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Abstract

We consider iterated function schemes that contract on average
with place-dependent probabilities. We are interested in generalisa-
tions of the central limit theorem, particularly to observations with
infinite variance. By studying the spectral properties of an associated
one-parameter family of transfer operators acting on an appropriate
function space, we prove both a distributional and local limit law with
convergence to a stable distribution.

§1 Introduction

The study of the limiting behaviour of the sum of a sequence of observations
of random variables is a key problem in dynamical systems and probability
theory. For example, the ergodic theorem describes the average behaviour
of such sums. In the case where the observation has finite variance, the cen-
tral limit theorem then describes the how these sums are distributed around
their expected value, namely convergence in distribution to a normal distri-
bution. More generally, if the observation does not have a finite variance,
then one can ask about convergence in distribution to a stable law. Stable
limit laws have been well-understood for i.i.d. random variables [IL, for ex-
ample], however there has been much recent interest in analogues of such
results in dynamical systems, particularly in hyperbolic and non-uniformly
hyperbolic systems [AD2, Gou, for example| and for random walks on the
affine group of the real line [GP]. In this note we study iterated function
schemes (IFS) with place-dependent probabilities that satisfy a ‘contraction-
on-average’ condition. Central limit theorems, and generalisations thereof,
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for IF'Ss that contract-on-average have been studied in [Pe, HH2, W]. Such
systems are of interest in a wide range of situations, see [DF] and the refer-
ences cited therein. We discuss stable limit laws in the context of IFSs that
contract on average. We also prove a local version of the stable limit law.
The methodology uses the spectral properties of a one-parameter family of
transfer operators P.. By studying P on an appropriate function space,
motivated by [HH1, HH2, GP|, we prove that P, is a quasi-compact oper-
ator with a simple maximal eigenvalue ;. We then apply a result from
[AD1, AD2] to study the asymptotic expansion of A, allowing us to relate
A¢ to the sums in question.

§2 Statement of results

Let (X, d) be a locally compact (but not necessarily compact) second count-
able metric space. Consider a finite or countable family of Lipschitz maps
Tj: X — X,1<j <M (where M < oco). We are interested in studying the
statistical properties of the iterated function scheme (IFS) formed by ap-
plying the maps T} chosen at random according to place-dependent Markov
transition probabilities.

Let pj : X — [0,1] be continuous maps such that 3_, p;(x) = 1 for each
x € X. Define a Markov transition probability by

Zp] XA Tﬂf)

for each Borel subset A C X. (Here y4 denotes the characteristic function
of A.)
We say that the system contracts on average after 1 step if there exists
€ (0,1) such that

sup Zp] ]va Z) < Td(y, ) (1)
z,y,2€X,y#z

Remark. More precisely, we could refer to (1) as arithmetic contraction
on average. It is strictly stronger than a logarithmic contraction on average
condition, namely

sup Zp] )log d(Tjy, Tjz) < rlogd(y, z),
,y,ZEX,y;éZ ]

as assumed in [BDEG].

More generally, we will consider IFSs that contract on average after ng steps;
see §3.1.

We also assume that the p; > 0 are continuous and satisfy a Dini condi-
tion (cf. [E1]).



With these assumptions, together with the mild technical assumptions in
§3.1, it is known [BDEG, Pe] that there exists a unique attractive stationary
Borel probability measure v on X, i.e. for all Borel sets A

[ pla. Ay dv(a) = (). e
Moreover, for any z¢ € X, we have that [ d(z,z¢)dv(r) < co. Let
0y = sup {9 >0 /d(x,a:o)9 dv(z) < oo for all 29 € X} .

Note that 6y > 1 and that [ d(x,20)? dv(z) < oo for all 6 < 6.

Let ¥ = {j = (j1,J2,---) | 1 < jr < M} denote the one-sided full-shift.
Define a cylinder set by [j1,72,...,7n] = {1 = (ix) € ¥ | ix = Jk, 1 < k < n}.
For each z € X we define a probability measure i, on 3 by defining u, on
cylinder sets by

Mw[jlaj% s a]n] = Pj (w)ij (Thw) © " Pin (Tjnﬂ T TJ1$) (3)
For each z € X and j = (j1,J2,...) € X we define
Zn(2,§) = T, - T ()

and set Zy(z,j) = . Then Z,(x,j) is an X-valued Markov chain with re-
spect to u,, with initial state x and transition probability p. For convenience
if j = (j1,J2,...) € X then we shall often write T},(j) = T, - - - Tj, .

We can relate pi, and v as follows [E2]. Define 7, (j) = limy—o0 15,1}, - - - T}, ()
for pg-a.e. j € ¥. Then for all z € X we have ku, = v.

Let f: X — R be a continuous function on X. We are interested in the
distribution of the sequence of observations

n

k=1

It is known [E1] that S, f satisfies a pointwise ergodic theorem: for all
z € X and pg-a.e. j € X,

lim 8,/ (x.5) = v(f). (5)

n—oo n,

Under the mild technical hypotheses stated in §3.1, a central limit theorem

is also known to hold [Pe, HH2|. Let f : X — R be a bounded Lipschitz
function and fix z € X. Then

1
ﬁsnf (@,) =a No(p)02(p)s (6)



provided that the variance o?(f) > 0. Here No(p),02(r) denotes the normal
distribution with mean v( f) and variance o2(f) and — 4 denotes convergence
in distribution. The variance is given by

2 .1 2
o) = Jim = [ (Suf () = ) dp
If f is a bounded Lipschitz function then o?(f) < co.

The space X is typically not compact and so it makes sense to consider
functions f which satisfy some degree of regularity (a Holder condition, for
example) but which are not in L? and which do not have a finite variance.
In this case, it is natural to conjecture that the sequence of observations (4),
when normalised by a sequence that grows like n'/? for a suitable parameter
p € (0,2) (called the order), converges in distribution to a stable distribution
Yy b, (Where p € (0,2),8 € [-1,1],b € R,¢ > 0 are parameters described
in §5). Stable laws can be characterised as being generalisations of the
Gaussian distribution that keep the stability property: if X and Y are two
random variables with the same stable distribution (up to an affine rescaling)
then X + Y has the same distribution (up to an affine rescaling). Stable
laws of order p = 1 are technically more difficult to deal with [AD1] and
for simplicity we concentrate on the case p € (0,1) U (1,2). We give a brief
introduction to stable laws and their properties that we shall need in §5.

Let f: X — R € L'(v) be continuous. We assume that f satisfies a
Holder condition that we make precise in §3.2. Assume in addition that for
some p € (0,2)

oA | f(@) > th = (O +o(1), e | @) <~} = 1 (Ca+o(1), (7

for constants Cy,C2 > 0. (This condition can be weakened to include a
slowly varying function—see §§5,7,8.)
Our main result is the stable limit theorem.

