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Standard Triples of Structured Matrix Polynomials *

Maha Al-Ammari®!, Francoise Tisseur®2*

“School of Mathematics, The University of Manchester, Manchester, M13 9PL, UK

Abstract

The notion of standard triples plays a central role in the theory of matrix polynomi-
als. We study such triples for matrix polynomials P(\) with structure S, where § is the
Hermitian, symmetric, x-even, x-odd, x-palindromic or x-antipalindromic structure (with
* = *,T). We introduce the notion of S-structured standard triple. With the exception
of T-(anti)palindromic matrix polynomials of even degree with both —1 and 1 as eigen-
values, we show that P(\) has structure S if and only if P()\) admits an S-structured
standard triple, and moreover that every standard triple of a matrix polynomial with
structure S is S-structured. We investigate the important special case of S-structured
Jordan triples.

Keywords: standard triple, Jordan triple, structured matrix polynomial, Hermitian
matrix polynomial, symmetric matrix polynomial, palindromic matrix polynomial, even
matrix polynomial, odd matrix polynomial

2000 MSC: 15A18, 65F15

1. Introduction

Standard and Jordan triples for matrix polynomials were introduced and developed
by Gohberg, Lancaster and Rodman (see for example [4], [5], [6]). Jordan triples extend
to matrix polynomials of degree m

P(N) =Y NA;, A; €F™", det(Ap) #0, (1)

=0

the notion of Jordan pair (X,J) for a single matrix A € C"*", where X € C"*" is
nonsingular, J is a Jordan canonical form for A, and A = XJX~!. The matrix X in a
Jordan triple (X, J,Y) for P()) is n x mn and, as for the single matrix case, it contains
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Table 1: Matrix polynomials P(\) = >

Jj=

o M A; with structure S € S.

Structure S Definition Coefficients property
Hermitian P(A\) = P*(\) Aj =A;
symmetric P(\) = PT()) Aj = AJT

*-even P(X\) = P*(-)) Aj = (-1)7 A%
*-odd P(\) = —P*(=)) Aj; = (—1)j+1A;f

*-palindromic

*-antipalindromic

PO) = A" P*(3)

PO) = X" P* (%)

the right eigenvectors and generalized eigenvectors of P(\).

The matrix J € Cmnxmn

is in Jordan canonical form, displaying the elementary divisors of P()), and the matrix
Y € C™™*" plays the role of X! for a single matrix, i.e., the columns of Y* determine
left eigenvectors and generalized eigenvectors of P(\). A Jordan triple is a particular
standard triple (U,7,V) in which the matrix 7 is in canonical form. Standard and
Jordan triples are defined precisely in section 2.2.

Our objective is to study the standard and Jordan triples of structured matrix poly-
nomials P(A) of the types listed in Table 1, where we use * to denote the transpose 7" for
real matrices and either the transpose T" or the conjugate transpose * for matrices with
complex entries. The structure of standard and Jordan triples are well understood for
Hermitian matrix polynomials [4], [5] and more recently real symmetric matrix polyno-
mials [2], [11]. With no assumption on the sizes of the Jordan blocks, Gohberg, Lancaster
and Rodman [4] show that if (X,J,Y) is a Jordan triple for a Hermitian matrix poly-
nomial then Y = SX* for some nonsingular mn x mn matrix S such that S = S* and
JS = (JS)*. We show in section 3 that results of this type also hold for the structures
in S, where

S = {Hermitian, symmetric, x-even, x-odd, T-even, T-odd, (2)

«-palindromic, *-antipalindromic, T-palindromic, T-antipalindromic}.

For § € S, we introduce the notion of S-structured standard triples. With the exception
of T-(anti)palindromic matrix polynomials of even degree with both —1 and 1 as eigen-
values, we show that P(\) has structure S if and only if P(A\) admits an S-structured
standard triple, and that for any P(\) with structure S, all standard triples for P(\)
are S-structured. Finally, we study in section 4 the special case of S-structured Jordan
triples.

Two important features of this work are (a) a distinction, when necessary, between
triples and matrix polynomials defined over the complex (C) or real (R) fields, and
(b) a unified presentation of the results, except in section 4, where we provide explicit
expressions for the S-matrix of S-structured Jordan triples that are structure-dependent.



2. Preliminaries

The set of all matrix polynomials with coefficient matrices in F**" (F = R or C)
is denoted by P(F™). When the polynomials are structured with structure S, the cor-
responding set is denoted by Ps(F™) (see Table 1). Throughout this paper we assume
that P(\) has a nonsingular leading coefficient matrix as in (1). Recall that A is an
eigenvalue of P(\) with corresponding right eigenvector x # 0 and left eigenvector y # 0
if P(A\)z =0 and y*P(\) = 0. We denote by A(P) the set of eigenvalues of P(\).

2.1. Structured linearizations
Linearizations play a major role in the theory of matrix polynomials. They are
mn X mn linear matrix polynomials L(\) = AA 4 B related to P(\) € P(F") of degree
m by
_ | POV 0
sror) = |79 0

for some matrix polynomials E(\) and F'(\) with constant nonzero determinants. For
example, the companion form

AT_nlAm,1 A;blAm,Q - A;}AO
-1, 0 . 0
C=- . . : 3)
0 —1I, 0

of P(\) =371, M A; defines a linearization A — C of P(\).
Some of the results in section 3 and all the results in section 4 rely on the construction
of linearizations that preserve the structure of P(\) € Ps(F™). The vector space of pencils

Li(P)={L\): LA)(A®I,)=v®P(\), veF™},
introduced in [15], provides a rich source of such linearizations. Here A = [A™~1 ... A 1]".

