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DEFINITE MATRIX POLYNOMIALS AND THEIR LINEARIZATION
BY DEFINITE PENCILS*

NICHOLAS J. HIGHAMT, D. STEVEN MACKEY!, AND FRANCOISE TISSEUR/'

Abstract. Hyperbolic matrix polynomials are an important class of Hermitian matrix poly-
nomials that contain overdamped quadratics as a special case. They share with definite pencils
the spectral property that their eigenvalues are real and semisimple. We extend the definition of
hyperbolic matrix polynomial in a way that relaxes the requirement of definiteness of the leading
coefficient matrix, yielding what we call definite polynomials. We show that this class of polynomials
has an elegant characterization in terms of definiteness intervals on the extended real line and that
it includes definite pencils as a special case. A fundamental question is whether a definite matrix
polynomial P can be linearized in a structure-preserving way. We show that the answer to this
question is affirmative: P is definite if and only if it has a definite linearization in H(P), a certain
vector space of Hermitian pencils; and for definite P we give a complete characterization of all the
linearizations in H(P) that are definite. For the important special case of quadratics, we show how a
definite quadratic polynomial can be transformed into a definite linearization with a positive definite
leading coefficient matrix—a form that is particularly attractive numerically.
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1. Introduction. Consider the matrix polynomial of degree ¢,

4
(1.1) P(\) =) NA;,  A;jeCr

Jj=0

We will assume throughout that P is regular, that is, det P(\) £ 0. However, we do
not insist that Ay is nonzero, so £ is part of the problem specification. The polynomial
eigenvalue problem is to find scalars A and nonzero vectors = and y satisfying P(\)x =
0 and y*P(A\) = 0; = and y are right and left eigenvectors corresponding to the
eigenvalue .

A standard way of treating the polynomial eigenvalue problem P(\)x = 0, both
theoretically and numerically, is to convert it into an equivalent linear matrix pencil
L(\) = AX +Y € C*" by the process known as linearization. Formally, L is a
linearization of P if it satisfies

E(A)L(A)F(A):[P(A) 0 ]

0 ITp—1yn

*Received by the editors April 16, 2008; accepted for publication by Q. Ye August 26, 2008;

published electronically May 1, 2009.
http://www.siam.org/journals/simax/31-2/72140.html

TSchool of Mathematics, The University of Manchester, Manchester, M13 9PL, UK (higham@
ma.man.ac.uk, http://www.ma.man.ac.uk/ higham/, ftisseur@ma.man.ac.uk, http://www.ma.man.
ac.uk/"ftisseur/). The work of both authors was supported by Engineering and Physical Sciences
Research Council grant EP/D079403. The work of the first author was also supported by a Royal
Society-Wolfson Research Merit Award.

fDepartment of Mathematics, Western Michigan University, Kalamazoo, MI 49008 (steve.
mackey@wmich.edu). This author’s work was supported by National Science Foundation grant DMS-
0713799.

478

Copyright © by STAM. Unauthorized reproduction of this article is prohibited.



DEFINITE MATRIX POLYNOMIALS 479

for some unimodular F(A) and F(\). This implies that ¢ - det(L(\)) = det(P(\))
for some nonzero constant ¢, so that L and P have the same eigenvalues. The most
widely used linearizations in practice are the companion forms [10, Sec. 14.1]

Cl(/\):/\Xz-i-Y;, 1=1,2,

defined by
(123) Xl :X2 :diag(Ag,In,...,In),
Ay A ... A Ay -1, ... 0
(1.2b) Y; = ] . . L v= AZ._Q 0
. .. .. : : : I
0 . -1, O Ay 0 N 0

In recent work [8], [12] two vector spaces of pencils and their intersection have been
studied that generalize the companion forms and provide a systematic way of generat-
ing a wide class of linearizations. These spaces make it possible to identify lineariza-
tions having specific properties such as optimal conditioning [9], optimal backward
error bounds [7], and preservation of structure such as symmetry [8] or palindromic
or odd-even structure [11]. In this paper we concentrate on matrix polynomials with
symmetric or Hermitian matrix coefficients.

Before discussing our aims, we recall some definitions and terminology. A pencil
L(A) = AX +Y is called Hermitian if X,Y € C"*™ are Hermitian. We write A > 0
to denote that the Hermitian matrix A is positive definite. A Hermitian matrix A is
definite if either A > 0 or —A > 0. Two definite matrices have opposite parity if one
is positive definite and the other is negative definite. A sequence Ag, Ay, As,... of
definite matrices has alternating parity if A; and A;,1 have opposite parity for all j.

DEFINITION 1.1 (definite pencil). A Hermitian pencil L(A) = AX +Y is definite
(or equivalently, the matrices X, Y form a definite pair) if

(1.3) ¥(X,Y):= min V(X 2)2+ (7Y 2)2 > 0.

lzll2=1

The quantity v(X,Y") is known as the Crawford number of the pencil.

DEFINITION 1.2 (hyperbolic polynomial). A matriz polynomial P(\) = Zﬁ:o
M A; is hyperbolic if Ay > 0 and for every nonzero x € C" the scalar equation
2*P(A)x = 0 has ¢ distinct real zeros.

This latter definition, which can be found in Gohberg, Lancaster, and Rodman
[4, Sec. 13.4], for example, does not explicitly require the A; for i < £ to be Hermi-
tian. However, the fact that the coefficients a;(x) = z*A,z, j = 0:4, of the scalar
polynomial z*P(\)x = Eﬁ:o M a;(x) are real-valued functions of x € C™ (since their
roots are real and the leading coefficient is real) has this implication.

Definite pencils and hyperbolic polynomials share an important spectral property:
all their eigenvalues are real and semisimple. In light of this commonality as well as
the possibility of giving them analogous definitions, it is natural to wonder whether
every hyperbolic P can be linearized by some definite pencil. In particular, can this
always be done with one of the pencils in H(P), a vector space of Hermitian pencils
associated with P studied in [8]? In the case of the quadratic Q(\) = N2A + AB + C
with A, B, and C Hermitian and A > 0, Barkwell and Lancaster [2] and Veseli¢ [16,
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480 N. J. HIGHAM, D. S. MACKEY, AND F. TISSEUR

Thm. A5] show that @ is hyperbolic if and only if the Hermitian pencil

0 Lo =al3 5]+ [ ol

is definite. We will show that Lo is just one of many definite pencils in H(Q).

Our contributions in this paper are, first, to propose an extension of the definition
of hyperbolicity for a matrix polynomial that retains all the spectral properties of
hyperbolic polynomials and in the linear case (¢ = 1) is equivalent to definiteness
of the pencil. Second, we prove that a Hermitian matrix polynomial P(\) has a
definite linearization in H(P) if and only if P is hyperbolic in this extended sense.
For these reasons we will refer to this class of extended hyperbolic polynomials as
definite polynomials. Furthermore, for a definite P we give a complete characterization
of all the linearizations in H(P) that are definite. Finally we specialize to definite
quadratics Q(A). In particular, we explain how @ can be linearized into a definite
pencil L(A) = AX +Y with X > 0, a form that is particularly attractive numerically.

An important theme of this work is the preservation of the definiteness of a
polynomial in the process of linearization. As such, this work continues the study of
structure-preserving linearizations begun in [8] and [11].

