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Abstract

We introduce a simplifying assumption which makes it possible to approxi-
mate the rotation number of an invertible quasi-periodically forced circle map
by an integral in the limit of large forcing. We use this to describe universal
scaling laws for the width of the non-trivial rotation interval of non-invertible
quasi-periodically forced circle maps in this limit, and compare the results
with numerical simulations.

Dedicated to the memory of Jaroslav Stark

1. Introduction

Noninvertible circle maps have been used to model the breakdown of in-
variant tori in differential equations [5, 9], and there are many interesting
results about the bifurcation structure for these maps [9, 10]. Whilst invert-
ible maps of the circle have a unique rotation number measuring the average
speed of orbits around the circle, noninvertible circle maps have a rotation
interval: different orbits can lead to different rotation rates, but the set of
all rotation rates is a closed interval, which may be a point [1, 9, 11]. If
the differential equation being modelled is quasi-periodically forced then it is
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natural to consider an extended system, with an extra variable representing
the relative phase of the two frequencies. This leads to systems of the form

xn+1 = f(xn, θn)
θn+1 = θn + ω, ω ∈ R\Q (1)

where (x, θ) ∈ R2, f(x + 1, θ) = f(x, θ) + 1 and f(x, θ + 1) = f(x, θ). These
conditions imply that it is natural to think of x and θ as taking values modulo
one, i.e. representing angles (technically, (1) is the lift of a map of the torus).
To fix ideas it is helpful to think of the example,

f(x, θ) = x + a +
b

2π
sin(2πx) + c sin(2πθ) (2)

where a, b and c are real parameters. If |b| < 1 then the map is invertible,
and this family has been used to consider many aspects of quasi-periodically
forced systems including the appearance and bifurcations of strange non-
chaotic attractors [2, 3, 4, 7].

If (xn, θn) is the solution of (1) with initial conditions (x0, θ0) then classic
results due to Herman [8] show that in the invertible case, a well-defined
rotation number

ρ(x, θ) = lim
n→∞

1

n
(xn − x0) (3)

exists and is independent of (x0, θ0). In the noninvertible case, Glendinning
et al [6] use an argument similar to [1] to show that just as in the unforced
circle map the set

I = {r ∈ R | r = ρ(x, θ) some (x, θ) ∈ R2} (4)

is a closed interval (possibly trivial) called the rotation interval of the map.
In some sense, the rotation interval gives a measure of the complexity of

the system, if it is non-trivial then it implies the existence of uncountably
many sets with different rotation rates around the circle. The aim of this note
is to prove results about this interval in the limit of large coupling strength
(c in the example (2)). Our aim is to derive expressions for the boundary
of the rotation interval and hence derive scaling results for the width of the
rotation interval as a function of parameters.
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2. Quasi-periodically forced maps

To obtain results about the rotation interval in the limit of large coupling
strength, we consider smooth maps of the form

f(x, θ) = g(x) + cΦ(θ) (5)

in the limit of large |c|. Here g is the lift of a map of the circle, so g(x+1) =
g(x)+1 and h is periodic: Φ(θ+1) = Φ(θ). Moreover, by subtracting off the
mean of cΦ(θ) and including it in g we may assume that Φ has zero mean:

∫ 1

0

Φ(θ)dθ = 0. (6)

It is often convenient to separate g itself into three parts: first note that the
condition g(x + 1) = g(x) + 1 implies that g(x) = x + p̂(x), where p̂ has
period one. By writing p̂(x) = a + p(x), where a is the mean of p̂ we have

g(x) = a + x + p(x), p(x + 1) = p(x),

∫ 1

0

p(x) dx = 0 (7)

where

a =

∫ 1

0

p̂(x) dx =

∫ 1

0

g(x)− x dx. (8)

Our results are similar in character to those of Ding et al [3]. They
consider (1) with f given by (2) in the limit of 0 < b ¿ c and look to gain
insight by neglecting the b term completely and hence studying

xn+1 = xn + a + c sin 2πθn

θn+1 = θn + ω, ω ∈ R\Q (9)

Direct calculation shows that xn = x0 + na + c
∑

sin 2πθk, and since {θn} is
uniformly distributed on the unit circle, the average of sin 2πθn is zero and
we obtain the simple expression

ρ ∼ a

which they confirm numerically in the case c = 6000, b = 1, 0 < a < 0.5 [3].
Our approach is a little more sophisticated, but yields the same approx-

imation to the rotation number in the invertible case (|b| < 1), although
we will show that the reason this approximation works so effectively is not
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that the b terms in (2) can be ignored at large c, but that solutions for
(xn, θn) the set of points (xn) is approximately uniformly distributed and

that
∫ 1

0
sin 2πx dx = 0, i.e. the b terms have mean zero.