Theorem 2.1 (Distributional Stable Limit Theorem)

Suppose that the IFS (T}, p;) contracts on average and satisfies the technical
hypotheses in §3.1. Suppose that f : X — R satisfies a Holder condition
stated in §3.2 and that, for some p € (0,2), (7) holds. Then for all x € X,

) t
uw{jeg‘%@(wand}ﬁ/ av,,

nl/P

as n — oo, for some stable law Y,, of order p, where

)0 ifp<l,
an—{ nv(f), ifp> 1. (8)



Given an observation f, the key to our results is an analysis of the spec-
tral properties of a one-parameter family of transfer operators P; acting on a
certain Banach space of functions. The expansion of the maximal eigenvalue
A of P; as a function of ¢ is intimately related to the characteristic function
of the respective stable distribution. An observation f that essentially does
not take values in a lattice will produce a non-periodic perturbation of the
spectrum of the transfer operator P. In this case the only ¢ for which P, has
an eigenvalue of modulus 1 is ¢t = 0. Lattice-valued observations f give rise
to periodicity in ¢ of the spectrum of P;.

For a non-arithmetic observation f we have the following local limit
theorem.

Theorem 2.2 (Non-arithmetic local stable limit theorem)

Suppose that the IFS (T}, p;) contracts on average and satisfies the technical
hypotheses in §3.1. Suppose that f : X — R satisfies a Holder condition
given in §3.2 and the non-arithmeticity assumption in §8.1, and that, for
some p € (0,2), (7) holds. Then there exists a stable law Y}, of order p with
density vy, such that for any a,b € R, a < b and any x € X we have

lim ’nl/pux{j €X | Snf(x,j) —an € 2+ [a,b]} — yp(z/nl/p)(b - a)‘ =0

n—oo
uniformly in z € R, where a,, is given by (8).

In the case where the observation f has finite variance, the same method of
proof also provides a local central limit theorem.

Theorem 2.3 (Non-arithmetic local central limit theorem)
Suppose that the IFS (T}, p;) contracts on average and satisfies the technical
hypotheses in §3.1. Suppose that f : X — R satisfies a Holder condition
given in §3.2 and the non-arithmeticity assumption in §8.1, and 0 < o?(f) <
00. Then for any a,b € R, a < b and any x € X we have

lim |(2702(f)n) 2 € S| Suf(w,3) = nv(f) € 2+ [a, ]}

n—oo

_22

—e2?n(b—a)| =0

uniformly in z € R.

§3 Assumptions and function spaces

§3.1 Technical hypotheses

Let (X, d) be a locally compact second countable metric space. Choose and
fix a choice of origin zg € X.



Let T; : X — X be a finite or countable family of Lipschitz maps. If
T : X — X is Lipschitz then we define

d(Tx, Ty
T = sup diTe, Ty)
z,ye X, x#y d(a:, y)

Let pj : X — [0,1] be a countable family of probability functions such
that pj(x) > 0 for all + € X,j € N and are Dini continuous. Define the
probability measure p, on ¥ by (3). Define m(p;) = sup{|p;(z) — p;(y)| |
z,y € X,d(x,y) < 1}.

Definition. The IFS contracts on average after ng steps if there exists
r € (0,1) such that

sup By, ([| o (3)1) < 7 (9)

We remark that there exist examples of IFSs (7}, p;) that contract on average
after ng steps, but which do not contract after 1 step and for which none of
the T; are strict contractions [Pe].

We will assume the following technical conditions hold.

(i) We have
d(T;(y) 330))
sup E, ( CALAL 00 10
z,yeg( 1+ d(y, xO) ( )
(ii) We have
sup B, (max{1L, T3} + d(Tyao, o)) mlpy) < e (11)
TE

(iii) We assume that for each x,y € X there exists i = (i1,42,...) € X such
that for each m,

fialiny i, - -y im], fhylin, 2, - - 5 im] # 0. (12)

Assumption (10) can be viewed as a moment assumption on the 7;. Note
that (10), (11) are automatically satisfied if there are finitely many maps.
Assumption (12) is an irreducibility assumption that ensures that the trans-
fer operator below has 1 as the unique simple maximal eigenvalue.

§3.2 Function spaces

We assume that the continuous observation f : X — R satisfies a uniform
Holder condition, namely for some a € (0, 1]:

fliay = sup ———— <. 13
| |() z,yeX,r#y d(:E,y)a ( )



For example, if X = R then f(z) = 2 satisfies (13). In this case, o?(f) = oo
if 2a0 > 6.
Choose ¢, 3, > 0 such that

O<e<e+f<y<e+28<1. (14)
For A € [0, 1] we define dy(z) = 1 + Ad(z, x0).

We will fix a choice of A below. For a continuous function w : X — C
define

ol — sup 122
reX d)\(x)7
and
‘w’ 5= sup ’w($) — w(y)|
B =

z,yeX,r#y d($7 y)gd)\ (:Ij)ﬁd)\ (y)ﬁ .

Then |- |, is a norm and |w|. g is a semi-norm. We define a norm by

[wllepy = lwly + |w]e -

Then the spaces C;, = {w : X — R | w is continuous and |w|, < oo} and
Cep~y = {w € O, | |w|sp~ < oo} are Banach spaces with respect to the
norms |- |, and || - || 8.+, respectively. Such function spaces have been well-
used in the study of IFSs and random walks on groups [GP, HH1, HH2, Pe].
Note that if Aj, A2 € (0,1] then dy, (x) < Ay dy,(z). Although different
values of X € (0,1) give different norms |- |, and || - || 8,4, it follows that the
norms are equivalent.

Let T : X — X be Lipschitz. Define

= GG

Lemma 3.1
If T: X — X is Lipschitz then 0)(T) < max{1, ||T||} + Ad(T'zo, x).

Proof. Observe that
d\(Tz) < 1+ Xd(Tx,Txg)  MNd(Tzg,x0)

da(z) — 14 Md(z,x0) 1+ Ad(z, zo)
L+ AT ld(x, xo)
- 1+ Md(z, zo)

max{1, ||T||} + Ad(Tzo, zo).

+ )\d(TﬁC(), xo)

A



We now choose A. Note that, as € + 20 < 1 and taking n = ¢ny, it
follows from (9) that

Sup ([T (71 + [T ())7)

SUp B (| Tyn () ) + sup Ee (|1 Tgn()|7)

< pee 4 pa(et208)

IN

By fixing ¢ sufficiently large we can ensure that 7% + 72120 < 1. Let ny =
qno for this value of q. As dy(T,,(3))?® < 14+ ||T,.()11%? + X2 d(T. (3) 0, 20) %P,
by choosing A sufficiently small we can ensure that

sup E ([T ()Fda (T (1)) <" <1 (15)
for some 7 < 1. We now fix A as in (15).
The following result is well-known.