While our extension of the notion of hyperbolicity is mathematically natural, and
fruitful in terms of the various properties it yields, it is also of practical relevance.
To explain why, we note that in acoustic fluid-structure interaction problems a non-
Hermitian generalized eigenvalue problem arises with pencil of the form [1, Chap. §]

My 0 K, —Mz,
CU[Mfs Mf}r{o K] }
where M, K, € C**" and My, Ky € C™*™ are Hermitian positive definite. Multi-
plying the first block row by —w yields the Hermitian quadratic polynomial

2 _MS O _Ks M}ks 0 0
Q(w)—w[ 0 ol My, M, 1o K|
This polynomial is not hyperbolic because its leading coefficient matrix is not positive
definite; nor is the reversed polynomial w?Q(1/w) hyperbolic. However, Q is a definite

polynomial, so that all the theory developed in this paper applies to it. To see why
this is so, observe that for sufficiently small, positive €, the matrix

Q(—e) = |:_62£§\;;:KS —d_\;ﬁsfff}
is congruent to the positive definite matrix
—€2M, + €K, 0 }
0 —er+Kf—erS(KS—eMS)_lM}‘S ’
that is, Q(—e€) > 0. Similarly, with P the permutation matrix [ISL Ig} we have
2
which is congruent to
€My + 2Ky 0 ]
0 —MS—eKS—eM}‘S(Mf—l—er)*leS '
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DEFINITE MATRIX POLYNOMIALS 481

A=0
A<0 A>0
- +
A=o00
N
\ e}
+ A=o00
A>0 A0
A=0

Fi1c. 2.1. Correspondence between X and (a, 3). Note the two copies of RU{oo} represented by
the upper semicircle and lower semicircle.

For e negative and sufficiently close to 0 this matrix is negative definite, that is,
Q(e71) < 0. Thus there exist distinct ¢; < 0 and ez < 0 such that Q(e;) < 0 and
Q(e2) > 0. It then follows from Theorem 2.6 below that the quadratic @ is definite.

2. Definiteness and hyperbolicity. We will use the homogenous forms of the
degree ¢ matrix polynomial P(\) = Zﬁ:o N Aj and pencil L(\) = AX +Y, which are
given by

4
Plo,f) =Y o?p774;,  L(a,f) = aX + BY.
j=0

Then A is identified with any pair (o, 8) # (0,0) for which A = «/3. Without loss of
generality we can take o? 4+ 32 = 1, giving the pictorial representation in Figure 2.1
of the “unit circle” RU{oo} and the correspondence between A and (o, 3). Note that
the unit circle contains two copies of R U {oo}, since (o, 8) and (—«, —f3) correspond
to the same A € R U {oo}.

We say that the matrix polynomial ﬁ(&, B) is obtained from P(«, 8) by homoge-
nous rotation if

(2.1) {g] = [z _CS} {%], c,s €R, A+s2=1,

and
P(a,B) =Y o?B'TA; = (ca—sp) (sa+cB)7A; =) &I A; == P(a,p).
Jj=0 j=0 j=0
It is easily checked that A, = P(c,s) and Ay = P(—s,c). Further relationships

between P and P are given in the following lemma.
LEMMA 2.1. Suppose P(a,3) is obtained from P(a, ) by homogenous rotation
with (v, B) and (&, 3) related by (2.1).
(a) P is positive definite at (a,3) if and only if P is positive definite at (&, 3).
More generally, the signatures of the matrices P(«, 3) and ]5(&,5) are the
same.

Copyright © by STAM. Unauthorized reproduction of this article is prohibited.



482 N. J. HIGHAM, D. S. MACKEY, AND F. TISSEUR

(b) 2*P(a, B)z = z*P(a, B)x for all nonzero x € C™.
(¢) The eigenvectors of P and P are the same, but the corresponding eigenvalues
are rotated. _ o

Proof. Since for any («, 5) and (a, 8) related by (2.1), P(«, §) and P(a, ) are
exactly the same matrix, the proof is straightforward. d

Since a Hermitian pencil L(A) = AX +Y is definite if its Crawford number v(X,Y)
in (1.3) is strictly positive, it is clear that a sufficient condition for definiteness is
that one of X and Y is definite. However, it is the definiteness of a suitable linear
combination of X and Y that characterizes definiteness of the pair, as shown by the
following lemma, which is essentially contained in [14], [15, Thm. 6.1.18] (see [15,
p. 290] for references to earlier work on this topic).

THEOREM 2.2. A Hermitian pencil L(\) = AX +Y is definite if and only if L(u)
is a definite matriz for some p € RU {00}, or equivalently if L(a,3) > 0 for some
(o, B) on the unit circle.

Definite pairs have the desirable properties that they are simultaneously diag-
onalizable under congruence and, in the associated eigenproblem L(A)z = 0, the
eigenvalues are real and semisimple [15, Cor. 6.1.19].

Recall that, by definition, for a hyperbolic matrix polynomial P(\) = Zf:o A,
the equation z*P(A)x = 0 has ¢ distinct real zeros for « # 0, and hence P has real
eigenvalues. For such a P let

A(x) > Aa(x) > -+ > Ae(x)

be the roots of z*P(\)zx for some nonzero x € C". Markus [13, Sec. 31] (see also [4,
Sec. 13.4]) shows that the eigenvalues of P are distributed in ¢ disjoint closed intervals

(22) Ij = {/\j(ﬁ) cxeCn ||{EH2 = 1}, j= 1: 4.

Markus [13, Lem. 31.15] gives, moreover, the following characterization of hyperbolic-
ity. In this result and below, we write P(u) when we are considering the definiteness
of the matrix P(u) € C**", and reserve the notation P(\) for the matrix polynomial.

THEOREM 2.3 (Markus’s characterization of hyperbolicity). Let P(\) = 2520
N Aj be a Hermitian matriz polynomial of degree ¢ > 1 with Ay > 0. Then P is
hyperbolic if and only if there exist p; € R such that

(2.3) (1) P(u;) > 0, j=14-1, W1 > g > e > g

These properties combine to give a useful “definiteness diagram” that summarizes
many of the key properties of hyperbolic polynomials.

THEOREM 2.4. A hyperbolic polynomial P(\) = 2520 N A;, with eigenvalues
Ain < -+ < A1, has the properties displayed in the following diagram, where the
closed shaded intervals are the I; defined in (2.2) and the matriz P(u) is indefinite
(i.e., has both positive and negative eigenvalues) on the interiors of these intervals:

(VPG>0 () P(u)>0 PG>0 P<O L P(u)>0
— ¢ — ~ —— ~ =
— e /=== — ——+00
)‘En A(f—l)"‘i'l >‘2n >‘71+1 An )‘1
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DEFINITE MATRIX POLYNOMIALS 483

Proof. The proof is essentially a matter of counting sign changes in eigenvalues.
Since Ay > 0, P(u) > 0 for all sufficiently large p. Since A is the largest eigenvalue
of the polynomial P(\), P(A1) is singular and P(y) is nonsingular for 1 > A;. Hence
we must have P(u) > 0 for p > \;. Likewise, (—1)*P(p) > 0 for u < Agp,.