Figure 1 shows the numerically computed boundary of the rotation inter-
val as a function of a for (2), calculated using an algorithm based on results
of [12, 6]. Following Boyland’s construction for noninvertible maps of the
circle [1], Glendinning et al [6] show that the rotation interval for quasi-
periodically forced maps of the form (1), (5) is I = [α, β] where α and β are
the rotation numbers of the monotonic quasi-periodically forced circle maps
with g replaced by G− and G+ (respectively) defined by

G−(x) = inf
y>x

g(y), G+(x) = sup
y<x

g(y). (10)

Stark et al [12] assess numerical methods for computing the rotation number
of monotonic quasi-periodically forced circle map, showing that an order 1

N

bound is possible using an average over initial conditions with different initial
x0 of computations using N iterations in (3).
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Figure 1: Predicted and approximated borders of the rotation interval for the Arnold map
(1) with f given by (2) with parameters ω = (

√
5− 1)/2, b = 1.18, c = 100 and a varying

between 0.1 and 0.3. Rotation numbers on the boundary are calculated using the max/min
maps (10) calculated for the Arnold map . Rotation numbers for the max/min maps are
calculated by averaging over 8 initial values (x0, θ0) = (0, k/8) with k = 0, . . . , 7 and 50000
iterations were used for each initial condition. The predicted values are represented by
the straight lines ρ = a± 9

8π2 (b− 1)2, see (35). Note that the predictions are not equally
good for all values of a.
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3. Scaling results

Figure 1 suggests that as c gets larger, the boundaries of the rotation
interval as a function of a become parallel lines. Our first result explains why
this is the case, and describes the lines explicitly. Throughout the section we
make an assumption about the distribution of points on orbits for which we
provide numerical justification in a later section. Our assumption is that if |c|
is large then the distribution of points on the orbits of G± taken modulo one
is nearly uniform in the x−direction. We call this the uniform distribution
assumption. If we write

ρ = lim
n→∞

1

n
(xn − x0) (11)

where (xn, θn) is the solution of (1) with f given by (5), then by writing g in
the form (7) a straightforward calculation yields

xn = na + x0 +
n−1∑

0

p(xj) +
n−1∑

0

Φ(θj) (12)

and hence (11) implies

ρ = a + lim
n→∞

1

n

n−1∑
0

p(xj) + lim
n→∞

1

n

n−1∑
0

Φ(θj). (13)

Since the set (θk) is uniformly distributed on [0, 1) as θ evolves under a rigid
irrational rotation which preserves Lebesgue (Haar) measure, the second sum
tends to zero by (6). Moreover, of the uniform distribution assumption holds
then the set (xk) is approximately uniformly distributed and so

lim
n→∞

1

n

n−1∑
0

p(xj) ≈
∫ 1

0

p(x) dx = 0

by (7), where ≈ is used to denote equality under the uniform distribution
assumption. Hence

ρ ≈ a =

∫ 1

0

g(x)− x dx. (14)

Applying this result ro G± we find I = [α, β] where

α ≈
∫ 1

0

(G−(x)− x)dx, β ≈
∫ 1

0

(G+(x)− x)dx. (15)
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Of course, this also allows us to describe the change of I with parameters.
First consider Figure 1 again. This uses the Arnold map (2), and so using

(15)
α ≈ a + K1, β ≈ a + K2 (16)

where K1 and K2 are integrals which depend only on b (we will find explicit
expressions for these integrals in the limit of b− 1 small and positive in the
next section). Thus the boundaries of the rotation interval in the limit of
large c are independent of c to lowest order, and consist of straight lines with
unit slope in the (a, ρ) plane.

