saccadic system under X, ¥z, (¢) solves z = Z (z) on

[0,00) with initial condition ¥z]. Recall from section 5.3 that ¥ is given by

. —13 O3x3
O3x3 O
where:
01 O
o= 1 0 O
0 0 -1

The above imply that z, = Zzar . It therefore follows from the uniqueness of trajectories
of the saccadic system that V¢ > 0, z_ (¢) = Xz, (t). In particular, the form of ¥ implies
that g_ (t) = —g4 (t) V¢t > 0. Thus, in order to understand the morphology of both g (¢)

and g_ (t), it is sufficient to understand the morphology of g, (t).

In this section, the morphology of g (¢) is analysed by first obtaining an explicit expression

for g4 (t) in terms of £ (¢) using Laplace transforms. A workable approximation g4 (t) to
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g+ (t) is then obtained using this expression, and the morphology of g4 (¢) is inferred from
that of g4 (t). Throughout the following, the Laplace and inverse Laplace transform will
be denoted by £ and £~! respectively.

6.1.1 An explicit form for g, (t)

Recall the saccadic equations (2.10)-(2.15):

g = v (6.2)
v = —Piv—Pyg+ Pon+ Pib (6.3)
n = —Tign +0b (6.4)
;o % (=r — 2 + F(2)) (6.5)
i = % (1 — 412 + F(—2)) (6.6)
: o= —b (6.7)

(Here b =1 —1, P, = Tll + T% and Py = ﬁ) As z (t) satisfies the above, equations

(6.2)-(6.3) imply that V¢t > 0:
G+ (1) + Prgy (8) + Pag (t) = Pony (t) + Prby (1)
Taking Laplace transforms of the above and rearranging using g+ (0) = g+ (0) = 0 leads to
Gy (s) = Hy (s) (P2Ny () + P1By (s)) (6.8)

where G (s) = L (g4 (t)), N+ (s) = L (n+ (1)), B+ (s) = L (b+ (t)) and
1
ey

is the transfer function of the system (cf. section 5.6.1). Equation (6.4) implies that V¢ > 0:

H, (s) = (6.9)

i () =~ () + b2 (1)

Taking Laplace transforms of the above and rearranging using n (0) = 0 gives
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Ny (s) = Hy (s) By (s) (6.10)

where

1

3+TL3

H, (s) = (6.11)

is the transfer function of the system (cf. section 5.6.1). Substituting (6.10) into (6.8)

leads to the expression
Gy (5) = —~T, () By (s) (6.12)

where:

Ty(s) = —sHy (s) (P1+ P2Hy (s)) (6.13)
(cf. section 5.6.1 again). Finally, (6.7) implies that V¢ > 0:

£+ (t) = =by (1)
Taking Laplace transforms and rearranging using ¢ (0) = Ag and b4 (0) = 0 yields
By (s) = Ag —sE; (s)

where Ey (s) = L (e4 (t)). Substituting the above into (6.12) leads to:

G (9= 202 L7y (9 B, ()
Write ug (t) = L7 (T, (s)). Taking inverse Laplace transforms implies that V¢ > 0:

9+ (t) = (Ag) g (t) + (ug x£4) (£) (6.14)

where:

gp (t) = —/0 ug (s) ds (6.15)
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(6.14) and (6.15) give g4 (t) explicitly in terms of e (¢).

In order to obtain the approximation g4 (t) to g4 (¢), it will be necessary to have explicit
expressions for ug (t) and gg (t). Substituting (6.9) and (6.11) into (6.13), and performing

a partial fraction expansion gives:

- (6.16)

where:

T2 + TV Ty — ToT;
K, = L 6.17
! Ty (Ty — To) (Ty — Ts) (6.17)

T —TWTp — T3
Ky = 6.18
2 Ty (T, — T (Tp — T3) (6.18)

— T3
Ks = oo T (=T (6.19)

The constants have the numerical values K1 = 0.535970, K5 = —90.576230, K3 = 0.040261.
Taking inverse Laplace Transforms of both sides of (6.16) yields:

3 t
ug(t) = Kje T (6.20)

j=1

Now consider the function gg (¢). Substituting (6.20) into (6.15) implies that V¢ > 0
3 ., 3

ge(t) =) Lie T =Y L

j=1 j=1

where L; = KT} for 1 < j < 3. These new constants have the approximate numerical
values L; = 0.080395, Ly = —1.086914, L3 = 1.006519. Using, (6.17)-(6.19), it can be
shown that Z?Zl Lj =0. Hence:

k:.ﬁ|“

(6.21)

During the construction of the approximation g (t), it will be useful to have an un-
derstanding of the form of gg (t) on [0,00). (6.15) implies that gz (0) = 0. Moreover,
numerics indicate that gg (t) increases from 0 to a single maximum at ¢ ~ 0.065481, with
9p (1) ~ L3€_TL3'fOI‘ t > tM. Let ¢¥ = gp (t%) Numerics give ¢¥ ~ 1.051205. Figure
(6-1) is a plot of the function gg (t) on the interval [0,0.5] together with a plot of the
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Figure 6-1: The functions gg () (black) and Lge_TLa (red) for 0 <t < 0.5.

ot
function Lge Ts.

6.1.2 Obtaining the approximation g, (t)

In constructing the approximation g4 (t) to g+ (¢) on [0, 00), it is first necessary to obtain
an approximation &4 (t) to €4 () on [0,00). Numerics indicate that for sufficiently small
ts, €4 (t) is a decreasing function of ¢ on [0, tg] that can be approximated fairly accurately

by the straight line

el () = <%> t+ Ag (6.22)

which interpolates the values of 4 (¢) at t = 0 and ¢t = tg. This gives an approximation
to €4 (t) for small ¢. To obtain an approximation to ey (t) for larger ¢, the results of
sections 3.6.2 and 3.6.4 are used. Recall that in these sections, approximations to ¢ (7) for
large T > 0 were obtained for solutions y (1) = (r (7),1(7) & ()" of the rescaled burster

equations, with initial condition in the basin of attraction of a stable fixed point.

For « in region A, the basin of attraction B (0) of the origin 0 in the burster system is R3.

Hence, the initial condition y (0) € B (0). Define the function €% (o, 3) by:
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1
4<A+—%>

For € < €% (o, 3), 0 is a stable node, while for € > €% (a, 3), 0 is a stable fixed point such

&% (a, B) =

that trajectories spiral round the stable invariant line Ly as they converge to 0 (cf. figure

(3-22)). Since 7 = L, the analysis of section 3.6.4 therefore implies that given sufficiently

e’

large t;, > 0, Vt > tr,
et (t) mwf (t—tr) (6.23)

where w; (0) = e4 (t1), and on [0, 00), w] () has one of the two forms below, depending

on the sign of € — €% (o, B):

1. € < €% (@, B). In this range, V¢ > 0

Aot At

wi () = Ae™ + Be™® (6.24)

where

A2 = % (=1+4d)

N (6.25)
A = —L(Nseq(tr) +eby(tr))

B = L(oeq(tr)+eby(tr))

and by (tr) =74 (tn) — 4 (tr)-

2. € > €% (a, B). In this range, V¢t > 0
dt
wi (t) = Ae™2 cos (— + B) (6.26)
€

where

d = %\/46<A+—%>—1

A = é\/(% + d2) €4 (tL)Q — €4 (tL) b+ (tL) + 62b+ (tL)Q (627)
tr,)—2ebi(t
B = —arctan <%)
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and by (t) = r4 (tn) — 4 (tr).

For a in region B, Ag > 0 implies y (0) € B (y; ), since by assumption € is sufficiently
small for trajectories of y = Y (y) not to cross the plane P. As € is also assumed sufficiently
small for yf to be a stable node, the analysis of section 3.6.2 implies that given sufficiently

large ty, > 0, Vt >t

er(t) mer+wf (t—tr) (6.28)
where w} (0) = e (t) — €1, and w] (t) is defined V¢ > 0 by

wi () = Ae™F 4 B (6.29)

with

Hig = % (Al (Oé,ﬂ) +d)
1
2

e = 5 (81(0,8) ~d) (630
A = =5 (s (o4 () —e1) + ebs (1))
B = d(uy(eq(tn) —e1) +eby (tr))

and by (tn) = r4 (tn) — 4 (tr).

The above analysis implies that for a lying in either region A or B, given sufficiently large

tr, > 0, e4 (tr) is approximated V¢ > ¢, by &4 (t) where
Er(t) =extw] (t—tr) (6.31)

with e, = 0 or &, = €1, and w; (t) given by (6.24)-(6.25), (6.26)-(6.27) or (6.29)-(6.30).

Assuming that ¢z, can be chosen to equal tg, (6.22) and (6.31) together imply that e (¢1.)

can be approximated on [0, 00) by the continuous function &4 (¢) defined by

o Lit+ Ag if 0<t<tp (6.32)
E4 = .
ex+wi (t—tr) if t>tg

where:
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L, = % (6.33)

The above approximation together with (6.14) suggests that gy (t) can be approximated
on [0, 00) by the continuous function g4 (¢) defined by:

9+ (1) = (Ag) g (t) + (ug x E4) (¢) (6.34)

The reminder of this section will deal with analysing the form of the approximation g (t)
on [0,00). Under the assumption that gy (¢) is a good approximation to g4 (t) in this
range, the morphology of g (t) can then be inferred from that of g (¢). ¢z, is assumed to

take values in the range [0.01, 0.1].

The form of g, (¢t) will first be analysed for 0 < ¢ < ¢, and then for t > .
6.1.3 The form of g, (¢) in the range 0 <t <t

Equations (6.32) and (6.34) imply that for 0 < ¢ <t¢r:

t t
540 = (80) 95 )+ (89) [ uy () ds+ L [ sug (0= ) ds
Note that since, by assumption, 4 (¢) is decreasing on [0,¢r], (6.33) implies L1 < 0. The

first two terms of this equation cancel (cf. (6.15)). Introducing (6.20) into the remaining

convolution term leads to

g+ (t) = Lyigr (1)

where ¢ (¢) is defined V¢ > 0 by:

3 . t s
g1 (t) = ZKJ‘B i / se'ids
=1 0

Evaluating the integrals in the above expression and using Z?:l L; = 0 gives:
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3 __t
o)=Y LT (e T 1> (6.35)
j=1

Setting ¢ = 0 in the above implies g; (0) = 0. Differentiating leads to ¢1 (t) = —gg (t) (cf.
(6.21)). As gg (t) is increasing on [0,00) this means that g; (¢) is decreasing on [0, c0).

Since L < 0, it follows that g, (¢) is increasing on [0, t7].

6.1.4 The form of g, (¢) in the range t > ¢,
Equation (6.34) implies that for ¢t > t1:

340 = (0)as O+ [uy -9 @dst [u -9 @ds (639

tr,

Consider the first integral in this sum. Using (6.20) and (6.32) gives:

t

tr, 3 _t
/ ug(t—s)é+(s)ds:L+ZKje TJ’/
0 0

s 3 _t ftr s
se’ids + (Ag)ZKje i / elids
j=1 j=1 0

Evaluating the integrals and rearranging leads to

/OtL ug (t —s)é (s)ds = — (Ag) gu () + e+ (tr) gp (t —tr) + (Ag — 4 (t1)) g2 (£ tr)

(6.37)

where go (t;t1) is defined on [t1,, 00) by:

2 (t5t1) = 7~ 91 (¢~ 1) = 2 (1) (6.38)

Now consider the second integral in expression (6.36). Using (6.20) and (6.32) gives

t

t 3 Lt s
/ ug (t —s)é4 (s)ds = ey Z Kje i / eTids+ gp (1) (6.39)
i=1 b

tr,

where g}, (t) is defined Vt > ¢, by:
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t

3 L t s
1 30) :ZKJe i / eBwf (s—tr)ds (6.40)
j=1 tr
Evaluating the integral in (6.39) leads to:
t
/ Ug (t — 8) 24 (s)ds = —exgp (t —tr) + g} () (6.41)

tr,

Substituting (6.37) and (6.41) into (6.36) then implies that for ¢ > ¢,

9+ (t) = gf (ttL) + g} (1) (6.42)

where the function g (¢;¢) is defined on [t 00) by:

g7 (ttr) = (Ag — ey (t0) g2 (titL) + (64 (tL) —ex) gp (t — 1) (6.43)

The properties of the function gf (t;tr) on [tr,00) will now be examined. Following this,
expressions will be obtained for g}, (¢) in each of the a ranges of interest. This will enable
the morphology of g (t) on [t1,c0) to be examined in these ranges. Since g4 (¢) has been
shown to be an increasing function on [0,¢r], this will allow the morphology of g4 (t), and

hence g4 (t), on [0, 00) to be inferred.

The form of g} (t;t1)
First consider the function g (¢;¢1,) defined on [t1, c0) in (6.38):

g2 (t;tr) = % (1 (t—tL) — g1 (t))

Setting t = t;, in the above gives go (tr;tr) = —%gl (tr). As g1 (t) < OVt > 0,
g2 (tr;tr) > 0. Additionally, numerics indicate that go (t7;¢7) is an increasing function
of t;, on [0.01,0.1]. Figure (6-2) shows plots of g2 (¢;¢1) on [tr,0.3] for several values of
tr in [0.01,0.1]. Also shown is a plot of gg (¢) on the interval [0,0.3]. As suggested by
the figure, numerical evidence seems to indicate that for each ¢z, € [0.01,0.1], g2 (¢;¢1) can
be approximated on [tr,o0) as a rightward displacement of gg (t) along the t-axis. i.e.
there is a tp (t) > 0 for which gy (t;t1) =~ gg (t —tp (tr)). Figure (6-3) shows values
of tp (t1) obtained for choices of ¢, in [0.01,0.1] by estimating the value of t, 3! (¢1),
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Figure 6-2: Plots of the function g3 (¢;¢1) on [t1,0.3] for 10 equally spaced values of ¢, in
the range [0.01,0.1] (black lines). Also shown is a plot of the function gz (t) on [0, 0.3] (red
line).

at which go (t;t7) has a maximum on [tf,o0), and then setting tp (tz) = 3 (t1) — t}.
It can be seen that tp(t7) is an increasing, approximately linear function of ¢; with
$tp <tp(tr) < tr. Plots of the function pairs {g2 (t;¢1), gk (t —tp (tz))} on [tr,0.3] for
tr, = 0.01, 0.02, 0.05 and 0.1 are given in figure (6-4) to illustrate the accuracy of the
estimate gg (t;tr) ~ g1 (t —tp (tz)). The estimate suggests that on [t1,o0), go (t;t1)
will increase to a maximum at 3 (t;) before decreasing to 0 with go (¢;t1) ~ Lge_TLa
for t > 37 (t1). Moreover, go (t3 (t1);tr) ~ g¥. (6.43) therefore suggests that as ¢ is
increased from tr, gr (t;t;) will increase to a maximum at some value t¥ (t1,) ~ t3! (t1),
before decreasing to 0 with g (t;t1) ~ L3 (Ag — 6*)6_%3 for t > tM (t1). Moreover,
gf (B (tr);tr) =~ (Ag —ex) g¥. Numerics seem to support these claims. Figure (6-5) is

a proposed schematic of g; (¢;t1) on [tr,, 00) based on these arguments.

