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Abstract

This article is an extended version of the paper published in Korovina and Kudinov (2007, Lecture Notes in Computer Science,
Vol. 4497, pp. 416-425). The main goal of this research is to develop logical tools and techniques for effective reasoning about
continuous data based on X-definability. In this article we invent the Uniformity Principleand prove it for X-definability over
the real numbers extended by open predicates. Using the Uniformity Principle, we investigate different approaches to enrich
the language of X-formulas in such a way that simplifies reasoning about computable continuous data without enlarging the
class of X-definable sets. In order to do reasoning about computability of certain continuous data we have to pick up an
appropriate language of a structure representing these continuous data. We formulate several major conditions how to do that
in aright direction. We also employ the Uniformity Principleto argue that our logical approach is a good way for formalization
of computable continuous data in logical terms.

Keywords: ¥-Definability, Uniformity Principle, effective reasoning about continuous data, continuous data types, computable
analysis.

1 Introduction

This work is an significant impact to the logical approach to computability over continuous data
based on arguments from definability theory and developed in the papers [5—10]. This approach is
based on representations of continuous data by suitable structures without the equality test and X-
definability in extensions of the structures by hereditarily finite sets. In order to logically characterize
computable continuous data we have proposed the notion of majorant-computability. One of the
main features of the notion of majorant-computability is that on the one side it is independent from
concrete representations of the elements of structures on the other side it is flexible, i.e. we can
change the language of X-formulas to express appropriate computability properties. In this article
we investigate different approaches to enrich the language of X-formulas in such way that simplifies
reasoning about computable continuous data without enlarging the class of X -definable sets. The basic
idea behind these approaches is the Uniformity Principle for X-definability over the real numbers
extended by open sets. Informally the Uniformity Principle says that global quantifiers bounded by
compact intervals could be effectively reduced to local ones. In the case of Xg-formulas over the
reals without equality the Uniformity Principle allows to eliminate both existential and universal
quantifiers bounded by computable compact sets.

In order to do reasoning about computability of certain continuous data we have to pick up an
appropriate language of a structure representing these continuous data. We formulate several major
necessary conditions how to do that in a right direction. One of them is topological, which says
that computable functions should be continuous. This condition provides correct approximating
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160 The Uniformity Principle for X -definability

computation of continuous data. Another one is logical, which says that Th3(M) should be
computably enumerable. This condition provides tools for effective reasoning about computable
continuous data based on X-definability. We illustrate our arguments by several examples.

The structure of this article is as follows.

In Section 2 we recall basic notions and introduce the language of Xk -formulas that is an extension
of the language of X-formulas by universal and existential quantifiers bounded by computable
compact sets.

In Section 3 we prove the Uniformity Principle for X-definability over the real numbers extended
by open sets. To simplify reasoning about computability of continuous data we propose several ways
to enrich the X-language. We show that rational numbers, polynomials and computable functions as
well can be used in X-formulas without enlarging the class of X-definable sets. In other words, we
can extend the language of X-formulas by computable functions, e.g. cos, sin,exp and Uniformity
Principle allows eliminate them later. Then we employ the Uniformity Principle to prove that the
language of Xg-formulas admits elimination of both existential and universal quantifiers bounded
by computable compact sets. It is also illustrated how the language of X g-formulas can be used to
make reasoning about computable subsets of IR” in an elegant way.

In Section 4 we show how the Uniformity Principle can be used to make reasoning about topological
properties of majorant-computable functionals of the type ' :A— IR. In order to do that we consider
an arbitrary structure A=(A,op,#), where A contains more than one element, and op is a finite
set of basic predicates. For the structure A, we introduce a topology, called rf‘, with the base
consisting of the subsets defined by existential formulas. Using the Uniformity Principle we prove
that every majorant-computable functional F:A— IR is continuous. In the case of A=CJ[O0, 1] we
show how to pick up an appropriate language for the structure of C[0, 1] in such a way that majorant-
computability of functionals F:C"[0,1] x IR — IR coincides with computability in the sense of
computable analysis and the theory Th3(C[0, 1]JUIR) is computably enumerable.

2 Basic definitions and notions

In this article we consider the ordered structure of the real numbers in finite predicate languages
without equality, (IR,op, <) =(IR,oR), where op satisfies the following assumption.

ASSUMPTION 1
The set op is a finite set of open predicates, i.e. interpreted over the reals as open sets.