As 1 decreases from A; the inertia of the matrix P(u) changes only at an eigen-
value of P()), and at a k-fold eigenvalue of P()) the number of negative eigenvalues
of P(u) can increase by at most k. Hence any number u; for which P(u1) < 0 sat-
isfies p11 < A,. Similarly, any number p,_; for which (=1)*"1P(us_1) > 0 satisfies
A(t—1)nt1 < pe—1. By continuing this argument we find that the points pe—1,..., 1
satisfying (2.3) can be accommodated in the diagram only by placing them in the
bracketed intervals and that P must be indefinite inside each of the shaded intervals.
Finally, it is easily seen that the shaded intervals are precisely the Z; in (2.2). O

Note that hyperbolic pencils L(A\) = AX + Y are definite since their coefficient
matrices are Hermitian with X > 0. However, a definite pair is not necessarily
hyperbolic in the standard sense since X and Y can both be indefinite. We can now
make a definition of definite polynomial that extends the notion of hyperbolicity and
is consistent with the definition of definite pencil.

DEFINITION 2.5 (definite polynomial). A Hermitian matriz polynomial P(\) =
Zﬁ:o N Aj is definite if there exists p € RU{oo} such that the matriz P(u) is definite
and for every nonzero x € C" the scalar equation x*P(N)x = 0 has ¢ distinct zeros in
R U {o0}.

To see the consistency of the definition take a definite P and homogeneously
rotate P into P so that u corresponds to oo, that is, 4 = «/f3 corresponds to i =
a/B = 1/0 = oo (this can be done by setting ¢ = a and s = 3 in (2.1)); then
by Lemma 2.1, P(u) = Ay > 0. If 2*P(A\)x = 0 has distinct roots in R U {oo}
then z*P(A\)x = 0 has real distinct zeros (and no infinite root since Ay > 0). Here
we adopt the convention that z*P(\)z = Zﬁ:o aj(x)N has a root at co whenever
a¢(z) = 0. Thus P()) is hyperbolic. Hence any definite matrix polynomial is actually
a “homogeneously rotated” hyperbolic matrix polynomial. By Lemma 2.1 all the
spectral and definiteness properties of hyperbolic polynomials are inherited by definite
polynomials as long as we interpret “intervals” homogeneously on the unit circle; see
Figure 2.2.

Note that, for a matrix polynomial P(«, 3) of degree ¢ in homogeneous variables
a, 3, we have P(—a, —3) = (—1)*P(a, 3). Thus for odd degree Hermitian polynomials
P(—a,—f) and P(«a, ) have opposite signature for any («, 8) on the unit circle and
hence an antisymmetric (through the origin) definiteness diagram (see Figure 2.2 (a)).
An even degree Hermitian polynomial has P(—«,—() and P(«, ) with the same
signature for any («, 3) on the unit circle and hence a symmetric (through the origin)
definiteness diagram (see Figure 2.2 (b)). By virtue of this (anti)symmetry the left-
most definiteness semi-interval in Theorem 2.4, that is, {y < Ag, : (—1)*P(pn) > 0},
together with the rightmost definiteness semi-interval, {yx > Ay : P(p) > 0}, can
be considered as one definiteness interval and any hyperbolic matrix polynomial of
degree ¢ can be regarded as having ¢ distinct definiteness intervals (and not £ + 1 as
the diagram of Theorem 2.4 might suggest).

In view of the connection between hyperbolic polynomials and definite polyno-
mials via homogeneous rotation we have the following extension of Markus’s charac-
terization of hyperbolic matrix polynomials in Theorem 2.3. Unlike the latter result,
ours is valid for £ = 1.

THEOREM 2.6 (characterization of definite matrix polynomial). A Hermitian

matriz polynomial P(\) = 2520 N A; is definite if and only if there exist v; € R U
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484 N. J. HIGHAM, D. S. MACKEY, AND F. TISSEUR

L>0
L<0 -
0 0
g + / )
ool ) ® © o e
+ - + /
0 0
° L>0
L<0
X >0, Y indefinite X indefinite, Y > 0 X, Y both indefinite
(a) Definite pencils L(a, 8) = aX + gY.
Q<O
Q<0 ° Q>0
e 0 Q>0 0

- + - + \Q<0

DN ES

+ - Q<0 T >
Q>0 0 0
Q T~ e
Q<O Q>0
A>0,B>0,C >0 (overdamped) A>0,C<0 A, C both indefinite

(b) Definite quadratics Q(a, 8) = o*A + afB + B*C

Fi1c. 2.2. Ezamples of definiteness diagrams for (a) definite pencils and (b) definite quadratics.
The shaded arcs are the arcs of indefiniteness.

{o0} with v > 11 > 72 > -+ > -1 (Y = oo being possible) such that P(vo),
P(y1),..., P(vi—1) are definite matrices with alternating parity.

3. Hermitian linearizations. We recall some definitions and results from [8],

[12]. With the notation

(3.1) A=A 1)T e,
where ¢ = deg(P) and F = C or R, define two vector spaces of fn x ¢n pencils
LN =XX+Y:
(3.2) 1(P)={L\): LN (A®I,) =v®P(\), veF'},
(3.3) o(P)={L(\): AT®I)L(A)=wT®P(A),weFf},
where ® is the Kronecker product [10, Chap. 12]. The vectors v and w are referred to

s “right ansatz” and “left ansatz” vectors, respectively. It is easily checked that for
the companion forms in (1.2), Ci(A) € Ly (P) with v = e; and C2(\) € Lo(P) with

w = e1, where e; denotes the ith column of I,. For any regular P almost all pencils
in Ly (P) and Ly (P) are linearizations of P [12, Thm. 4.7]. The intersection

(3.4) DL(P) = Ly (P) NLy(P)

is of particular interest, because there is a simultaneous correspondence via Kronecker
products between left and right eigenvectors of P and those of pencils in DL(P). Two
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DEFINITE MATRIX POLYNOMIALS 485

key facts are that L € DL(P) if and only if L satisfies the conditions in (3.2) and
(3.3) with w = v, and that every v € F’ uniquely determines X and Y such that
L(A\) = AX +Y is in DL(P) [8, Thm. 3.4], [12, Thm. 5.3]. Thus DL(P) is an ¢-
dimensional space of pencils associated with P. Just as for L, (P) and Ly (P), almost
all pencils in DL(P) are linearizations when P is regular [12, Thm. 6.8]. Define the
block Hankel, block j x j matrices

. ﬁ[ Ajfl...Al AQ
Lj: ' 'Zfl , uj:
K e : Al e
AcAp 1 . Al Ag

It is shown in [8, Thm. 3.5] that the jth standard basis pencil in DL(P) with ansatz
vector e; (j = 1:£) can be expressed as

L; 0
(35) Loy =3 -Xe, %= ).
(L; and U; are taken to be void when j =0.)
Now for a Hermitian matrix polynomial P()\) of degree ¢, let

(3.6) H(P):= {AX +Y €Li(P): X* = X, Y* =Y}

denote the set of all Hermitian pencils in L (P). It is shown in [8, Thm. 6.1] that H(P)
is the subset of all pencils in DL(P) with a real ansatz vector. In other words, for each
vector v € R’ there is a unique Hermitian pencil in H(P) defined by E§:1 v;i(AX; +
X;—1) with X as in (3.5), and every pencil in H(P) can be written in this way.