It is shown in [7], [12], [14] that for some v € F™ satisfying the admissible constraint

(i) v € R™ if S = Hermitian,
(ii) v = X if § € {T-even, T-odd} or v = X,,,0 if S € {*-even, *-odd},
(iii) v = Fvif § € {T-palindromic, T-antipalindromic} or v = F,,7if S € {*-palindromic,
x-antipalindromic},

where
Xm :diag((fl)mila---a(*l)o)v Fy = )
there exists a unique pencil Mg + Bs € Ly (P) with structure S € S. This pencil is a
linearization of P(\) if the roots of the v-polynomial
p(z;v) = v12™ ! + 022 4 -+ Uy 1T+ Uiy

are not eigenvalues of P [14, Thm. 6.3 & Thm. 6.5]. The vector v = e,,, where e,, is the
mth column of the m x m identity matrix, is an admissible vector for § € {Hermitian,
3



symmetric, x-even, x-odd} since e,, € R™ and X,,e,, = e,,. Also, the roots of p(z;en,)
are all equal to oo and since det(A,,) # 0 then co ¢ A(P). Hence the structured pencils
Ms + Bs € Li(P) with vector e, are linearizations of P. They are given by (see [7]
and [14] for the construction)

[ AMA(1) 4+ B(1) when S € {Hermitian, symmetric},
Ms + Bs = { AA(=1) 4+ B(—1) when S € {x-even, x-odd}, (4)
where
0 e 0 emtA,,
: o m—2 A
A(é) — € . m—1 ,
g4, %4, eVA,
and
o ... 0 emlA 0
8m_2A'm <C:m_2‘4'm—1
Ble) = - 0 . - : :
eA,, €A, e e, 0
o ... . 0 —A,

Note that for x-(anti)palindromic P(\), we have 0 ¢ A(P) since oo ¢ A(P). When
m = 2k + 1, v = egyq satisfies v = F,,v = F,,,0 and 0,00 are the only roots of the v-
polynomial. The corresponding *-(anti)palindromic pencils in L; (P) are linearizations.
They are given by (see [14] for the construction)

Mo + B — AA%% 1 (A2dd)*  when S = *-palindromic with m = 2k + 1, (5)
STES T A% — (A% when S = x-antipalindromic with m = 2k 4 1,
where Asdd o
AOdd |:Aodd Aodd:| (6)
with A9 = (AIHT = = Opkxn(k+1) and
_A;):L 0 s 0 An Am—1 ... A:’H—l
Aodd _A‘r))(@—l e Aodd 0 ' ' :
. . . 0 T . Am—l
_A:+2 —AX | —AX 0 0 A,
For x-(anti)palindromic polynomials of even degree m = 2k, a nonzero vector v

satisfying F,,v = v when x = T or F,,v = ¥ when x = x can be taken of the form v =
zep + 2%ex11. The corresponding x-(anti)palindromic pencil in L;(P) is a linearization
of P()\) if —z/z* is not an eigenvalue of P and is given by (see [14])

MM + Be — AACYER (2) + (A" (2))*  when S = -palindromic, m = 2k, )
STES T AAY (2) — (A% (2))*  when S = x-antipalindromic, m = 2k,
4



where

_ [ Age)

Aen(2) = (®)
— even even )
AT (z) A5 (2)
with
0 0 0 Agy1 O 0
even _ : even _
1" (2) =2 ) 557" (2) =2 )
0 0 0 A1 0 0
Am Am—l Ak+1 Am 0 0
Z*Ao zAp 0 B 0
Z*Al Z*AO + zAq .
even _ : . . “. "L .
AT (2) = — : : : ' ‘ : )
: .
Z*Ak72 Z*Ak72 +zAp_1 - Z*Al + zAs Z*Ao + zAq zAg
—zAg + Z*Ak71 Z*Ak72 e Z*Al Z*Ao_
[2%A,, 2zA;, +2%Amo1 2Ag_ 1 +2%Am 2 ... 2Apto + 25 Apyr ]
0
even o
517"(2) =
2Am—1 + 25 A2
: FAm 2Am A 2 A
L o 0 2X A, ]
Note that when x = %, we can always pick a z € F such that —z/2* ¢ A(P). But
when x = T, —2/2* = —1 so if —1 € A(P) the corresponding x-(anti)palindromic

pencil in L;(P) is not a linearization of P(\). In fact it is shown in [14] that some
T-(anti)palindromic matrix polynomials of even degree do not have T-(anti)palindromic
linearizations. Instead, we allow a linearization with “anti” structure: palindromic be-
comes antipalindromic and vice versa. For this, let v = ex11 — e satisfying v = —F,v.
If P()\) is T-palindromic then there is a unique T-antipalindromic pencil in L, (P) with
vector v. Similarly if P(\) is T-antipalindromic then there is a unique 7-palindromic
pencil in Ly (P) with vector v. Such pencils are linearizations of P if 1 ¢ A(P) and are
given by

A — (Ae™)T when § = T-palindromic with m = 2k,

Ms + Bs = { AAen + (Ave™)T when S = T-antipalindromic when m = 2k, )

where A" (2) has a block structure similar to that of A°V*"(2) in (7) with z replaced
by —1 and z* replaced by 1. In particular, when m = 2,

even __ 7A2 7A1 - AO
AL = Ay A, .
The next result, useful later, shows that the linearizations (4)—(9) share a property.
Lemma 2.1 Let S € S and P(\) € Ps(F") with nonsingular leading coefficient. If
Ms + Bs is a structured linearization of P(\) as in (4)~(9) then C = —Ag'Bg, where

C is the companion form of P(X) given in (3).
5



Proof. Some easy calculations show that —AsC = Bgs. |

Hence, with the exception of T-(anti)palindromic P(X) of even degree with both —1 and
1 as eigenvalues, the companion form of P()\) can be factorized as C = —Ag'Bg, where
Ms + Bs = As(M — C) is a structured linearization of P()).