We extend the real numbers by the set of hereditarily finite sets HF(IR), which is rich enough for
information to be coded and stored. We construct the set of hereditarily finite sets, HF(IR) over the
reals, as follows [1, 3]:

1. HFy(IR)=1R,

2. HF,+1(IR)="P,(HF,(IR))UHF,(IR), where n € w and for every set B, P, (B) is the set of all
finite subsets of B.

3. HF(IR)={J,,c,, HFm(IR).

We define HF(IR) as the following model: HF(IR) = (HF(IR), U,o1r ., €) = (HF(IR), o), where
the constant ¢ stands for the empty set and the binary predicate symbol € has the set-theoretic
interpretation. We also add a primary predicate symbol U naming the set of urelements (the real
numbers). The natural numbers O, 1,... are identified with the (finite) ordinals in HF(IR) i.e.
@, {0, {@}},..., so in particular, n4+ 1 =nU{n} and the set w is a subset of HF(IR).
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REMARK 2

For better understanding of the Uniformity Principle we slightly modify the definitions of atomic,
A¢ and X-formulas from [5]. It is worth noting that these definitions do not contain negation as a
logical operation and give the same class of formulas as in [5].

The atomic formulas include U(x), =U(x), x <y, x €s, x¢s where s ranges over sets, and also, for
every Q; € op with the arity n;, Q;(x1,...,Xy,;), which has the following interpretation:

HF(IR) =0;(x1, ..., xp,;) if and only if
IR =0Qi(x1,...,x,,) and, for every 1 <j <n;, x; €IR.

The set of Ag-formulas is the closure of the set of atomic formulas under A, Vv, bounded quantifiers
(Elx ey) and (Vxey), where (Elxey) W means the same as x(xeyA V) and (Vx ey) W as Vx(x e
y— W) where y ranges over sets.

The set of X-formulas is the closure of the set of Ag-formulas under A,V, (Elx € y), (Vx S y) and
3, where y ranges over sets.

REMARK 3
It is worth noting that all predicates Q; €eop and < occur only positively in X-formulas. Hence in
Y -formulas we do not allow equality on the urelements (elements form IR).

REMARK 4
Through this article we consider also existential formulas in the language or with positive
occurrences of predicate symbols from ojgr without any further references to this restriction.

The set of Xg-formulas is the closure of the set of X-formulas under A,Vv, 3, 3x€K and VxeK,
where K is a computable compact subset of IR”.
We define I1-formulas as negations of X-formulas.

DEFINITION 1
1. A relation BCHF(IR)" is X-definable, if there exists a X-formula ® such that xe B <«
HF(IR) = ®(x).

In a similar way, we define the notions of Xk -definable and T1-definable sets. The following theorem
reveals algorithmic properties of X-formulas over HF(IR).

THEOREM 1 (Semantic characterization of ¥-definability)
A set BCIR" is X-definable if and only if there exists an effective sequence of existential formulas
in the language or, {®s(x1,...,X1)}sew, such that

(xl,...,xn)€B<—>IR|=\/CI>s(x1,...,xn).

sew

The proof of this theorem is based on Gandy’s theorem for abstract structures without equality [8]
and the technique developed in [7]. It is worth noting that both of the directions of this characterization
are important. The right direction gives us an effective procedure that generates existential formulas
approximating X -relations. The converse direction provides tools for descriptions of the results of
effective infinite approximating processes by finite formulas.
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3 Uniformity Principle and its applications to effective reasoning about
continuous data

In this section we prove the Uniformity Principle for X-definability over the reals without equality
and show several application of the Uniformity Principle.

It is worth noting that all propositions below do not hold over the reals with equality. Indeed,
validity of these propositions over the reals with equality leads to definability of 7 in Th(IR), which
does not hold by quantifier elimination.

3.1 Uniformity Principle for ¥-definability

Now we assume op = { M5, M, 73; , 77;}, o =opU{<,¥, €}, where M}, Mj; are interpreted as an
open epigraph and an open hypograph of multiplication, respectively, and ’Pg , 73;1' are interpreted as
an open epigraph and an open hypograph of addition, respectively. In sequel we will use the following
notations: x-y <z for Mz(x,y,2), x-y >z for My (x,y,2), x+y <z for Pg(x,y,z) and x+y > z for
P;(x,y,z). It is worth noting that in X-formulas we can also use the expressions x>0, y<1 (and
similar) as notations of the formulas Iy (x >y- y), dz> O(y z< z), respectively. In sequel we assume
that ||-|| is the standard norm on IR", [a, b] denotes a closed interval, and B(x,€) denotes a closed
ball with a centre x and a radius €. The following property of X-definable sets over the reals is a
straightforward corollary of Theorem 1.

COROLLARY 1
A set BCIR" is X-definable if and only if B is c.e. open.

One of the main goals of this section is to prove that the language of Xk -formulas admits elimination
of universal quantifiers bounded by computable compact sets. In other words, we are going to show
that if we have a formula with quantifier alternations where universal quantifiers are bounded by
computable compact sets then we can eliminate all universal quantifiers obtaining a X-formula
equivalent to the initial one. In order to do that, first we prove the Uniformity Principle for X-
definability. We extend the given language o by new predicate symbols P and P with the following
meaning

— P defines an open subset of IR";
- P;L(a,b,xg,...,xn)e‘v’xl €la,blP(x1p,...,Xxn0), Where A:{1,...,n}—>{1,...,n}.

