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Abstract

It is shown that a linear Hamiltonian system of signatureozem R* is elliptic, hyperbolic or
mixed according to the number of Lagrangian planes in theaurieH ~%(0), or equivalently the
number of invariant Lagrangian planes. A weaker extengidrigher dimensions is described.
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I ntroduction

A linear Hamiltonian system on a vector spatés determined by a quadratic forkh, the Hamil-
tonian, and a bilinear symplectic form. In terms of a basis, |e5 be the symmetric matrix rep-
resentingH (soH(v) = vTSv) andQ the nondegenerate skew-symmetric matrix represemdifgp
w(u,v) = uTQv). The associated linear Hamiltonian dynamical system is then givéndlyv where
L=Q1s

The Hamiltonian systeniH, w) or (S Q) is degeneratdf Sis degenerate, otherwise it i®n-
degenerate A nondegenerate system is said todikptic if all eigenvalues ofL are pure imagi-
nary, hyperbolicif no eigenvalues otf. are pure imaginary, anchixedif it is neither elliptic nor
hyperbolic. Recall that iH is a non-degenerate quadratic formR# then a basis with coordinates
(X,Y) = (X1..., X0, Y1,.-.,Yk) € RY x RK can be chosen so that

HOGY) = (Vi +30) = 04+ ).

Thesignatureof H is then defined to be the differenke- ¢, and theindexis £. In R4, the signature
of a non-degenerate form is necessarily even.

Given a linear Hamiltonian systefid, w) it is in principle straightforward to determine its type
(elliptic/hyperbolic/mixed) simply by calculating the eigenvalued.ofOn the other hand, the type
depends only on the symplectic geometry of the quadratic férand this elementary note is a first
attempt to make this dependence explicit. For a systeRfrit turns out that there is a one-to-one
correspondence between the type of equilibrium and the number ofiigigreplanes in thaull-cone
N =H"1(0) of H. Recall that a subspatk of a symplectic space of dimension & Lagrangianif
it is of dimensionn and for any pair of vectorg,v € U one haso(u,v) = 0. The main result of the
paper is:

Theorem 1 Let(R* w,H) be a nondegenerate linear Hamiltonian system, with H of signature 0, and
let NV be the null-cone of H. Then
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e if H is elliptic with simple eigenvaluegy” contains no Lagrangian planes;

e if H is elliptic with double eigenvalues and non-zero nilpotent pArt,contains precisely 1
Lagrangian plane;

e if H is hyperbolic with a full quadruplet of eigenvalue§/ contains precisely 2 Lagrangian
planes;

e if H is hyperbolic with a pair of coincident real eigenvalues and non-zehgotent part, \/
contains precisely 3 Lagrangian planes;

e if H is hyperbolic with simple real eigenvalues, contains precisely 4 Lagrangian planes.

In the course of the proof, we also show that if the Hamiltonian system hasdaleigenvalues
and is semisimple, then the null-cone contains infinitely many Lagrangian planes¢+ 2” if the
double eigenvalues are real).

It should perhaps be pointed out that signature 0 is the interesting €&ksbas signature-4 (so is
positive or negative definite) then the system is elliptic, Ahe: {0} which contains no planes at all,
Lagrangian or otherwise. And Hl is of signaturet2, then it is necessarily of mixed type and again
N contains no planes (Lagrangian or otherwise). In fact, as we see jio$ttion 2 below, a non-
degenerate quadratic form &?f" whose null-cone contains a subspace of dimensismecessarily
of vanishing signature.

In higher dimensions, the type of equilibrium continues to determine the nurih@geangian
planes in the null-cone of a signature zero quadratic Hamiltonian; howeyengto-one correspon-
dence no longer holds. This is discussed in the final section §4.