Lemma 3.2
The space C. g is a Banach space with respect to the norm || - ||z 3,4

Motivated by [HH1, HH2], we introduce the following norm: for w €
C: 3,y define

1
el = [ wldy + ful.s.
We shall write |w|) = [ |w|dv.

Lemma 3.3
The space C. g~ is a Banach space when equipped with the norm || - ||£123

Moreover, the norms || - HS% and || - ||c,3,4 are equivalent.

Proof. We prove that C; 3, is a Banach space with respect to || - ||§1% Let

wy, € Ce g~ be a Cauchy sequence with respect to || - Hé% Let yp € X and
define v, (x) = wp () — wp(yo). Then

[vn(2) —vm(z)| = [(wn(z) — wm(x)) = (wn(yo) — wm(yo))|
< |wn - wm|€,,5d(l‘7 yo)ed)\xﬁdk(yo)ﬂ

so that

V(lon = tml) < [tn = wnlegdr(0)° [ d(z,y0)dr(@,z0)dv (16)

As the integrand in (16) is O(d(x,y0)*™®) and € + 8 < 6, it follows that
V(v — vm|) < Clwp, — wile,g for some constant C' > 0. Hence v, is a



Cauchy sequence in the Banach space L' (v) of L' functions with respect to
v. Hence v, converges in L'(v) to, say, v € L'(v) and v(v,) — v(v).

As wy, is a Cauchy sequence with respect to || - ||§1%, we see that v(wy,)
is a Cauchy sequence of complex numbers, and so converges. Note that for
all z, wp(yo) = wp(z) — wyp(x). Integrating this with respect to v we obtain
wp(yo) = v(wy) — v(vy,). Hence for each yg, wy(yo) converges. Hence wy,
converges pointwise to some function, say w. As v(w,,) converges, it follows
from the Dominated Convergence Theorem that v(w,) — v(w).

It remains to check that w € C. g,. Given € > 0, choose IV such that if
n,m > N then |w, —wn|. g < €. Letting m — oo implies that |w, —wl|. 3 <
€. Also note that

[wn (@) = wa(z0)| < |wy|epd(w, z0) dr(z)”;
letting n — oo and dividing by dy(x)7 it follows that

d(x, z0)dx(x)”
d)\($>7

0
)7‘ + [wle

As € + 3 < v, we have that d(z, z9)%dy(z)?/dx(x)? < C, for some constant

C > 0. Hence |w|, < .
We prove that the two norms || - ||z 5., | - Hi% on C; g are equivalent.

For w € C; g note that

w(z)| + |w]epd(x, y) dx(x) dr(y)”
|w(z)| + |w]epd(x, y)* (d(x, 20) dx(x) d(y)”
+d(y, zo) dx(z) dr(y)").

[w(y)] <
<

Hence there exists a constant C' > 0 such that
()| < v(|wl) + [wle 5dr(y)°C (v(d(z, 20)=7 + d(z, )"))
As (B < v, it follows that

(wiy)l _ lwly)| _
d(y)7 (y)° ~

for some constant C’ > 0. Hence |lw|.5, < v(Jw|) + (C" + 1)|w|sp <
1
(]
As C. g~ is a Banach space with respect to both || - |- g, and || - ||£1/%
it follows from the Open Mapping Theorem that there exists a constant

C” > 0 such that HwHS% < C"wllzp- 0

< L < s(jul) + ol

We shall need the following result.



Lemma 3.4
The inclusion ¢ : (Ce g, || - HSL)?) — (Cepys | - | 1)) is compact.

Proof. Let w, € C. g, and suppose that wan||£1% < 1. As |wplep < 1,
it follows that w, is equicontinuous on every compact subset of X. By a
diagonalisation argument, there exists a subsequence nj — oo such that wy,,
converges uniformly to w € C; g, Hw||£1/; < 1, on every compact set. As
lw(z)| < dx(z)7, it follows from the Dominated Convergence Theorem that
lw — wy, |V = v(|wn, —w|) — 0. O

84 Spectral properties of a family of transfer operators

Define the operator P on continuous functions w by
2) = Y pj(@)w (T
J

Then P maps the space of continuous functions to itself and P1 = 1, so that
1 is an eigenvalue for P. For stronger spectral properties of P to hold we
need to restrict P to C; g~. The following result is proved in [Pe], albeit on
a slightly different function space; we sketch the argument in §4.1 below.

Proposition 4.1 ([Pe])

Under the technical hypotheses in §3.1, the operator P maps C; g to itself,
has 1 as a simple maximal eigenvalue with associated eigenprojection v, and
the remainder of the spectrum is contained within a disc of radius p < 1.

We will need to study the spectral properties of the following one-
parameter family of perturbed transfer operators. Fix a continuous function
[ with [ f[q) < oc. For each t € R define

th_ ztf Zp 'Lth:J: (CTJ.T)

We shall see below that P; maps C. g, to itself. The relevance of P; to the
sums of observations (4) is given by observing that

Pru(z) = E, (eitS"f(x")w(Zn(x, -))) . (17)

We will prove that, for sufficiently small ¢, P; has a unique simple maxi-
mal eigenvalue A\; with corresponding eigenprojection 7; and a spectral gap
so that the remainder of the spectrum is contained within a disc of radius p;.
We will do this by establishing a Lasota-Yorke inequality for P; and citing a
result of Hennion [H]. We also want to determine the continuity properties
of A\, 7, pt, etc, as t varies. To do this, we will apply a theorem of Keller
and Liverani [KL].

10



84.1 A Lasota-Yorke inequality

We shall need the following estimates.

Lemma 4.2
(i) Let § € (0,1). Then

B, (B) =supE, (d,\(Zn(y, ))ﬁ> < 0.

dx(y)?

(ii) We have

A(y,e) = sup d/\(zj>7 ‘pj(l') _pj(y)‘

< Q.
z,ye X, x#y j d)\(x)’7 d(.’E,y)s

Proof. We prove (i). Let ng be as in (9) and let

d(Z ), Z .
R = sup sup Em ( ( f(y7 )a f(zv ))) < 0.
0=0,....,n0—1 z,y,z,y#z d(ya Z)

Then E,(d(Z,(y,), Zn(z,-))) < Rr {%J = Rp" for some p € (0, 1), increas-
ing R slightly if necessary. Then

Now
E, (d(Zi (w0, ), 70))"

k
< Z Z ”sz—r'-le(Io)[jé’ gk d(Tyy - Ty (Tewo), Ty, -+ TJ’@H(fBO))B
ZZl.ij"'?jk

k
< Z Rp*~*supE,d(Z1 (w0, ), 20),
(=1 v

which is bounded by a constant, by (10). The middle term in the right-hand
side of (18) is bounded by M R5p™3d(y, z0)%. Tt follows that B, () < co.
We prove (ii). If d(z,y) > 1 then 1/d(z,y) < 1 so that

dx(Tjxz)Y dx(Tjxz)Y
A(v,e) < su IAEGT) )+ AT
(ry ) a:,yGXI?x;éy - d)\(l')'y pj( ) d/\(.'L')7 p](y)

5;7131/3 E.(0(T5)7) + Ey(6(7T5)7)

< 2B; (’}/)

IN

11



If d(z,y) <1 then, recalling that m(p;) = sup, ye x,a(z,y)<1 [Pi(2)—p;i(Y)|/d(z,y),
we have

dr\(Tyx)" pi(z) —piW)|  _ - A(T2) [pi(x) — piy)] e
200 w2 dr w0V
< SR ).
Hence (ii) follows from (i) and (11). 0

We can now prove a Lasota-Yorke inequality for F;.