The following lemma shows that both languages o U{P} and O'U{P;LP\.I{I, ...,n}—{1,...,n}} are
subject to Assumption 1.

LeEmma 1
If P defines an open subset of IR” then Pj\ defines an open subset of IR, where m depends on A.

PrOOF. We give the main idea of the proof for A =idy;
closed interval [c,d] the set

n)- It is sufficient to show that for every

.....

By = |(a,b,x2,...,x,,) e [e.d" [a,b] = BV [a,b] C (c.d) A P;(a,b,xz,...,xn)}

is open. Let us consider A, 4, the complement of B, 4 in [c,d], which is defined as follows.
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Aca={(@b.x2.....x) €le.d™[a,bl S le.dIn

(a:cvbzd\/Elxl €la,b]—P(xy, ...,xn))}
Since A. 4 is a projection of the compact set
{(a,b,x2, xa) €le,d" @, b1 S [e,d1A (a=cvb=dV —P(x, ...,xn))},

A, 4 1s compact. So, P;\ is open as the union of all open sets B, 4, where c€IR and d €IR. |

Let us consider particularly interesting corollaries of Lemma 1. If f € CIR), then the sets P, =

{(x,0)|f(x)>c} and P]'f ={(x,c)|f(x) <c} are open. Choosing A to be identical on {1,2} we get the
following corollary.

COROLLARY 2
For every f € C(IR), the sets

Ef(x1,x2,2) =f[x;,x,] <z and Hy(x1,x2,2) =f |[x;,x,] > 2 are open.
If f € C([0, 1]), then applying Corollary 1 to the function

f(@0), ifx<0
gx)=4 f(x), ifx€[0,1]
f(), ifx>1

we get straightforwardly the following.

COROLLARY 3
For fe C([0,1]), the sets Ef(x1,x2,2) =f1x,xo1n[0,1] <2 and Hp(x1,x2,2) =f|[x;,x10[0,1] > 2 are
open.

THEOREM 2 (Uniformity Principle)
For every X-formula ¢ in the language o U{P} there exists X-formula ¢ in the language o U{P; |A:
{1,...,n}—{1,...,n}} such that

HF(IR) =Vx € [a,blo(x,x2,...,x,) iff HF(IR) = (a,b,x2,...,xp),
where free variables range over IR.

PrOOF. First we consider the case of 3-formulas in the language or U{P}. Using induction on the
structure of a 3-formula ¢, we show how to obtain a required formula 1. Then, based on Theorem 1
we construct a required formula ¢ for an arbitrary X-formula in the language o U{P}.

Atomic case.

(D) If (x1,...,x0) =P(x15,...,X) then ¥ ﬁPﬁL.
(2) If ¢ does not contain the predicate symbol P, we have a finite number of subcases. We consider
non-trivial ones.



164 The Uniformity Principle for X -definability
(2.1) If p(x,z) =x-x >z then
t/f(a,b,z)ﬁz<OVa>bv(a>0/\b>0/\a~a>z)v(a<0/\b<0/\b~b>z).

(2.2) If p(x,z)=x-x <z then w(a,b,z)¢a>bv(a~a <z/\b~b<z).
(2.3) If p(x,y)=x-y>x then

W(a,b,z)ﬁa>bv(a>0/\b>0/\y> 1)\/(a<0/\b<0/\y< 1).

(2.4) If p(x)=x-x > x then Iﬂ(a,b):a>b\/(a> 1AD> 1)V(a<0/\b<0).
(2.5) If y-z<x then ¥ (a,b,y,z)=Yy-z<aVb<a. Other atomic subcases can be considered
by analogy.

Conjunction.
If o =1 Ao and V1, Y are already constructed for ¢1, ¢ then ¥ = AYry.

Disjunction.

Suppose ¢ =¢1 V¢, and Y, Y, are already constructed. Since [a,b] is compact, validity of
the formula Vx € [a,b] (gol Vgoz) is equivalent to existence of a finite family of open intervals
{(ti, Bi)Yi=1....r+s such that [a,b]CJi_;(ei, Bi), for i=1,....,r RE=¢@; and for i=r+1,....s
IR =¢;. Since ¢; and ¢, define open sets, this is equivalent to existence of a finite family of
closed intervals {[e], B/1}i=1,... r+s such that [a,b]C|J;_;[a}, B[], for i=1,...,r IR =¢; and for
i=r+1,...,s IR =¢. Itis represented by the following formula.