2.2. Standard triples

Recall that (U,T) is an (m, n)-standard pair over F if T € F™"*mn and U € Frxmn

are such that
UTm —1

Q=QWUT):= (10)

ur
U
is nonsingular [11, Def. 2.1]. The triple (U, T, V) forms an (m,n)-standard triple over
F if (U,T) is an (m,n)-standard pair over F and V € F™"*" is such that UT™ 1V is
nonsingular and, if m > 2,

UT'V =0, j=0:m-—2, (11)

or equivalently,

for some nonsingular n X n matrix IV, where e; is the first column of the m x m identity
matrix [11, Def. 2.3]. Note that the definitions of standard pairs and triples make no
reference to matrix polynomials.

An (m,n)-standard pair (U, T) over F is a standard pair for P(X) = 372 M A; if

[6, p. 46]. A standard triple (U,T,V) is a standard triple for P(X) if (13) holds and
A, = (UTT W)L (e, N = A;! in (12)). Any P()\) € P(F") with nonsingular
leading coefficient admits a standard triple. For example, it is easy to check that

(el ®1,,C.ey ® A1) (14)

with C as in (3) is a standard triple for P(\). We refer to (14) as the primitive standard
triple for P()).

Let U; € Fr*mn T, € Fmxmn and V; € F™*" 4§ =1,2. Then (Uy, T1, V1) is similar
to (Us, T2, Va) if there exists a nonsingular G € F™?*™" guch that

Uy =UG, T2=G'TG, Vo=G'V. (15)

Tt is easy to check that Q(Uy, T1)G = Q(Us, T3). Hence G is uniquely defined by (Uy, T1),
(U1, T2) and is given by

G =Q(U, ) 'QUs, Ta). (16)
Also, (Us, T2, V) defined in (15) is a standard triple if (Uy, 71, V1) is a standard triple [5,

Prop. 12.1.3]. Moreover if (U, T,V) is a standard triple for P()) then, with Q@ = Q(U, T)
as in (10), we find that

€ e0L)QR=U Q'CQ=T, Q 'a®A,)=V. (17)
6



Table 2: Definition of ug(7), tf(T)’ vg(T) for some T € F™"™*™" gsatisfying assumption (b), where «
is some scalar in F such that a*a =1 and —a & A(T).

Structure S ug(T) ts(T) vs(T)
Hermitian/symmetric I T I

*-even -1 —-T* 1

x-odd I -T* I
*-palindromic, m = 2k + 1 —Tr(k=1) T* T*k
*-palindromic, m = 2k —T*E=D(T a7t | TF | ([ +aT*)7T*¢E-D
*-antipalindromic, m = 2k + 1 Tr(k=1) T* Tk
*-antipalindromic, m = 2k THE=D(] 4 oT*)1 T* | (I4aT*)7*¢k-1)

Hence any standard triple (U, T,V for P(\) is similar to the primitive standard triple
(el ®I,,C,e1 @ A1), Note that because 7 is similar to C, A\I — T is a linearization of
P(\) and A(P) = A(T). The following result [5, Thm. 12.1.4] will be needed.

Lemma 2.2 Let U € F*mn T ¢ Frnxmn ¢ X" gnd let P(A\) € P(F™) be of
degree m with nonsingular leading coefficient. Then (U, T,V) is a standard triple for
P(\) if and only if PIN)™1 = U\ —T)~V for A € C\ A(P).

A Jordan triple (X, J,Y) over F for P()) is a standard triple for P()\) for which the
matrix J is in Jordan form or real Jordan form if F = R. By (13) and [6, Prop. 2.1], we
have that >3 ( A; X J7 = 0 and 377" J’Y A; = 0. The columns of X and Y* determine
right and left eigenvectors and generalized eigenvectors of P(A). The matrix J is the
Jordan form of the companion form C of P(\).

3. S-structured standard triples

We now consider standard triples in the context of structured matrix polynomials.
We start by listing two assumptions used in our analysis. Let S € S, P(\) € Ps(F™)
have degree m with nonsingular leading coefficient and let 7 € Fmnxmn,

Assumption (a): if S € {T-palindromic, T-antipalindromic} and P(\) has
degree m = 2k then either —1 ¢ A(P) or 1 ¢ A(P).

Assumption (b): if § € {T-palindromic, T-antipalindromic} and m = 2k
then either —1 ¢ A(T) or 1 ¢ A(T).

Assumption (a) ensures the existence of a structured linearization. Assumption (b)
ensures the existence of a € F such that a*a = 1 and —a ¢ A(T). Also, for *-
(anti)palindromic structures, the eigenvalues of 7 come in pairs (A\,A™*). Hence 0 ¢
A(T) since oo ¢ A(T) and T~* is well defined. So for some 7T satisfying assumption (b)
we define ug(7T),ts(T),vg(T) as in Table 2. We note that assumptions (a) and (b) are
equivalent when A\l — 7 is a linearization of P(\).

Before stating our main result in Theorem 3.4, we provide a few lemmas and introduce
the notion of S-structured standard triple. The first lemma of this section extends to all
structures in S a result in [6, Thm. 10.1] for Hermitian structure.
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Lemma 3.1 Let (U, T,V) be an (m,n)-standard triple for P(\) € P(F") with nonsingu-
lar leading coefficient and let S € S. Assume that T satisfies assumption (b). Then P(\)
has structure S if and only if (V*ug(T),ts(T),vg(T)U*) is a standard triple for P(X).

Proof. (=) Assume that P()) is structured with structure S. Since any standard
triple for P()\) is similar to the primitive standard triple (Uy,C, Vo) := (e, @ I,,,C,e1 ®
ALY (see comment before Lemma 2.2), it suffices to show that (Up,C,Vp) is similar
to (Vifug(C),ts(C), vs(C)UF). Note that under assumption (b), P(A) has a structured
linearization AAs + Bs, which is one of (4)~(9) and by Lemma 2.1, A5'Bg = —C. Define

a1 27* AN (z) i P is -(anti)palindromic, m = 2k, —z/z* ¢ A(P), (18)
T As otherwise,
with A" (2) as in (8). We aim to show that
Vius(C) =UoG,  G7'CG=t5(C), wvs(C)UF =G "V, (19)

that is, (Uy,C, Vp) is similar to (Vg ug(C),t5(C),vg(C)UF) for all S € S. That (19) holds
for § € {Hermitian, symmetric, x-even, x-odd} is easy to check.