It will be useful in what follows to have a lower bound on g; (¢;¢1) in the range (tz,t} (¢1)).

Since 4 (t1) > e« and gg (t — t1) is nonnegative on [tr,00), Vt > tr:

gf (ttr) > (Ag —e4 (t)) g2 (t5tL)

(cf. equation (6.43)). As was stated earlier, gs (;¢) is increasing on (tz,#37 (¢1)), and so
g2 (t;tp) > g2 (tr;tr) on (tL,té\/[ (tL)). Since gy (tr;tr) is an increasing function of ¢y, for

tr, € [0.01,0.1], it follows that go (t;¢) > g2 (0.01;0.01) on (¢,t3? (t1)). Numerics give
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Figure 6-3: Computed values of ¢p () on the range [0.01,0.1] (black line: see text for
details). Also shown are the functions 3¢, and ¢, (red lines).
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Figure 6-4: Plots of go (¢;t1) (black lines) and gg (t — tp (tz)) (red lines) on [tr,0.3] for
t; = 0.01, 0.02, 0.05 and 0.1.
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Figure 6-5: Schematic of the function g; (¢;t1) on [tr,, 00) (see text for details).

g2 (0.01;0.01) ~ 0.346634 and so the above inequality implies that for t; < ¢ <t (t):
97 (ttr) > 0.34(Ag — ey (t1))
The approximation t37 (t) ~ tM (1) then implies that for t;, <t < tM (¢1):

gf (t510) 2 034 (Ag — = (t1)

The form of g}, () in region A

Recall the expression (6.40) for g3 (¢):

3 _t t s
gp (t) = Z Kje "i / eBwf (s—tr)ds (6.44)
j=1 e

It was shown earlier that there are two possible expressions for w'{ (t) on [0,00), depending

on whether € < €% (o, 3) or € > €% (a,3). The corresponding expressions for g (t) are

now found for each case in turn.

L e< e (a,B).
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(6.24)-(6.25) imply that in this range, V¢ > ¢,

Ao (t—tp) Ag(t—tp)
wi (t—tr) = Ae S 4 Be

with

Ae = 32(-1+4d)

A3 = 3(-1-4d)

A = —L(gey(tr) +ebs(tr))
B = L(oey(tr)+eby(tr))

and by () = r4 (tr) — I+ (t1). Substituting the above into (6.44) leads to the following

expression for g}, () on [tz o0)

3 Ag(t—tr,) (t—t) _(t=tr)
g ) =Y K, ((Aje I s > —(Aj+Bj)e T ) (6.45)
j=1

where for 1 < j < 3:

€T (Ase4 (tr) + eby (t1))

A = -
’ d(Tjrs +¢€)
g~ L (Qees () +eby (1))
’ d(TjA3 +¢)

Taylor expanding d, A2 and A3 as functions of € about 0 leads to the approximations

Aj~ flj and B; ~ B for sufficiently small €, where for 1 < j < 3

Aj = ' (6.46)

and:

B= (8- 5)er )=o) @

Taking moduli of (6.45) and using A; ~ Aj, B ~ B implies that given e sufficiently small,
Vit >t
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95 ()] < 2 23: ‘Kj/lj’ + ‘B‘ 23: K| (6.47)
j=1 j=1

(6.46) implies that for 1 < j < 3:

|Ljles (tr)
(3-24)5+1]

’Kjf‘ij

<

As was stated earlier, L1 = 0.080395, Lo = —1.086914, L3 = 1.006519. Hence, for 1 < j <
3:

|Lo|ey (t1)

R

’Kjfij

(6.48)

It was also argued during the discussion of g} (¢;¢1) that for t; <t <t} (¢1):
97 (t;tr) £ 0.34 (Ag — 4 (t1))

The form of B implies B — 0 as ¢ — 0. It therefore follows from (6.47), (6.48) and the above
expression that provided Ag is large compared to ¢4 (¢1), and ‘(% — A+> T; + 1‘ is not
small compared to |La| for 1 < j < 3, then |g}, (t)| will be small compared to g; (¢;¢1) on
(t L, tﬁw (t L)), for € sufficiently small. Noting that €, = 0 in the parameter range considered
here, the analysis of g; (t;¢1) implies g} (¢;t1) ~ L3 (Ag) ¢ for t > tM(t,) (cf. figure
(6-5)). (6.47) and (6.48) therefore also suggest that, under the assumptions made above
regarding the relative sizes of {Ag,e4 (t1)} and {‘ <% — A+> T; + 1‘ ,| Lol }, for sufficiently
small ¢, ‘g; (t)} will be small compared to g; (t;t1) for ¢t > t¥ (t1) with ¢ small compared

to T3. So fix tp; > t% (t,) such that s is small compared to T3. Since

gy () = g7 (t:tr) + g5 (t)

on [tr,o0), the arguments above imply that, provided the assumptions made hold, g (¢)
will be a small perturbation of g; (t;¢1,) on [tr,t] for € sufficiently small. The discussion
of the form of gf (ttr) on [t;,00) together with the fact that g4 (¢) is increasing on
[0,¢1] therefore suggests that as ¢ is increased from 0 to tps, g+ (t) will increase to a
maximum at t}f (1) with ¢} (t1) ~ t¥ (¢1), before decreasing with g (t) ~ L3 (Ag) ¢ T

for ¢ > t¥ (t1). Moreover, g1 (t41 (t1)) ~ (Ag)g¥. Since g¥ = 1, this suggests that
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Figure 6-6: Plot of g4 () on [0,0.8] for = 80, § = 3, € = 0.0005 and Ag = 30 (black

line). The function L3 (Ag) e T s plotted in blue while g (t) on [0,¢1] and g] (£t1) on
[tr,0.8] are plotted in red. ¢z, = 0.0391.

g+ (t), and hence g4 (t), has the form of a normometric saccade to Ag degrees on [0, ts],
which drifts back towards 0 like L3 (Ag) ¢ T ast — tar (cf. section 1.1.2). Note that since
g— (t) = —g4+ (t), this implies ¢g_ (¢) will model a normometric saccade to — (Ag) degrees
which drifts back towards 0 like —L3 (Ag) e ast — ta -

Figures (6-6)-(6-8) are plots of g (¢) on [0, 0.8] obtained for choices of Ag and a such that
a lies in A with € < €% (v, B). Also shown are the function L3 (Ag) ™5 on [0,0.8] together
with g4 (t) on [0,¢1] and g} (t;t) on [tr,0.8]. In each case g4 (t) can be seen to model an
accurate saccade to Ag degrees which drifts towards back towards 0 like L3 (Ag) eiTLS as

t—0.8.
2. €> e (o, B).

(6.26)-(6.27) imply that in this range, Vt > ¢,

wi (t—tr) = Ae” ol cos (d (t—tr)+ B)

€

where

d = %\/46(A+—%)—1
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Figure 6-7: Plot of gy (¢) on [0,0.8] for a = 120, = 4.5, ¢ = 0.002 and Ag = 5 (black

t
line). The function L3 (Ag)e 7 is plotted in blue while g4 (¢) on [0,¢7] and g; (¢t1) on
[tr,0.8] are plotted in red. t;, = 0.0213.

20
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10+

Figure 6-8: Plot of g4 (t) on [0,0.8] for & = 160, 5 = 6, ¢ = 0.0015 and Ag = 15 (black

line). The function L3 (Ag) e T is plotted in blue while g (¢) on [0,¢1] and g] (tt1) on
[tr,0.8] are plotted in red. t;, = 0.0309.
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A = %\/(% + d2) €4 (tL)2 —ecy (tr) by (tr) + €2b4 (tL)2

B = —arctan <E+ t2Ld)s_+2(ibLJ3(tL)>

and by (t) = 4+ (tr) — I+ (t1). Substituting the above into (6.44) leads to the following

expression for g}, (t) on [ty 00)

N ) 8 d 3 ()
gp (t) =e ZlKjAj COS (Z (t—tL) —i—Bj) +ZKjCje J (6.49)
J:

where for 1 < j < 3:

e ((As = 5)er (00) = by (tr) e (t2) + by (1))

A =
a 1 € a 1
(Ae=g-A(-5)) (A -5 %)
B; = —arctan (22796; ) — arctan (8+ (t;)je_ i;b; (tL)>
€—1j + L
(1 %) e () = ey (1)
C; =

(-3-%(-%))

Since g1 (t) = g7 (t;tr) + gp (t) V¢ > tr, (6.49) implies that Vt > tp:

_ (t=tr) (t—tr)
g+ (1) =gf (tr) + . ZKA cos( t—tL)—i-B)—FZKCe i (6.50)

7j=1

Since T3 > 11 > 15, for t large compared to 17:

3 - t—tr, !t—t )
ZKjCje Ti =~ K3Cse T3L

From the expression for Cj:

(1 - ﬁ) 4+ (tr) — by (tr)

(=52 (- %))

By assumption, T3 > 1 > €. This yields the approximations 1 — Tis ~ 1 and Ti?) (1 — Tg) R

Cy =

0. It follows that for t large compared to T}

3 _(t=tp) . (t=tr)
Z KjCje Ti =~ Kze T3L (651)
j=1

where:
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K3 _ K3 (et (liL)__geb—&- (tr)) (6.52)
B

ot
As was shown earlier, g7 (t;t;) ~ L3(Ag)e T for t > t¥ (t). Assume that a <

(Af —1)B. (Since Ay > 1, this will typically be true). (6.52) then implies:
| K| < Kaey (t2) + Kae by (1)

Since K3 = 0.040261, L3 = 1.006519 and Ag > ¢4 (t1), K3e+ (tr) < Lz (Ag). The above

18

inequality therefore shows that provided Kse|by (¢1)| is small compared to Ag, ’Kg
small compared to Ls(Ag). As |bs (t1)] is a bounded function of ¢, and €, K3 < 1, this
should be true for sufficiently large Ag. (6.52) and the fact that g7 (t;t1) ~ L3 (Ag) ¢ T
for t > tM (t1,) therefore imply that given sufficiently large Ag, for ¢ large compared to
max {11, 1 (t1)}, Z?:l KjCje_U%? will be small compared to g; (¢;¢z). It then follows
from (6.50) that for ¢ large compared to max {17, (1)}

_(tmtp) 3 d
g+ W) ~=gf () +e % ZKjAjcos< (t—tL)—i-Bj)

€
J=1

which suggests g (t) will be a damped oscillation about g}F (t;tr) in this range.

Since g4 (t) is increasing on [0,¢z], it can be concluded that provided Ag is sufficiently
large, as t is increased from 0, g4 (t) will increase to a maximum at t47 (¢;) > ¢, before
decreasing to 0 by executing damped oscillations about gf (t;tr). Moreover, as g;r (t;tr) ~
L3 (Ag) ¢ T for t > tY (tr) and Ly ~ 1, these oscillations may cause g, (¢} (t1)) to
exceed Ag. In such cases g4 (t), and hence g4 (t), will therefore model a saccade towards
Ag degrees with a dynamic overshoot (cf. section 1.1.2). Note that since g_ (t) = —g4 (1),

this implies ¢g_ (¢) will model a saccade towards — (Ag) degrees with a dynamic overshoot.

Figures (6-9)-(6-11) are plots of g () on [0, 0.8] obtained for choices of Ag and a such that
a lies in A with € > €% (o, B). Also shown on the plots are g4 (¢) on [0,#1] and gf (t;t1) on
[t1,0.8]. For these choices of Ag and a, g4 (¢) can indeed be seen to simulate a dynamic

overshoot.

In contrast to the more mathematical treatment above, there is a geometric interpretation
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Figure 6-9: Plot of g4 (¢) on [0,0.8] for & = 100, 5 = 4.5, ¢ = 0.015, Ag = 20 (black line).
The functions g4 (t) on [0,¢] and g7 (¢;t1) on [t1,0.8] are plotted in red. t; = 0.063.
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Figure 6-10: Plot of g4 (¢) on [0,0.8] for « = 40, § = 1.5, ¢ = 0.02, Ag = 35 (black line).
The functions g+ (t) on [0,¢7] and g7 (t;t) on [t,0.8] are plotted in red. ¢, = 0.08.
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Figure 6-11: Plot of g4 (¢) on [0,0.8] for & = 100, 5 = 6, € = 0.015, Ag = 10 (black line).
The functions g+ (t) on [0,¢7] and gf (t;t) on [t1,0.8] are plotted in red. ¢, = 0.05.

of the observation that gt (f) models a normometric saccade for small values of € with
€ < er (, B), while g+ (t) models a dynamic overshoot for € > er (o, §). Recall from sec-
tion 3.6.3 that as € is increased from 0 through ep (o, 5) for a fixed a and 5 with a < A4S,
trajectories of y = Y (y) with initial condition in B(0) begin to follow the slow manifold
S less and less closely, until they eventually begin to spiral around the invariant line Lg
as they approach the origin. This suggests that the evolution from normometric saccades
to dynamic overshoots as € is increased from 0 can be viewed as a consequence of the
corresponding burster system trajectories following Sjs less closely as they converge to the
origin. Figures (6-12)-(6-13) show the effects on both ¢g_ (¢) and the corresponding trajecto-
ries of y = Y (y) of increasing € from 0 through €% («, 8) for {a = 100, 8 = 3.75, Ag = 20}.

The behaviour shown in these figure seem consistent with this interpretation.