4. Definite linearizations. In this section, L(A) = AX + Y is an element of
H(P) with ansatz vector v € R¥, where ¢ is the degree of P. We begin with the
statement of our two main results.

THEOREM 4.1 (existence of definite linearizations). A Hermitian matriz polyno-
mial P(\) has a definite linearization in H(P) if and only if P is definite.

We denote by D(P) the subset of all definite pencils in H(P), i.e.,

D(P)={L € H(P): L is a definite pencil } C H(P).

Note that since every definite pencil is regular, by [12, Thm. 4.3] any pencil in D(P)
is automatically a definite linearization of P. With a vector v € R’ we associate a
scalar polynomial

¢
p(\;v) :=vTA= Zvi)\é*i,
i=1

referred to as the v-polynomial. We adopt the convention that p(A;v) has a root at
oo whenever v = 0.

THEOREM 4.2 (characterization of D(P)). Suppose the Hermitian matriz polyno-
mial P of degree { is definite and L(\) = AX +Y € H(P) with ansatz vector v € R.
Then L € D(P) if and only if the roots of p(x;v), including co if vi = 0, are real,
simple (i.e., of multiplicity 1), and lie in distinct definiteness intervals for P. More-
over, L(a, B) = aX + BY s a definite matriz if and only if L € D(P) and («, 3) lies
in the one definiteness interval for P that is not occupied by a root of p(x;v).

The rest of this section is devoted to the proofs of these two theorems.
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486 N. J. HIGHAM, D. S. MACKEY, AND F. TISSEUR

4.1. Ansatz vector conditions. The first task is to eliminate from further
consideration any ansatz vector v € R such that p(x; v) has either a complex (nonreal)
root or a real root (including oo) with multiplicity 2 or greater. Synthetic division
carried out by Horner’s method is one of the key ingredients for this task.

LEMMA 4.3. Let p(x) = ag + a1x + - -- + amaz™ and denote by ¢;(s), i = 0:m,
the scalars generated by Horner’s method for evaluating the polynomial p at a point
s, that is,

qo(8) = am, qi(s) = 5¢i—1(8) + am—, i=1l:m.
Define the degree m — 1 polynomial
G5 () := qm—1(5) + gm—2(s)z + -+ q(s)™ ¥ 4+ qu(5)2™ 2 4 go(s)2™ .

Then we have the following:

(a) p(x) = (x — 5)gs(x) + p(s)-

(b) If s is a root of p(x) then p(x) = (x — s)gs(z) and gs(x) = am, ijll(x —T),

where r1,T2,...,T"m_1 are the other roots of p.

(¢) If r and s are distinct roots of p(x) then qs(r) = 0.

(d) s is a root of p with multiplicity at least two if and only if gs(s) = 0.

Proof. (a) is a standard identity for Horner’s method; see, e.g., [6, Sec. 5.2].
(a) = (b) is immediate, and (b) implies (c) and (d). O

In what follows we often use A in (3.1) with an argument:

Alr) = [7,5—1’ P2 1]T )

We will need to refer to the following result from [12, Lem. 6.5].

LEMMA 4.4. Suppose that L(\) € DL(P) with ansatz vector v and p(x;v) is the
v-polynomial of v. LetY; denote the jth block column of Y in L(\) = AX +Y, where
1<j<¢—1. Then

(AT(x) ® 1) Y} = qj—1(x;0) P(x) — zp(w;v) Pj_1 (x),

where q;—1(x;v) and Pj_1(x) are the scalar and matriz generated by Horner’s method
for evaluating p(z;v) and P(x), respectively, as in Lemma 4.3.

We recall an operation on block matrices introduced in [12] that is useful for
constructing pencils in L; (P). For block ¢ x ¢ matrices X and Y with n x n blocks
Xi; and Yjj, the column-shifted sum X H>Y of X and Y is defined by

X1 ... X1 O 0 Y1 ... Y
XBY = | : R I R | e it
X ... Xee O 0 Y ... Y
where the zero blocks are n x n. It is shown in [12, Lem. 3.4] that

(4.1) L()\) € Ly(P) with ansatz vector v € F¥ & XBY =v®[A; Ar—1 ... Al

We can now prove the following result.
LEMMA 4.5. Suppose P is a Hermitian matriz polynomial and L € H(P) with
ansatz vector v. If either
(a) the v-polynomial p(x;v) has a (nonreal) complex conjugate pair of roots s and
3, or
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DEFINITE MATRIX POLYNOMIALS 487

(b) p(x;v) has a real root s with multiplicity at least 2, or

(¢) oo is a root of p(x;v) with multiplicity ot least 2, i.e., v = vy =0,
then L is not a definite pencil.

Proof. To prove parts (a) and (b) we use a congruence transformation S(aX +
BY)S* so as to preserve and reveal the nondefiniteness of L(a, §) = aX + fY. Let

Ir1 O

TTLTA)

® In,

where s is the given complex (or multiple real) root of p(x;v). Using Lemma 4.4
together with p(s;v) = 0, we see that the bottom block row of SY has the form

(SY)e: = [ao(siv)P(s) aqu(s;v)P(s) ... qe-2(siv)P(s) [4]],

where the scalars g;(s;v), j = 0: £ — 2 are generated by Horner’s method for p(s;v) as
in Lemma 4.3. Observe that S - L(\) is no longer in H(P) but is still in IL; (P), since

Ii—1 O
S LNA®I) =S (veP(\) = < ilTlT ®In> (v® P())
U1 U1
(%) (%)
= : ®P(A) = C | ®@P,
Vo—1 Ve—1
p(s;v) 0
so that we can use the column shifted sum to deduce the structure of SX and SY.
Since the right ansatz vector of S+ L()) is [v1,...,ve—1,0]7, we know from (4.1) that

the bottom block row of the shifted sum SX BH>SY must be zero. Thus the bottom
block rows of SX and SY are

(SX)e:=—[0 qo(s;0)P(s) qi(s;v)P(s) ... qe—2(s;v)P(s)],
(SY ). = [qo(s;v)P(s) aqi(s;v)P(s) ... qe—2(s;v)P(s) O0].

From this we can now compute the (¢, £)-blocks of SXS* and SY S*,

(SXS5) g0 = (5X)g,. 55 = (5X)y,. (A(5) ® In) = =45(5;0) P(s),
(Y50 = (SY)e, (A() ® 1) = 54.(5: ) P(s)

where gs(z;v) = Zﬁ;g qj(s;v)x*=772. But gs(3;v) = 0 by Lemma 4.3 (c) for part (a)
or Lemma 4.3 (d) for part (b). Thus [S(aX + gY)S*],, = 0 for all (o, 5) on the
unit circle, showing that X + 3Y is not a definite pencil.