Proposition 4.3
There exist constants R,, > 0 such that for all w € C; g, we have

[Pt wles < sup By ([ T0() 707 (Ta()*) [t0]e,s + Raltl* ]

Proof. Let w e C,g,.
First note that

[Prw(x)] < > palin, - dnllw(Zn(2,)))]
jl"“?jn
< Y el dnl|wlyda(Zn(2,3))”
j17-~~7jn
< Z Mz[jla-~~7jn”w‘7(s)\(Tn(j))’yd>\(x)’y
jl"“?jn
so that
[P wly < Ey (60(Tn(4))7) |wly.
Note that

By (0A(Tn(1))") < 1+ Ex(|Ta()I))7 + A" Ex (d(Tjwo, 20)") < 00

as v < 1 and (10). Hence there exists M > 0 such that |P/*[, < M™.
Let z,y € X and assume, without loss of generality, that dy(y) < dx(x).
We can write

[P w(x) — Flw(y)|
= | Y (mlin o dnle™ V(2 (2,5) = pylins - Gnle™ SOV (Z,(y,5)))

jl:~~~7.jn
< 4+ 3p 420

12



where

IN

= Z palins -« Gale" 5D (w(Zy(2,)) = w(Za(y.5)))

= | Y palineee gl (150D — 50D ) (2, (y, )

)

Y

= Z (:ux[jh e 7]71] - Hy[jl, e 7]%]) eltsnf(y7‘])w(Z7L(y7j))‘ °

Jlseessdn

Z Ha ]la e 7]n ‘w( (.%' J)) (Zn(ya.]))’

J1yedn
> talin s dullwle sd(Zn(2,5), Zu(y,3)7dr(Za(@, ) d\(Zn(y. §))°

Jlseensdn

[wles Ba (| Ta()IF60(T0())*) d(z, y)2dr(w) dr(y)”. (19)

We can write

where

IN

IN

n)lc

Z ,U/x[j17 s 7]71] eitSnf(x,j) - eitSnf(y,j)‘ |w(Zn(an))’
j17 7jn
by 3 talins - g | @S WI) 1] dy (Zu(y,§))
.]17 ’]n
- n),k
[wly Z ng )
k=1
Z fig[i1, - - - gn] e ER@IN=F 2k D) _ 1‘ dx(Zn(y,§))7-
jla 7.]77.

Recall that for any 7 > 0 we have that [e®® — 1| < max{2, |z|7} < 2|z|".
Recalling that |f|,) < oo, by taking n = ¢/a we can bound

(n)
by

<

<

IN

IN

2L D paline s nld(Za(w,§), Zi(y, ) dr(Za(x, )

Jiyeensdn

QLSS alits o S Zi(,5), Za(9,3)) s (Za (. 5))
Tl
A (T o Ts (Ze(y. )
X Bz(eg) Ukt dnl AT, (szl()i)e(yd)))
Jht15-2Jn

20t/ 17 Bk (7) Ba (d(Z1(, ), Zi(y, )" (Zk(.5))7)
20t/ FI5 Bk (7) Ba (1T () F00(Te()) i, y)°da ()"

13



As dy(y) < dx(x) and v < 20 it follows that

S < 90t £17/9 () Ba (176700 (Te())) dlr ) da(2) ().

(20)
We can write
S <N ttalie gl = syl dnll w0(Za(3,3))]
jlv"'vjn
< Jwly Z Z;(Ln)7k
k=1
where
EELTL),]C = Z :qu(l',j)[jk-l-h s ’]n] |p])¢ (Zk—l(xui)) — Pjy, (Zk—l(yvj))’
jla---vjn
X Hy[jla e 7jk—1]d)\(Zn(y7j))7
= Z ( Z Kz, ( -)[jk+1 J ]d)\(Tj = 'Tij(Zk(a;,j)))'Y)
- k(x,) yr o Jn .
Jlseosdk—1 \Jkt1rdn d)\(Zk(l‘,J))'Y
Z d)\(J—_']k(Zk—l(xnj)),y) |p]k (Zk—l(x7j)) - p]k (Zk—l(y7j))|
i dx(Zk—1(x,j))" d(Zg—1(2,3), Zr-1(y,3))°

,Uy[jh R 7jk*1]d(Zk*1<x7j)7 Zk,1(y,j))ad)\(Zk,1<1',j))’y
< Bn_k(’)/)A(’Y,5) Z /“Ly[jlw'-7jk—1]d(Zk—l($vj)vZk—l(yvj))sd)\(zk—l(xvj))’y

J1yesdk—1

< Buk()A(,€) By ([ T2 (NIF0x(Th-1(-))7) d(z, ) dA ()"
As dy(y) < dx(x) and v < 20 it follows that
E* < Book(1)A(y,€) By (I Tkma (D700 (Th1(-))7) d(z, y)da (@) P (y)”.
Ase+v<e+28 <1 and by Lemma 4.2, the right-hand sides of ((1291)),
(20), (21) are finite. Hence there exists a constant R,, > 0 such that
B wles < sup B (| Tu()F00(Ta()*?) fless + Rl ],
d

Remark. By taking n = 1 in Proposition 4.3 we see that P, maps C; g
into itself.

Consider the case t = 0. Taking n = n(, in Proposition 4.3 we have that

Pl s < r'fwle s + Rl (22)

14



for some R’ > 0. It follows from Hennion’s improvement [H] of the classi-
cal Tonescu-Marinescu-Tulcea theorem that P™, and hence P, is a quasi-
compact operator. Hence we can decompose

P=>Y Am+Q (23)

AeG

where G is a finite group of eigenvalues of modulus 1, 7y is the eigenpro-
jection onto the corresponding eigenspace, @ is the eigenprojection onto
the remainder of the spectrum with p(Q) < p for some p € (0,1), and
m\Q = Qm) = 0. The following result shows that, under (12), 1 is the only
eigenvalue of modulus 1 for P.

Lemma 4.4
The only eigenvalue A of modulus 1 of P : Cc 3, — C; 5~ is A = 1 and the
only eigenfunctions are constants.

Proof. This is proved in [Pe], albeit on a slightly different function space.
For completeness we sketch the argument. Clearly P1 = 1, so that 1 is an
eigenvalue of P and the constants are eigenfunctions. We decompose P as
in (23) and we show that m (w) = [wdr and m) =0 for A # 1.