For § € {*-palindromic, x-antipalindromic}, the proof that G~!CG = C~* = t4(C)
follows from the definition of G and C = €A§1A§, where ¢ = £1 depends on whether
Bg = A% or Bg = —A%. To prove that the first and third equalities in (19) hold for
palindromic structures, we consider three cases.

(i) m = 2k + 1. In that case, G~! = A°¥ with A°¥ as in (6). Then
G_1V0 = G_l(el (9 A;Ll) =€r+1 ® I = (C*)k(em X I) = US(C)US(,
from which it follows that V3" = (el ® I)C*G™* so that, on using G™'1CG = C~*,
Viug(C)G™! = (ef, ®I)C’“G*( cr=hG!
= (el @ 1)ckc M (—a*G™)
(6 ) Uo.

(ii) m =2k, x =T and —1 € A(T). In that case, G~! = A5"" with A5"" as in (9).
Then

vs QUL = (I-CT)CT* Y (e,,®1,) = e 1@ —e, @I = G~ He1®I) AL = GV,
From Vy = Gug(C)U{ it follows that Vi = UpC*~Y(I — C)GT, so that

Vilug(C) = —UpC*=D(1 — 0)GTcT*+=Y(1 —¢T)~!
—UpC*=(1 —)c=PGT (1 —cT)~!
=UyG(I - CTY(I -t = UyG,

where we used CGT = G and GTCT*R-DG-T = ¢~ (k=1),

(ili) m = 2k, » = %, T and if x = T then —1 ¢ A(T). The proof is similar to that in
(ii) with @ = z/2* in the definition of ug and vg, and G=! = z27*A%"(2) with
A" (z) as in (8).

8



The case of antipalindromic structures is proved similarly.
(<) Suppose that (U, T,V) and (V*ug(T),ts(T),vg(T)U*) are standard triples for
P(X). By Lemma 2.2, we have that
UM —T)'V =P\ " =V*ug(T)(\ — tS(T))_le(T)U*. (20)

As shown in the proof of [6, Thm. 10.1] for Hermitian structure, (20) implies that

1 —

(P*N) =(PA) =UNM-=T)'V)* =V -T")'U" =P\

showing that P()) is Hermitian. This proof extends easily to structures S € {symmetric,
*x-even, x-odd}.

We now concentrate on palindromic structures. Using the left hand side of (20) we
find that

AT PAT)) T = AT UNTL = T) TV = ATV AT T
If |AT*|| < 1 for some subordinate matrix norm || - || then
(I = AT*) =T+ AT X272 (21)
Using (21) and the fact that V*T*U* =0, j = 0:m — 2 (see (11)), we obtain

)\—m(P(/\—*))—* _ V*T*(m—l)(]+ ATx 4+ \2T*2 4 .. -)U*
= V*T*(k—l)(l _ )\7—*)—17—*(m—k)U*

= VTR — TRk (22)
for all || < ||7%]|7t. When m = 2k + 1, (22) and the right hand side of (20) yield
AT PAT)) T = Viug(T) (M = T ) " og(THU* = P(N) (23)

Note that (A — 7 *)~! commutes with 7**=1 (I + aT*) and (I + aT*)~! so when
m = 2k, (22) can be rewritten to yield (23). Since A= (P(A\~*))~* = P()\)~! holds for
many values of A\, P(\) = A™P*(A~1) for all \, that is, P()) is x-palindromic.

That P(\) = —A™P*(A~!) for the x-antipalindromic structure is proved in a similar
way. a

Lemma 3.1 naturally leads to the following definition.

Definition 3.2 (S-structured standard triple) LetS € S. An (m,n)-standard triple
(U, T,V) with T satisfying assumption (b) is said to be S-structured if it is similar to
(V*us(T), ts(T),vs(T)U™).

If (U, T,V) is an S-structured standard triple then there is a nonsingular S € Fmnxmn
such that
US =V*ug(T), S'TS=ts(T), SV =uwgs(TU*. (24)

The matrix S is unique and is given by (see (16))
S = Q(U7 T)_IQ (V*uS (T)7 tS (T)) .

We refer to S as the the S-matrix of the S-structured standard triple (U, T, V).
The next lemma shows that any standard triple that is similar to an S-structured
standard triple is itself S-structured.
9



Lemma 3.3 Let (U, T,V) be a standard triple similar to (U, T1, V1), that is, (U1, T1, V1) =
(UG,G7YTG,GV) for some nonsingular matriz G. Let S € S and assume T satis-
fies assumption (b). If (U, T,V) is S-structured with S-matriz S then (Uy,T1, Vi) is
S-structured with S-matriz S; = G1SG™*.

Proof. If (U1, T1,V1) = (UG, G7ITG,G71V) with (U, T,V) S-structured then
(VG us(GTiG ™), ts(GTiG 1), v5(GTiGHGUT) = (V¥ us(T), ts(T), vs(T)U™)
= (US,S7'TS,871V)
= (U,G7'S,ST'\GTiG™1S, S1GWy).
Since ug(GTIG™Y) = G ug(T1)G*, ts(GTIG™1) = G *ug(Th)G*, and vg(GTIG™Y) =
G *vg(T1)G*, it follows that (U, T1, V1) is S-structured with S-matrix G~1SG~*. O

We can now state our main result, which is a direct consequence of Lemma 3.1 and

Lemma 3.3. Tt extends a result for Hermitian structure [5, Thm. 12.2.2] to all structures
in S.