For the proof of part (c) we observe from (3.5) that for the standard basis pencils
L3, Ly, ..., Ly for H(P) with ansatz vectors es, ey, . . . , g, the (1, 1) block is identically
0. Thus for any ansatz vector v € RY with v; = vy = 0, the corresponding L(\) =
AX +Y € H(P) has zero (1,1) blocks in X and Y, so that («X + Y )11 = 0 for all
a, . Hence aX + (Y is not a definite matrix for any («, 5) on the unit circle, and L
is therefore not a definite pencil. d

In light of Lemma 4.5, we now assume throughout the remainder of section 4 that
the ansatz vector v € R’ is such that p(z;v) has ¢ — 1 distinct real roots (including
possibly co when v; = 0).
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The second major step in the proof of Theorems 4.1 and 4.2 is to block-diagonalize
the pencil aX + 8Y by a “definiteness-revealing” congruence. The generic case v1 # 0
is treated first in its entirety; then we come back to look at v; = 0, vo # 0, and see
which parts of the argument for v; # 0 must be modified to handle this case.

4.2. Case 1: vy # 0. As before, L(\) € H(P) C DL(P). Let r,72,...,r¢—1 be
the finite real and distinct roots of the v-polynomial p(x;v). We start the reduction
of aX 4 BY to block diagonal form by nonsingular congruence with the matrix

(4.2) S=[er A(r) Alra) ... Alre—)]" @ 1I,.

It is easy to verify that S - L(\) € L;(P) with right ansatz vector vie;. SY has the
form

’UlAg,1 — ’UgAg ’UlAg,Q — ’U3Ag N ’UlAl — UgAg ’UlAQ
qo(r1;v)P(r) q(ri;v)P(r1) ... qea(ri;v)P(r1)
SY = LIO(Tz; U)P(Tz) L11(7"2; U)P(Tz) s qg—z(Tz; U)P(Tz)
qo(re—1;v)P(re—1)  qu(re—1;0)P(re—1) ... qe—2(re—1;0)P(re-1)

for block rows 2: ¢ this is obtained by using Lemma 4.4 repeatedly on block columns
1:/—1 of Y, while the form of the first block row follows from that of ¥ on using the
basis elements in (3.5) (since L(A) € DL(P)). Combining this with the shifted sum

property in (4.1), SXESY =vne1 ® [Ar ... Ap], we find that
rug Ay Vo Ay .. vpAy
ox — O —qo(rl;:U)P(rl) e —qg,g(rl:; v)P(r1) |
L O —qO(Tg_l;.’U)P(Tg_l) e —L]g_z(’l"g_l.; v)P(re—1)
v1Ap_1 — v Ay ... v1 A1 — v Ay v1 49
oy — qo(71; ?)P(Tl) e qé—Q(Tl;:U)P(ﬁ) 0
—QO(TE—l;l;)P(TE—l) qg—2(TE—1;.U)P(7“£—1) 0

Completing the congruence by right multiplication with S* yields the two Hermitian
matrices

v1 Ay 0 0 0
0 ~Gry (r1)P(r1) —Gry (r2)P(r1) .. =Gry(re—1)P(r1)
SXS* — 0 ~Gry(r1)P(r2) —Gry(r2)P(r2) .. —=Gry(re—1)P(r2) ,
0 —Gr,y(r1)P(re—1) —rp_ (r2)P(re-1) oo oy (re—1)P(re-1)
SYS* =
’UlAgfl — ’U2Ag U1P(’r‘1) le(rg) . ’l}lp(rg,l)
v1P(r1) G (r)P(r1) 112G (r2)P(r1) oo 1e-1Gry (re—1)P(r1)

v1P(r2) TG, (r1)P(r2)  712Gr, (r2)P(r2) ... Te—1Gry (1e—1)P(12)

v1P(re-1)  11Gr,_, (11)P(re—1) 72Gr, , (r2) P(re—1) - - Te—1Gry_, (re—1) P(re-1)
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But by Lemma 4.3 (c), @, (r;) = 0 for i # j so that all the off-diagonal blocks in the
trailing principal block (¢ — 1) x (¢ — 1) submatrices of SXS* and SY S* are zero.
Combining these results gives the arrowhead form

M() ’Ulﬁp(Tl) ’Ulﬁp(Tg) Ulﬁp(Tg_l)
UlﬂP(T‘l) ulp(rl) 0 0
S(aX +pY)S" = | vifP(rz) 0 paP(ra) - E ;
: : 0
v1BP(re-1) 0 0 pe—1P(re-1)
where
(4.3) My = avi Ag + B(viAe—1 — v240),
(4.4) i = (ri8 — @) ar, (1), i=1:0—1.

From the form of the diagonal blocks uP(r¢) we can already deduce two necessary
conditions for aX + BY to be definite:
1. («, 8) must be distinct from the roots r, = (rg, 1) in the homogeneous sense.
2. Each root r; must lie in some definiteness interval for P.
A sequence of ¢ — 1 more congruences eliminates the rest of the off-diagonal blocks.
This begins with a congruence by

/J,1| —’Ulﬂ 0 ... 0

I, =5
0 | I !
in order to eliminate the (1,2) and (2,1) blocks:
M, 0 vifmP(re) ... vifuiP(re—1)
0 ,ulP(rl)
$18(aX + pY)S*S; = | viBmP(r2) p2P(rs) :
V1B P(re—1) pe—1P(re—1)
where My = p3 My — v?3%u1 P(r1). With
5, = jIO 00 0 0 ] sy

where 0; = —v13 Hi;ll i is the (1,7 + 1) entry of Sj, it can be proved by induction
that after k£ such “eliminations-by-congruence” we have
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Se...S18(aX + BY)S*S; ... S; =

M, 0O ... 0 UlﬂHMj' (Tk+1) U15H/LJ (re-1)
=1
0 p1P(ry)
0 ,ukP(rk)
vlﬂH pj - P(rie1) pur1 P (T
vlﬂHMJ (re—1) poe—1P(re—1)

where

k k Ko/ k
(4.5) My =1Tm- (11w 'Mo—U%ﬂQZ<HNj>P(T)
j=1

j=1 =1 \ =t
Thus after completing all £ —1 eliminations-by-congruence we have the block diagonal
form

M

1 P(r1)
(4.6) Sp—1...515(aX + BY)S*S;...S;_, = . :

te—1P(re—1)

where M = M,_; is given by (4.5) with k replaced by ¢ — 1. Quite remarkably, M
simplifies to just a scalar multiple of P(«, 3):

-1 -
HqArj(rj) H (a —r;B) - P(a, B).
i=1 i=1

The proof of this simplification for M, which involves some tedious calculations, is
left to Appendix A. The block diagonal form in (4.6) can be simplified even further;

a scaling congruence removes the squared term [Hf;} Gr, (r;)]? from the (1,1) block,
and vy can be factored out of each p; = (r;8 — a)g,, (r;) since from Lemma 4.3 (b),
Gri(ri) = v1]l;4(ri —7j). Thus we see that aX + BY is congruent to the block
diagonal form

~0—1 -

[[(a=7iB) - P(e.8)

. (B — )] — 1) - Pr1)
(4.7) (3 gl_;é[l

(TZ—l.ﬁ — a) H (T[_l — Tj) . P(T[—l)

L GA0—1 J
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77777777777777777 . e 'ya‘>0

g’”{]<0

F1a. 4.1. Pictorial representation of (4.8).

This block diagonalization allows us to make the connection between definiteness of
the polynomial P and definiteness of the matrix aX + Y.