Suppose that Pw = w, where w € C; g, is bounded.

Sub-lemma 4.5
For each x € X we claim that there exists a set ¥, C X such that for all
j € X, we have:

(1) limy,— 00 w(Zy(2,])) exists,
(ii) liminf, o d(zo, Zn(x,j)) < oo,

(iii) for allm > 1 and alliy, . .., iy, we have that w(Z,(x,j)) = w(T;,, -+ - Ty Zn(x,j))
whenever piz, (5 5)[i1;- -, im] # 0.

Let x,y € X. For each j € X, by (ii) we can choose a sequence ny =
ng(j) such that Z,, (x,j) — xj for some z; € X. As w is continuous,
by (iii) we have that w(z;) = w(T;,, --- T, x;) whenever pgi1, ..., im] #
0. Similarly, for each j’ € X, we can find yy € X such that w(yy) =
w(T;,, -+ T5, yy) whenever iy, [i1, ..., im] # 0.

By (12), choose i = (i1,i2,...) € ¥ such that for all m, puz[i1, ..., im],
tyy lits .- im] # 0. Then, as the p; are continuous, (iii) is satisfied for
sufficiently large ng. Hence

lw(z;) — w(y;)|
\w(T;,, -+ Tyya3) — w(Ty,, - Ty yy)|
< Nwlegl| T, -+ Ti [IFdA(T5,, -+ T3P d(y, vy ) d(z5) P d (y5)°

< Clag ) Ba (ITn(@®)°00(Tm (1)) -

15



Taking m = g¢n{, where ny is given by (15) we see that this expression
is bounded by C(zj,ys)(r")?. Letting ¢ — oo shows that w(zj) = w(yy)
whenever j € ¥; and j’ € ¥,. As w(z;j) = lim,, w(Zy, (x,))) and w(z) =
Ez(w(ws;)), and similarly for y, it follows that w(z) = w(y). Hence w is
constant.

Let M, = n~ 'Y 7t Pk, Then |M, — m| — 0 as n — oo (here | - ||
denotes the operator norm on C; 5,). As |[Mpw|e < |w|ss, it follows that
miw is bounded. By the above, mw is constant.

If Pw = w and w € C.g, is not bounded, then define w.(z) = w(x)
if Jw(z)] < ¢ and we(x) = cw(z)/|w(z)| if |w(x)] > ¢. Then w. € Cc gy
is bounded. Hence mjw, is constant. Note that |M,w.(x) — mw.(x)| <
| M, — m1||||welle,8,4dx(x)Y. By dominated convergence, Myw. — Myw as
¢ — oo. Hence miw, — mw as ¢ — oo, so that mw is constant.

It remains to prove Sublemma 4.5.

Proof of Sublemma 4.5. Let B, denote the sub-o-algebra of > gener-
ated by cylinder sets of length n. Then it is straightforward to check from
the definitions that if Pw = w then

Ee(w(Zn(2,])) | Bn) = P(w(Zn(2,J))) = w(Zn(z, ]))-

Hence w(Zy(z,-)) is a martingale with respect to B,. Property (i) then
follows from standard properties of martingales.

Property (ii) is a simple consequence of the contraction on average as-
sumption and (10).

Note that

n=0141,...,im

E, (i S bz @it i) (w(T; ---TilZn(ac,-))—w(Zn(:n,-)))Q)

- i E, ( Z /LZn(:c,-)[ih ce 7'm] (w(Tl o 'Ti1Zn<$v )) - w(Zn(xa )))
n=0

i15eslm

= S Eo(w(Zosm(2.))?) — Eo(w(Zu(x,))?)
n=0
< 2mlw|s

where we have used the fact that E,((w(Zpim(z,-)) — w(Zu(z,-)))?) =
Eo(w(Zpim(z,))?) — Ex(w(Z,(z,-))?). Hence the first integrand in the ex-
pression above is finite u,-a.e., hence the summand converges to zero pi-a.e.

O

Now suppose that Pw = Aw where A € G, w € C¢ g,. Introduce a new
operator P defined on X x N by

PW(z,n) = ij(x)W(zj, n+1).
J
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By taking W (z,n) = A "w(xz), we see that PW = W if and only if Pw =
Aw. A similar argument to that above then shows that w is zero. 0

84.2 Perturbation of the spectrum of P,

We want to study how the spectrum of P; behaves for ¢ in a neighbourhood
of 0. To do this, we use the following perturbation result of Keller and
Liverani:

Theorem 4.6 ([KL])

Suppose that (B, || - ||) is a Banach space equipped with a second norm
|| < | | (we do not require (B,|-|) to be complete). Let P; be a one-
parameter family of bounded linear operators. Suppose that

(i) the inclusion ¢ : (B, || - ||) — (B, |- |) is compact;

(ii) there exists an interval J', 0 € J', and ng > 0 such that for t € J',
P satisfies a uniform Lasota-Yorke condition: there exists p € (0, 1)
and R > 0 such that for allw € B, t € J,

1P wl| < pllwl| + Rlwl;

(iii) |||P; — Pol|]] — 0 as t — 0 (here, if Q : B — B is a bounded linear
operator, then [[|Q||| = supyep |Qul/[lwl]).

Then there exists an interval J C J' containing 0 such that if t € J then P;
is quasi-compact. Suppose in addition that Py has a unique simple maximal
eigenvalue at 1. Then P, has a unique simple maximal eigenvalue A\; with
corresponding eigenprojection . For t € J, the dependence t — M\ is
continuous, and |||m; — mol|| — 0. Moreover, there exists py < 1 such that
if Q¢ denotes the projection onto the remainder of the spectrum of Py, then
Q¢ has spectral radius p(Qy) < po, for all t € J.

To apply Theorem 4.6, we need to study how P, — P varies in an appro-
priate norm. As is observed in a similar context in [HH2],

[Pa(a) —w(@)| < Y pi(@)|e DD — 1] jw(Tja)]
j

IN

ij(m) L[S (Tj)[" w05 (T5) " da ()

If X is not compact, then dy(x) is unbounded. Hence ¢ — P; is not a priori
continuous in the | - [,-topology. For this reason we work with the norms
1
1155 amd | ).
By Lemma 3.4, hypothesis (i) of Theorem 4.6 holds.
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For an operator @ : C; g, — C: 3, we define

w]@
|||Qm=sup{'Q W Cagi
Jwlle 5
Lemma 4.7

There exists a constant C' > 0 such that

I[P = Pll| < CJt[.
Proof. Note that if w € C, g, then

|Piw — Pw| < ij [T —1jw(Tjz)|
< ij ML (Tj) Fwly o3 (T5) da ()

From (13) we have that
|f(Ti2)|" < |f(@o)|® + [fl{ayd(Tjz, 20)™* < CON(T;)"dr(2)™*
for some constant C' > 0. Hence

V([P = wl) < Clul, tF Bx (3(Ty)=) [da@ v, (24)

By definition, |w|, < ||w||s,3,y- By Lemma 3.3 and the fact that (14) implies
that ea + v < 1 so that the two integrals in (24) are finite, it follows that

e 1
v(|Pw — w]) < C'Jtf|w]| ). 0

Hence hypothesis (ii) of Theorem 4.6 holds.
By Lemma 3.3 there exists C' > 0 such that ||, < C(|-|cg+]-|'). From
(22) we have that

|Plwle g < (' + CRIH ) w]e g + CRE*|w|D.