The form of g}, () in region B

As stated above, it is being assumed that € is sufficiently small for 0 to be a stable node

of y =Y (y), and for y, (0) € B (yf) Recall the expression (6.44) for g]ﬁ (t):

3 _t s
gh (t) = Z Kje i / eBwf (s—tr)ds (6.53)
j=1 b
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Figure 6-12: Plots of g_ (£) on [0 0.5] for a = 100, 8 = 3.75, Ag = 20 and the € values 0.001
(black line), 0.01 (red line) and 0.015 (blue line). For this choice of («, ), €% (a, 3) = 0.065.
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Figure 6-13: Projection onto the (r — [, ) plane of the trajectories of y =Y (y) corre-
sponding to the simulated saccades of figure (6-12). The dotted line represents the slow

manifold Syy;.
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Equations (6.29)-(6.30) imply that in this range, Vt > ¢,

H12

e (7t) 4 Be

221
Hl3(t—tp,)

wi (t—tr) =

with

pa = 3 (A1(e,8)+d)

s = 3(A1(a,f) —d)

A = =5 (ms(es (tr) —e1) +eby (tr))
B = J(ma(es (tr) —e1) + by (1))

and by () = r4 (tr) — I+ (t1). Substituting the above into (6.53) leads to the following

expression for g}, (t) on [tr, o0)

3 p1a(t—tr) rig(t=tr,) Gty
= Z K; e ‘ + Bjem < | — (Aj + Bj) e (6.54)
j=1

where for 1 < j < 3:

€T (pyg (e (Br) —e1) +eby (t1))
d (Tjpio + €)
€l (g (64 (tL) —e1) + by (tr))
d (Tjus +¢€)

A; =

B;j

A very similar analysis to that of case 1 in the analysis of region A implies that given e

sufficiently small, Vt > tr.:

95 ()] S 2 (i(KjAj + (B(if{j) (6.55)

where for 1 <57 <3

|La| [A1 (o, B)] (4 (1) — €1)
’KJAJ‘ < }(r;r( B)+T7 (o, 8) Tj + A ( ﬂ)! (6.56)

and:

; PR I'f (a,8) + T (o, ) B .
B = Ap (o, B)° <b+ (to) + ( AL (@) ) (e4 (tr) 51)>
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As stated earlier, for t;, <t <t} (t):
g1 (t51) 2 034 (Ag — e (1))

The form of B implies B — 0 as € — 0. It therefore follows from (6.55), (6.56) and the above
expression that provided Ag is large compared to e (t1), and ‘(Ff (o, B) + T (o, B)) Tj + Ax (e, B)‘
is not small compared to |Lg||A; (o, B)] for 1 < j < 3, then |gf (t)| will be small
compared to g (t;tr) on (tr,t} (t1)), for e sufficiently small. Noting that &, = &1
in the parameter range considered here, the analysis of g}r (t;tr) given earlier implies
g7 (t;tr) = L3 (Ag —e1) ¢ for t > tM(t) (cf. figure (6-5)). Under the assumptions
on the relative sizes of {Ag,e4 (tr)} and {|(T7 +T7) T + A1, |L2||Aq]}, (6.55) and
(6.56) therefore also suggest that for sufficiently small €, |g}; (t)| will be small compared to
gf (t;tr) for t > ¢} (1) with ¢ small compared to T3. Fix tp > 3 (¢1,) such that ¢y is

small compared to 7T3. Since

g+ (t) = gf (t:tr) + gp (t)

on [tr,00), the arguments above imply that, provided the assumptions made hold, g (¢)
will be a small perturbation of g; (t;t1) on [tz,tu] for € sufficiently small. The form
of g (t;tr) on [tz,00) therefore suggests that as t is increased from 0 to tas, g4 (t)
will increase to a maximum at ¢}/ (t) with t}f (t) ~ t} (t1), before decreasing with
g+ (t) = L3z (Ag—e1) ¢TS5 for ¢ > tA (tr). Moreover, gy (t¥ (t1)) =~ (Ag—e1) gl
Since g¥ ~ 1, this suggests two possibilities for the form of gy (¢), and hence of gy (t)
on [0,%y], depending on the size of Ag relative to 1. If Ag is large compared to €1,
g+ (t) will model a normometric saccade to Ag degrees on [0,¢ys], which drifts back to-
wards 0 like L3 (Ag —e1) e T as t — ty - As g (t) = —gy (t), g (t) will therefore
model a normometric saccade to — (Ag) degrees on [0, tys], which drifts back towards 0
like —L3 (Ag —¢1) e_TL3 as t — ty. If Ag > 1, but is of the same order as €1, g4 (t)
will model a hypometric saccade towards Ag degrees on [0, ¢y/], which drifts back towards
0 like Lg(Ag —e1) 67%3 as t — tpr (cf. section 1.1.2). Conversely, g_ () will model a
hypometric saccade towards — (Ag) degrees on [0,¢ps] which drifts back towards 0 like
—L3 (Ag —e1) e T ast — tar. Figures (6-14)-(6-16) are plots of g4 (¢) on [0, 0.8] obtained
for choices of Ag and a such that « lies in B, with € sufficiently small for 0 to be a stable
node of y = Y (y) and for y (0) € B (y7 ). Also shown are the function L (Ag — €1) ¢ T
on [0, 0.8] together with g (¢) on [0,¢1] and g7 (¢;¢1) on [t,0.8]. For the parameters used
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Figure 6-14: Plot of g4 (¢) on [0,0.8] for a = 206, 5 = 3, ¢ = 0.002, Ag = 0.7 (black line).

ot
g1 = 0.106391 in this case. The function L3 (Ag —e1)e T~ is plotted in blue while g (t)
on [0,¢] and gf (t;tr) on [tr,0.8] are plotted in red. ¢, = 0.0174.

to obtain figures (6-14) and (6-15), Ag is of a similar size to 1, while for the choice of
parameters used to obtain figure (6-16), Ag is large compared to €;1.In all 3 cases, the shape
of g+ (t) is as predicted. Note that since €1 is bounded above by ey, for sufficiently large

values of Ag, g+ (t) will model a normometric saccade.

6.2 The form of the gaze time series for limit cycle attractors

Assume that « lies in one of C and D, where the attractors are the limit cycles C; and
C_, or in one of E and F, where the attractor is the limit cycle Cy (cf. figure (5-25)). As
in section 6.1, fix Ag > 0, set z= = (0,0,0,+ (Ag))" and define z4 (t) V¢ > 0 by:

z1 () = (x+ (£), ¥+ ()" = (92 (), 02 (), e (8) 72 (£), 1e (1) 22 () = 0, (25)

Again, g, (t) simulates a saccade to Ag degrees and g_ (¢) simulates a saccade to — (Ag)
degrees. Also, Vt > 0, z_ (t) = Yz, (), which implies g_ (t) = —g, (t). Write C for the
limit cycle associated with z (¢). Then 32/, € C such that z (¢t) — ¥, (z/.)as t — oo.

The symmetry therefore implies z_ (t) — ¢, (z'_) as t — oo, where z/_ = ¥z, . Define the
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Figure 6-15: Plot of g4 (¢) on [0,0.8] for « = 107, § = 1.5, ¢ = 0.0015, Ag = 0.5 (black

_t
line). &1 = 0.110704 in this case. The function L3 (Ag —e1)e T~ is plotted in blue while
g+ (t) on [0,t7] and gf (t;tr) on [tr,0.8] are plotted in red. ¢, = 0.016.

30

25

20+

15+

10+

Figure 6-16: Plot of g+ (t) on [0,0.8] for @ = 404, 8 = 6, ¢ = 0.001, Ag = 25 (black line).

_t
g1 = 0.089516 in this case. The function Ls(Ag —e1)e T~ is plotted in blue while g ()
on [0,¢] and g7 (t;tr) on [tr,0.8] are plotted in red. 7, = 0.0358.
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functions z3 (¢) and zF (t) for ¢t > 0 by:
25 (1) = (95
25 (t) = (gF (0,05 (0),n5 (0,75 (0,0 (0),55 (1) =2 (1) — ¥, (74)
Then Vt > 0
2 (t) = 25 (t) + 27 (¢)

where zF (t) — 0 as t — co. In particular, V¢ > 0:

g+ (t) = g5 () + 97 (t) (6.57)

where g% (t) — 0 as t — oo. The uniqueness of solutions of the saccadic equations implies
that V¢ > 0, zg (t) = Sz (t). This in turn implies that z (t) = Xzf (¢) V& > 0. It
therefore follows from the form of ¥ that V¢t > 0, gg (t) = —g& (¢) and g7 (t) = —g7 (¢).

It has thus been shown that as t — oo, the gaze time series gy (¢) converges to a periodic
time series associated with the corresponding limit cycle attractor. The analysis of the
morphology of these periodic time series given in section 5.8.4 forms the basis of the

discussion of the morphology of g+ (¢) in the ranges C to F given below.

6.2.1 Region C

The analysis of section 5.8.4 suggested that in this region, ggf (t) is a small amplitude
oscillation. Figures (6-17) and (6-18) are plots of g4 (t) and g_ (¢) respectively for two
choices of Ag and a such that a lies in C. Each time series is shown on the interval [0, 5].
It can be seen in each case that g+ (t) models a normometric saccade to + (Ag) degrees
with a post-saccadic small-amplitude oscillation. This was the typical behaviour observed

in this parameter range.

6.2.2 Region D

The analysis of section 5.8.4 suggested that in this region, ggc (t) has the form of a jerk

nystagmus waveform which has extended foveation periods for € close to eg («, 5). Figures
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Figure 6-17: The gaze time series g (t) on [0,5] for a = 207.656, 5 = 3, ¢ = 0.006,
Ag =0.5.
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Figure 6-18: The gaze time series g_ (¢) on [0,5] for @ = 306.84, = 4.5, ¢ = 0.005,
Ag =0.7.
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Figure 6-19: The gaze time series g (t) on [0, 1] for a = 180, 5 = 2.25, € = 0.002, Ag = 10.

(6-19)-(6-20) and (6-21)-(6-22) are plots of g+ (t) and g_ (¢) respectively for two choices of
Ag and a such that « lies in D, and € is small compared to eg (o, 8). Each time series
is shown on the interval [0,1] and an interval of the form [t1,%2] with ¢; > 1. g4 (¢) is
seen to have the form of a normometric saccade to £+ (Ag) degrees, with a post-saccadic
large-amplitude oscillation that decays slowly to a periodic jerk nystagmus waveform. This

was the typical behaviour observed for e small compared to eg (o, 3).

Figures (6-23)-(6-24) and (6-25)-(6-26) are plots of g1 (¢) and g_ (t) respectively for two
choices of Ag and « such that a lies in D, and € is close to eg (o, 8). Each time series is
shown on the interval [0,3.5] and an interval of the form [¢1, 2] with ¢; > 3.5. g4 (¢) is
seen to have the form of a normometric saccade to + (Ag) degrees, with a post-saccadic
large-amplitude oscillation that converges slowly to a periodic jerk nystagmus waveform

with an extended foveation period. This was the typical behaviour observed for € close to

€G (0475)'

Note that since gg (t) = —g& (¢), the direction of the beat of the simulated nystagmus
is dependent on the initial direction of the saccade. (This can be seen clearly in figures
(6-19)-(6-26)). In more detail, assume that y (0) € B(Cy) so that £& (¢) is associated with
the limit cycle C;. In this case, the fast motion of ¥ (¢) is towards —oo (cf. section 4.6.1).
The approximation g§ (£) ~ —e& (t —t4) + (€& (¢)) established in section 5.8.3 therefore

implies that the fast motion in g& () will be towards +oo, and hence g& (¢) will have the

288



42 42.1 42.2 42.3 42.4 42.5 42.6

Figure 6-20: The gaze time series g, (t) on [42,42.6] for « = 180, 8 = 2.25, ¢ = 0.002,
Ag = 10.
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Figure 6-21: The gaze time series g_ (¢) on [0, 1] for a = 310, 8 = 4.5, ¢ = 0.001, Ag = 15.
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Figure 6-22: The gaze time series g_ (¢) on [38,38.8] for « = 310, § = 4.5, ¢ = 0.001,
Ag = 15.
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Figure 6-23: The gaze time series g4 (t) on [0, 3.5] for a = 420, 8 = 6, ¢ = 0.0048, Ag = 5.
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Figure 6-24: The gaze time series g4 (t) on [34,37.5] for a = 420, 8 = 6, ¢ = 0.0048,
Ag = 5.

0 0.5 1 1.5 2 25 3 3.5

Figure 6-25: The gaze time series g_ (t) on [0,3.5] for « = 320, § = 4.65, ¢ = 0.0047,
Ag = —12.
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Figure 6-26: The gaze time series g_ (t) on [35.5,39] for a = 320, 5 = 4.65, ¢ = 0.0047,
Ag = —12.

form of a right-beating jerk nystagmus. As gg (t) = —gd (t), gg (t) will therefore have
the form of a left-beating jerk nystagmus. Conversely, if y (0) € B(C_), g& (t) will be a
left-beating nystagmus and gg (¢) a right-beating nystagmus. Note that if € is sufficiently
small for trajectories of y = Y (y) not to cross the plane P, then as Ag > 0, y+ (0) € N,
and hence y () is confined to N4 V¢ > 0. This implies y+ (0) € B(C4+).

6.2.3 Region E

The analysis of 5.8.4 suggested that in this parameter range, g§ (t) resembles a bilateral
jerk nystagmus which has extended foveation periods for € close to eg (o, §). Figures (6-
27)-(6-28) and (6-29)-(6-30) are plots of g4 (¢) and g (¢) respectively for two choices of Ag
and «a such that « lies in E, and € is large compared to e («, 5). Each time series is shown
on the interval [0,2] and an interval of the form [t,%2] with ¢ > 2. g4 (¢) is seen to have
the form of a normometric saccade to £ (Ag) degrees with a post-saccadic large-amplitude
oscillation that converges slowly to a periodic bilateral jerk nystagmus. Such behaviour

was typical for e large compared to eg (o, ) in this range.

Figures (6-31)-(6-32) and (6-33)-(6-34) are plots of g+ (t) and g_ (t) respectively for two
choices of Ag and a such that « lies in E, and € is close to e («, 5). Each time series is

plotted on the interval [0,4] and on an interval of the form [t1,t2] with ¢; > 4. g4 (¢) is
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Figure 6-27: The gaze time series g (t) on [0, 2] for a = 260, 5 = 3.75, ¢ = 0.006, Ag = 17.
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Figure 6-28:

The gaze time series g4 () on [90,91.5] for o = 260, § = 3.75, ¢ = 0.006,
Ag =17.
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Figure 6-29: The gaze time series g_ (¢) on [0,2] for a = 400, § =

Ag = 30.
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Figure 6-30: The gaze time series g_ (¢) on [108,110] for o = 400, § = 5.55, € = 0.0065,

Ag = 30.
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Figure 6-31: The gaze time series g4 (t) on [0,4] for « = 134, § = 1.8, € = 0.005, Ag = 24.
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Figure 6-32: The gaze time series g1 (¢) on [160,164] for o = 134, 5 = 1.8, € = 0.005,
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Figure 6-33: The gaze time series g_ (¢) on [0, 4] for « = 340, 5 = 4.8, ¢ = 0.0049, Ag = —6.
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Figure 6-34: The gaze time series g_ (t) on [50,54] for o = 340, 5 = 4.8, ¢ = 0.0049,
Ag = —6.
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Figure 6-35: The gaze time series g_ (t) on [0, 2] for & = 380, § = 5.1, e = 0.05, Ag = —6.

seen to have the form of a normometric saccade to £+ (Ag) degrees, with a post-saccadic
large-amplitude oscillation that converges slowly to a periodic bilateral jerk nystagmus
with an extended foveation period. This was the typical behaviour observed for € close to

ec (o, B) for parameters in this range.