Theorem 3.4 Let S € S and P(\) € P(F™) with nonsingular leading coefficient satisfy-
ing assumption (a). Then P(\) has structure S if and only if P(\) admits an S-structured
standard triple, in which case every standard triple for P(\) is S-structured.

The relations in (24) imply certain properties of S, as shown in the next theorem.

Theorem 3.5 Let S € S. An (m,n)-standard triple (U, T, V) with T satisfying assump-
tion (b) is S-structured with matriz S if and only if V.= Svg(T)U* and S satisfies the
following properties:

e S=5% TS =(TS)* when S € {Hermitian, symmetric},
e S=-8* TS = (TS)* when & = *-even,

S=8* TS=—(TS)* when S = *-odd,

o TS* = —S when S = x-palindromic and m = 2k +1 or TS* = —aS when S =
*-palindromic and m = 2k,

o TS* =8 when S = x-antipalindromic and m = 2k + 1 or TS* = aS when S =
*-antipalindromic and m = 2k,

for some a € F such that a*a =1 and —a ¢ A(T).

Proof. (<) Assume that V = Svg(T)U* and that S satisfies the properties listed in
the theorem. We show that (24) holds. The last equality follows from V = Svg(T)U*
and the second equality follows from the properties of S. Now from V = Suvg(T)U*
we have that V*ug(T) = U(vg(T))*S*ug(T). That (vg(T))*S*ug(T) = S for S €
{Hermitian, symmetric, x-even, x-odd} follows from the definition of ug, vg and the prop-
erties of S. For palindromic structures, S™'7TS = t5(7) implies that

SHTF)ED = 7D g, (25)
10



Hence, when m = 2k + 1,
(vs(T)*S*ug(T) = =TS TV = —TrT-(-Ug* — —Ti5* = 5,
where we used (25) and the assumption that 7.5* = —S. When m = 2k,

(vs(T)) S ug(T) = =T V(I + > T)S*T* DI 4 aT*) ™
=-I+a*T)S* (I +aT*)™ "
=(S=SI+aT*) ' =ST+aT")(I+aT*) ' =8

In a similar way we can show that (vg(7))*S*ug(T) = S for antipalindromic structures.
Hence V*ug(T) =US.

(=) Assume that (U, T,V) is S-structured with S-matrix S so that (24) holds and
hence V' = Svg(T)U*. By [11, Thm. 2.4] there exists a unique matrix polynomial
P(\) = 37"y M Aj for which (U, T, V) is a standard triple. This triple is similar to the
primitive triple (Up, 7o, Vo) = (eI, ® I,,,C,e1 @ AL), where Al = UT™ V. The proof
of Lemma 3.1 shows that (Up, 7o, Vo) is S-structured with S-matrix Sy = G defined in
(18). It is easy to check that Sy = G and Ty = C satisty the properties displayed in the
the bullet points of the theorem. By Lemma 3.3, S = Q~1S,Q* and since T = Q' 75Q
(see (17)), we have that TS = Q@ 1T7550Q ", TS* = Q 1705y Q*. This completes the
proof since the properties of Sy and 7Sy are preserved by x-congruences and it is easy
to check that 7°S* is the appropriate multiple of S for the (anti)palindromic structures.
a

We point out that Hermitian and symmetric structured standard triples are called self-
adjoint standard triples in the literature (see for example [5, p. 244]). For (anti)palindromic
structures, the matrix 7 of an S-structured standard triple (U, 7,V) with S-matrix S
is S~!-unitary, that is, 75717 = S~!. With additional constraints on 7’s structure,
Lancaster, Prells and Rodman refer to (U, T, V) as a unitary standard triple [8, Def. 4].
Hence a unitary standard triple is S-structured but the converse is not true in general.

The S-matrix of an S-structured standard triple (U, T, V') for P(A) can be expressed
in terms of U, T and the matrix coefficients of P()) as the next result shows.

Proposition 3.6 LetS € S and P(\) € Ps(F™) be of degree m with nonsingular leading
coefficient and satisfying assumption (a). If (U,T) is a standard pair for P(\) then
(U, T, Svg(T)U™) is an S-structured standard triple for P(\) with S-matriz S given by

g1 2TXQF AV (2)Q if P is x-(anti)palindromic, m = 2k, —z/z* ¢ A(P),
T QFAsQ otherwise,

where Q := Q(U, T) is as in (10), and As and A" (z) are as in (4)—(9).

Proof. The primitive standard triple (el ®1,,,C,e;® A1) is S-structured with matrix G
defined in (18). Since (U, T) is a standard pair of P()), we easily check that Q71CQ =T
and (el, ® I,,) Q = U. Define V.= Q7! (e; ® 4;,'). Then (U,T,V) is a standard triple
for P(X) similar to (el, ® I,,,C,e; ® A.}'). By Lemma 3.3, (U, T, V) is S-structured with
matrix S = Q7 1GQ™* and V = Svug(T)U™. a

11



4. S-structured Jordan triples

We now explain how to obtain explicit expressions for the Jordan matrix and S-matrix
of S-structured Jordan triples (X, J, S vg(J)X*) of P(\) € Ps(F"). We note that the
matrix S displays the sign characteristic of P(\), whose definition we now give.

Let (U, T, S7vg(T)U*) be a standard triple for P(\) € Ps(F"). The sign character-
istic of P(X) is defined as the sign characteristic of the pair (T, S’}l), which is a list of
signs, with a sign (+1 or —1) attached to each partial multiplicity of

e real eigenvalues of Hermitian or real symmetric matrix polynomials,

e purely imaginary eigenvalues of #-even, *-odd, real T-even and real T-odd matrix
polynomials,

e eigenvalues with unit modulus of *-(anti)palindromic and real T-(anti)palindromic
matrix polynomials.