r N
\V Vet 30, 38) .38, | \Yrele).Blein /\ Vxele).Ble

rewrew i=1 j=r+1

By induction hypothesis and Theorem 1, this formula is equivalent to a X-formula ¥ in the
language o U{P; |A:(1,...,n} = {1,...,n}}.
Existential case.
Suppose ¢ = 3z¢1(z,X1,...,x,). As [a, b] is compact and

{{Ix1IR =@1(z,x1, ..., 5} ;er = {Vz)zeR

is its cover, there exists a finite set J ={z1,...,2;} CIR such that [a,b] C UzeJ V. So, validity of
the formula Vx| €[a,b]3z¢1(z,X1,...,X,) 1s equivalent to existence of the finite set J ={z1,...,2s}
such that

IR =Vx; €[a,b]3z¢1(z,x1, ..., Xn) <> IR =EVx| €[a,b]@* (21, ..., 25 X152 Xn)s
where (pS(Z1,...,Zs,x1,...,xn)\i(m(Z],X1,...,xn)V-“\/gD](Zs,xl,...,Xn). By induction hYPOth‘
eses, forevery J ={z1,..., s} there exists a X-formula y¥*(zy,...,zs,a,b,x3,...,x,) in the language o U

{P}|x:{1,...,n} = {1,...,n}}, which is equivalent to Vx| € [a,bl¢*(z1,...,25,X1,...,X,). Finally,

IR =Vx1 €la,blAzp1(2,x1,...,X,) <>
HF(R)IZ\/SGQ)HZI"'HZS (ws(zlw"vZSsasbsts'-'7-xﬂ))'

A required X-formula ¥ can be constructed using Theorem 1.
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Now we are ready to construct a required formula  for a X-formula. Suppose ¢ is a
Y-formula. By Lemma 1 and Theorem 1, there exists an effective sequence of existential
formulas {;}ico, such that HF(IR)=¢<HF(R)E=\/;c,¢i. As [a,b] is compact and
{x11IR = @i(x1,....X)}} e, = {Ui}icw 1s its cover, there exist k € w and a finite family {U;};<; such
that [a,b] ;- Ui. So, -

IR =Vx €la,blo(xy,...,x,) <
HF(IR) =/}, VX1 € [a,b]\/isktpi(xl s Xp)-

By induction hypotheses, for every kew there exists Yx(a,b,x2,...,x;) in the language
o U{P;|r:{1,...,n}— {1,...,n}} which is equivalent to Vx| € [a,b]\/iikw(xl,...,xn). A required
3 -formula ¥ can be constructed using Theorem 1. ]

It is worth noting that the Uniformity Principle holds for any finite extension of o by open predicates.

COROLLARY 4
For every X-formula ¢ in the language o there exists a X-formula v in the language o such that

HF(R) =Vx e la,blo(x,y1,...,yn) iff HF(IR) =v(a,b,y1,...,yn),

where free variables range over IR.

3.2 Extension of X-language by computable functions

In this subsection we show that rational numbers, polynomials, computable real numbers and
computable real-valued functions as well can be used in X-formulas without enlarging the class of
3 -definable sets. In other words we can extend the language of ¥-formulas by computable functions,
e.g. cos, sin, exp and Uniformity Principle allows eliminate them later.

ProposiITION 1

For every X-formula ¢(y,z) in the language o and computable total real-valued func-
tions f1(x),...,fn(x) there exists a X-formula ¢ in the language o such that HF(IR) =
P(f1(X), ....fn(x),2) iff HF(IR) = (X, 2).

PrOOF. Let ¢(y) be a X-formula and f1(x), ...,f,(X) be computable functions. It is easy to note that

HF(IR) = ¢(fi (%), ....fo(%),?) iff HF(R) = 3a; ... 3a,3b; ... 3b,
Vyi €lar,b1]... ¥y € lan. bl (| <i<p (i) <bi AfiX) > ai) Ap(3.2)).-

In [10] we have shown that f; is computable if and only if f;(x) < z and fj(x) > z are X -definable. So,
we can construct a required formula ¢ using Corollary 4. |

COROLLARY 5
For every X-formula ¢(y) in the language o and rational numbers ¢y, ..., g, there exists a X-formula
Y in the language o such that HF(IR) =¢(q1, ..., qn,2) iff HF(IR) =¥ (x, 7).

COROLLARY 6

For every X-formula ¢(y) in the language o and polynomials p1 (X), ..., p,(X) with rational coefficients
there exists a X-formula v in the language o such that HF(IR) =¢(p(X), ...,pn(x),z) iff HF(IR) =
Y(X,2).
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3.3 Elimination of quantifiers bounded by computable compact sets for
Yk-language

In this subsection we prove than the ¥ x-language over the reals without equality admits elimination
of both universal and existential quantifiers bounded by computable compact sets.