The integral representation (15) also makes it possible to derive general
scaling for the width of the rotation interval in the large coupling limit and
near the boundary of invertibility, using (15)

|I| = β − α ≈
∫ 1

0

G+(x)−G−(x) dx. (17)

At the boundary of invertibility (|b| = 1 for the Arnold map), generically
the map g will have a cubic point of inflexion, and local coordinates can be
chosen so that g(x) = A + Cx3 + O(x3) at this point where C = 1

6
gxxx, with

derivatives evaluated at the point of inflexion, which can be assumed to be
at the origin. In general we are interested in a family of functions g(x, ε)
with the point of inflexion at x = 0 if ε = 0. A small perturbation of this
function will be of the form

g(x) = A + Bε1x + ε2x
2 + Cx3

to leading order of the parameters, and a shift of the origin can be used to
set the x2 term to zero resulting in the unfolding

g(x) = A− εBx + Cx3 + O(x4) (18)

where
B = −gxε, C = 1

6
gxxx > 0 (19)

(with partial derivatives being evaluated at the point of inflexion with ε = 0).
Equation (18) is of course the standard unfolding of a cubic singularity. The
small unfolding parameter ε has the property that if Bε > 0 then g is locally
invertible, whilst if Bε < 0 then there are two turning points,

x± = ±
√

Bε

3C
+ O(|ε| 32 ) (20)
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and x− is the maximum and x+ is the minimum, and the order of the error
term follows by symmetry. Our aim in this section is to prove that provided
the uniform distribution assumption holds then the length of the rotation
interval when gxεε < 0 is, to leading order

|I| ∼ 9g2
xε

gxxx

ε2 (21)

For the Arnold map (2) g(x) = a + x + b
2π

sin 2πx and the point of inflexion
is at x = 1

2
when b = 1 and so ε = b− 1, gxb = −1, gxxx = 4π2 so we predict

|I| ∼ 9

2π2
(b− 1)2 (22)

which we return to in the next section.
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Figure 2: The cubic unfolding showing the upper and lower functions and the geometry
of the area representing the rotation interval.

Let G± denote the upper and lower functions (10) for the function defined
by (18). Then by symmetry

1

2
|I| ≈

∫ y+

0

G+(x)−G−(x) dx (23)

where y+ is defined by g(y+) = g(x−), in other words y+ is, to lowest order,
the new solution of the cubic equation A−Bεy + Cy3 = g(x−) or

Cy3 −Bεy − 2

3
Bε

√
Bε

3C
= 0.
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Factorizing this cubic as (y − x−)2(Cy −R) and solving for R we obtain

y+ = 2

√
Bε

3C
+ O(|ε| 32 ). (24)

The geometry is shown in Figure 2. This shows that we can evaluate the
integral (23) in two parts: a rectangle from 0 to x+ of height g(x−)−g(x+) ∼
4
3
Bε

√
Bε
3C

and an integral from x+ to y+ with lower boundary f and upper

boundary g(x−), i.e.

1

2
|I| = 4

3
Bε

√
Bε

3C
×

√
Bε

3C
+

∫ y+

x+

g(x−)− g(x) dx. (25)

The remaining integral is elementary:

∫ y+

x+

g(x−)− g(x) dx =

[
2

3
Bε

√
Bε

3C
x +

1

2
Bεx2 − 1

4
Cx4

]y+

x+

and direct evaluation gives 11
36

B2

C
ε2 and hence

1

2
|I| ∼ 4

9
B2ε2C +

11

36

B2ε2

C
=

3

4

B2ε2

C
(26)

and hence |I| ∼ 3
2

B2ε2

C
which becomes (21) using (19).

To summarize: if the uniform distribution hypothesis is valid (and we
give evidence to support its approximate validity at large c) then

• The boundaries of the rotation interval are linear in the mean of the
forced circle map, a; and

• Near a cubic singularity with unfolding parameter ε the size of the ro-
tation interval scales like ε2 in the non-invertible region with a constant
of proportionality given explicitly as a ratio of partial derivatives of the
map evaluated at the point of inflexion.

4. The Arnold Map

For the special case of the Arnold map (2) the constants K1 and K2 of
(15) can be calculated explicitly for b > 1 with (b−1) small. Moreover, since
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(15) is valid even if b is not close to one provided the uniform distribution
assumption is still valid, these integrals can be calculated numerically and the
results compared with direct numerical computation of the rotation interval’s
boundaries. At he risk of introducing yet more notation it is convenient to
write the Arnold map (2) as

g(x) = a + h(x), h(x) = x +
b

2π
sin(2πx) (27)

since this means that the constant a can be taken outside the integral in all
the evaluations below. We also let H± denote the supremum and infemum
functions analogous to (10).