6.2.4 Region F

It was argued during section 5.8.4 that in this parameter range, gé? (t) has the form of
a pendular nystagmus. Plots of g_ (¢) and g4 () for two choices of Ag and a such that
a lies in F are given in figures (6-35)-(6-36) and (6-37)-(6-38) respectively. Each time
series is plotted on the interval [0,2] and on an interval of the form [t1,#2] with ¢ > 2.
The figures indicate that g+ (¢) has the form of a hypermetric saccade to & (Ag) degrees,
with a post-saccadic large-amplitude oscillation that decays slowly to a periodic pendular

nystagmus. This was the typical behaviour observed in this parameter range.

6.3 Classification of the simulated saccadic behaviours

Collecting the analysis and observations of the last two sections leads to figure (6-39).
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Figure 6-36: The gaze time series g_ (¢) on [34,37] for & = 380, 5 = 5.1, e = 0.05, Ag = —6.

40

Figure 6-37: The gaze time series g4 (t) on [0,2] for a = 140, 8 = 1.8, ¢ = 0.05, Ag = 24.
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Figure 6-38: The gaze time series g4 (t) on [132,134] for o = 140, § = 1.8, ¢ = 0.05,
Ag = 24.

6.4 Biological implications

This section presents a number of possible implications for the understanding of saccadic
dysmetria and CN that can be inferred from the analysis of the saccadic equations. Where

appropriate, experiments are outlined to further investigate these hypotheses.

6.4.1 The existence of a continuum of saccadic behaviours

One of the most significant implications of this work is that a single model of the saccadic
system is able to simulate both normal and abnormal behaviour. This suggests that the
oculomotor pathologies simulated by the model, such as CN, may simply be a consequence
of the components of the saccadic system operating outside of their normal range, while
remaining structurally intact. The pathologies are therefore what are sometimes referred
to as dynamical diseases [40]. This proposed characterisation of CN as a dynamical
disease contrasts with the work of Optican et al, who proposed that CN is a consequence

of miswiring in the oculomotor system (cf. section 1.1.3).

Another important prediction of the model is that it is possible to move between the differ-
ent types of behaviour classified in figure (6-39), by altering the parameters of the system.

This is consistent with experimental observations that, depending on the environmental
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Figure 6-39: Saccadic behaviours modelled by the saccadic equations for initial conditions
(0,0,0,0,0, £ (Ag))T when « lies in the intersection of IIp with the union of regions A-F
of ﬂ P.
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conditions, non-nystagmats can produce both normometric and dysmetric saccades, while
nystagmats can exhibit several types of CN waveform (cf. 1.1.3). Additionally, the model
predicts which behaviours may be associated with each other in parameter space. Since «
and [ relate to the basic firing properties of neurons, it seems reasonable to assume that
they will be fixed quite early on in the development of the oculomotor system. As stated in
section 2.3, the parameter € can be characterised as a measure of how quickly the bursters
respond to the driving motor error signal. € might therefore be expected to show greater
variability than « and 3, as it will be affected by factors such as the chemical environment
of the bursters. Under these assumptions on the variability of the parameters, the model
suggests, for example, that a normometric saccade is unlikely to develop a post-saccadic
oscillation, but may develop into a dynamic overshoot. It also suggests that a jerk oscilla-
tion has the capacity to develop into both a bilateral jerk and a pendular nystagmus (cf.
figure (6-39)). Such observations can provide the basis of experiments to determine the

validity of the model as a predictor of saccadic behaviour (cf. 6.4.2 and 6.4.3 below).

6.4.2 Dynamic overshoots in non-nystagmats result from a large value

of €

The discussion of section 6.1 suggested that for 0 < o < A4 5, normometric saccades evolve
into dynamic overshoots with increasing €, as a consequence of the corresponding burster
system trajectories following the slow manifold Sy, less closely as they converge to the
origin. This predicted capacity of normometric saccades to develop into dynamic overshoots
is consistent with experimental evidence showing that both behaviours can be observed in
the same subject (cf. section 1.1.3). In the case of humans, the hypothesis that dynamic
overshoots result from large values of € cannot be tested directly by observing trajectories
in the burst neuron firing against motor error phase plane, as this would involve invasive
single neuron recording techniques such as those used by Van Gisbergen et al (cf. section
2.3). However, under the assumption that decreased burst neuron reaction times can be
associated with reduced attention, simple experiments based on reducing the attention of

a subject in a controlled manner could be conducted, to test this hypothesis indirectly.

One such approach to reducing attention would be the measured administration of known
tranquillising agents to the subject over a recording period. Another recognised technique is

to use visual distractions to break the attentional state [41]. Finally, since visual inattention
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is known to be correlated with fatigue, it would be interesting to investigate whether
dynamic overshoots became more prevalent in a subject during recording periods spread

out over the course of a day.

6.4.3 Jerk nystagmus can evolve into both bilateral jerk and pendular

nystagmus

One of the most interesting predictions of the model is the possibility of moving between
the jerk, bilateral jerk and pendular nystagmus waveforms by varying the € parameter in
the range a > d¢ () (cf. figure (6-39)). This prediction appears to be consistent with the
observation that jerk nystagmus can exhibit transient periods of the bilateral oscillation.
Assuming again that the e parameter can be identified with attention, the prediction is
also consistent with experimental evidence which shows that some subjects who exhibit
jerk nystagmus in high attention conditions can switch to a pendular waveform under
conditions of reduced attention (cf. section 1.1.3). The prediction could be explored by
using the same techniques to reduce attention in a subject as those suggested above in the
discussion of dynamic overshoots. In the event that reasonable control over the waveform
could be established, a secondary experiment would be to investigate whether jerk and
bilateral jerk waveforms with extended foveation times may be induced by varying the

level of attention so as to bring € close to eg (a, ).

6.4.4 Hypometric saccades and nystagmus are caused by a pathological

off response

The analysis of the saccadic equations showed that given a fixed § and € in the ranges of
interest, hypometria is observed in saccades of small amplitude for A48 < a < ag (),
while nystagmus is observed for o > ap () (cf. figure (6-39)). This suggests that small
amplitude hypometric saccades and the modelled nystagmuses (jerk, pendular etc.) both
result from an inappropriately large off response. The interpretation of the off response as a
braking saccade (cf. section 2.3) provides a physiological interpretation of these pathologies.
Recall that the braking saccade is a small centrifugal tug on the eye towards the end of
the movement, which prevents the eye overshooting the target. Hypometric saccades can
be attributed to a braking saccade which has increased in magnitude to a level where it is

causing the eye to be brought to a halt before the target gaze angle is achieved. Similarly,
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the modelled oscillations may be thought of as resulting from a braking saccade of sufficient
magnitude to produce a large movement of the eye in the opposite direction to that of the
saccade. This reverse motion in turn causes the onset of an oscillatory instability through

the reciprocal inhibition of the bursters.

6.4.5 For small ¢, the most likely oscillatory behaviour is jerk nystagmus

The bifurcation structure of the saccadic model implies that in the oscillatory regime
a > agp (8), there are two possible types of behaviour that may occur for small €, depending
on the sign of a — ac (B). If a < ac (B), the oscillation is a small-amplitude nystagmus,
while if a > a¢ (B), the oscillation is a large-amplitude jerk nystagmus (cf. figure (6-39)).
It should be noted that the absence of a steady progression from a small oscillation to a
fully developed jerk waveform as « is increased from ay () for small € is a consequence

of the canard structure of the model discussed in section 4.6.

It was shown in section 3.6.1 that oy (5) is an increasing function of 5 on (eg, 59). Since
eg < 1.5 and By > 6, this implies that ag () is increasing on (1.5,6), the 5 range of
IIp (cf. (6.1)). It was also stated on the basis of numerical evidence in section 4.6 that
ac () — am (B) is a decreasing function of 8 on (8., 53). Since S < 1.5 and [y > 6,
ac (B) — am (B) is therefore decreasing on (1.5,6). Combining these facts implies that the

quantity

ac (B) —aun (B)
an (B)

is a decreasing function of 5 on (1.5,6). Hence, V1.5 < 8 < 6:

ac (B) — am (B) < ac (1.5) — apg (1.5)
an (B) am (1.5)

Numerics indicate that % < 0.001. Hence, ac (8) =~ am () on (1.5,6). This
suggests that given e small, the most likely oscillatory instability is jerk nystagmus. Assum-
ing again that € can be identified with attention, the implication of this analysis appears

to be that nystagmats are most likely to exhibit the large-amplitude jerk oscillation under

high attention conditions, rather than the small-amplitude oscillation.

During the investigation of the canard surface ¢ = ec (o, 3), determining the value of

ac (B) for a given 1.5 < 8 < 6 accurately proved to be computationally very difficult.
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Numerics did however suggest that in this range, & (8) ~ ac (8). The model therefore
also predicts that jerk nystagmus is most likely to evolve into bilateral jerk and pendular
nystagmus with increasing ¢; the transition to a small-amplitude nystagmus is unlikely to

be observed.

6.4.6 The fast phases of jerk and bilateral jerk nystagmus may not be

corrective

Recall from section 1.1.3 that in the model of congenital nystagmus proposed by Optican
et al, the fast phases of CN are believed to be a corrective motion, which counters drift
of the eye caused by an instability of the gaze-holding system [7]. The bilateral saccadic
model challenges this idea. In this model, the existence of a periodic gaze time series
gs (t) resembling jerk or bilateral jerk nystagmus is attributable to the slow-fast form
of the associated error time series £g (t). This slow-fast form is inherited by gs (t) as a
consequence of the properties of the filter relating the error and gaze time series of periodic
solutions (cf. section 5.8.3). The slow fast-form of eg (¢) itself results from the orientation
of the slow manifold Sy in the (r — [, &) plane, as discussed in more detail in section 4.6.1.
The implication is that in the case of jerk and bilateral jerk nystagmus, the fast phase of
the nystagmus may not be a corrective motion, but simply a consequence of the underlying

geometry of the dynamics.

6.4.7 The modelled nystagmuses are periodic, with the beat direction of

jerk nystagmus dependent on the saccade direction

As stated in section 1.1.3, congenital nystagmus waveforms are nonperiodic, although they
do have a strong periodic component. By contrast, all oscillatory behaviour predicted by
the model is asymptotically periodic, due to the equations having only fixed points and
limit cycles as attractors. The inability of the model to generate nonperiodic behaviour is

one area that requires investigation, and is elaborated on further in chapter 7.

Another implication of the model is that in jerk nystagmus, the direction of the beat
following a saccade is dependent on the saccade direction (cf. section 6.2.2). This conflicts
with experimental evidence showing that jerk nystagmus tends to have a preferred beat

direction, which is unaffected by a saccadic movement [22]. The predicted correlation
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of beat and saccade direction is a consequence of the fact that the saccadic equations
are symmetric. Consequently, breaking the symmetry of the system may dissociate the
beat and saccade directions. Other possible consequences of breaking the symmetry are

discussed in chapter 7.
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Chapter 7

Conclusions and further work

7.1 Summary of the model analysis

The primary aim of this study was to obtain a classification of the gaze time series associ-
ated with saccade-modelling solutions of the bilateral saccadic model, for choices of a in
the physiological range I1p that produce biologically realistic simulations of eye movements.
This classification was to be used to provide insight into the mechanisms underlying the
abnormal oculomotor behaviour simulated by the model, such as dynamic overshoot and

congenital nystagmus.

The first phase of the study was an analysis of the burster equations y =Y (y). This
work was presented in chapters 3 and 4. The initial stage of the analysis involved estab-
lishing that solutions exist and are unique. It was then observed that the burster system
has a symmetry, and it was also remarked that the system would be assumed eventually
compact. Following this, the equations were observed to be of slow-fast form for small e,
and restrictions were placed on the behaviour of solutions for small € on the basis of their
interaction with the slow manifold. The fixed points of the equations were then identified,
and their stabilities determined. During this part of the analysis, approximations to the
error time series € (¢) of solutions that converge to fixed points of § =Y (y) were obtained
for large t. This was done by using the linearised dynamics of the burster equations about
a given fixed point to approximate the nonlinear dynamics in the neighbourhood of the

fixed point.

Next, a local analysis of the equations about each of the fixed points was carried out.
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It was discovered that for a fixed e, the bifurcations in the (5,«a) plane are organised
by a pair of codimension two points. The first point (35, @) was demonstrated to be a
Takens-Bogdanov point, at which curves of saddlenode, homoclinic and supercritical Hopf
bifurcations intersect. The second point (25' , 20/ ) was found to correspond to a nonsmooth
pitchfork bifurcation changing from supercritical to subcritical. This bifurcation was ob-
served to result from a transcritical bifurcation in the related smooth system y =Y (y).
Additionally, evidence was found for the existence of a curve of Hopf-initiated canards in
the (8, ) plane for 8 greater than a cut-off value 5, when € is small. It was suggested on
the basis of numerical evidence that this curve also intersects the Takens-Bogdanov point.
The results of the local analysis, together with the restrictions on solutions imposed by
the existence of the slow manifold for small €, were combined to propose a full description
of the attractors of the equations in this range. It was concluded that for small e, the
attractors are stable fixed points or stable limit cycles. Moreover, limit cycles in § > S,
and post-canard limit cycles in § < 3,5 both have the form of large-amplitude relaxation

oscillations, owing to the interaction of the cycles with the slow manifold.

The next stage in the analysis of the burster equations involved examining the quali-
tative changes in the dynamics caused by increasing e from 0 to 0.05 in the reduced
B range B < B < 283'. Increasing ¢ meant that solutions were no longer constrained
by the slow manifold, which introduced the possibility of bifurcations and attractors
other than those observed for small e. It was in fact discovered that in the («,€) range
{0 < a < 2.50/,0 < € < 0.05}, there are two global bifurcations, in addition to the bifurca-
tions associated with the codimension two points and the canard. The first of these bifur-
cations was characterised as a nonsmooth gluing bifurcation, in which a pair of symmetry-
related limit cycles become simultaneously homoclinic at the origin, forming a symmetric
limit cycle. The bifurcation was observed to be qualitatively equivalent to a smooth gluing

bifurcation of the saddle type, with saddle index greater than 1.

The second global bifurcation that was found also involves the creation of a symmetric limit
cycle. This bifurcation, termed the H-bifurcation, occurs in one of two ways; in the type
I bifurcation, the creation of the cycle does not appear to involve any other trajectories,
while in the type II bifurcation, the creation of the cycle coincides with the catastrophic
destruction of a pair of symmetry-related cycles. The type I bifurcation was found to occur
for all B~ < B < 28'. The type II bifurcation was observed to occur for BC < B <26,

where BC > [ is a value of 8 at which the curve of canards begins to intersect the curve
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of gluing bifurcations in the (¢, €) plane. No obvious explanation for the occurrence of the
H-bifurcation could be found. The mechanism underlying the H-bifurcation could provide

an interesting area for further investigation.