1 Linear geometry of the null-cone of a quadratic form

Although we do not need the full generality, we discuss arbitrary ngelerate quadratic forms in
this section as the arguments are sulfficiently simple and shorH L&" — R be a quadratic form of
index/, and denote its null-corte ~1(0) by \/. We assume that’X n, as otherwise we can replake
by —H, which has the same null-cone. After a suitable change of basis we camwiité® R — R
(wherek = n—¢) so thatH (x,y) = ||y/|> — ||x/|?. Let A" = H~1(0), and letr c A/ be alinear subspace
of R". LetM : R & RX — R’ be the Cartesian projection on to the first factor. Note that dince\V/
we know thatf|r is injective, for otherwisé” NRX = {0} which would contradict the obvious fact
that "N RK = {0}. It follows that any linear subspace of the null-cone has dimension at fnost
Furthermore, sinc€ NRX = {0} it follows that" can be represented as the graph of a linear map
R’ — RK, with matrixM. Thatis,l =y = {(x,y) € R‘F @R | y = Mx]}.

Suppose now = My € . ThenH(x,Mx) = |[Mx||?> — ||x||?> = 0 (for all x € R’). It follows that
the ¢ columns ofM are orthonormal vectors iR¥. In particular, ifk = ¢, M is an orthogonal matrix.
Consequently,

Proposition 2 Let H be a quadratic form in n variables of indéx< n/2. Then the null-cone of H
contains no linear spaces of dimension greater tliaand the set of linear spaces of dimension
contained in the null-cones is in 1-1 correspondence with the set of athuai /-frames inR". In
the case that B= 2/, so H is of signature zero, this set can be identified with the group of artiadg
£ x £ matrices.
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The set of orthonormal-frames inRN is called a Stiefel manifold, denot&ln. If £ <N then
Vin is connected, while if = N it has two connected components, distinguished by the orientation
of the frame (or by the determinant ). Both the Stiefel manifold and the set of linear spaces
of dimension/ in the null-cone have natural manifold structures (the latter as a submanifiie o
appropriate Grassmannian), and it can be shown that the 1-1 candespe of the proposition above
is in fact a diffeomorphism.

In particular, in the case = 4 and/ = 2, the set of planes iV can be identified with the union
of two circles. Indeed, ifx,y) € R>® R? is such that|y||? = ||x||? # O then there are precisely two
orthogonal matricem, M’ with y = Mx = M’x, and detM) = 1 = —detM’). Conversely, given any
M,M’ € O(2) with detfM) = 1= —detM’) thenl"yy Ny consists of a single line through the origin.
The two circles therefore lie in different connected components of theeBtnetnifoldV 5.

Finally, recall that the Grassmanni@a 4 of planes inR* is of dimension 4, while the Lagrange-
Grassmanniai; is a submanifold of dimension 3. We are interested in the intersection bef\geen
and the 1-dimensional family i@, 4 of planes inV, which could generically be expected to be finite.

2 Invariant Lagrangian planes

Any Lagrangian plane id\ is invariant under the Hamiltonian dynamics, so that this “symplectic
geometry” of the null-cone is intimately related to the dynamics:

Lemma3 Let(M,w,H) be any (smooth) Hamiltonian system, and let L be a Lagrangian submanifold
of M. Then L is invariant if and only if it is contained in a level set of the Hamiio.

Proof Lis invariantif and only if it is tangent to the characteristic direction of the Hamdtoeystem
at each of its points. Sindeis Lagrangian, this is equivalent to the tangent spadedbeach point
annihilating dH, which in turn is equivalent tb being contained in a level set bf. (This argument
continues to hold even at critical pointstdf) O

In 4 dimensions a converse to Lemma 3 holds:

Lemma4 If dim(M) = 4, and if L is an invariant submanifold of dimension 2 contained in a level
set of the Hamiltonian then it is Lagrangian.

Proof Letx e L. Then ad is invariant, TyL = (X4 (X),u) (WhereXy is the Hamiltonian vector field
andu is some vector). The(u,Xy (X)) = dH(u) = 0 sincelL is in a level set oH. ThusL is
Lagrangian. d

Lemma5 Suppos€V,w,H) is a linear Hamiltonian system, which decomposes into the direct sum of
two subsystem@/, wi, H1) ® (Vo,wp, Hz), and let\ be the null-cone of H Suppose that there are

no eigenvalues common to the two subsystepand H. Then every Lagrangian subspace_ LN

can be decomposed as a direct sursIL; @ L, such that each Lis a Lagrangian subspace of; V
contained inVj.