PROPOSITION 2

Suppose B is [1-definable and B C [—¢, ¢]" for some rational g. For every X-formula ¢ in the language
o there exists a X-formula ¢ in the language o such that HF(IR) =Vx € Bo(x,y) iff HF(IR) =¥ (),
where free variables range over IR.

PROOF. Suppose BC[—q,q]" is definable by a IT-formula 7. It is easy to see that Vx € Bo(x,y) is
equivalent to the formula

Vxe[—q.q]" (-nx) Vv e(x.)). (1)
By Corollary 4 and Corollary 6, the formula (1) is equivalent to a X-formula. |

PROPOSITION 3

Suppose K is a co-semicomputable compact set. For every X-formula ¢ in the language o there
exists a X-formula ¥ in the language o such that HF(IR) =Vx € Ko (x,y) iff HF(IR) =1 (y), where
free variables range over IR.

PRrROOF. It is easy to see that Vx € K¢(x,y) is equivalent to the formula

Vxe[—q.q" (xg¢ KV p(x,7)) )

for some rational g, which can be find effectively by K. By properties of co-semicomputable closed
sets, the distance function dg is lower semicomputable [2], and, as a corollary, {x|x¢ K} = {x|dk (x) >
0} is X-definable. By Corollary 2, the formula (2) is equivalent to a £ -formula. |

PROPOSITION 4
Suppose K is a semicomputable compact set. For every ¥-formula ¢ in the language o there exists
a X-formula v in the language o such that

HF(IR) =3x e Ko(x,y) iff HF(IR) =/ (),

where free variables range over IR.

PROOF. Let us note that 3x € K¢(x,y) is equivalent to the formula
Ix'3e > O((p(x/,)_)) Adg(xX) <e AVze B(x/,e)(p(z,)_/)). 3

By properties of semicomputable closed sets, the distance function dk is upper semicomputable
[2], and, as a corollary, the set {(x',€)|dg(x") <€} is X-definable. By the Uniformity Principle, the
formula (3) is equivalent to a X-formula. |

THEOREM 3
For every Xg-formula ¢(x) in the language o there exists X-formula 1 (x) such that HF(IR) =
¢(x) < HF(R) = ¢ (x).
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3.4 Effective reasoning about computable subsets of IR"

Now we show how the Uniformity Principle can be used for reasoning about computable
subsets of IR".

We start with investigation of the boundaries of computable compact sets. In [4] it has been proven
that the boundary operator defined on the closed sets over the reals is Eg—complete in Borel hierarchy.
In contrast, the following theorem shows that in special cases it is possible to prove computability
of boundaries.

THEOREM 4
Suppose K CIR” is a computable regular compact set, D is its interior, I" is its boundary and d :
IR" — IR is its distance function. Then the following assertions are equivalent:

1. T is [I—definable.
2. Dis ¥ —definable.
3. T is computable.

PrROOF. We give only main ideas of the proof.
1— 2. Suppose that I is IT1-definable. It is clear that the formula dr(x)>dk(x) defines D. By
properties of co-semicomputable closed sets, D is X-definable.

2— 3. In order to show that I' is computable it is sufficient to prove that the epigraph and the
hypograph of its distance function dr are X-definable. Indeed,

dr(x) < e<HF(R) =3y € DEIz¢K(||x—y|| <€ A|lx—2z|| <6) and
dr(x) > e >HF(IR) = B(x,e) C D Vv B(x,¢) C IR"\K.

So, I' is computable.
3— 1. Since I' is computable, the distance function dr is upper and lower semicomputable. So,
I' ={x|dr (x) =0} is I1-definable. |

THEOREM 5
Suppose K CIR" is a computable regular compact set, I" is its boundary and every component of I
is a smooth variety of codimension 1. Then I" is computable.

Proor. It is sufficient to show that I' is IT-definable. Since I" is smooth variety of codimension 1,
for any z eI the following statement holds:

yeDIAgK(x—z=2—yABQ,|ly—zl) CDAB(x,|lx—z|) CIR" \ K).
So, Y (z2)=z€e KAJye KVt > O(t <1vdg(z—t(y—2) >t|ly—2z| |) defines I'. Since K is co-
semicomputable, K is I1-definable. So, I' is [1-definable by Theorem 3. ]

Now using the Uniformity Principle we prove that computability of the closer of a regular open set
and its boundary follows form co-semicomputability of the boundary of this regular open set.

THEOREM 6
Let DCIR" be regular open set such that D and IR"\ cl/(D) have a finite number of connected
components. Then from co-semicomputability of I'=0D it follows that I' and K=cl(D) are
computable.

First we need the following lemma.
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LEMMA 2
If ACIR” is X-definable then every connected component of A is also X-definable.