Following the discussion of the H- and gluing bifurcations, the morphology of the error time
series associated with limit cycles in the range {BC <B<2f a0 (B) <a<25d,0<e< 0.05}
was examined. Here, for each BC < B <2, é&c (B) is the a value corresponding to the
intersection of the curve of canards with the curve of gluing bifurcations in the («, €) plane.
Also, B > BC represents a value of 3 such that for all 3, < 3 < 23, the only bifurcation
in the (a, €) plane for a > é&¢ (B) is the gluing bifurcation. It was discovered that for € less
than eg (o, 8) in {Bc < B < 26,40 (8) <o <2.5¢/,0 < e<0.05}, the error time series
associated with the pair of pre-gluing symmetry-related limit cycle attractors have a slow-
fast form. This form causes the error time series to resemble jerk nystagmus waveforms,
and was attributed to the asymmetric double-loop form of the slow manifold in the (r — [, )
plane. As e is increased towards g («, ) and the limit cycles approach homoclinicity, the
corresponding error time series take on the form of a jerk nystagmus with an extended
foveation period. For e greater than eg (o, 8) with |e — eg (o, 8)| not too large, the error
time series associated with the post-gluing symmetric limit cycle were also observed to
have a slow-fast form. The slow-fast form causes the time series to resemble bilateral jerk
nystagmus waveforms, and was again attributed to the asymmetric double-loop form of
Sy in the (r —1,¢) plane. As € is decreased towards eg (o, ) and the limit cycle nears
homoclinicity, the error time series take on the form of a bilateral jerk nystagmus with an
extended foveation period. Increasing e from eg («, 5) to 0.05 was seen to result in the
symmetric limit cycle becoming progressively less confined to Sy, causing the correspond-
ing error time series to lose the slow-fast form. For sufficiently large ¢ < 0.05, the error

time series appear sinusoidal and resemble pendular nystagmus waveforms.

The analysis outlined above was used to obtain a proposed classification of the bifurcations

and attractors of the burster equations in the parameter range
Ip={Bc<B<28,0<a<25d,0<e<0.05)

containing IIp. Similarly to the small € case, all attractors in this range were observed
to be stable fixed points or stable limit cycles. On the basis of the classification, IIp was

divided into regions labelled A to J. This classification concluded the investigation of the
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burster equations.

The second phase of the study was an analysis of the saccadic equations z = Z (z), modelled
on the preceding analysis of the burster equations y =Y (y). This work was presented
in chapter 5. The initial stage of the analysis involved showing that solutions exist and
are unique. Next, it was established that the saccadic system has a symmetry and is
eventually compact. Following this, the skew-product form of the saccadic equations was
used to demonstrate that the projection map 7 provides a bijection from the set of w-limit
sets of the saccadic equations to the set of w-limit sets of the burster equations. Moreover, if
A is an attractor of z = Z (z), then mA is an attractor of y = Y (y). It was then established
that there is a one-to-one relationship between the fixed points of the burster and saccadic
equations, and that the stability of a given fixed point of z = Z (z) is determined by the
stability of the corresponding fixed point of y =Y (y).

The next stage in the investigation involved using Fourier analysis and linear systems
theory, to prove that a stable limit cycle C of y =Y (y) corresponds to a stable limit
cycle C of z=7Z(z). It was concluded from this that the projection map 7 provides a
bijection from the set of attractors of the saccadic equations to the set of attractors of the
burster equations, when the attractors of the burster equations are fixed points or limit
cycles. This was noted to be the case for choices of « in Ip, meaning that the attractors
of z = Z (z) could be inferred from those of y =Y (y) in this range. By utilising the one-
to-one correspondence between stable limit cycles of y =Y (y) and z = Z (z), it was then
argued that the nonsmooth gluing bifurcation that occurs at the origin 0 in y =Y (y)
induces a nonsmooth gluing bifurcation at the origin (0,0)” in z = Z (z). This bifurcation
was observed to be qualitatively equivalent to a smooth gluing bifurcation of the saddle

type with saddle index greater than 1.

Following the discussion of the gluing bifurcation, the previous Fourier analysis was used to
demonstrate that the gaze time series gg (t) associated with a given limit cycle C of z = Z (z)
is related to the corresponding error time series g (t) by a linear filter. Investigation of
the properties of this filter led to the approximation gs (t) = —eg (t — t4) + (€5 (t)), where
ty > 0 is a delay, and (g (t)) represents the mean value of eg (t). It was observed that
this approximation resulted in gg (¢) inheriting the morphology of eg (t) for limit cycle
attractors in the parameter range IIp. In particular, for limit cycles where £g (¢) models a

congenital nystagmus waveform, gg (t) was seen to model the same waveform.
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The investigation of the saccadic equations concluded with a proposed classification of the
attractors for a € IIp, based on the one-to-one correspondence between the attractors of

y=Y (y) and z = Z (z).

The final phase of the study involved examining the form of the gaze time series g4 (t)
associated with saccade-modelling solutions of z = Z (z), for a in the intersection of IIp
with the union of regions A to F of IIp. Here, for a given Ag > 0, g, (t) simulates a
saccade of Ag degrees from an initial gaze angle of 0, while g_ (¢) simulates a saccade of

— (Ag) degrees from 0. This work was presented in chapter 6.

The examination of the gaze time series was performed in two stages. During the first
stage, the form of gy (¢) was investigated for a lying in regions A and B, in which the
attractors are fixed points. As a consequence of the symmetry of the saccadic equations,
g— (t) = —g4 (t). Hence, in order to determine the forms of both g4 (¢) and g_ (¢) for a given
a in A or B, it was necessary to only determine the form of g (¢). This was achieved by
first using Laplace transforms to get an expression for g (t) in terms of the corresponding
error time series €4 (). Next, a piecewise approximation £ (t) to 4 (t) was obtained.
4 (t) was constructed by combining the observation that e (¢) is approximately linear for
small ¢, with an approximation to e (t) for large ¢ that had been established previously
by considering the linearised dynamics of y =Y (y) about its fixed points. Setting & (¢)
into the expression for gy (t) yielded a piecewise approximation gy (t) to g+ (t). Assuming
that g4 (t) is a good approximation to g4 (¢) for ¢ > 0, the morphology of g, (¢) could then

be inferred.

In region A, the attractor of z = Z (z) is the origin (0,0)”. The analysis of the burster
equations had shown that the origin 0 is a stable node of y =Y (y) for € < €% (a, 3), while
for € > e% (a, 8), 0 is a stable fixed point such that trajectories spiral around the stable
manifold L as they contract to 0. By examining the form of g (¢) in both these ranges, it
was shown that g4 (¢) models a normometric saccade for small € < €% («, 8), and a dynamic
overshoot for ¢ > e% (ar, B). Moreover, it was observed that the evolution from normometric
saccades to dynamic overshoots which occurs as € is increased through e% (a, B) could be
viewed as a consequence of the corresponding burster system trajectories following the slow
manifold less closely as they converge to 0. In region B, the attractors of z = Z (z) are the
symmetry-related pair of fixed points (O,yli)T, where yli = (1,11, iel)T. The burster
system analysis had shown that yf is a stable node of y = Y (y) for small e. By examining

the form of g4 (t) for small ¢, it was demonstrated that g4 (¢) models a normometric saccade
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if Ag is large compared to €1, and a hypometric saccade if Ag is of the same order as ¢1.

The second stage in the gaze time series analysis involved determining the form of g () for
a lying in regions C-F, where the attractors of z = Z (z) are limit cycles, with corresponding
gaze time series that simulate congenital nystagmus waveforms. In each of these parameter
ranges, g+ (t) was seen to have the form of a saccade towards the required gaze angle
+ (Ag), followed by a slow convergence to a periodic time series g? (t) associated with
the corresponding limit cycle. For a in C, g4 (t) was observed to have the form of a
normometric saccade with a post-saccadic small-amplitude nystagmus. In the range D,
g+ (t) was seen to model a normometric saccade with a post-saccadic jerk nystagmus that
develops an extended foveation period as € — € (a, ). It was shown that the relation
g (t) = —g& (t), derived from the symmetry of z = Z (z), means that the direction of the
beat of the simulated nystagmus is coupled to that of the saccade. For a in E, g4 (¢)
was observed to simulate a normometric saccade, followed by a post-saccadic bilateral jerk
nystagmus that develops an extended foveation period as € — €g («, ). Finally for a in
F, g+ (t) was seen to have the form of a hypermetric saccade with a post-saccadic pendular

nystagmus.

On the basis of the classification obtained in the manner described above, several biological
implications of the model were then discussed. One important implication was the pro-
posed characterisation of congenital nystagmus as a dynamical disease. This opposes the
prevalent control model explanation of CN in terms of structural abnormalities proposed
by Optican et al. The bilateral saccadic model was also observed to suggest the possibility
of moving between different types of oculomotor behaviour, by varying the parameters
a, 8 and €. It was noted that this is consistent with experimental observations, which show
that the type of saccadic or oscillatory behaviour exhibited by a given subject is dependent
on environmental conditions. Furthermore, under the assumption that o and 5 are fixed
while € is variable, the model suggests that inducing an increase in € could cause normo-
metric saccades to develop into dynamic overshoots. In addition, the model predicts that
increasing € could cause jerk nystagmus to develop into both bilateral jerk and pendular
nystagmus. Under the assumption that the € parameter can be equated with attention, a

number of experiments to systematically investigate these claims were then suggested.

The model also proposes that both hypometria in small-amplitude saccades and nystagmus
are caused by an inappropriately large off response, or, equivalently, by an inappropriately

strong braking saccade. Hypometric saccades were attributed to an over-powerful breaking
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saccade bringing the eye to a premature halt, while nystagmus was viewed as resulting
from a stronger braking saccade causing a reverse in the direction of the eye, leading to
oscillations. It was also noted that the existence of canards in the saccadic equations
implied that the type of oscillation most likely to be observed for small € is jerk nystagmus.
Consequently, assuming that e corresponds to attention, this suggests that nystagmats
are most likely to exhibit jerk oscillations in high attention conditions. Furthermore, the
canard structure implies that jerk is most likely to develop into bilateral jerk and pendular

nystagmus with increasing e.

Another important implication of the model concerns the nature of the fast phase in con-
genital nystagmus. The analysis of the saccadic equations demonstrated that the fast
phases of the simulated jerk and bilateral jerk waveforms are a consequence of the form
of the slow manifold in the (r — [,¢) plane. This suggests that the fast phases of jerk and
bilateral jerk are not corrective movements, as postulated by Optican et al, but may in

fact be a consequence of an underlying slow-fast system.

Finally, two biologically unrealistic implications of the model were noted. These were the
asymptotic periodicity of all simulated oscillations, and the coupling of beat direction to

saccade direction in jerk nystagmus.

7.2 Suggestions for further development of the model

As was mentioned in section 6.4.7, one important limitation of the model in its current
form is that the CN oscillations it simulates are periodic, while actual CN oscillations are
nonperiodic. There are a number of approaches to modifying the model on the grounds
of biological realism that may result in nonperiodic or even chaotic behaviour. Three
such approaches are outlined here. Each of these is based on modification of the burster

equations.

7.2.1 Incorporation of signal-dependent noise

The first approach involves incorporating the variable responses of burst neurons observed
experimentally. Recall from section 2.3 that the burster function F'(g) is based on a

response curve that was obtained by Van Gisbergen et al by averaging over all the individual
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burst neuron responses they recorded. This suggests replacing the terms F (e (¢)) and
F (—¢(t)) with random variables Fg (t) and FT, (t) respectively, where for all t > 0, Fg (t)
has mean F' (e (t)) and F7, (t) has mean F' (—e (t)). Making these changes yields the system

of stochastic differential equations (SDEs) below:

I % (=r —yrl® + Fg(t)) (7.1)
I = % (=1 —ylr® + Fr(t)) (7.2)
e = —(r—=1 (7.3)

The modified full saccadic equations comprising the plant equations together with (7.1)-
(7.3) will also be a system of SDEs. The particular form of the solutions of this modified
system will of course depend on the distributions of Fg (t) and FT, (t). Recent work on the
role of signal-dependent noise in neural control systems may provide some insight into the
most appropriate distributions to choose. In a study investigating the effect of noise on the
saccadic control signal, Harris et al found evidence supporting empirical observations that
the variance of burst neuron firing increases with the mean level of firing [42]. Assuming
a well known control model of the saccadic system based on the position feedback model,
Harris et al modelled the pulse b (t) as a deterministic signal augmented with noise, whose
variance increases with the mean value of the signal. Explicitly, b (¢) was assumed to have
the form b () = u (t) + w (t), where u () is a deterministic signal and w (¢) is a zero-mean
white noise process with variance proportional to |u (¢)|?. Using optimal control techniques,
Harris et al discovered that the choices of u () which minimised post-movement positional
variance produced saccades that had position and velocity profiles very similar to those

observed experimentally [42].

Other evidence for the existence of signal-dependent noise in the saccadic system is pro-
vided by some recent work on the analysis of congenital nystagmus time series data using
nonlinear dynamics techniques [43]. Part of this work involved estimating the local dimen-
sion of delay-embedded CN time series at points corresponding to different phases of the
CN cycle. For the traces analysed, the local dimension was observed to increase during
the slow phase, before peaking at the beginning of the fast phase, and decreasing again
as the eye returns to the foveation position. On the basis that motor error increases with
the distance from the foveation position, these observations were proposed to be consistent
with the hypothesis that the variance of burster firing increases with the mean firing level

[43].
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The discussion above suggests that, in the first instance, it may be constructive to model

Fg (t) and FJ, (t) as Poisson random variables. A Poisson random variable X with param-
eter \ is defined by the probability mass function:

)\Z‘

— ) — oA

P(X=x)=e 3

The mean and variance of X are both equal to A [44]. Modelling Fg (t) and Fp, (t) as Poisson

random variables, with parameters F' (¢ (t)) and F' (—¢ (t)) respectively, would therefore be

a simple way of incorporating the signal-dependent noise hypothesis.

It seems reasonable to assume that modifying the bilateral saccadic model through the
inclusion of stochastic terms in the manner described here could produce nonperiodic solu-
tions resembling CN waveforms. However, determining whether any observed nonperiod-
icity is biologically meaningful would require further investigation. In order to confidently
assert that any simulated nonperiodicity was biologically realistic, it would need to be
demonstrated that the modelled variability was not simply a predictable consequence of
adding noise to a periodic system, but was qualitatively similar to the variability observed
in real CN waveforms. Simulated nonperiodic waveforms in which the amplitude of oscil-
lations or the interval between slow and fast phases were confined to a narrow range would
not, for example, be considered biologically realistic, since actual CN waveforms show an

appreciable variation in these quantities [21].