Let
b = 1 + µ2, µ > 0. (28)

Then the turning points of the Arnold map are at 1+b cos(2πx) = 0, (b > 1),
and posing an asymptotic expansion of x near 1

2
in odd powers of µ gives

turning points

x± ∼ 1

2
± 1

π
√

2
µ∓ 5

12π
√

2
µ3 + . . . (29)

and the local maximum and minimum of h(x) are

h∓ = h(x±) ∼ 1

2
∓ 2

3π
√

2
µ3 + . . . (30)

with h− < h+. Consider the maximum, h+. We wish to find the y+ > 1
2

such
that h(y+) = h(x−) = h+ (cf. Figure 2). Posing y+ ∼ 1

2
+ α1µ + α3µ

3
+ . . .

and substituting into h(y+) = h+, with the latter defined by (30) we obtain

2

3
π2α3

1 = α1 − 2

3π
√

2
= 0 (31)

at cubic order, and noting that x− is a double root of (31) we can factorize

to obtain α1 =
√

2
π

and so

y+ ∼ 1

2
+

√
2

π
µ + . . . (32)

with h(y+) = h+. Similarly we find y− < 1
2

with h(y−) = h− = h(x+) has

y− ∼ 1

2
−
√

2

π
µ + . . . . (33)
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Now, the upper boundary of the rotation interval is

ρ+ =

∫ 1

0

G+(x)− x dx = a +

∫ 1

0

H+(x)− x dx

where G+ is the supremum function defined via (10), and H+ the supremum
function for h defined in (27). Since H+ coincides with h except between x−
and y+ (where, as in the general case h(y+) = h+ = h(x−) with x− < 1

2
<

x+ < y+) this integral becomes

ρ+ = a +

∫ x−

0

b

2π
sin 2πx dx +

∫ y+

x−
h+ − x dx +

∫ 1

y+

b

2π
sin 2πx dx

and since
∫ 1

0
sin 2πx dx = 0 this can be expressed as

ρ+ = a +

∫ y+

x−

(
h+ − (x +

b

2π
sin 2πx)

)
dx

or

ρ+ ∼ a +

[
h+x− 1

2
x2 +

b

4π2
cos 2πx

]y+

x−

(34)

Writing h+ = 1
2
+ γ, x− = 1

2
−X and y+ = 1

2
+ Y , expanding the right hand

side of (34) and noting a number of cancelations we find

ρ+ ∼ a + γ(Y + X)− 1

2
µ2(Y 2 −X2)− π2

6
(Y 4 −X4).

The lowest order terms (which are all that are needed at this stage) are: from

(30), γ ∼ 2
3π
√

2
µ3, from (29), X ∼ 1

π
√

2
µ and from (32), Y ∼

√
2

π
. Evaluating

ρ+ then gives ρ+ ∼ a + 9
8π2 µ

4. A precisely similar argument for the lower
boundary yields the final result, recalling µ2 = b− 1 > 0,

ρ± ∼ a± 9

8π2
(b− 1)2 + O((b− 1)3) (35)

from which |I| = ρ+ − ρ− ∼ 9
4π2 (b− 1)2 follows, cf. (22).

The accuracy of fit of the approximation (35) was shown in Figure 1 earlier
with b = 1.2. As noted in the figure caption the fit is not uniformly good, and
there appears to be an oscillatory modulation (or resonance?) which suggests
an interesting correction at next order that we have not investigated. Figure
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Figure 3: Comparison of numerically computed rotation interval length |I| as a function
of b in b > 1 (dots) and the theoretical prediction (22). The other parameters are a = 0.2,
c = 100 and ω = (

√
5− 1)/2.

3 shows the goodness of fit of the quadratic dependence of |I| as a function
of b. Again, although the fit is good, there is an obvious oscillation about
the theoretical prediction (22).

As noted earlier, the integral representation of the rotation number is a
good approximation if the uniform distribution assumption holds. In Figure 4
we show results for larger b, where numerical calculation of the integrals is
compared with direct calculation of the rotation interval by computing the
rotation numbers using (15). Using the symmetry of the Arnold map, the
integral for the theoretical prediction ρ± ∼ a±K where

K =

∫ 1

0

(H+(x)− x)dx

was computed using a simple trapezoidal rule with 100000 evenly spaced
points; for b = 5, the case illustrated, this yields K ≈ 0.45435.