Choose p with ' < p < 1. Then there exists an interval J’ containing 0 such
that if t € J’ then ' + CR'|t|*/® < p. Hence hypothesis (iii) of Theorem 4.6
holds.

By Lemma 4.4, P has a simple maximal eigenvalue at 1. Hence by
Theorem 4.6 there exists an interval J, 0 € J, and pp < 1 such that for
t € J we can write

Py = My + Q¢
where t — )\; is continuous, 7, is a one-dimensional projection operator with
limy_o |||m — v||| = 0, and @ is the projection onto the remainder of the

spectrum and has spectral radius at most pg. As Q¢ = Q¢m = 0, it follows
that P/* = \'m + QF.
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85 Stable laws

Stable distributions are generalisations of the Gaussian distribution. Given
a sequence of normally distributed independent random variables X; it is
well-known that the partial sums S, = Xg + - -+ + X,,—1 have the property
that n=1/28,, is also normally distributed. The stable laws are characterised
by this behaviour: a suitable rescaling of independent partial sums has the
same distribution. More precisely, we have the following definition:

Definition. A distribution function F is called stable if, for any a1, as > 0
and any by, be, there exist constants a > 0 and b such that F(ajz + by) *
F(asx + b)) = F(ax + b), where * denotes convolution.

It is known that four parameters completely determine a stable law [IL]:
Yy 8b,c denotes the stable law with order p € (0,2), symmetry 3 € [—1,1],
origin b € R and scaling factor ¢ > 0. We often identify stable distributions
up to translation and scaling, denoting them simply by Y}, 5.

The tail behaviour of a stable law is encoded in its order p. For p €
(0,1) U (0,2), there are constants cj,co > 0 (not both zero) such that
P(Y,3>1t)=(c1+0(1))t™P and P(Y, 3 <t) = (c2+o0(1))t7P.

Recall that if a random variable has distribution F' then the characteristic
function ¢ of this distribution is given by

oo .
(1) = / T AF ().
—0o0
In general, an explicit formula for the density of a stable distribution
is only known in a handful of special cases. However, explicit formulse for
their characteristic functions are known.

Theorem 5.1 ([IL])
A distribution Y is stable of order p € (0,1) U (1,2) if and only if its char-
acteristic function ¢y (t) can be written in the form

¢y (t) = exp <z’bt —clt|P (1 — i3 sign(t) tan (gp>)> ) (25)

where 3,b and c are constants.

There is a corresponding formula for stable laws of order 1 [AD1].
We will also need the notion of slowly varying function.

Definition. A function [ : R — R is said to be slowly varying if for every
teR

lim tz)

=1.
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Definition. We say that a function f (with distribution F') is in the do-
main of attraction of a stable law of order p € (0,2) if there is a slowly
varying function [ : R — R and constants c1,co > 0, not both zero, such
that

L= F(t) = (e o(O)I(e), F(—1) = (e +o()I()  (26)

as t — oo.

The expansion of the characteristic function of a function in the domain
attraction of a stable law was studied by Ibragimov and Linnik for p # 1
[IL] and by Aaronson and Denker [AD1] for p = 1 in dimension one and for
all p for multidimensional distributions. For simplicity, in what follows we
will focus on real-valued functions and the case p € (0,1) U (0, 2).

In §6 we relate the characteristic function of an observation f defined on
the IF'S to the expansion of the maximal eigenvalue of P;. We shall use the
following criterion.

Theorem 5.2 ([IL])

Let F be a distribution with characteristic function ¢r(t). Suppose that
p # 1 and let Y = Y, 3; . be the stable law with characteristic function
given by (25). Then a necessary and sufficient condition for F' to be in the
domain of attraction of the stable law Y is that in the neighbourhood of the
origin

b (t) = exp <ibt 0 <1 _ i@sign(t) tan (gp)>) ,

where [(t) is slowly varying as t — 0.

§6 Expansion of the maximal eigenvalue

When o?(f) < oo then one has the following expansion of the maximal
eigenvalue \; of P;:
2
o
N =v(f)t+ éf)t? + o(t?)
from which the Central Limit Theorem then follows. Under additional hy-
potheses, the o(t?) term can be improved and Berry-Esseen bounds can be
proved. This is discussed in [HH2] in the case of random walks on semigroups
of Lipschitz mappings that contract on average, with a place-independent
probability.
When o2 (f) is infinite we have the following asymptotic expansion of ;.

Theorem 6.1 (Expansion of the maximal eigenvalue)
For p € (0,1)U(1.2) suppose that f has distribution F' and is in the domain
of attraction of a stable law Y =Y}, g . of order p. Let \; be the maximal
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eigenvalue of the perturbed operator P,. Then there is a slowly varying
function [ such that

Relog\; = — sign(t)[t[Pel(t™1) 4+ o([tPI(t™1))

and
Imbg&zﬂ%ﬂ@ﬂﬂm%ﬁmncg>+0WWFHL

where 3 = (ca — ¢1)/(c1 + ¢2) with ¢1,¢2 as in (26), b is given by

0 for p € (0,1),
b= / xdF(zx) forpe(1,2)

—0o0

and ¢ = (¢1 + c2)m/2.

Proof (sketch). The proof follows closely ideas in [AD2] (which in turn
makes use of ideas in [N]). We indicate the modifications required.

Since f, with distribution F, is in the domain of attraction of a stable law
Y, s there is a slowly varying function [ : R — R and constants c1,c2 > 0,
not both zero, such that (26) holds.

The proof consists of estimating 1 — )y, where \; is the maximal eigen-
value of P, and then using the fact that log(A\;) = log(1 + (A — 1)) =
(e — 1)+ O(Ac — 1.

Let w; denote the maximal eigenfunction of P; corresponding to the
eigenvalue \; so that Paw; = Aw;. We normalise w; so that [w;dv = 1.
Let F denote f~!(B) where B denotes the o-algebra of Borel subsets of R.
We define w; by w; o f = E(w; | F). Note that

N o= Mvlwy) = v(hwy) = v(Pay) = v(P(ewy))
:ywwmwwmmmm:/w@w@.

Similarly,
1:/me@)

so that dF; = w; dF is a probability measure on R. Hence
w .
11—\ = / (1 —e"™) dFy(x).
—0o0

The proof now proceeds as in [AD2, NJ. O
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§7 Distributional stable limit theorems

We are now in position to prove our main result.