These signs can be read off the canonical decomposition of )\S}l 757_—17' via *x-congruence
(see [5, Sec. 12.4] for Hermitian structure). Note that the definition of the sign character-
istic for P(\) is independent of the choice of standard triple. Indeed if (U;, T;, S1;v5(T:)U),
i = 1,2 are S-structured standard triples for P(\), then by Lemma 3.3 there exists a
nonsingular G such that 75 = G~'77G and S, = G_lST1 G~*. Hence, /\57_-21 — S7__21T2 =
G*(AS7! — S7'TH)G, that is, the pencils AS7! — S7!T;, i = 1,2 are *-congruent. They
share the same canonical decomposition via x-congruence and therefore the same sign
characteristic.

We know that the triple ((el, ® I,,),C, (e; ® A,})) is a standard triple for P(A) and
by Theorem 3.4, it is S-structured with S-matrix as in Proposition 3.6 with Q = I,y
Hence, on using Lemma 2.1, we find that

AS;t = SgC = T As + 2 *Bs,

where As + Bs is a structured linearization of P(X) as in (4)—(9), and z = 1 except
when As = A®°"(z), in which case z € F is chosen such that —z/2* ¢ A(P). So what
we need is a canonical decomposition of As + Bs via x-congruence,

Z*(Ns +Bs)Z = NZ*AsZ) — (Z*AsZ)(Z27'CZ) = 2*(\S7* — S71),

where J = Z~'CZ is the Jordan form of C. Fortunately, such decompositions are available
in the literature for all the structures in S. We use these canonical decompositions to
provide explicit expressions for J and S; in Appendix A. These expressions show that
Sy and J have the same block structure and that we can read the sign characteristic of
P()) from certain diagonal blocks of S;.

5. Concluding remarks

The results in this paper represent a first step towards the solution of the structured
inverse polynomial eigenvalue problem: given a list of admissible elementary divisors
for the structure, and possibly, corresponding right eigenvectors and generalized eigen-
vectors, construct a structured matrix polynomial having these elementary divisors and
eigenvectors/generalized eigenvectors. Indeed, using the results in sections 3 and 4 we

12



show in [1] how to construct an S-structured (2,n)-Jordan triple (X, J,Y) from a given
list of 2n prescribed eigenvalues and n linearly independent eigenvectors and generalized
eigenvectors, and use the fact that an S-structured (2, n)-Jordan triple defines a unique
structured quadratic Q(A\) = A2 A+ A1 + Ay € Ps(F"), where Ay = (X JSvg(J)X*)7L,

Ay = —AyX T Sug(J)X* Ay,  Ag = —Ax(XJ*Svg(J)X Ay + X T3Sug(J)X*As),

and vg(-) as in Table 2.

Finally, we note that standard triples have been useful to describe structure preserv-
ing transformations (SPTs) for matrix polynomials, and in particular quadratic matrix
polynomials [3]. We believe that the notion of S-structured standard triples will further
our understanding of SPTs for structured matrix polynomials.
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Appendix A. Explicit expressions for J and S

Using the canonical decompositions of structured pencils via x-congruences, we pro-
vide in this appendix an explicit expression for the Jordan matrix and S-matrix of S-
structured Jordan triples (X, J, Sjvg(J)X*) of P(A) € Ps(F") for each S € S. We
assume that P()) is of degree m with nonsingular leading coefficient matrix. To facil-
itate the description of J and Sy, we introduce the matrices Fy = F; = [1] and for
integers k > 1

1
-1 1
Ek = == (71)}671E]Z17 Fk =
1 1
(71)]@,1 ok kxk
We denote by
A 1
Ak Y
Jo,(Ag) = € CrRx5k
1
Ak
the Jordan block of size ¢; associated with g, and by
A I
Kka (Akaj\k) _ Kka (Ak) _ Ak D c RkaXka7 Ak _ |: Qg /Bk:| ’
SO —Br o
Ay,

the 2my x 2my, real Jordan block associated with the pair of complex conjugate eigenval-
ues (Mg, Ak), where A\, = o +1i0; with ag, Br € R, B # 0. We use the notation @;:1 F;
to denote the direct sum of the matrices Fi, ..., Fi.
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Note that there are restrictions on the Jordan structure of P. For instance, a regular
n X n matrix polynomial cannot have more than n elementary divisors associated with the
same eigenvalue [13]. Also, the elementary divisors have certain pairing, which depends
on the structure S € S and the eigenvalue. Hence we describe for each & € S the
elementary divisors arising from P(\) € Ps(F™) and then provide an expression for .J
and SJ.

Appendiz A.1. Hermitian structure

Suppose P() is Hermitian with

e 7 real elementary divisors (A — \;)%, j = 1.7, and
e s pairs of nonreal conjugate elementary divisors (A — p;)™7, (A —1;)™, j = 1:s,

with £;,m; such that 337_, £; +237°_ ) m; = mn. It follows from [9, Thm. 6.1] that

7= €D 0) B 1) & I ) 5= 57" = D)o, & ) Fan,-
j=1 j=1 j=1

j=1
Here {e1,...,&,} with e; = £1 is the sign characteristic associated with the real eigen-
values \;, j = 1:7 of P(\). We easily check that S; = 5% and JS; = (JS;)*.
Appendiz A.2. Real symmetric structure
Suppose P(\) is real symmetric with

e 7 real elementary divisors (A — \;)%, j = 1.7, and
e s pairs of nonreal conjugate elementary divisors (A — )™, (A —[z;)™7, j = 1:s,

with £;,m; such that Y7, £;+23%_, m; = mn. On using [9, Thm. 9.2] we find that

J = @Jej(Aj) &> @KQmj (e, i), Sy=8;'= @QF@ @ @Fzmj7
j=1 j=1 j=1

j=1

where the scalars e; = £1 form the sign characteristic associated with the real eigenvalues
of P(\). Note that S; = ST and JS; = (JS,)7.