PROOF. Suppose A; is a connected component of A. Let us choose some xg € A; N Q". By properties
of connected sets, it follows that the meta-formula

m—1
Im € wx;... I, € IR” /\ Vy € [x;,Xit1]y €A AVy € [m.x] €A
i=0

which is equivalent to the X-formula

\/ dxq...3x,—13r9g > 0...3r,, > 0 /\ ri+rip1 > X1 —xil| A

mew i<m—1

Fmet+rm > x=xp | AVy €T N\ Ili—=yll > ri Allx =yl >

i<m—1

defines A;. By Theorem 1 and Theorem 3, A; is X-definable. [ |

PROOF (Theorem 6). Since I' is co-semicomputable, A=IR”\T is c.e. open, and hence it is X-
definable. By assumption, A has a finite number of connected components. Let Ag,...,A,; be all
connected components of A. By Lemma 2, D= Uie]Ai’ where J C{0,...,m}, as well as IR"\ K=
Ui¢ ;A; are X-definable. In order to show that I" is computable it is sufficient to prove that the
epigraph of its distance function d,, is X-definable. Indeed,

dr(x)<e< (IyeD)(FzeIR"\K)||lx—y|| <e Allx—z|| <e.

So, I' is computable.

Now we show that K is computable. Since IR"\ K is X-definable, K is semicomputable. Co-
semicomputability follows from X-definability of dg (x) <€ by the formula x e Dvdr(x) <e€. So, K
is computable. |

4 The Uniformity Principle and majorant-computability

In order to do reasoning about computability of certain continuous data we have to pick up an
appropriate language of a structure representing these continuous data. There are two major conditions
how to do that in a right direction. The first one is topological, which states that computable functions
should be continuous. This condition provides correctness of approximating computation. The second
one is logical, which says that Th3(M) should be computably enumerable. This condition provides
effectiveness of reasoning about continuous data based on X-definability. In this section we illustrate
how these conditions work.

4.1 Continuity of majorant-computable functionals

First we will employ the Uniformity Principle to make reasoning about topological properties of
majorant-computable functionals of the type f:A — IR.
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Suppose we have an arbitrary model A=(A,04)=(A,op,#), where A contains more than one
element, op is a finite set of basic predicates.

The topology rf‘ is formed by the base consisting the subsets defined by existential formulas.

Let ol No 4 =¢. In order to recall the notion of majorant-computability of functionals f:A —
IR we extend the structure R =IRUA by the set of hereditarily finite sets HF(R) and consider
T -definability in HF(R) = (HF(R), U}, Uz,01r, 0.4, €,%), where the predicate symbol U} naming
the set of the real numbers and the predicate symbol U, naming A.

It is worth noting some properties of X-definable sets in HF(R).

PROPOSITION 5
If a set BCR" is X-definable then there exists an effective sequence of existential formulas
in the language or Uo 4, {Ds(x)}sew, such that

xeBoRE\/ &)
Sew
COROLLARY 7
Every X-subset of R is open.
PrOOF. The claim follows from Proposition 5. |

COROLLARY 8
A set BCA is open in the topology r,? if and only if A is open in the topology tf‘.

PROOF. —). Suppose BC A and Be rg. By the definition of r%z , there exists an existential formula
v such that

beB <Ry (b).

Without loss of generality suppose ¥ (b) = Ja3r (v(a, DYANG(H)AUL () A Uz(a)), where a ranges over
A and r ranges over IR. By quantifier elimination, we can effectively check validity of the formula
Ar¢(r). If IR =3r¢(r) then ¥ (b)<>Jav(a,b). If IR f=3r¢p(r) then Y (b)<«> L. So, there exists an
existential formula ¢ such that

beB< AE (D).
Therefore B e t§:4.
<). The claim follows from the inclusion rf‘ - rg . | |

DEFINITION 2
A functional F:A— IR is called majorant-computable if there exists a X-formula ®(s,a,y) and
a [T-formula W(s, a,y) such that the following conditions hold.

1. Forall sew, a €A, the formulas ®(s,a,-) and V(s,a, -) define non-empty intervals <oy, B >
and [, ys].

2. For all a€A, the sequences {<aj, Bs >}scw and {[ds, ¥s]}sew decrease monotonically and
<dag, Bs >C 8, ys] for all sew.

3. For all aedom(F), F(a)=y< ﬂsew <os, Bs>={y} < ﬂsew[&v, ys]={y} holds; for all
agdom(F), ||Nsew [3s, vs]II > 1.
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The formulas ®(s, -,-) and W(s, -, ) define effective sequences {Ds}sc and sequences {Ws}secq. The
sequence {®;}se,, 1s called a sequence of X-approximations for F. The sequence {W}ey is called
a sequence of Tl-approximations for F. As we can see, the process which carries out the computation
is represented by two effective procedures. These procedures produce X-formulas and IT-formulas
that define approximations closer and closer to the result.