Proof This involves the lemma above that Lagrangian subspaces in the null-ceriavariant.
In general, any subspace invariant under a linear transformation ieet dum of (generalized)
eigenspaces. Since any (generalized) eigenspafé @fH) is contained in eithe¥; or V5, it fol-
lows thatL = L; @ L, with Lj C Vj and invariant. That eadh; is Lagrangian irV; follows easily by
contradiction, and sinc; is Lagrangian iV and invariant it is contained iVj, by Lemma 3. O
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3 Lagrangian planesin the null-cone of a Hamiltonian

In this section we prove Theorem 1, proceeding case by case. Thmendjin each case is either
based on Lemma 5 (if the system is a product of 2-dimensional systemsparabculation involving
a normal form for the Hamiltonian (see [A]). Given a quadratic fdinon R* of index 2, we know
from Section 1 that the null-conk&” contains 2 circles of planes. Rather than use a basis adapted to
the quadratic form, we use a symplectic basis in order to make the Lagramgiae of a given plane
transparent. Recall that if a plane is givenyby Mx and the symplectic form i® = dy; A dx; +dyo> A
dxo, then the plane is Lagrangian if and onlyfis symmetric (in which cashkl is the hessian matrix
of the generating function determining the plane).

The proof in the hyperbolic and non-semisimple elliptic cases consist in takéngadimiltonian
H(q, p) in some normal form, substituting= Mx for an arbitrary symmetric matri¥, wherey
andx are suitable (symplectic) choices ps andqg’s, and finally determining for which sud the
restriction ofH to the graph off = Mx vanishes. In order to consider all possible Lagrangian planes it
is necessary to consider 4 casesy &) (p1, p2) andx= (qi1,092); (i) y= (q1,02) andx= (—p1, —p2);
(iii) y= (g1, p2) andx = (—p1,02); and (iv)y = (p1,02) andx = (qi, —pz) (the signs are chosen so
that the symplectic form gy A dg; +dp2 A dgp = dy; A dxg + dy2 A dxp). In the calculations we will
always takeM = (a 5 , often without further reference.

B

3.1 Thedliptic cases. imaginary eigenvalues

Thesemisimplesystem If H has distinct imaginary eigenvalug$ik; and+iAz, (A1, A2 positive and
distinct) the result follows from Lemma 5, for each of the two “modes” (eiganss fortiA; and for
+iA,) is symplectic and has no invariant Lagrangian subspaces.

If on the other hand\; = A, and the system is semisimple, then every non-zero point is contained
in a periodic orbit, and that periodic orbit spans a plan®fnwhich consists entirely of periodic
orbits, so is invariant. Since the initial point lies.\, the orbit is in\/ and so therefore is the plane
it spans. That this 2-dimensional plane is Lagrangian follows from Lemma 4.

Consequently, ih; = A, every point in\ is contained in a Lagrangian planeAd, and so there
are infinitely many such planes (forming one of the two families of plane¥ inthe other family
consists of symplectic planes).

The non-semisimple eliptic system Generically, an elliptic Hamiltonian with double eigenvalues
has a nontrivial nilpotent part. For a normal form we take
Hy = i%(q§+q§) +A (P20 — P102)

for which the associated linear system has eigenvattigswith multiplicity 2 (we assumé # 0).
The two normal form#1.. are symplectically inequivalent.

We show that the only Lagrangian plane in the null-congois= g2 = 0}. There are 4 cases to
consider as was pointed out above.