Theorem 7.1
For p € (0,1)U(1,2), suppose that f is continuous, |f|,) < oo and is in the
domain of attraction of a stable law Y of order p, satisfying (26). Then for

any x € X,
1) — t
fa {j > S”f(?) n <t} —>/ dy.

n

asn — oo with a, =0 if p <1 and a,, = nv(f) if p > 1, and b2, = nl(by,).

Proof. By replacing f by f—v/(f) there is no loss in generality in assuming
that a,, = 0.

It is well-known that a sequence of random variables converges in dis-
tribution if and only if their corresponding characteristic functions converge
pointwise at continuity points. The characteristic function of Y =Y, 5 is

E(e™) = exp <—c\tp <1 — i sign(t) tan <p;)>) :

Hence it is sufficient to prove that

E, (exp (th)) — exp (—ct]p (1 — i3 sign(t) tan (T)))

as n — 0o.
By §4.2, we can write P}’ = A7, + Q% for s € J, a neighbourhood of 0.
Fix t. Then t/b,, € J for sufficiently large n. Recalling (17), we note that

’P;n 1(x) — exp (—c\t\p <1 — i3 sign(t) tan (T)))‘
= N4 (1)(2) + Q’:%(l)( T) — exp ( cltl? (1 — i sign(t) tan (T)))’

bn  bn

< Prm e ()@) — exp (<t (1 iBsign(oyan (7)) )| + @ 0)(@)

bn, bn

)
< Xb‘tn—eXp< clt|? (1—2551@ tan( 2”)))’

W e (D) -1 + QL ()(a)

bn

+ (27)

As |)\f/bn| is bounded above by 1 and |||7; — v||| — 0, we have

A"

bn

e (D)) — 1’ —0

bn,

as n — 0o. Moreover,

(@) =0

bn
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asm — oo as ||Q". i | < pg provided n is sufficiently large. It remains to show

that the first term in (27) converges to 0.

It follows from Theorem 6.1 that
P /b, P /b,
| = I—=11.
(F)+ (5l (%))

12
(0 (5)m () o (L(2)
1))
/U

bn,
As [ is slowly varying, [( n/t) (b,
to 0 as n — oo.

t

Re log)\bi = —nsign(t)c p

and

Im log)\bi = —nsign(t)c

Note that

) — 1 as n — oo. Hence (28) converges

Similarly,
t|P (by I(bn/t .
—nsign(t)e|—| () = —sign(t)c[ﬂp(i/) — —sign(t)c|t|?
n t L(by)
and
l(bp/t
—nsign(t)c < ) tan <p277> = —sign(t) (l(bi)) tan (]9277)
— —sign(t)c|t|PS tan (p;r)
as n — oo. This completes the proof. 0

§8 Local stable limit theorems

§8.1 Arithmeticity and cohomology of observations

The local distributional limiting behaviour of the sequence of observations
f(Zu(z,-)) depends on whether f essentially takes values in a lattice.

Definition. A function f: X — R is said to be arithmetic if there exists
to # 0 such that P, has an eigenvalue of modulus 1, i.e. there exists r €
[0,27), w € Ce g, w # 0, such that Pyw = ew. Otherwise, we say that f
is non-arithmetic.

We have the following characterisation of arithmeticity. We say that
two functions fi, fo are cohomologous if there exists a function A such that
fiTj = foT; + h — KT} for all j.

Proposition 8.1
Suppose that f is continuous and that [ fdv = 0. Then the following are
equivalent:
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(i) f is arithmetic.

(ii) f is cohomologous to a function taking values in a lattice.

Proof. If f is cohomologous to a lattice-valued function then there exists
to # 0 such that to f1; = r+kT; = h—hTj where r € R and k is 2nZ-valued.
It follows that P, (e™) = e so that f is arithmetic.

The converse is a standard convexity argument. Suppose that for some
to # 0 there exists a non-zero w € C; g, such that P yw = e"w. Then
lw] < P(Jw|). As v(jw|) < v(P(lw])) = v(Jw|) it follows that |w]| is a
constant, which we may take to be 1, v-a.e. Writing w = e we have
that Py, (e") = 3; pj(x)etof (Tim)+ih(T7) — ¢ireih o convex sum of complex
numbers of modulus 1. Hence this sum is trivial, i.e. f7; = r+kT;+h—hT;
for some lattice valued function k. O

§8.2 Local stable limit theorems

In this section we prove the local stable limit theorem in the case where f
is in the domain of attraction of a stable law of order p € (0,1) U (1, 2).

Theorem 8.2

Let f be a continuous non-arithmetic function with | f| () < oo and v(f) = 0.
Suppose that f satisfies (26) and is in the domain of attraction of a stable
law Y, with density y,. Fix x € X. Then for any a,b € R, a < b we have

T [bupe{j € | Suf (@) € 2+ [abl} — yp(/b2) (b — a)] = 0
uniformly in z € R, where bP = bl(by,).

Proof. Define the sequence of measures m,, on R by defining how they
integrate continuous functions: if w : R — R is continuous

/wdmn =E, (yp(,l:/Lbn) /w(—z + Snf(x, )))

for a continuous function w : R — R. To prove the theorem it is sufficient
to prove that m,, weak* converges to Lebesgue measure on R. Let H denote
the space of continuous functions w : R — R such that the Fourier transform
w is compactly supported. To prove that m,, weaks converges to Lebesgue
measure, it is sufficient to prove that m,(w) — [w(t)dt for all w € H [Br].
Define

[e.9]

An(2) = bn By (w(=2 + Snf(z,-))) = yp(2/bn) / w(t) di.

—0o0

Thus it is sufficient to prove that |A,,(z)] — 0 as n — oo uniformly in z € R.
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We denote the Fourier transform of w by

W(s) = / T (e dt,

—0o0
Then by the inversion formula we have

I '
/ w(s)e"! ds.

w(t) = By

Moreover, by Theorem 5.1 we have that

1 e ;
()= 5= [ o

where

¢p(t) = exp (—clt|P(1 — i sign(t) tan(pm/2))) .

Suppose that w is supported on [—d,0]. Then for any « € (0,d) we can

write

2 A, (2)

= by / / W F(@) dpiy e dt — )/ ¢p(t)e*?7? dt

dbn t _itz _itz
_ / w(b> " 1 (2)e b dt—w(())/ bp(t)e 5 dt

—dby,

* Jrcan (

bn
[t
+/ w ) P l(az)e b dt
abnglﬂgabn bn bn

+ (0)p(t)e in dt.