We first make the convention that («, ) lies in the upper half-circle, since replac-
ing (a, 8) with (—a, —0) changes the signs of all the diagonal blocks and hence does
not affect the definiteness or indefiniteness of X + BY. The finite roots ry,...,r¢—1
can be viewed in homogeneous terms as vectors (r;, 1) in the upper («, 3)-plane. Each
diagonal block in (4.7) is a scalar multiple of P evaluated at one of the constants in
the set R = {(a, 8),71,72,...,70—1}. For any v € R, the scalar in front of P(vy) can
be interpreted as a product of £ — 1 factors in which ~ is compared with each of the
other £ — 1 constants in R via 2 x 2 determinants:

a
‘ ’I ﬁ :’Yﬂ_oﬁ ‘ ’])_/ i] =7 T]7
(4.8)
a T
or g 1 =a—r;f wheny=(a,0).

The sign of any of these determinants is positive for any constant in R that lies
counterclockwise from ~, and negative for any that lie clockwise from +; see Figure 4.1.

Consequently the sign of the whole scalar multiple of P(y) reveals the parity of
the number of constants in R that lie clockwise from . Hence from (4.7) we see that
when P is definite any choice of (a, 3) and finite 71,79, ...,7¢—1 to be placed, one in
each of the ¢ distinct definiteness intervals for P in the upper half-circle, will result in
a definite matrix aX + Y and hence a definite pencil L(\) = AX +Y € H(P). This
proves the “if” part of Theorem 4.1.

Now suppose there exists a definite pencil X + Y in H(P). We first assume
that v; # 0. By a final permutation congruence, we rearrange the diagonal blocks
in (4.7) so that the vectors («, 3), (r;,1), i = 1:£ — 1 at which P is evaluated are
encountered in counterclockwise order (starting with oo if (a, 3) = o) as we descend
the diagonal. With this reordering of blocks, the scalar coefficient of P in the (1,1)
block will be positive, and the rest of the scalar coefficients will have alternating signs
as we descend the diagonal. Thus in order for aX + BY to be a definite matrix, the
definiteness parity of the matrices P(r;), P(a, ) must also alternate as we descend
the diagonal. Thus by Theorem 2.6, we see that the existence of a definite pencil
in H(P) with v; # 0 implies that P must be definite. Now if there exists a definite
pencil in H(P) with v; = 0, vo # 0 then, since pencils in H(P) vary continuously
with the ansatz vector v € R’, and definite pencils form an open subset of H(P), a
sufficiently small perturbation of v; away from zero will result in a definite pencil in
H(P) with v; # 0 and thereby imply the definiteness of P. Thus the existence of
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any definite pencil in H(P) implies the definiteness of P. This completes the proof of
Theorem 4.1.

To complete the proof of Theorem 4.2 characterizing the set of all definite pencils
in H(P) we need to consider the case where one of the roots r; of p(z;v) is co (or
equivalently, v; = 0), assuming that one of the definiteness intervals of P contains oco.

4.3. Case 2: v; = 0, v3 # 0. We can no longer start the block diagonalization
of aX + Y with S as in (4.2), since one of the roots r; is co. Instead, we use all
available finite (real) roots r1,79,...,7—2 and let

S=ler e Alr1) Alra) ... Alri_s)]" @1,.

By arguments similar to those used in subsection 4.2, we find that

0 UQA[ UgAg . UgAg
vo Ay v Ap_1 +v3Ay v3Ap_1 + v Ag S veAp_1
SX = 0  —qo(ri;v)P(r1) —qi(ri;v)P(r1) ... —qe—2(r1;v)P(r1)
0 —qo(re—2;v)P(re—2) —qi(re—2;v)P(re—2) ... —qe—2(re—2;v)P(re—2) |
[ _'UQA[ —UgAg e —’UgAg 0 1
—u3Ay Voo —v3Ap_1 —vaAp ... A1 —viAi1 124
SY = qo(r1;v)P(r1) q1(r1;0)P(r1) coo qe—2(r1;v)P(r1) 0
| qo(re—2;v)P(re—2)  qu(re—2;v)P(re_2) oo qua(re—2;v)P(re—2) 0. |

Note that go(z;v) = v1 = 0 and q1(z;v) = v1z+ v2 = v2. Using these and completing
the congruence by right multiplication with S* yields

0 v Ay 0 . 0
voAp oAy +v3Ay 0 e 0
Sxs* =1 0 0 ~Gry (r1)P(r1) oo =Gry (re—2)P(r1)
0 0 ~Gr, 5 (T1)P(re—2) ... =Gy, ,(re—2)P(re-2)
SYS* =
—v2 A, —v3Ay 0 0
—v3Ay vA,_o —v3A,_1 — VA, v2P(r1) e vaP(re—2)
0 UgP(’I‘l) Tlaﬁ (Tl)P(Tl) N Te_z/q\n (T[_Q)P(Tl)
0 vaP(ry_s) T1Gry_y(T11)P(re—2) ... 7Te-2Gr, ,(Te—2)P(r¢—2)

But by Lemma 4.3 (c), all the off-diagonal blocks in the bottom right (¢ —2) x (£ —2)
block submatrices of SXS* and SYS* are zero. Hence

—v23Ap (voax — v33) Ag 0 e 0
('UQO[ — Ugﬁ)Az NO ’Uzﬁp(rl) N UQ/@P(TE_Q)
S(aX +BY)S = 0 v2BP(r1) i P(r1) :
6 Uzﬁp.(w—z) . pe—2P(re—2)
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where Ny = a(vaAi—1 + v3Ay) + B(vaApr—o — v3As—1 — v4Ay), and the p; = (18 —
a)@qy, (r;) are the same as in Case 1. Note that because of —v9(3A4, in the (1,1) block,
choosing = 0 results in a X + Y not being a definite matrix. Thus we cannot choose
(a, B) to be 0o, which is entirely consistent with Case 1, where we had to choose («, )
to be distinct from all the r;. From now on, then, we assume that g # 0. Note that
the blocks p; P(r;) on the diagonal of this condensed form once again show that each
r; must lie in some definiteness interval for P, and that («, 3) must be chosen distinct
from all the finite roots ry,rs,...,7rs_o; otherwise X + BY will not be a definite
matrix.

The next step in the reduction is to eliminate the blocks in the second block row
and column that are of the form vo8P(r;), using ¢ — 2 congruences analogous to the
ones used in Case 1. The first of these is by the matrix

1|
p1 o —v2f3
Sl = 1 ® Ina
1
yielding
S158(aX + BY)S*S; =
[ —v98Ap w1 (vaa — v33) Ag 0 ... 0 1
w1 (vaee — v35) Ap Ny 0 vo B P(r2) va B P(re—1)
0 0 MlP(Tl) 0 0
vaBu1 P(r2) 0 p2P(r2)
: : : . 0
L 0 UQﬁ,LLlP(Tg_l) 0 NP 0 ‘LL[_QP(T'E_Q)

where N1 = 3Ny — v33?u1 P(r1). Continuing in analogous fashion we ultimately
obtain

Se_g...515(aX +BY)S*S; .S, =

s —va3A, TTi25 wi - (va — w3 ) Ay
[Li=1 mi - (vacr — w33) Ag Ny_o
p1P(r1)

pe—2P(re—2)

where Nia = T1'2% sty - 11223 - Mo — 0382 S/Z2(T1'Z 1) Plrs)l. One more con-

gruence completes the block diagonalization, namely congruence by
1 0

(vza - U35) v2 3
| Io—s

2
E= Hj:l:uj' @ In.

Note that E is nonsingular because g # 0. This gives
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ESi_5...5S(aX +3Y)S*St ... 5 E*

—v23A¢
N
(4.9) pab(ry) :
pe—2P(re—2)
where
- —2 -2
(4.10) N = vf3 H E H W - (v — v33)? Ay + v 3 H ;- No
j=1 j=1

S ([

J#i

It is shown in Appendix A.2 that

2
0—2 -2
N=uvs vy [[@,(r))| B8][(@=7i8) P(a,B).
j=1 j=1

The block diagonal form in (4.9) is simplified further by factoring out —vy and by
a scaling congruence to remove the squared term [vy HJ 1Gr; (15 )}2 from the (2,2)
block. Thus aX + 8Y is congruent to the block diagonal form

FBA, ;
~#1](a=1;8)- Pla, )
—vg- —(Tlﬁ—a)H(rl —rj)-P(r)

j#1

~(re-aB—a) [ (-2 — 1) Plre-s)

L jAL—2 .