() y= (p1,p2) andx = (qz,q2). WithM = <E 5) we substitutey = Mx into the normal form for
the Hamiltonian, to obtain
2H. = (£1+2AB)af + 2A(Y— Q) a2 + (+1— 2\B)

It is clear that this cannot vanish identically, so there are no Lagrantaaein this portion afV..
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(i) y=(q1,02) andx = (—p1, —p2). WithM = <g 5) we again substitutg= Mx into the normal

form for the Hamiltonian, to obtain the more complicated expression
2H. = (£(0® + B?) + 2\B) pf + 2(£B( +Y) + MY — ) prp2 + (£(B* + ) — 2AB) p3

Suppose this vanishes identically; therfit= 0 it follows thata = y = 0, while if B # 0 the
coefficients ofp? and p3 cannot both vanish. The only Lagrangian plang\irtherefore corresponds
to M = 0 which is thereforg q; = g, = 0}.

(iii) y = (01, p2) andx = (—p1,0q2), and (iv)y = (p1,92) andx = (g, — p2). Similar computations to
those above show that there are no Lagrangian planes of this form.

The single Lagrangian plane found in this part is the limit of the (symplectichabmodes in the
semisimple case above, as the eigenvalues approach equality, and indeedptane the motion is
periodic with period 2i/A.

3.2 Thehyperbolic case: a quadruplet of eigenvalues

Here we take
H = K(p101 + p202) + A(P102 — P201)-

The eigenvalues of the linear system afe+iA, and we assumeh # 0. We consider the 4 cases as
before:

(i) y= (p1, p2) andx = (g1, 02). Substitutingy = Mx, with as usuaM = (g 5) into the Hamilto-

nian gives
H = (Kot = AB)GE + (2kB+A (0 —Y))aGp + (KY+AB)a.

This only vanishes identically ti = 3 = y= 0, corresponding to the plafg@; = p> = 0}.
(i) y=(q1,02) andx= (—p1, —p2). Substituting thiy = Mx (sameM as before) into the Hamiltonian
gives

H = (Ko -+ AB)pE + (2kB+A(y— @) pLp2 + (Ky— AB) P3.
Again, this only vanishes identically & = = y= 0, corresponding to the plafqe;; = g, = 0}.
(i) y = (qu, p2) andx = (—p1,0q2) and (iv)y = (p1,0az) andx = (qi, —p2). Repeating similar calcu-
lations shows in these cases that there are no other solutions.

Thus the null-cone contains precisely 2 Lagrangian planes. These tags@ee in fact the stable
and unstable manifolds of the vector field: every initial poinféa = g2 = 0} tends to the origin as
t — oo (the stable manifold), while every initial point §p; = p2 = 0} tends to the origin as— —oo
(the unstable manifold).

Further calculations show that the two Lagrangian planes belong to the aamig 6f planes in
N. Indeed, writeH = p1(kq1 +AQ2) + p2(—Ag1 + K02) = p1Q1 + p2Q2. Thus,

4H = (p1+Q1)% — (p1— Q1)%+ (P2 + Q)% — (P2 — Q)2

In these coordinates< B;ig;) =M (E;:g;) lies in \V iff M € O(2). The two Lagrangian

planes found above correspondMio= —I andM = | respectively, and both are 8D(2).
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3.3 Thehyperbolic cases: real eigenvalues
Semisimplecases Here the normal form is

H = A1p101 +A2p202,

and the associated linear system has eigenvatid@s+A,, and we can assumg > 0,A, > 0. In
the 2-dimensional hyperbolic system with= Apq there are two invariant (Lagrangian) lines. It
then follows from Lemma 5 that ik, # A, there are precisely 4 invariant Lagrangian planes in the
4-dimensional system, as required. We now show this again by directat@o as the calculation
is required for the cask; = Ao.

Taking the four cases for Lagrangian planes in turn:

() y= (p1, p2) andx = (q1,q2). WithM = (E 5) as usual, we substitute= Mx into the Hamil-

tonian to obtain
H = A0 + (A +A2) Boate + A2yod.
SinceA1,A;2 > 0, this vanishes if and only M = 0, corresponding to the plaf@; = p, = 0}.
(i) y= (g1,02) andx = (—p1, —p2). Again, since1,A, > 0, the Hamiltonian restricted tp= Mp
vanishes if and only iM = 0, corresponding to the plafe; = g, = 0}.
(iii) y = (01, p2) andx = (—p1,02). Substitutingy = Mx gives

H = A1apf + (A2 —A1)Bpadz — A2yos.