One approach to deciding whether the stochastic model was capable of producing biologi-
cally viable nonperiodicity would be to compare the Fourier spectra of modelled and experi-
mentally recorded CN waveforms. Another would be to delay-embed simulated waveforms,
and examine whether the changes in local dimension observed in actual CN waveforms was
reproduced. If it was found that the stochastic equations are unable to generate biologi-
cally realistic nonperiodicity, this could be taken to suggest that either signal-dependent
noise is not a significant factor in the observed variability of CN waveforms, or that the
noise needs to be incorporated into the model in a different way (e.g. by assuming different

distributions for Fg (t) and Ff, (t)).
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7.2.2 Splitting the symmetry of the equations

Another possible modification to the burster equations on the basis of biological realism
would be to break the symmetry of the burster equations. This can be done in a number of
different ways. One method would be to drop the unrealistic assumption that the equations

for the left and right bursters are the same, up to the change of variables (T,Z,E)T —
(I,7,—¢)”. Instead of using the single function F (¢) to represent the mean responses of
both classes of bursters, separate functions F7, (¢) and Fg () could be used to model the
left and right responses respectively. If the basic properties of F'(¢) were preserved, the

mean left response function F7, (¢) would have the form
o, (1 - e’€/5i> if &>0

Fr(e) =

—g—ises/ﬂL it e<0

where o}, 87, ar, and (3 are positive parameters. Here o, and 37 determine the properties
of the left on response, while az, and 5 determine those of the left off response. The form
of the right response function Fg (¢) would be similar with parameters o/, 85, ar and
Bgr- In addition to invoking separate burster response functions, two separate parameters
v, and v could be used in place of the single parameter v to represent the strength of
the mutual inhibition. The quantity «; would determine the strength of the inhibition
of the left bursters by the right bursters. Conversely, v would determine the strength
of the inhibition of the right bursters by the left bursters. Also, the parameter ¢ which
measures the speed with which bursters react to the motor error signal could be replaced
with separate parameters e, and eg, representing the reaction speeds of left and right
bursters respectively. The most general equations for r and [ that incorporate each of

these suggested changes are:

ro= é (=1 — ygrl* + Fr(e)) (7.4)
i = é (1 — 7yl + Fy(—2)) (7.5)

(cf. equations (2.7)-(2.8)). Another modification to the burster equations that would
break their symmetry would be to model the resettable integrator as a ‘leaky’ integrator.
Writing Tk for the time constant of the leaky RI would give the following equation for the

eye displacement s:
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Setting b =r — [ and € = Ag — s in the above and rearranging yields:

. 1 Ag
E:—T—s—(r—l)—i-— (7.6)

R Tr

(cf. equation (2.9)). The original burster equations can be recovered from the asymmetric
equations (7.4)-(7.6) by setting Fr(¢) = F(¢) = F (¢), er = €, = €, yg = 7y = 7 and

Tr = o0.

The basis for supposing that the symmetry-breaking modifications discussed above could
lead to greater variability in the simulated waveforms, is the nonsmooth gluing bifurcation
of the saccadic equations. Recall that as € increases through e («, 8) in region D of Il p, the
asymmetric limit cycles é+ and C_ merge at the origin to form the symmetric limit cycle ¢
in a nonsmooth gluing bifurcation. Moreover, this bifurcation appears to be qualitatively
equivalent to a smooth gluing bifurcation of the saddle type with saddle index § > 1.
Breaking the symmetry of a smooth gluing bifurcation results in dynamics involving stable
limit cycles with more complicated structures than those observed in the symmetric case
[33], [34], [35]. This suggests that breaking the symmetry of the saccadic equations by
breaking the symmetry of the burster equations may lead to simulated CN waveforms with

a more complex morphology.

In the absence of symmetry, smooth gluing bifurcations have a codimension of 2, since one
parameter is needed to control the homoclinic connection of each limit cycle [33], [34], [35].
A bifurcation diagram for the imperfect gluing bifurcation of the saddle type with § > 1 is
shown in figure (7-1). It comprises a 2-dimensional parameter plot in which it is assumed
that the parameters controlling the homoclinic connections are p; and py. At the point
Wy = o = 0, there are a pair of symmetry-related homoclinic orbits. Writing these orbits
as ['g and I'y, a given limit cycle attractor of the system can be represented by a binary
‘code’ describing the order in time in which the cycle passes through neighbourhoods of
these orbits. The code 011, for example, would correspond to a cycle that winds around
I'g once before winding around I'y twice. Increasing p; through 0 along the line p; = py
corresponds to the symmetric gluing bifurcation: a pair of asymmetric cycles 0 and 1

combine to form the symmetric cycle 01. If an asymmetric path which crosses the shaded
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0,1 1

Figure 7-1: Bifurcation set for the imperfect gluing bifurcation of the saddle type with
0> 1.

region is followed, a more complex sequence of bifurcations occurs. Within the shaded
region there exists intricate curves of homoclinic bifurcations which create and destroy
cycles with complicated codes [33], [34], [35]. The exact nature of the bifurcations depends
on both the configuration (figure-of-eight or butterfly) and orientability of the homoclinic
orbits I'g, I';. It can, however, be shown that for a given choice of (p;, t5) in the shaded
region, there are at most two stable cycles. Moreover, these cycles have what are called

rotation-compatible codes. These are codes of the form
:z:yklfcyk2xyk3 .

where z,y € {0,1}, and for all j, k; € {n,n + 1} for some n > 0. Examples of such codes are
0111011 and 100101010. Each cycle with a rotation-compatible code has a corresponding
rotation number. This is defined as the number of 1s in the code divided by the total length
of the code. The two examples given above have rotation numbers % and % respectively.
For the butterfly configuration with orientable orbits, there is at most one cycle for each
(1, f1o) in the shaded region. Moreover, the rotation number varies continuously along a
typical parameter path crossing the shaded region, implying the existence of nonperiodic

attractors [33], [34], [35].

For the nonsmooth gluing bifurcation of interest, the cycles with codes 0 and 1 can be

identified with @+ and C_ respectively, while the cycle 01 can be identified with C. If the

317



unfolding of the nonsmooth gluing bifurcation is similar to that of the smooth bifurcation,
the discussion above suggests that splitting the symmetry of the model could result in limit
cycle attractors, or even nonperiodic attractors, with rotation-compatible codes. Such cy-
cles would have gaze time series with a more complicated beat cycle than in the symmetric
case. Since é+ corresponds to a right-beating nystagmus and C_toa left-beating nystag-
mus, a cycle with code 011, for example, would correspond to an oscillation that beats
once to the right before beating twice in succession to the left. A cycle with an irrational
rotation number would correspond to an oscillation with a seemingly random pattern of
beats. Although such oscillations would have greater morphological complexity than those
produced by the symmetric oscillations, it would need to be investigated whether this
complexity was biologically meaningful or not (cf. the discussion of the stochastic saccadic
equations above). If no cycles with rotation compatible codes were observed upon splitting
the symmetry, this could be taken to imply that either the rotation-compatible codes exist
in parameter regions of very small measure, or that the unfolding of the nonsmooth gluing

bifurcation is unrelated to that of the smooth bifurcation.

Finally, it may also be instructive to investigate whether splitting the symmetry causes

beat and saccade direction to be dissociated in simulated jerk waveforms.

7.2.3 Incorporation of the omnipause neurons

The final approach to modifying the burster equations to generate more biologically re-
alistic behaviour involves incorporating the omnipause neurons. As was stated in section
1.1.2, omnipause neurons discharge continuously in their normal state, inhibiting the burst
neurons. Immediately prior to and during a saccade, the omnipause neurons are themselves
inhibited causing them to release their inhibition of the bursters, which then generate the
saccadic velocity command. The bilateral saccadic model in its current form does not in-
clude the time-dependent dynamics of the omnipause neurons; it implicitly assumes that
they instantaneously release their inhibition of the burst neurons just before the onset of
a saccade. It may be that including this time-dependence could lead to nonperiodic or
chaotic dynamics. However, constructing a biologically viable model of omnipause neuron
dynamics may be problematic. This is because, in contrast to burst neurons, relatively

little is currently known about their firing characteristics [2].
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7.3 Concluding remarks

The work presented here provides a comprehensive classification of the normal and abnor-
mal eye movements simulated by a novel nonlinear dynamics model of the saccadic system.
This classification was based on relating the morphology of the simulated movements to the
underlying bifurcations and attractors of the model equations. Many of the implications
of the model analysis are in agreement with experimental evidence, while others challenge
existing ideas relating to the aetiology of both congenital nystagmus and saccadic dysme-
tria. Additionally, the analysis suggests a number of simple experiments to determine the
viability of the model as a predictor of oculomotor behaviour. Finally, the work provides
the framework for the development of more complex models incorporating physiological
properties of the saccadic system that are not represented in the basic model. It is hoped
that these modified models will be able to simulate a wider range of eye movements that

more accurately reflect those found experimentally.
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Appendix A

Appendices to the chapters

A.1 Appendix to Chapter 3

A.1.1 Proof that X is locally Lipschitz on R3

It is first shown that F'is Lipschitz on R. It then follows easily that X is locally Lipschitz

on R3.

Lemma 1 F is Lipschitz on R with Lipschitz constant A, where A = max {A;, —A_}. i.e.
|F (e1) — F (e2)| < Aleyp — e2| Vep,e2 € R.

Proof. To prove the Lemma it is sufficient to show that |F (e1) — F (e2)| < Ale; — 2]
Ve1,e2 € R with &1 < 5. The proof uses the fact that [Df (¢)] < AVe > 0and |Dh ()] < A
Ve < 0. So let €1 < €9 be given. There are 3 cases to consider: s < 0, €1 > 0 and

€1 <0 <eq.

1. €2 < 0. By definition, F|(_o,0) = h|(—o0,0]- Thus:
F (61) - F (62) =h (81) —h (62) (Al)

h is differentiable on [e1, £2] so by the Mean Value Theorem (MVT) 3¢ € (e1,€2) such that:

h(e2) — h(e1)

Dh(§) = E——

(A.2)
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Substituting (A.2) into (A.1) and taking the modulus of both sides leads to:
[F'(e1) — F'(e2)| < [Dh (&)l ]er — e (A.3)
Since £ < 0, |[Dh ()| < A. Substituting into (A.3) gives:

|F'(e1) = F(g2)| S Aler — &2

2. g1 > 0. Similar to case 1.

3. €1 < 0 < g9. By definition, F‘(—oo,O] = h‘(—oo,()} and F’[O,oo) = f[O,oo)' Thus:
F(e1) = F(e2) = h(e1) — f (e2) (A4)

f is differentiable on [0, €3], so by the MVT 3¢, € (0,e2) such that

iy =10 1)

82—0 £9

= f(e2) = Df (&) &2 (A.5)

Also, h is differentiable on [e1, 0], so by the MVT 3¢, € (¢1,0) such that:

phiey - 1) _ o

= h(e1) = Dh (&) e (A.6)

Substituting (A.5) and (A.6) into (A.4) and taking the modulus of both sides leads to:

[F'(e1) — F(e2)] <[Dh (&) eal + DS (§2) 2 (A.T)

Since &, > 0, |Df (&) < A. Thus —A < Df (§3) < A. Multiplying this inequality by e2 >
0 implies |Df (&5) e2| < Aea. Also, since §; < 0, |[Dh (&) < A. Thus —A < Dh (&) < A.
Multiplying by e1 < 0 gives |Dh (§;) e1] < —Aep. Substituting into (A.7) implies:

[F'(e1) — F(e2)| S A(e2 —e1) = Afer — &

It has been shown that in all three cases, |F (¢1) — F' (e2)| < Ale; — 2], completing the

proof. m
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Proposition 2 X is locally Lipschitz on R3.

Proof. First note that X can be written as X = X; +X5 where the maps X1, X5 : R? — R3
are defined Yy €R3 by:

(1 442) P )
Xi(y)=| —i(1+9r%) |.X2(y) =] F(-e)
—e(r—1) 0

X is C', and therefore locally Lipschitz [23]. Hence, it will be sufficient to show that Xg
is Lipschitz to prove the Proposition. Let ||.||; denote the vector 1-norm. It is shown that

for y,y’ € R?

X2 (v) = X2 (), < 28 |ly =],

where A = max {A,—A_}. Solet y = (r,1,e) ,y' = (', I',¢")" € R3 be given. Then:

= [ X2 (v) =Xz (') [, = [F' () = F' ()| + |F (=e) = F (=)
Hence by Lemma 1:

%2 5) =X ), < AJe =&+ A |-¢+2] = 2] =] <20 Jy -],

A.1.2 Proof that solutions of y = X (y) can be extended infinitely far

forward in time

It is shown in this section that given y € R3, the unique solution y(7) to ¥ = X (y) with

vy (0) =y exists V7 > 0. In order to prove this, the following results are required.
Theorem 3 ([26]) Let W be an open subset of R™ and F : W — R"™ be a locally Lipschitz
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map. Then a solution to x = F (x) with initial condition in a compact subset of W can
be continued forward (respectively backward) either infinitely far, or to the boundary of the

compact set.

Corollary 4 Let F : R" — R" be a locally Lipschitz map, and xo € R™ with x(t) the

unique solution to x = F (x) such that x (0) = xg. Then the following hold:

1. If 3 some mazimal b > 0 such that x(t) is defined on [0,b), ||x(t)|| is unbounded on
[0,b).

2. If 3 some minimal a < 0 such that x(t) is defined on (a,0], ||x(t)| is unbounded on
(a,0].

Proof.

1. Let 0 > ||xo|l be given, and consider the compact subset Ss of R" defined by Ss =
{x e R": ||x|| <d}. x0 € Ss and x(¢) cannot be continued forward infinitely far since it
does not exist for ¢ > b. Hence, by Theorem 3, x(¢) can be continued forward to the
boundary of Ss. Thus, 3s € [0,b) with [|x(s)|| = §. Such an s can be found V§ > ||xo]|,
from which it follows that ||x(¢)| is unbounded on [0, b).

2. Similar. =
The main result can now be proved.

Proposition 5 Let y € R3. Then the unique solution y(7) to y = X (y) with y (0) =y

exists Y1 > 0.

Proof. This is by contradiction. Assume that there is some maximal b > 0 such that
y(7) is defined on [0,b). Then by Corollary 4, ||y (7)||; is unbounded on [0,b). So write
y(r) = (r(7),1(1),e(1))" for 7 > 0 and consider the 7 and [ derivatives of the burster

equations in the (r, ) plane. The equations for 7 and [ are:

T —r(1+'yl2)+F(£)

[ = -1 (1 +7r2) + F (—¢)
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>0 r<0
<0
EOCM T
r>0,e#0 §
F=0,6=0 |

Figure A-1: The sign of 7 in the (r,1) plane.

(cf. (3.2)-(3.3)). Now Ve € R, 0 < F (¢) < ap, where ap = max {2,a’}. This implies
that 7 < 0 for » > aps and 7 < 0 for r = apy. Also, # > 0 for » < 0. When r = 0,
7 = F(¢) and so 7 > 0 unless ¢ = 0. By symmetry, it can be concluded that [ <0 for
I >auy, | <0forl=ay,|>0frl<0,and when [ = 0, [ > 0 unless ¢ = 0. The
sign of 7 in the (r,1) plane is shown in figure (A-1). The sign of [ in the (r,!) plane can be
inferred from the figure using the symmetry. Set My = max {aps, 7 (0)}. Then 7 (0) < Mo
and since My > apy, 7(7) < 0 whenever 7 (7) > My. This implies that = (7) < Mo
V1 € [0,b). Now set M1 = min{0,7 (0)}. Then r(0) > M; and since M; < 0, 7 (7) > 0
whenever r (1) < M;j. This implies that r (7) > M; V7 € [0,b). It follows that |r (7)] < M,
V1 € ]0,b), where M, = max {M;,—Ms}. Using a similar argument, it can be shown that
AM; > 0 with |l ()| < M; ¥V 7 €[0,b).