Below we will write ¢1(a,-) <@a(a,-) it HF(R) = ¢1(a,y) Aga(a,z) — y <z for all real numbers
v,z. The following theorem connects a majorant-computable functional with validity of finite formulas
in the set of hereditarily finite sets, HF(R).

THEOREM 7 [6]
For every functional F:A — IR the following assertions are equivalent:.

1. The functional F is majorant-computable.
2. There exists X-formulas ¢1(a,y), ¢2(a,y) such that ¢1(a,-) <¢2(a,-) and

Fla)=y< V21V (¢1(a,21) <y <@2(a,22)) A
{zlp1(a, 2} U{z] ga(a, )} =IR\ {y}.

PrOOF. —) Let F': A — IR be majorant-computable. By Definition 2, there exists a sequence {F}scq
of X-approximations for F" and a sequence {W}¢,, of IT-approximations for F. Let

p1(a,y)=(Fscw) (y €8s vsIA (Fre<ay Bs >) (y <2))

and
¢2(a.y)= (Fs€w) (y £[85. vsI A (Fre<as. Be>) (v>2)).
By construction, ¢1 and ¢, are the sought formulas.
<) Let ¢ and ¢ satisfy the requirements of the theorem. Let us construct approximations in the
following way:

Dy(a,y) = FzIv(p1(a.2) Apaa,v) Ay € (2,v) Av—z < 1/s),
W(a,y) = Vz(pi(a,z) = z—y < 1/s) AVz(p2(a,2) > y—z < 1/s).

THEOREM 8
If F:(A, t;:“) — (IR, 7)) is majorant-computable then it is continuous.

ProoOF. It is sufficient to show that the preimage of an open interval with rational endpoints is open
in t§:4. It is easy to see that F_l((ql,qz)) is X-definable by the formula ¥ (a,q1,92)=¢1(a,q1)A
¢(a,q2), where ¢1,¢, are defined in the theorem above. Using Corollary 5, we can eliminate
the rational numbers g1, g> from the formula yr. By Corollary 7 and Corollary 8, F ~l((a,b)) is
open in ré. |

4.2  Majorant-computability and computability

Now we illustrate on an example how we can prove computability of continuous data using the
language of X -formulas, the Uniformity Principle for X-definability and majorant-computability.

Let f€C[0,1]. We extend the language o by two predicates Q(x1,x2,2) =fl[x,,x,] <z and
P(x1,%2,2) = f[x),x0] > Z-
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PROPOSITION 6
Forevery A:{1,2,3} — {1,2,3} there exist X-formulas ¥~ and ¥t inthe language o U{P, O}, which
do not depend on the choice of f and

HF(IR) = P; (a,b,x2,x3) <> ¥~ (P,a,b,x2,x3) and
HF(IR) =0 (a.b,x2,x3) < ¥ 1 (Q.a,b,x3,x3).

PrOOF. We show how to construct the required formulas ¢~ for some A. If A=id(j > 3
then ¥~ (a,b,x2,x3)=b<aVP(a,yz). If \={<1,1>,<2,1>,<3,3>} then ¢ (a,b,xp,x3)=
P(a,b,z). In the non-trivial case, where A={<1,1>,<2,2>,<3,1>}, we have

HF(IR) =Vx; €[a,b]P(x1,x2,x1) <
HF(IR) =xy <aVb<aVv (P(a,xz,a)/\ﬁ’(a,b,xz)) ,

where
0(a,b,x2)= (x2 <bA (P(a,xz,xz)v\/mewﬂtl = (a:to <...
s <t <l 1 =X A N i<y Pis tin1,141)))) V
(P(b,x2,D) A (P(a,b,b)V \/ e 3t1 ... 3tm (a=19 <...
e <ty <yl zb/\/\[SmP(ti»ti+l ,ti+1)))).
Using this equivalence and Theorem 1 we can effectively construct v .
|

In [6] we have shown that a functional F : C[0, 1]" — IR is majorant-computable iff it is computable
in the sense of computable analysis [11]. Now we are going to generalize this result to functionals
F:C[0,1]" x IR™ — IR. It is worth noting that in the proof we essentially use the Uniformity Principle.

THEOREM 9
For every functional F: C[0, 1]" x IR — IR the following assertions are equivalent:

1. The functional F is majorant-computable.
2. The functional F is computable.

ProOOF. Without loss of generality let us consider the case n=m=1. For simplicity of notation,
we will give the construction only for that case, since the main ideas are already contained
here. Let F:C[0,1]xIR— IR be a majorant-computable functional. For f € C[0,1] we denote
Ef(x1,%2,2) =fI[x;,x%1n00,1] <z and Hr(x1,x2,2) =f[x;,x,]n[0,1] > 2. Let us define G: C[O0, 12> 1R
by the rule G(f, g)=F(f, g(V2)). We show that G is also majorant-computable. It is easy to see that

G(f.8) <y«
HF(IR) &= 3x3xp (x1 <X AVx € [x1,02]F(f,x) < yAXxp <g(%) < x2),
G(f.g) >y«
HF(IR) &= Jx;3xp <x1 < xp AVx € [x1,0]F(f,x) > yAx] < g(%) < x2>.