With the block diagonalization of X 4+ GY written in this particular form, it now
becomes possible to give a common conceptual interpretation for all the diagonal
blocks that is similar to the one we gave for Case 1. We just point out the differences.
Recall that when v; = 0 and vy # 0, p(x;v) has £ — 2 finite roots r1,79,...,71—2
and one which is infinite, ry_1 = oo, i.e., (1,0) in homogeneous form. Then we have
P(r¢—1) = P(o0) = P(1,0) = Ay. Hence each diagonal block is a scalar multiple of
P evaluated at one of the constants in the set R = {(«, 8),71,72,...,7¢—1}. For any
v € R, the scalar in front of P(y) can be interpreted as a product of £ — 1 factors in
which *y is compared with each of the other £—1 constants in R via 2 x 2 determinants:

|W]|_7 e |79] =98 —a, or |7} =—1if v is finite,
(1JT1] = 0r|é% = if v = (1,0) is infinite,
° ar]‘_o‘ i and\gé = —f for v = (a, B) otherwise.

Recall our convention that each v € R lies in the strict upper («, ) half-plane U
(1,0). Then the sign of any of these determinants is positive for any constant in
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R that lies counterclockwise from -, and negative for any that lie clockwise from
~. Consequently the sign of the whole scalar multiple of P(v) reveals the parity of
the number of constants in R that lie clockwise from ~. If we reorder the blocks
(via permutation congruence) so that as we go down the diagonal we encounter the
constants from R in the evaluated P’s in strict counterclockwise order (starting with
oo whenever co € R), then the scalar multiples will have alternating sign, starting
with a positive sign in the (1,1) block. We then see that aX + Y is a definite matrix
if and only if the matrices P(y) have strictly alternating definiteness parity as we
descend the diagonal. This completes the characterization of the set of all definite
pencils in H(P) as given in Theorem 4.2.

5. Application to quadratics. We now concentrate our attention on quadratic
polynomials, Q(\) = \2A + AB + C with Hermitian A, B, and C. For z € C" let

@(\) = 2*Q(N)z = N (2* Ax) + A(a* Bx) + 2*Cx = Ma, + \by + ¢

be the scalar section of Q at x. The discriminant of ) at = is the discriminant of

Gz (N):
D, := b2 — 4a,c, = Do (Q).

The following result is specific to quadratics.

THEOREM 5.1. A Hermitian quadratic matriz polynomial Q(\) is definite if and
only if any two (and hence all) of the following properties hold:

(a) Q(u) > 0 for some p € RU{oo}.

(b) D, = (2*Bx)? — 4(a* Az)(z*Cz) > 0 for all nonzero x € C™.

(¢) Q(v) <0 for some v € RU {oo}.

Proof. (a) and (b) are equivalent to @) being definite, directly from Definition 2.5.
(a) and (c) are equivalent to @ being definite by Theorem 2.6. Suppose (b) and (c)
hold and let Q(A\) = —Q()A). Then Q(7) > 0 and D,(Q) = D.(Q), so Q satisfies (a)
and (b) and so is definite. But then by Theorem 2.6, Q(1) < 0 for some j, which
means that Q(p) > 0, so Q satisfies (a) and (b) and hence is definite. Finally, @ being
definite implies (b) and (c) hold by Definition 2.5 and Theorem 2.6. O

Here is a simple example where A, B, and C are all indefinite but properties (a)
and (c) of Theorem 5.1 hold, so that Q(X) is definite:

Q(A):AQ[:‘;’ _21}4—/\{2 _?10%[_02 _92} Q(1)>0, Q3)<0.

The definiteness diagram for @ has the form of the last diagram in Figure 2.2 (b).
The standard basis pencils of H(Q) with ansatz vectors e; and e are given by

Ll()\):/\[gl _OC]JF{g g] LQ(A)z/\[E1 g}jt[_OA g]

Li(X) is a linearization if the trailing coefficient matrix C' is nonsingular. Since the root
of p(x;e1) is 0, Theorem 4.2 implies that if Q(A) is definite with C' = Q(0) definite
then Lq(A) is definite. Similarly, La(A) is a linearization if the leading coefficient
matrix A is nonsingular, and since the root of p(x; e3) is 0o, Theorem 4.2 implies that
if Q(A) is definite with A = Q(o0) definite then La(A) is definite.

Now if @ is definite with A > 0 and C' < 0 then [‘3 _OC] > (0. Thus the eigenvalues
of @ can be computed by the Cholesky-QR method on either Lq(A) or AL2(1/A). Note
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that the Cholesky—QR method [3] has several advantages over the QZ algorithm for
the numerical solution of hyperbolic quadratics. First, the Cholesky—-QR method
takes advantage of the symmetry of the pencil, which results in a reduction in both
the storage requirement and the computational cost. Second, it guarantees to produce
real eigenvalues and therefore preserves this spectral property of definite quadratics.
This is not necessarily the case for the QZ algorithm.

We now show how to transform definite quadratics into special forms. Three
different cases are considered.

Case (a). Suppose that @ is hyperbolic, so that A > 0, and we wish to transform
Q into @ with A > 0 and C < 0. An ordinary translation suffices to achieve this as
long as we know one value v € R such that Q(y) < 0. Then

Q) == QAN +7) =NA+ANB+274) + C+vB++24
=NA+\B+C

with Q(0) = Q(7) =C <0 and A= A > 0.

Case (b). Suppose that @ is definite and we wish to transform it into a hyperbolic
Q with A > 0. This can be done by a homogeneous rotation provided we know one
value p € R U {oo} for which @(x) > 0. We need to make p for @ correspond
to co for Q. For this we express p in homogeneous coordinates: p = (c,s) with
¢ + s? = 1. Recall that co = (1,0) in homogeneous coordinates. From (2.1) we see

that [§] = [¢] = p will correspond to [%} = [¢]. Thus homogenous rotation with

these (c, s)-values will give Q such that A = Q(c,s) > 0.

Case (c¢). Suppose that @ is definite and we wish to transform @ into @’ so that
A’ > 0 and C' < 0. To do this we need to know a p € RU {oo} such that Q(p) > 0
and a v € RU {oo} such that Q(y) < 0. With these two numbers in hand we first
do the rotation of Case (b) to obtain A’ > 0 and then the translation of Case (a) to
obtain C’ < 0.