Now consider ¢ (1) on [0,b). Let 7 € [0,b) be given. Then Vs € [0, 7]:

e(s) = —e(r(s) —1(s))
(cf. (3.4)). Taking moduli of the above and using |r (s)| < M, and |l (s)| < M; leads to
—L<é(s)<L

where L = e (M, + M;). Integrating the above inequality over [0, 7] gives:

324



Set M. = Lb+ | (0)|]. Then from the above, |e (7)| < M. This holds V7 € [0,b), showing
that |e ()| is bounded on [0, b).

It has been shown that |r (7)|, |l (7)| and |e (7)| are all bounded on [0,b), implying that

ly(7)||; is bounded on [0,b). This gives a contradiction, as required. m

A.1.3 Result concerning the eigenvalues of linearisation of yi-

Lemma 6 Given a with (5, ) lying between o = a— (8) and o = R_ (B,¢€), 11 < H13-

Proof. Recall from section 3.6.1 that {iuq, 419, pt13} are given by

pn = —(4+3A)
Hio = % <A1 + \V A% - 4€FP)
s (- VAT TTy)

Hi3 =

where Ay = fy:r% —land I'p = Ff +I'7 > 0. In the range of interest, —1 < A; < 0 and

A2 — 4eT'p > 0. The condition gy < 15 is equivalent to:

(Al — \/A% — 46Fp>

—(443A;) <

N =

Rearranging the above gives:

8+ T7A; > \/A%—ZLEFP

Squaring both sides of this expression and simplifying leads to:

—GFP
4

(BA1+4) (A1 +1) >
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As I'p > 0, this condition will be true, and hence p;; will be less than f5, provided
(3A14+4) (A1 +1) > 0. Since A; > —1, both 3A; +4 and A; + 1 are > 0 implying that
(3A1 +4) (A1 +1) > 0. This completes the proof. m

A.1.4 Solutions of the general linear harmonic oscillator equation X +

alX —+ CLQX
This section lists the solutions of the general linear harmonic oscillator equation
X +aX +bX =0

for each possible choice of a,b € R. These solutions are used when discussing the linearised
dynamics of the burster system about 0 and y{c. The results of this section are based on

chapter 3 of [45].

1. a® — 4b > 0. In this range, Vt € R

where
r = —% (a— a2—4b)
ry = —% <a+ a2—4b)
and:
A = azl_ - (X (0) — ro X (o))
B = a;_ (rlX (0) — X (o))

2. a? — 4b = 0. In this range, Vt € R
X (t) = (A + Bt)e~ 3t

where:
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3. a®> —4b < 0. In this range,

where

and:

d

1 a? 9 . .
A = —\/(—+d2>X(0) +aX (0) X (0) + X (0)

B = —arctan(

A.1.5 Equations for the error variable in the system z = DX(y7)z

VteR

X (t) = Ae 2t cos (dt + B)

d= %\/4b—a2

4

aX (0) 42X (0)
2dX (0)

Write z = (u,v,w)”. It is shown here that in the system z = DX (y¥)z obtained by

linearising the burster system about the nontrivial fixed point yf, w satisfies the equation

for a general linear harmonic oscillator, and the equation w = —e (u — v). So first consider

the equations for 2 = DX(y; )z. (3.58) implies that these are:

Differentiating (A.10) gives:

Substituting (A.8) and (A.9)

= — (1 + 'y:r%) u — 2yziv + I'fw
= —2yziu— (1 + 'yx%) v—TTw

= —e(u—0)

W = —e (i — 1)

into the above yields:
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W= —€(A1 (u—v)+Tpw)

where A; = 22 — 1 and I'p = '] + I']. Substituting (A.10) back into the above and

rearranging implies:
W—Aw+el'pw=0 (A.11)

Using the relation DX(y;) = DX (y{) o shows that the equations for z = DX(y{ )z

are:

U = —(1 +’yx%)u—2'yw%v+f‘1_w
b o= —2yxiu— (1 + wc%) v—Tfw
w = —e(u—w)

Performing similar calculations on this set of equations gives (A.11) again. Thus in both
cases, w (7) satisfies both w = —e (u — v) and the general linear harmonic oscillator equa-

tion X + aX +bX =0 with a = —A; and b= eI'p (cf. section A.1.4).

A.1.6 Proof that solutions of z = Lx (z) exist and can be extended in-

finitely far forward in time

The analysis is simplified by introducing the change of coordinates * = u+v,y = u—v,z =
w. Write x = (z, y, z)T, Ay=Ar—A_and Ap = AL+ A_. Then in the new coordinates,
the linearised burster system z = Lx (z) is X = A (x), where the transformed vector field

A :R3 — R3 is given by:

0 —1 Ap |x if xeNy
A(x) = (A.12)

0 -1 Ap |x if xeN_
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Note that Aps > 0. By introducing the matrices

-1 0 Ay -1 0 —Ay
Ay = 0 -1 Ap JAL = 0 -1 Ap
0 —e O 0 —e 0

A (x) can be written in the concise form:

A( ) A_|_X if xe N+ (A 13)
X)) = .
A_x if xe N_

It will be useful during this section to be have an alternative form for A (x). Define the

matrix A as below:

-1 0 0
A= 0 —1 Ap
0 —e O
Also define the map S : R3 — R? by:
AM |Z|
0
Then A (x) can be written as:
A (x) = Ax + S (x) (A.15)

It is first shown here that A is Lipschitz, from which it follows that solutions exist and are
unique (cf. section 1.2). It is then shown that all solutions can be extended infinitely far

forward in time.

Proposition 7 A is Lipschitz.

Proof. Set K = Hf_lHl + Apr. Tt is shown that for x,x’ € R3, A (x) — A (X)|; <
K ||x — x'||;, from which the result follows. So let x = (z,y,2)" ,x' = (2/,¢/,2')" € R? be

given. By (A.15)
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Ax)-AX)=A(x-x)+S(x)-S(x)
= A G) = A )y < [[Afly [ =]l + 8 ) =8 ), (A.16)

Now by (A.14):

S(x) =S (x) = (A (12| = |#]),0,0)"

=[S G0 =8 () [y = Aur [l2] =[] < Aar |2 = 2" < Aar [l =x]]

Setting the above into (A.16) gives ||A (x) — A (x')||; < K ||x — X/||;, as required. m

It is now shown that solutions of the linearised system can be extended infinitely far forward

in time.

Proposition 8 Let xo € R3. Then the unique solution x(7) to X = A (x) with x (0) = xo

exists V1T > 0.

Proof. There are 2 cases:

1. xo = 0. 0 is a fixed point of x = A (x) and so x (7) exists V7 € R with x(7) = 0.

2. xg9 # 0. Proceed by contradiction. Assume that there is some maximal b > 0 such that
x(7) is defined on [0,b). Then by Corollary 4, x(7) is unbounded on [0, b). Let Jr, (x¢) be
the maximal open interval on which x(7) is defined. Then Jp, (x¢) = (a,b) for some a < 0
(a may be = —00). Since xg # 0, x(7) # 0 V7 € JL, (x¢) and so ||x (7)]|, is differentiable
on Jy, (xo) with derivative < ||x ()|, given by

d x (1) %(7)

— Il = =7

dr 2 x (@l
where - denotes scalar product. Now x (7) - %X (7) < |x(7)-%x(7)| < ||x(7)[]{ [|%x(7)]|; <

3|x (7)]l5 [|% (7)]|5. Thus, from above:

diT 1% (M)l < 3[% ()]l (A.17)

Also, by (A.13):
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[A+llg [l (T, if x e Ny

1% (M)llz = A ™) < .
[A-llo lIx(m)ll; if xeN-

Hence, %X (7)|ly < K ||x(7)||, where K = max {||A+||,, [|[A—|5}. Substituting into (A.17)

gives

d
I ()l < 3K [x (1)l

Let 7 € [0,b). Integrating the above inequality over [0, 7] gives [|x (7)|, < [[%ol|y 5™ =
% (7)o < [|%0|| €5°. This is true V7 € [0, b) implying that x (7) is bounded on [0,b). This

gives a contradiction, as required. m

A.1.7 Proof that the origin is stable in the linearised burster system for

Oé<A+6

It is shown here that the origin is globally attracting in the linearised burster system
z = Lx (z) when oo < A4 3, or equivalently Ay +A_ > 0. As in the previous section, write

AM:A+—A_ andAp:A++A_.

Proposition 9 Assume Ay + A_ > 0. Then 3 — % < i < 0 such that given a solution
z (1) of z=Lx (z), 3 a constant C = C (z(0),z(0)) > 0 with ||z (7)|| < Ce!™ V1 > 0.

Proof. It is shown that 3 — % < i < 0 such that given a solution x (7) of the transformed
system x = A (x) introduced in the previous section, 3 a constant K = K (x(0),%(0)) > 0
with [|x (7)|| < Ket™ V7 > 0. The result then follows. Write x (7) = (z (7),y (1), z (7))*.

Explicitly, the system x = A (x) is given by:

T = —x+Ap|?| (A.18)
y = —y+Apz (A.19)
P = —ey (A.20)

(cf. equation (A.12)). Differentiating equation (A.19) and substituting in equation (A.20)

gives the following second order differential equation for y (7):
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J+y+eApy=0

Differentiating equation (A.20) and substituting in equations (A.19) and (A.20) gives the

following second order differential equation for z (7):
Z+2+eApz=0

y (1) and z (1) therefore both satisfy the linear harmonic oscillator equation X +aX +bX =
0, with @ = 1 and b = eAp. It follows from the discussion of this equation in section A.1.4
that there are 3 possibilities for the solution X (7) for this choice of a and b, depending on
the sign of 1 — 4eAp.

1. 1 —4eAp > 0. From case 1 of section A.1.4, V7 >0
X (1) = AeM™ 4 BeMT

where \g = —% + %\/1 —4eAp and N3 = —% - %\/1 — 4eAp are eigenvalues of DXy (0),

and:

A = \/%TAP(X(O)—M,X(O))
B = \/%TAP()\QX(O)—X(O))

2. 1 —4eAp = 0. From case 2 of section A.1.4, V7T >0
X(r)=(A+Br)e 2"
where:

— X(0)

- X(O)+%X(O)

3. 1—4eAp < 0. From case 3 of section A.1.4, V7T >0
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X (1) = Ae™2" cos (dr + B)

where d = %\/4€AP — 1 and:

A = é\/G +d2> X (0)% 4+ X (0) X (0) + X (0)
B X (0) +2X (0)
B = —arctan (T(O))

Thus, in all 3 cases, 3— 3 < p < 0 and a constant K = K <X 0),X (0)) > 0 such that
V1 > 0:

|X (1) < Ket™

Note that g can be chosen to depend only on a. The fact that y(7) and z(7) both
satisfy the equation in X therefore implies that 3 constants K1 = K1 (y (0),y(0)) > 0 and
Ky = K3 (z(0),2(0)) > 0 such that V7 > 0:

ly (7)] Kyeh™ (A.21)

|2 (7)]

IN

Kol (A.22)

IN

Now consider the x equation, (A.18). Let 7 > 0 be given. Multiplying both sides of (A.18)

by €7 and integrating over [0, 7] gives:
ez (r)=xz(0)+ AM/ e’ |z (s)|ds
0
Taking moduli of both sides and using (A.22) implies:

e |z (7)| < |2 (0)] + A Ky [ e Dods = |a (0)] + 2k (elt)m — 1)

Ay K T
< |z (0)] + —ﬁsz elnt1)
Multiplying both sides of the above by e~ gives:

= |z (7)]

IN

2 (O)] €7 + A < (0)] e + Sfpzer

TS
(o @]+ 2) e+
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Set K3 = |z (0)] + % > 0. Then V7 > 0:
| ()] < Ksel” (A.23)

It follows from equations (A.21)-(A.23) that V7 > 0, ||x(7)| < Ke'™ where K = K; +
Ky + K3. Note that K = K (x(0),%(0)) >0. =

Remark: It follows from the proof above that a given solution z(7) of the linearised

system z = Lx (z) can only cross the plane P an infinite number of times if 1 —4eAp < 0.

A.2 Appendix to Chapter 5

A.2.1 The projection operator 7

Proposition 10 The following hold for the projection operator m : R® — R3 defined
through the 3 X 6 matriz:

™= ( O3x3 13 )
1. 7 is linear.
2. 18 continuous.
8. If U is open in RS then 7 (U) is open in R3.

4. V2 € RS, ||mzl|; < ||z,

Proof.

1. Follows from the fact that 7 is defined through a matrix.
2. Follows from the fact that a linear map between Euclidian spaces is continuous [24].

3. Since RS = R3 x R3, U can be written in the form

U=|JAixBi (A.24)

el

where I is an index set and Vi € I, A; and B; are open in R3. For each i € I:
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A; x B; = {(X,y)T X E Ai,y € Bz}
Hence:
7 (A4; X Bj) = {W(x,y)T:xeAi,yEBi} ={y:x€ A,y B;} =B

Applying 7 to both sides of (A.24) therefore gives:

il iel iel
Since an arbitrary union of open sets is open, 7 (U) is open in R3.

4. Let z = (x,y)T € RS. Then by the definition of the 1-norm, lzll, = [Ixll; + Iyl =

Ix[ly + ll7z[l;. Thus, |7z, <|lz[/,. =

A.2.2 Proof that Z is locally Lipschitz on R

Proposition 11 Z is locally Lipschitz.