By the the Uniformity Principleand Theorem 1 [6], the formulas Vxe[xy,x]F(f,x) <y, Vx€
[x1,x2]F(f,x) >y are equivalent to Vx € [x1,x2]¢™ (Ef, Hr,x,y) and Vx € [xl,x2]<p+(Ef,Hf,x,y) for
some Y-formulas ¢, ¢, and, by Proposition 6, to X -formulas ¥ ~, ¥ T.
Since
X1 <g(%) <xp <> HF(R) =3udv (u < % < v/\Eg(u,v,xl)/\Hg(u,v,xl)) ,

by Corollary 6, the formula x; < g(¥2) <x» is equivalent to a X-formula in the language o U{E,, H,}.
As we can see the relations G(f, g) <y, G(f, g) >y can be represented by X-formulas in the language
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oU{Es,Hy,Eg,Hg}. So, G is majorant-computable. In [6] we have shown that a functional H:
C[0,1]" — IR is computable iff it is majorant-computable. Hence, G is computable. Since F(f,x)=
G(f,Az.x), F is computable as composition of computable functions.
If F is computable, then G is also computable. By Theorem 3 [6], there exist two X-formulas ¢~
and ¢ such that
G(f,8) <y < HF(IR) =™ (Ey, Hy, Eg, Hy. y),
G(f,g)>y<HF(IR) =9~ (Ey, Hy,Eg, H.y).

If we substitute Eg by U=[0,1] x (x,+00) and H, by U =10, 1] x (—00,x) then we get

F(f,x)<y<HF(R) =9t (Ef, H, U, V., y),
F(f,x)>y<HF(R) =9~ (Ef,Hr,U,V,y).

By Theorem 1 [6], F is majorant-computable. |

4.3 Computably enumerability of Th3(C[0,1]UIR)

For effective reasoning about computable continuous data based on X -definability we have to choose
an appropriate structure M representing these data that has the computable enumerable theory
Tha(M).

In this subsection we show that computably enumerability of Thg(C[0,1]JUIR) follows from
computably enumerability of Th(IR).

Let us denote ocyo,1]={Ef(x1,x2,2), Hr(x1,X2,2)}, where Ef(x1,x2,2) =fx,,x]n[0,11 <2 and
Hp(x1,x2,2) = f[x,x1n[0,1] > 2- First we need the following proposition.

PROPOSITION 7
If ACIR" is X-definable in HF(C[0, 1JUIR) then A is X-definable in HF(IR).

PROOF. LetA be X-definable in HF(C[0, 1]UIR). Using Proposition 5, without loss of generality, we
assume that there exists an effective sequence of existential formulas in the language or Uocyo,17,
{®s(f,%)}sew, such that

xeA< (RUCI0.1]) = \/ I &y(f ).

sew

Since A is open and the set of piecewise linear functions with rational coefficients is dense in
C[0, 1], the existence of the continuous function f is equivalent to the existence of a piecewise linear
function. So,

(C[0, 1JUIR) =3f @s(f, x) <
HF(IR) =/, c,,3bo3ar...by 41 (0<a1 << /\<I>§),

where @7 is obtained from ®; by substitution of formulas Ef(c,d,z) by the following

3k3j(0<k<j<r+1mk<cAd<ajA/\Js':ka<z)v
3i <k-+1(a>d A NiZgbs <z) v
Elk>0<ak<c/\/\;:%bs<z>v

/\gi(l)bS <z,
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and formulas Hf(c,d ,z) by the following

EIkEIj(O<k<j<r+1/\ak<cAd<ajAA£=kbs>z>v
Ji<k+1 (ai>d/\/\§:0bs>z)v

3> 0(ax <cA AL by>2) v

r+1
—obs>z.

By Theorem 1 and Corollary 5, A is X-definable in HF(IR). ||

THEOREM 10
The theory Th3(C[0, 1]JUIR) is computably enumerable.

PRrOOF. Since the procedure described in the theorem above is effective and uniform, computably
enumerability of Th3(C[0, 1JUIR) can be reduced to computably enumerability of Th(IR). |

REMARK 5

It is worth noting that the Uniformity Principleallows us to extend the language ocyo,1] by new
constant symbols for computable functions e.g. sin, cos, exp. We still have computably enumerability
of Th3(C[0, 1JUIR). Indeed, for example, Eg;, (x,y,z) = Va € [x,y]sin(a) < zis X-definable in HF(IR)
by the Uniformity Principle and properties of computable real-valued functions.
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