ProvidedA; # A2, this vanishes again only whéh = 0, corresponding to the plafe; = p2 = 0}.
(iv) y = (p1,02) andx = (g1, —p2). Again, providedA; # Az, the restriction of the Hamiltonian
vanishes again only whevl = 0, corresponding to the pladg; = g, = 0}.

If A1 = A2, so the system has a double real eigenvalue and is semisimple, then in)casd<i{)
the same conclusion applies, while in cases (iii) and (iv) the plEgesre in the null-cone whenever
o =y=0 (for all B). That is, of the two circles of planes K (Section 1), one consists entirely of
Lagrangian planes while the other contains exactly two Lagrangian planes.

The planes p; = p2 = 0} and{g; = gz = 0} (cases (i) and (ii)) are respectively the stable and
unstable manifolds of the vector field. On the other hand, the remaining invglianes are all
saddles. These last ones are not the only invariant planes with safidlesgmple{q; = py = 0} is
an invariant symplectic plane with a saddle point), but they are distinguishtftbldact that the flow
on a Lagrangian plane does not need to be area-preserving.

Non-semisimplecase A normal form is

H = A(p101 + p20z2) + P102.

The eigenvalues of the corresponding systemiare
() y= (p1, p2) andx = (qs,02). Substitutingy = Mx as usual, one obtains

H = AagZ + (0 + 2\B)cutz + (Ay+ B) 3.

This vanishes identically if and only M = 0, corresponding to the plad@; = p, = 0} (the unstable
manifold).

(ii) y = (0n,G2) andx = (—p1, —pz2). In this case we obtaiH = Aap3+ (y+ 2AB) p1p2 + (Aa +B) p?,
which vanishes only whell = 0, corresponding to the pladey; = g2 = 0} (the stable manifold).
(iii) y= (g1, p2) andx = (—p1,qz). In this case there are no solutions.

(iv) y = (p1,q2) andx = (qi,—pz). Here the only solution i§p; = gz = 0}. (On this plane the
dynamics is a simple area-preserving saddle, with eigenvaides
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4 Higher dimensional systems

In higher dimensions the number of Lagrangian planes in a null-cone adeBstinguish between
different types of equilibrium. For example, &8 with its standard symplectic structure, the two

Hamiltonians
Hi = (p+a?) —2(p3+03)+3(p5+0a3) — 4(pF+a?)

Hy (P2 + ) — 2(P3+0B) + Pads + 2404

are both of signature 0. The first is elliptic while the second has two pairs dfifragy eigenvalues
and two pairs of real ones, yet neither has any invariant Lagrangtzspaces.

The fact that neither has any Lagrangian subspaces in its null-conev$difom the following
argument.

Let (V,w,H) be a linear Hamiltonian system with signat{iie¢ = 0, and suppose that the system
is of codimension at most 1. ThéW, w,H) splits into a direct sum of symplectic “eigenspaces”

r

(vavH) = @(Vj,&)j,Hj),
j=1

such that the eigenvalue-quadrupléis, —)\j,XJ‘ ; —Xj} of the different components are distinct. The
codimension hypothesis implies that each component is of dimension 2 or 4.
Define a functiord(j) by

e If jis such that dir; = 2 andA; is imaginary thed(j) = 0;

o If j is such that difWj; = 4 andA; is imaginary (so of algebraic multiplicity 2 and geometric
multiplicity 1), thend(j) = 1;

e If jis such that dinvj = 4 andA; has non-zero real and imaginary parts, tbej) = 2;

e If j is such that dinv; = 4 andA; is real (so of algebraic multiplicity 2 and geometric multi-
plicity 1), thend(j) = 3.

e If jis such that difvj = 2 andA is real therd(j) = 2;

Then it follows immediately from Theorem 1 and Lemma 5 that the number of hg@m planes
in the null-coneN is -1 8(}).

In the two examplesl; andH, above, both have thg;,q; subspace as an eigenspace, for which
the corresponding value @&fis 0. Consequently, neither has a Lagrange plan€.in
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