Appendiz A.3. Complex symmetric structure

Suppose P(A) is complex symmetric with ¢ elementary divisors (A — A;)™, A\; € C,
j = 1:q, with m; such that 327_, m; = mn. Then [19, Prop. 4.3] leads to

q q
T=@Im, (%), S5=57" = Fu,,
j=1 j=1

which satisfy S; = ST and JS; = (JS,)T.
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Appendiz A.j. x-even structure
Suppose P(\) is #-even with
e 7 purely imaginary (including 0) elementary divisors (A —i3;)%, j = 1:r, and
e s pairs of nonzero and non-purely imaginary elementary divisors (A —ip;)™s, (A —
iﬁj)mju J = 1:87
with £;,m; such that 375, ¢; +23>77_ m; = mn. With the change of eigenvalue pa-

rameter A = —ip, the x-even linearization of P(\), AMs + Bs = u(—iAs) + Bs becomes
a Hermitian pencil in p. Using Appendix A.1 we obtain that

J= —i(é}«fej(—ﬂj)@é (ij(—ﬂj)@ij(—Mj)))> Sy = —i<é5jFéj @éF%j)'

Here {e1,...,e,} with ¢; = £1 is the sign characteristic associated with the zero and
purely imaginary eigenvalues of P(A). Note that S; = —S% and JS; = (JS;)*.

Appendiz A.5. Real T-even structure

Suppose P()) is real T-even with (see [16])

e ¢ zero elementary divisors A"/ with n; even, j = 1:¢,
e 1 pairs of real elementary divisors (A + «;)P7, (A — ;)P with p; odd if a; = 0,

j=1r,
e s pairs of purely imaginary elementary divisors (A+i3;)%, (A—if3;)% with 8; > 0,
7 =1:s, and

¢ ¢ quadruples of nonzero and non-purely imaginary elementary divisors (A+p;)™, (A—
:u’j)mj? ()‘ + ﬁ])m7a ()‘ - ﬁ])mja .] =1 q,

with nj, pj, kj, m; such that 23:1 nj+23 5 pj+235_ ki +4330_ my = mn. Using
[10, Thm. 16.1], we find that

T

I =B 7, 0) & D (I, (05) @ ~ Ty (05)")

S

q
S2] KQ:’C]' (1677 _1/67) @ @ (szj (/’('jv /7‘7) S2) _K2mj (/Jj, ﬁj)T) 5

j=1 j=1
; ~n[ 0 - ; by N[0 I
— . Ry 2] . i —i2m;
s=-@amo®|,) ]e@am oo @], |
j=1 j=1 J j=1 j=1 J
where the scalars €; = £1 form the sign characteristic associated with the purely imagi-

nary eigenvalues and zero eigenvalues of even partial multiplicities (see [18]). We easily
check that S; = —ST and JS; = (JS;)T.
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Appendiz A.6. Complex T-even structure

Let \; € C\ {0} and suppose P () is complex T-even with (see [16])

e ¢ zero elementary divisors A"/ with m; even, j = 1:¢,

e ¢ pairs of elementary divisors (A — ;)% , (A4 X;)% with k; odd if \; =0, j = 1:¢,
with m;, k; such that Z;Zl mj + 22?:1 k; = mn. Then, by [19, Prop. 4.7 (b)], we
obtain that

q

: 1 : 0 -F 0 -F
T = @) Ju, P, )@ (<1), S = ED [F s } San [F P, } |
j=1 j=1 My j

Jj=1 Jj=1

Note that S; = —S? and JS; = (JS,)T.

Appendiz A.7. x-odd structure

Suppose P(\) is *-odd with

e 7 purely imaginary (including 0) elementary divisors (A —i3;)%, j = 1:7 and

e s pairs of nonzero and non-purely imaginary elementary divisors (A —ip;)™7, (A —

iﬁj)m'jv J=1ls,

with £;,m; such that 3°7_, ¢; +23°7_) m; = mn. Note that for the *-odd linearization
Ms + Bs of P()) in (4), the pencil i(AAs + Bs) is #-even and the structure for S; and
J follows from Appendix A.4. We find that

J = 4(@%(75}»)@@ (ij(fgj)@ij(fuj))), Sy =57 =D eiFo, o@D Fo,,
j=1 j=1 = =

which satisfy S; = S% and JS; = —(JS;)*. Here {e1,...,e,} with ¢; = %1 is the sign
characteristic associated with the zero and purely imaginary eigenvalues of P(A).

Appendiz A.8. Real T-odd structure
Suppose P()) is real T-odd with (see [16])

e t zero elementary divisors A with ¢; odd, j = 1:¢,
e 1 pairs of real elementary divisors (A + «;)P/, (A — ;)P with p; even if o; = 0,
j=1r
e s pairs of purely imaginary elementary divisors (A +1i8;)%, (A —i8;)* with 8; > 0,
7 =1:s, and
e ¢ quadruples elementary divisors (A + ;)™ , (A — )™, (A4 @;)™, (A — )™,
J =1l
with £}, p;, kj, m; such that Z§:1 l; + 22;:1pj + 22;:1 kj + 42?:1 m; = mn. On
using [10, Thm. 17.1] we find that

T =P 7, (0)& P (Jp, () & =y, (a))T)

1 j=1

P~

<.
Il

s q
&P Kor, (i85, —iB;) & D (Kam, (15, 1) & —Kom, (15, 1)")
j=1 j=1
16



t r s q
— 971 — 0 I, kj—1 0 I,
51=5" =@er 0@ |, w]o@am, ey ed|,) ],
=1 =1 =1 =

where the scalars ; = &1 form the sign characteristic associated with the purely imagi-

nary eigenvalues and the zero eigenvalues with odd partial multiplicities. We easily check
that S; = ST and JS,; = —(JS;)T.