Proof. First recall that for z = (x,y)” € RS, Z (z) is given by

Ax + By
Y (y)

where A, B € R3*3 are constant matrices, and Y (y) = 1X (y) Vy € R? (cf. (5.2) and
(5.3). So let zg € R®. To prove the result, it is sufficient to show that there is an open set

Wy, € RS containing zp and a constant Ky, > 0 such that Vz,z" € Wy,:
1Z(2) = 2 (2) |, < Ka, |2 = 2|,

Write zg = (Xo,yo)T where xg,yo € R3. It was shown in Proposition 2 that X is locally
Lipschitz on R3. Thus, there exists an open set Vy, containing yo and a constant Ly, > 0

such that Vy,y’ € Vq,:
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X ) =X ), < Lyo Iy =71, (A.25)

Define the set W, by Wy, = R3 x V;,,. Then Wy, is open in R and contains z. Let
z = (X7 Y)Ta z'= (X/,y/)T S WZO‘ Then:

2@ -Z()], = [[Ax-x)+BE-¥),+[Y») -Y ),

Il (|G =), + 1B 6 - ) + 21X ) - X (),

IN

Substituting (A.25) into the above yields:

L
260 -2 ()], < Al Jx =, + (151 + 22 ) Iy = '],

Define the constant K,, > 0 by K,, = maX{HAHl Bl + Lﬁ}. Then from the above:

€

1Z(2) =2 (2) [, < Kao [lx =X, + Koo [ly =¥l = Ko ||z = 2]

This is true Vz,z € W,,, completing the proof. m

A.2.3 Solutions of the initial value problem {Xx = Ax+Br (t) : x (0) = %}

Proposition 12 Assume that r (t) is a C' function defined on an open interval (ty,t2)

containing 0 (t; may be —oo and ta may be 0o). Then given X € R3, the following hold:

1. The unique solution to the initial value problem {Xx = Ax + Br (t) : x(0) = X, t; <t < ta}
is X, (t) where Yt € (t1,t2):

t
x, (t) = e'% + / A=) Br (s) ds (A.26)
0

2.Vt e [0,752)

ot b (t=s)
Ix- )|, < Po <e ™ ||>‘<H1+/0 e '~ IIBr(s)Illds>
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where P is a constant with Po > 1.

Proof.

1. It can be verified by direct substitution that x, (¢) satisfies X = Ax + Br (t) on (t1,12)
with x, (0) = %. Moreover, as r(t) is C! on (t1,t2), the right hand side of the system

% = Ax + Br(t) is C! on R3 x (t1,t2), and so x, (t) is the unique such solution [4].

2. Assume 0 < ¢ < ty. Taking 1-norms of both sides of (A.26) yields:

t
s ()1 < [le]], 11, +/0 e

) || Br (s)||; ds (A.27)

Recall that the constant matrix A is given by

0 1 0
A= —PQ —P1 PQ
0 0 —7=
where
1 1
PP = —+4+ =
LT [ Th
1
P = —
? >

with 77 = 0.15, T = 0.012 and T = 25 (cf. (5.4)-(5.7)). The ecigenvalues of A are

{—Til, —T%, —ﬁ} Let the corresponding eigenvectors be {pi,p2,p3}, and define the

3 x 3 constant matrix P by P = [p1 p2 p3]. Then since the eigenvalues of A are distinct
A= PAP!

where A = diag {—Til, —T%, —ﬁ} Fix 0 < r < to. Multiplying the above by r and taking

exponentials of both sides gives:

eA'r‘ — PeA’r‘P—l
= el < 1Pl [l 1, 1271,

= ey = Pe [l Iy
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where Pc = ||PJ|; HP_1H1 > 1. Now e = diag {e_TLl,e_TLZ,e_ﬁ} and so HeArHl =

max {efTLl,e*T%,e*ﬁ}. Thus, since r > 0 and Ty > 11, Tb, HeAT — e TN = HeA’”Hl <
Pce_ﬁ. This is true VO < r < to, and so HeAtHl < Pce_ﬁ and HeA(t_S)Hl < Pce_(tT;)

{

V0 < s < t. Substituting into (A.27) implies

ot b s
I (0)], < Pe ( R+ [ ||Br<s>||1ds)
0
as required. m

__t
Remark: It follows from the above proof that HeAtHl < Ppe ™~ VYt > 0. Hence, given

ot
x € R3, HeAtxﬂl < Poe ™ ||x||; Vt > 0, and so ef'x — 0 as t — oo. Also, |

), <

e

1 —
t Lt

Poe™~ Yt < 0. Thus, given x € R3, ||etx]|, > PLCe ™~ ||x||; V¢ <0, and so e'x 0 as

t — —oo.

A.2.4 Proof that z = Z (z) has a compact absorbing set if y = Y (y) has a

compact absorbing set

Proposition 13 Assume that y =Y (y) has an absorbing set C' of the form:
O={(rte)" R :0 <l <o le| <en

(cf.5.27). Then 3Mz > 0 such that given z € R, there is tc (z) > 0 for which 1, (z) €
By (0) x C Vt >t (z), where:

B, (0) = {x € B®: |Ix], < M:}

Proof. Fix M: > 0 with Mz > 2Pc ||B||; T~ (2aar +€ar), where Po > 1 is the con-
stant which was defined during the proof of Proposition 12. Let z = (X,y)T € RS,
and define z(t) = (x(t),y (t))" by z(t) = ¢, (z) Vt € J(z). y(t) solves y =Y (y),
and so all solutions of y =Y (y) are by assumption eventually confined to C, there is
tc (y) > 0 such that y (t) € C Vt > tc (y). Also, x(t) satisfies the initial value problem
{x =Ax+ By (t) : x(0) =x, t € J(z)}. As J(z) is an open interval of the form (a,c0)

where a < 0, Proposition 12 therefore implies that V¢ > 0:
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ot t_(-s)
Ix ()], < Po ( Tt [ HBy(swlds)
0

If follows that for all ¢ > t¢ (y):

__t te(y) s t s
Ix(0)ll; < Pee ™ (x+ /0 ¢T% | By ()l ds + 1B, / e |y (5)]] ds

te(y)
(A.28)
Now since y (t) € C Vt > tc (y):
t . —
[y @lhds < Gasten [T
¢

c(y) to(y)

_t tey)
< Tn (2anm +eum) (eTN —e In )

_t
< Ty (2aM + EM) e™N

Substituting the above into (A.28) implies that for ¢t > t¢ (y):
ot tC(Y) _s
Ix@ll, < Pee ™ X+/ e™ [|By (s)llyds | + Pe |[Bll, T (2am +eum)
0

s to(y) s M-
< Pee ™~ X—i—/ e~ |By (s)||; ds +7
0

As e ™ — 0 monotonically as t — oo, it is possible to choose t¢ (z) > t¢ (y) such
that Vt > to(z), |x ()|, < Mz, and so x(t) € Ba (0). Asy(t) € C Vt > to(y),
z(t) € By (0) x C Vt > tc (z), giving the result. m

A.2.5 Results concerning the w-limit sets of the saccadic system z = Z (z)

The results of this section pertain to the discussion on the w-limit sets of z = Z (z) at the

end of section 5.2.
Proposition 14 Giveny € R3, w ((xl,y)T) =w ((XQ,y)T) Vx1,Xo € R3.

Proof. To prove this, it is sufficient to show that given xi,xs € R3, w ((xl,y)T) -
w <(X2,y)T). So let x1,X9 € R3. Assume z’ = (x’,y’)T € w <(X1,y)T>. Then by defini-

339



tion, there is a sequence (t,,) with t,, — oo as n — oo and v, (x1,y) — 2z’ as n — oco. The
form of ¢, then implies that L;, (x1,y) — x' as n — oo and ¢; (y) — y' as n — oo.

Now Vn > 1:

tn
Ly, (x1,y) = eMnx + / A=) By (y) ds
0

At

It was remarked at the end of Proposition 12 that for all x € R?, eA'x — 0 as t — oo.

Since t, — 0o as n — oo, this means that e4*»x;— 0 as n — oo, which implies:

tn
/ A=) By (y)ds — x' as n — oo (A.29)
0
By definition, Vn > 1:
tn
Li, (o) =y [ A B, (3) ds (A.30)
0

As n — oo, etrxy — 0. Thus (A.29) and (A.30) imply Ly, (x2,y) — X’ as n — oco. Since
¢, (y) =y asn — oo, it follows that ¢, (x2,y) — 2z’ asn — co. Thus, z’ € w ((x2,y)T>.
This holds Vz' € w ((xl,y)T>, and so w ((Xl, y)T> Cw ((xz, y)T), as claimed. ®

Proposition 15 7w (z) = w (7z) for all z € RS.

Proof. Let z € R®. It is first shown that 7w (z) C w(nz). So let y' € 7w (z). Then
Jdz' € w(z) with y' = nz'. Since z' € w(z), there is a sequence (t,) with t, — oo as
n — oo such that ¢, (z) — 2’ asn — oo. As 7 is continuous, m); (z) — 7z’ =y’ as
n — o0. Also m semi-conjugates ¥, and o, (cf. (5.19)), and so p, (7z) —y' as n — .

Hence, y' € w(wz). This holds Vy' € ww (z) proving that 7w (z) C w (7z).

It is now shown that w(nz) C 7w (z). So let y' € w(wz). Then there is an increasing
sequence (t,) with t, — 0o as n — oo such that ¢, (7z) — y' as n — oco. It was shown
in Proposition 13 that the set {1, (z) : t > 0} is eventually confined to the compact subset
C of RS, (wtn (z)) is therefore a sequence in a compact set, and thus has a convergent
subsequence (1, (z)). Write z' = lim, .00 ¥, (z). Since (sp) is a subsequence of (tn),
and (t,) 1is increasing with t, — oo as n — 00, 8, — 00 as n — oo. Hence, 7' € w(z).
Also, as  is continuous, mp, (z) — 7z’ as n — oo. The fact that m semi-conjugates 1,
and @, then implies ¢, (1z) — 7z’ as n — oo. However (p,, (72)) is a subsequence of

(¢, (12)) and so y' = nz'. Thus as 2’ € w(z), y' € nw(z). This holds Vy' € w(mz)
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proving that w (7z) C 7w (z). W
Proposition 16 Given i1,1o € Ip, [(O,yil)T} N [(O,yiz)T} = ¢ if i1 # is.

Proof. This is by contradiction. So assume that the intersection is nonempty. Then there

is some z € RS with w (z) = w ((O,yil)T> and w(z) = w ((O,yiz)T). Hence:

w ((O,yil)T> =w ((O,in)T>
= Tw ((O,yil)T> = W ((O,yiQ)T>
So by Proposition 15:
w (yi) = w (¥ir)

But {w(yi) : ¢ € Ig} is a collection of distinct sets, implying i¢; = i2. This gives a contra-

diction, and so the intersection must be empty. m

Proposition 17 Assume that Ig has been chosen so that Ig C Ig. Then for all i € Ig,
{(Qyz‘)T] =R? x [yi].

Proof. It is first demonstrated that [(O,yi)T} C R3 x [y;] for all i € Ig. So let i € Ig.
Then given z = (x,y)” € [(O,yi)T}:

w(z) =w <(0, yi)T>

= 7w (z) = Tw ((O,yi)T>

Hence, by Proposition 15:

w (Y) =w (yZ)
=y € [yi]

=z € R3 x [yi]

This holds Vz € [(O,yi)T], and so [(O,yi)T} C R3 x [y;]. So now assume that there is

some j € Ig for which [(O,yj)T} C R3 x [y;]. It is shown this leads to a contradiction,
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giving the required result. By assumption:

R = [ [(0.y)"]

i€lg
; T 3 .
Hence, since [(O,yj) } C R® x [y,
RO C | R x [yi] =R® x ] [yi] (A.31)
i€lg i€lg

Also Ig C Ig, and so:

U [yi] € U [yi]

i€lp i€lg

Thus, since U7, [yi] = R3, the expression above implies | J;. o il = R3. Substituting
into (A.31) yields RS € R3 x R3 = RS, which is a contradiction. m

Proposition 18 Assume that A is an attractor of z = Z (z). Then T A is an attractor of

y=Y(y).

Proof. It is first shown that there is an open set N_ i of R3 with 7.A C N, i such that
N_ 4 is positively invariant, and ¢, (N7r A) — A as t — co. Since A is an attractor of
z = Z (z), there is an open set N ; of RS with A C N ; such that N is positively invariant,
and v, (NA) — A as t — co. Define N_;i C R3 by N_j; =N, Then N_; is open (cf.
(3) of Proposition 10) and as A C N ;, m.A C mN;i=N_j; Solety € N_;. Theny =7z

for some z € N ;. The positive invariance of N ; implies that for all ¢ > 0:

Yy (z) € N4
= )y (z) € TN 4
= ¢ (¥) € Noj
Also ¢, (z) — A as t — oo, and so as 7 is continuous and A is compact, ), (z) — TA as
t — o0. Since 7 semi-conjugates ¥, and ¢, it follows that ¢, (y) — TA as t — co. It has

thus been shown that given y € N_4, ¢, (y) € N_; Vt > 0, and ¢, (y) — A as t — oo.

Hence, N_ ; is positively invariant and ¢, (N7r A) — A ast — .
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It is now proved that 7 A has a dense orbit with respect to the 1-norm. Since A is an
attractor of z = Z (z), it has a dense orbit {% (zo):t€R, zg € /l} Let 2o = (x0,y0)" .
It is shown that {cpt (yo):teR, yo € 7rfl} is a dense orbit of T.A. So fix y € A and let
e > 0 be given. y = 7z for some z € A. Thus, as {¢t (zo) :t€R, 29 € .,Zl} is a dense
orbit of A, 3t' € R such that v, (z9) € Be (), which implies || (¢y (z0) — z)||, < €. It

then follows from the linearity of 7 that:

[Ty (20) — 2|} <€
= |l (yo) = yll; <€

= ¢y (Yo) € Be(y)

Such a ¢’ € R can be found for all € > 0. This argument holds Vy € A implying that
{Spt (yo):teR, yo € Tr/l} is a dense orbit of 7.A. m

A.2.6 A result concerning convolutions

The following Proposition is used in section 5.6.

Proposition 19 Let f(t),g (t) be real, continuous functions defined on [0,00) for which

the following hold:
1. f(t) =0 ast — .
2. AN, u > 0 such that |g (t)| < Ne ¥ for all t > 0.

Then (f *g)(t) — 0 as t — oo, where f x g is the convolution of f and g.

Proof. To prove the result, it is necessary to show that given € > 0, there is a ¢’ > 0 such

that [(f xg) (t)] < € for all t > ¢'. So let € > 0. By definition, V¢ > 0, (f * g) (¢) is given

by:
(F29)( / Fs)g(t—s)
Hence, Vt > 0:

t—s

I(f *x9) (t)] =
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/O\f<8)Hg(t—8)!ds
Ne™# /0 |f (s)|et®ds

|(f *g) (£)]

IN

IN

Now since f(t) — 0 as t — oo, there is a ¢ > 0 such that |f ()| < s& for all t > .
Also f (t) is continuous, and so is bounded on [0, ¢], implying that there is an M > 0 with
|f (t)] < M vVt e [0,¢]. It thus follows from the above inequality that for all ¢ > ¢:

t t
I(fxg) ()] < Ne M/ e“sds+i/e“sds
0 N J;

— Newt (ﬁ (7 ~1) + 55 (e - euw?))
v

M - €
N —pt [ 27 ut - ut
< e <,ue +2N6
MN
() O] < — et 43

@e*“(t*{) converges to 0 monotonically as ¢ — oo. Consequently, there is a t' > ¢

such that %e‘“(t_ﬂ < § for all t > ¢/. The inequality above therefore implies that

|(f xg) (t)| < eforall t >¢. This completes the proof. m
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