5. Evidence for the uniform distribution assumption

We have not made a detailed analysis of how close the distribution of the
points on an orbit must be to uniform in order for our approximations to
valid, and it may be possible eventually to put quantitative bounds on the
errors due to deviations from the uniform distribution (see the remarks in
the conclusion). Here we content ourselves with showing numerically that
over many values of c the standard statistical test that would lead one to
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Figure 4: As Figure 1, showing agreement of the theoretical prediction and the rotation
numbers computed by iterating the sup and inf maps (10) for the Arnold map (2) with
b = 5, c = 100, ω = (

√
5− 1)/2.

reject the null hypothesis that the distribution of points is uniform with a
confidence of about 1% is not satisfied for many values of c.

The Kolmogorov-Smirnov test [13] makes it possible to see how well the
distribution of a set of points fits to a null hypothesis that they are drawn
from a given probability distribution defined via its cumulative distribution
function. In our case the points will be {x0, . . . , xN−1} obtained by iterating a
monotonic quasi-periodically forced circle map with initial conditions (x0, θ0),
where now we choose to represent the xi as points in [0, 1] by taking solutions
modulo one. Sorting these into increasing order we obtain an increasing
sequence {yk} with 0 ≤ yk < yk+1 < 1 which we wish to compare with the
cumulative probability distribution of the uniform distribution, which is just
the function x. A measure of the deviation from this cumulative distribution
function is obtained by looking at

DN = max{|yk − k
N
|}

and as the sample size tends to infinity
√

NDN tends to a known distribution
[13]. Note that to be more accurate DN should be the maximum of |yk − K

N
|

and |yk − k−1
N
|, but since the difference between the two is of order N−2 and

we are seeking effects of order N− 1
2 the definition of DN above illustrates the

point.
The important feature of this is that for a confidence level α we reject

the null hypothesis that the sample is uniform if
√

NDN > Kα, where Kα is
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chosen from a distribution satisfying

Prob(K ≤ x) =

√
2π

x

∞∑
r=0

v(2r+1)2 , v = exp

(
− π2

8x2

)

and Prob(K ≤ Kα) = 1− α. Setting Kα = 5 numerical calulation based on
the first four terms of the sum gives Prob(K ≤ 5) ≈ 0.9894, corresponding
to α ≈ 0.01.

240180 260120 280220140 200 300100

8

7

6

5

4

3

2

1

160

c

Figure 5: Numerically computed error
√

NDN as a function of c for the supremum map
of the quasi-periodically forced Arnold map with a = 0.2, b = 1.2 for a variety of values of
c and N = 100000. The horizontal line indicates the value Kα = 5, and values less than
this would not lead to the rejection of the null hypothesis that the points are uniformly
distributed with 1% confidence.

Figure 5 shows the results of numerical application of this test for the
supremum map of the Arnold map. Note that although there are some
cases where

√
NDN is greater than 5, and so the null hypothesis would be

rejected with α = 0.01, it is still relatively small. And the fit is better
at larger values of c. Of course, we do not believe that the distribution is
actually uniform, so this is perhaps not unsurprising! It could be argued
that the independence assumption of the Kolmogorov-Smirnov test is clearly
not satisfied by our sequences. However, we have run a similar numerical
experiment where every 20th iterate is used (which would allow correlations
to decay in a chaotic system) and the results are similar, with slightly fewer
points failing the test.
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6. Conclusion

We have shown how to calculate approximations to the rotation number
of invertible quasi-periodically forced circle maps and the rotation interval in
the non-invertible case. We have also demonstrated that the behaviour of the
length of this interval just above the point at which the map becomes non-
invertible is quadratic with respect to a natural parameter and used the ap-
proximations to explore the rotation interval for the quasi-periodically forced
circle map.

Our results show good agreement with numerical calculations, but equally
that the fit is not uniformly good. There are some parameter values at
which the approximations made here are clearly less good than others, and
it would be interesting to explore further the dynamical reasons underlying
this observation. Since the approximation relies on an approximately uniform
distribution of points in the x−direction (the fibres of the skew product) the
fact that it is less uniform at some parameter values may reflect closeness to
resonances.

We also gave a brief numerical justification of the uniform distribution
assumption, but did not provide a quantitative estimate of the distance from
uniform distribution, nor of the size of the error terms. It may be possible
to go some way towards this goal by applying a variant of the Kolmogorov-
Smirnov technique which allows one to give the probability that the cumula-
tive distribution function is within some error bound of a given cumulative
distribution function – i.e. to write that the cumulative distribution function
is within some ε of x with a given confidence. Understanding (for example)
how this depends on the size of c would help understand the error bounds
of the rotation intervals. We have not attempted this more detailed analysis
here.
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