Appendiz A.9. Complex T-odd structure
Let A\; € C\ {0} and suppose P()) is complex T-odd with (see [16])

e s zero elementary divisors A% with ¢; odd, j = 1:s, and
e ¢ pairs of elementary divisors (A+ ;) (A= \;)k with k; even if \; = 0, j = 1:¢,

with £, k; such that >3°_, £; +2379_, kj = mn. It follows from [19, Prop. 4.7 (b)] that

s q s q

JZJ’ (0) ® @ (7‘]]%' (AJ) D ka (AJ)) ) Sy = Sjl = @Ezj S @ngj.

Jj=1 j=1 Jj=1

J =
J

Clearly, Sy = S? and JS; = —(JS;)T.
Notice the difference between the zero elementary divisors associated with T-even
and T-odd pencils (see [16, Cor. 4.3]).

Appendiz A.10. *-(anti)palindromic structure

Suppose P()) is complex *-palindromic with —1 ¢ A(P) and (see [17])

e ¢ pairs of elementary divisors (A — X;)%, (A — 1/X;)k with \; € C\ {0}, |\;] # 1,

=1,

e t elementary divisors (A — A;)?%*! with A; € C such that [\;| =1, j = 1:¢, and

e s elementary divisors (A — \;)?™ with \; € C, |\;| =1, j = 1:s,
with kj, €;,m; such that 2379, k; + Z;zl(%j +1) + 2325, m; = mn. Then using
either [20, Thm. 5] or [21, Sec. 2.2.2] we find that

with
q t 0 0 Fy Jy (=)
B Ok]. ijka(—)\') 7
=@k P ode 0 o
j=1 j=1 Fg 0 0

J
N[Oy FonyJos (= 0))
@@Ej |:Fm elelT ! :|
j=1 i

has the above elementary divisors. Here e; is the first column of the identity matrix.
The scalars €; = £1 form the sign characteristic associated with the eigenvalues of unit
modulus of P(\) (see [8]).
For the x-antipalindromic structure, J = S;5;" with S; as above but with —\;
replaced by A;.
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Appendiz A.11. Real T-(anti)palindromic structure

Suppose P()) is real T-palindromic with —1 ¢ A(P), A; € C\ {0}, and (see [17])

e 7 pairs of real elementary divisors (A — X\;)k7, (A — 1/X;)% with \; € R, |\;] # 1,
j=1r,
q quadruples of nonreal elementary divisors (A — X;)", (A — X;)"™, (A — 1/A;)™7,
(A= 1/%,)™ with [\j] £1, j = Lig,
s elementary divisors (A — 1)?™i, j = 1:s,
t pairs of elementary divisors (A — 1)24*1, (A — )25 i =1:t¢,
e u pairs of elementary divisors (A — X;)%, (A — A;)% with |\;| =1, A; # 1, £ odd,

j=1:u, and
e p pairs of elementary divisors (A — )\j)m;‘, (N = Xj)m-lf with [A;| = 1, Aj # 1, m/
even, j = l:p.

We have that QZ 1 kj —1—42 1n3+22 1m3+223 (20 + 1)+ 2570
2 Z _,mj =mn.

Using [21, Thm. 2.8] we find that J = —S,5;7 has the above list of elementary
divisors, where

]1J+

_ T ij Fk Jk 027lj Kzn-(_A‘) T 0 ijij(—
S =D {Fk. @EB Foarn 6, oDk, 0

j=1 J g n; =1 J

t [0, O Fg,.Jg,(— ) t O, 0 FpJg(—1)
Y $€j OJ 1 ’ 6? EB@&j 0] 1 ’ 6?

j=1 _ng 0 Ogj j Fe]. 0 04].

[ Oy _ 0 Ky _1(—4;

w -1 A Z 1( ]) P Om; Km;(fAj)
® @EJ 0 (7/11)2 er ® I @@Ej Fi. @I ee; @I

j=1 Fl (5/71) ®IQ 0 Oe/ 1 j=1 Emj

Here (—Aj)% is the principal square root of —A;. The scalars €; are signs 1 and form
the sign characteristic associated with the eigenvalues of unit modulus of P()\) except
the eigenvalues 1 with even partial multipli(ntles (see [8]).

For the T-antipalindromic P(\), J = 5,577 where S; is as above but with —\;, —1,
—A; replaced by \j,1, A;, respectively.

Appendix A.12. Complex T-(anti)palindromic structure
Suppose P()) is complex T-palindromic with —1 ¢ A(P) and (see [17])
e t elementary divisors (A — 1)™ with m; even, j = 1:¢,
e ¢ pairs of elementary divisors (A — \;)*, (A — 1/X;)% with k; odd when A\; = 1,
=1,
with m;, k; such that Z;Zl m; + 231, kj = mn. On using either [20, Thm. 1] or [21,
Thm. 2.6], we find that with

t
;=@ {%/2 Fons I p2(= } @EB { Fi Jiy (=5)

pe ij/g ele1 Ok;
18



the matrix J = —§ JS;T has the above elementary divisors.
Now if P() is complex T-antipalindromic with —1 ¢ A(P) and (see [17])

e t elementary divisors (A —1)% with ¢; odd, j = 1:t,
e ¢ pairs of elementary divisors (A — X\;)%, (A — 1/X;)% with k; even if \; = 1,
J=1lyq
with ¢;, k; such that Z;:1 4+ 22?21 k; = mn. On using [21, Thm. 2.6], we find that
the matrix J = SJS;T with

Ok]’ ij ka ()‘j)
F, O,

J

t Ogj 0 ngJ[(].) q |:

Ss=@lo 1 I |eP
j=1|Fp. O Ogj j=1

J

has the above elementary divisors.
Note that J in Appendix A.10-Appendix A.12is “almost” in Jordan canonical form.
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