[t|>abn

IS
7 N
| =+
N———
N
S
—
~—~
8
S~—
|
IS
—
(@)
N—
§~
—~
~
S~—
N———
¢
=
3
QU
~

Recalling that P* = A\}'m + Q} we see that

(20) — /ﬂ@bn (w (bi) N 1) - w(0)¢p(t)) ~5

+/ & (t) Q" 1(x)e b dt.
[t|<abn bn, bn

(32)

(33)

By §4.2 we can choose « € (0, ) sufficiently small so that there exists p < 1
and a constant C' > 0 such that [|Q7, || < Cpf and [Ay,| € (p,1] for all
|t| < ab,,. Notice that from the proof of Theorem 7.1 that Asb, = Op(t) as
n — oo. It follows from §4.2 that m,, 1 — v(1) = 1 as n — oo. By con-
tinuity, w(t/by) — w(0) as n — oco. Hence the integrand in (32) converges
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to 0 as n — oo. As, moreover, the integrand is bounded in modulus by an
integrable function, it follows from the Dominated Convergence Theorem
that (32) converges to 0 as n — oo.

Noting that as b2 = nl(b,) for a slowly varying function [, it follows that

by, = O(n%+6) for any € > 0. Hence
(33)] < Cpgbn — 0

as n — oo.

Similarly, we can estimate (30). For each t € [«, ], P; does not have 1
as an eigenvalue. Hence there exists n < 1 and a constant C' > 0 such that
| P*|| < Cn™. Hence

|(30)] < Cn"b, — 0

as n — oo.

Clearly (31) converges to 0 as n — oo as b, — oo and ¢, € L1.

Noting that none of the constants above depend on z we see that A, (z) —
0 as n — oo, uniformly in z € R. O

Remark. The proof of the local central limit theorem is similar, cf. [BPD],
with e~%*/2 replacing Yp(t).

Remark. One can also formulate and prove a stable local limit theorem
in the case of an arithmetic Holder function f; cf. [AD2].

89 Random difference equations

Let a; € R,a; > 0, b; € R. random difference equation is determined by the
equation
Zj+1 = aj+1%j + bjt (34)

where the (aj,b;) are i.i.d. pairs of real numbers. There is a great deal of
literature on the solution to such equations and their applications ([Ke, DF],
for example). In the case where the (aj,b;) are chosen independently from a
finite or countable set then (34) can be viewed as an IFS by taking T)j(x) =
a;r + b, chosen with probability p;.

The affine IFS (7},p;) satisfies (1) precisely when Y pja; < 1. (The
technical hypothesis (10) holds provided )~ p;b; < co.) In this case, the tail
behaviour of the invariant measure v is well-known.

Theorem 9.1 ([Ke, Gol])
Suppose the affine IFS (T},p;) contracts on average and that the closed

subgroup of R generated by loga; is R. Define 6y by ijago = 1. Suppose

that for some € > 0 we have ijag‘ﬁﬁ, ijb?OJF6 < 0o. Thenv([t,00)) ~ t%o
ast — oo.
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Taking f(z) = x® where a € (0,1] we see that f satisfies (7) with p =
0o/, and so the distributional and local limit Theorems (when f is non-
arithmetic) above hold in this case.

More generally, the case of a random walk on the affine group of R has
been studied [GP]. In this case the probability used to choose the Tj need
not be supported on a discrete set of maps. In the case where f(z) = z, a
complete analysis of the expansion of the maximal eigenvalue of P;, and an
precise identification of the stable limit law can be achieved [GP].

References

[AD1]  J. Aaronson and M. Denker, Characteristic functions of random variables
attracted to 1-stable laws, Ann. Prob., 26 (1998), 399-415.

[AD2]  J. Aaronson and M. Denker, Local limit theorems for partial sums of sta-
tionary sequences generated by Gibbs-Markov maps, Stoch. Dyn., 1 (2001),
193-237.

[BDEG] M.F. Barnsley, S.G. Demko, J.H. Elton and J.S. Geronimo, Invariant
measures for Markov processes arising from iterated function systems with
place-dependent probabilities. Ann. Inst. H. Poincaré Probab. Statist., 24
(1988), 367-394.

[Br] L. Breiman, Probability, Addison-Wesley, Reading, Mass., 1968.

[BPD] A. Broise, M. Peigné and F. Dal’bo, Etudes spectrales d’opérateurs de
transfert et applications, Astérisque 238 (1996), Soc. Math. de France.

[DF) P. Diaconis and D. Freedman, Iterated random functions, STAM Rev., 41
(1999), 45-76.

[E1] J.H. Elton, An ergodic theorem for iterated maps, Ergod. Th. & Dynam.
Sys., 7 (1987), 481-488.

[E2] J.H. Elton, A multiplicative ergodic theorem for Lipschitz maps, Stoch.
Proc. Appl., 34 (1990), 39-47.

[Gol] C.M. Goldie, Implicit renewal theory and tails of solutions of random equa-
tions, Ann. Appl. Prob., 1 (1991), 126-166.

[Gou]  S. Gouézel, Central limit theorem and stable laws for intermittent maps,
Prob. Th. Rel. Fields, 128 (2004), 82-122.

[GP] Y. Guivarc’h and E. le Page, On spectral properties of a family of transfer
operators and convergence to stable laws for affine random walks, Ergod.
Th. & Dynam. Sys., 28 (2008), 423-446.

[H] H. Hennion, Décomposition spectrale des opérateurs de Doeblin-Fortet,
Proc. Amer. Math. Soc., 69 (1993), 627-634.

[HH1] H. Hennion and L. Hervé, Limit theorems for Markov chains and stochastic
properties of dynamical systems by quasi-compactness, Springer Lecture
Notes in Mathematics, 1766 (2001).

[HH2] H. Hennion and L. Hervé, Central limit theorems for iterated random Lip-
schitz mappings, Ann. Prob., 32 (2004), 1934-1984.

[IL] I. Ibragimov and Yu. Linnik, Independent and Stationary Sequences of

Random Variables, Wolters-Noordhodd Publishing, Groningen, 1971.

27



G. Keller and C. Liverani, Stability of the spectrum for transfer operators,
Ann. Sc. Norm. Super. Pisa, 28 (1999), 141-152.

H. Kesten, Random difference equations and renewal theory for products
of random matrices, Acta Math, 131 (1973), 207-248.

S.V. Nagaev, Some limit theorems for stationary Markov chains, Theor.
Probab. Appl. 2 (1957), 378-406.

M. Peigné, Iterated function systems and spectral decomposition of the
associated Markov operator, Publ. Inst. Rech. Math. Rennes 1993, Univ.
Rennes I, Rennes, 1993.

C.P. Walkden, Invariance principles for iterated maps that contract on
average, Trans. Amer. Math. Soc., 359 (2007), 1081-1097.

Sara Santos, School of Mathematics, The University of Manchester, Oxford Road,
Manchester M13 9PL, U.K., email: sara.i.santos@gmail.com

Charles Walkden, School of Mathematics, The University of Manchester, Oxford
Road, Manchester M13 9PL, U.K., email: charles.walkden@manchester.ac.uk

28