Finally, we note that an efficient algorithm for testing whether a Hermitian
quadratic is hyperbolic is developed by Guo, Higham, and Tisseur [5]. In the case of
an affirmative test this algorithm provides a p such that Q(u) < 0.

Appendix A. This appendix deals with the simplification of one of the diagonal
blocks obtained during the block diagonalizations of aX + Y for both Case 1 (v1 # 0)
and Case 2 (v1 = 0, v2 # 0). The next lemma is the main technical result needed to
achieve these simplifications.

LEMMA A.1. Let pp(x; f) be the polynomial of degree m — 1 that interpolates the
function f at the m distinct points r1,7r2,...,ry. Rewrite f as

(A1) f(x) = E@@; [) + pm(z; f),

where E(x; f) is the error in interpolation. Then

(a) & H x—r;),
(b) € (z;2™*1) <x+§:rl> ﬁ (x — 1),
(c) & (z;2™"2) <a: 4—31:237’Z (Z ) Z rzrj> H(x—n)

=1 i,j=1
i<j
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Proof. Recall the Lagrange form of the interpolating polynomial to f at the m
distinct points r1,79,...,m,

bl 1) =3 100 T ().

i=1 i=1
J i#£]

To avoid clutter in the proof, we define

m m
3::5 ri, 8= E 7T

i=1 ij=1
1<j
We will use repeatedly the following fact: if two monic polynomials (p and ¢q) of degree
m agree at m distinct points then they are identically equal (since p — ¢ is a degree
m — 1 polynomial with m zeros.)

(a) f(z) = 2™ and qo(x) = [[;~, (# — i) + pm(2; f) are monic polynomials that
agree at the m points r1,ra, ..., 7y. Hence go(x) = 2™ and the expression for & (z; ™)
in (a) follows. This result can also be obtained from the standard formula for the error
in polynomial interpolation. Observe that equating coeflicients of the degree m — 1
terms in =™ = go(z) gives the identity

(b) Note that ™% and ¢1(z) = (z + > o, 1) - [[imy (@ — 13) + pm (25 2™ ) are
monic degree m + 1 polynomials that agree at the m points r1,7s,...,7,. Thus an
(m + 1)th point is needed to prove that ¢;(z) = 2™*!. Now,

¢1(0) =s ﬁ(—m) + i [7‘;7”r1 s (Tj—jiri)]

=1 7j=1 i=1
it
m m m —pm
=s[J=ro+ X |1 :
i=1 ; E Hz;ﬁj (rj —ms)

Il
ﬂ: 3
T

<

N
VR

V2

|
M -
— =
—
RS
<

| =
QY bS

I

<

N
.
N——

by (A.2). Thus qi(z) = 2™ whenever r1,ra,..., 7., are all nonzero. Now suppose
one of the points, r,, say, is zero, so that the above argument is not valid. In this case,
we view ¢ as a function of x and 71,79,...,7,, and observe that ¢; is continuous
in all these variables, as long as the r; remain distinct. We perturb r,, away from
zero, keeping it distinct from all the other r;. Then for any fixed but arbitrary = we
have qi(x,71,79,...,7m) = 2™ when 7, # 0, and by continuity we have the same
equality as r,, — 0. Thus ¢;(z) = 2™ holds for any set of distinct 71,72,...,7m,
even if one of them is zero.

(c) We begin by computing the three highest order terms of (2% + sz + s?
—3) 1%, (x —73) + pm(s;2™F2) =: go(z), which come solely from the first expression
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since py, (z; x™1?) is of degree m — 1. We have

m
(;v +sx+s2-3 1_[;10—7“Z = x —|—sx—|—s2—§) (xm—sxmfl—l—'swxm%—l—---)
=1
=™ 0.2 402

Thus h(x) = ga(z) — ™2 is actually a degree m — 1 polynomial, and it is easy to see
that h(x) has the m distinct zeros 71,72, ...,7m, so that h(z) =0, i.e., g2(z) = 2™+?
and the expression for &(z; 2™ 12) follows. [

Using the Lagrange form of the interpolating polynomial and letting z = o/ with
B #0, (a), (b), (c) of Lemma A.1 together with (A.1) yield the following identities in
the homogeneous variables (a, 3):

With these results in hand we can now return to the simplification of the blocks
M = M;_ in (4.5) and N in (4.10).

A.1. Simplification of M. Recall from (4.5) that M = M,_; = Hf;i L - M
with

-1 /—1 —
(A.6) MZHM 'MO_U%ﬁ22<H:uJ>

=1 j=1

where, from (4.3) and (4.4), My = avi Ag+B(v1 Ar—1—v24p) and p; = (r;—a)qr, (1),
i=1:0-1.
The first step is to break apart every instance of P into three pieces:

(A7) P(A) = MNA + X714, + P().

Then we rewrite My so as to eliminate vy and group Ay and Ay_; together. For this,
note that, since the r; are the roots of the v-polynomial, vy/v; = —(r; +ro + -+ +
r9—1) =: —$ so that vo = —v1 s and

(A.8) My = vi(a+ sB)Ar +v18Ar_1.
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Substituting (A.7) and (A.8) into (A.6) and grouping all the Ay and Ay_; together
yields

(A9) M= A,

-1 -1 —
vi(a+s8) [T m —0i6*) (Huj> ]

j=1 i=1 \ j=1

+Ap

o )] o ()0

=1 j=1 i=1 j=1

We now simplify each of these three pieces in turn. Since p; = (r;8 — a)g,,(r;), by
(4.4),

-1 ‘-1
(A.10) [Tw =0 [T =rB)ar, (rh)-
j=1 j=1
Also, from Lemma 4.3 (b),
(A.11) G, (rj) = o1 [ ] (r;
i#]

Substituting (A.10) first and then (A.11) in the coefficient of A, gives

-1

vi(a+sf) H”J‘”l Z(H“J)

_ (_1)ngﬁA _ T _ 2N~ T a—riB
—u 471%(7«]) (a+sﬁ)]'[l(a ri ) +ﬁz H p—

_ _ 2_1471/\ AP
C | (ADIES

where we used (A.4) for the last equality. The simplification of the coefficient of A,
is very similar to that of A,. On using (A.10) and (A.11) we obtain

/—1 /—1 —
T (m)

j=1 i=1 \ j=1
-1 —1 o7
_ =171~ (0. _ -1 Ty
S O Rt t (C)
j=1 Jj=1
-1
= [(—1)61 11, (Tj)‘| o',
j=1
where we used (A.3) in the last equality. The rest of M is simplified as follows:

el £ )

=1 j=1 =1
i
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But for 8 # 0 and x = «/f3,
=1 -l a—r3 ot U R
S P ][ <7J ) =872 P[] ( J)
T — ’I"j T — ’I"j

i=1 j=1 i=1 j=1
JAi i

)

and the expression inside the square bracket is the Lagrange form of ﬁ(a:) since P is
of degree £ — 2 and the ¢ — 1 points r; are distinct. Hence for 5 # 0,

-1 /e—1 -1
S (H M)ﬁm (-0 [ () - 5Bl ).
.

Finally, note that the last equality also holds for 8 = 0 by continuity. Putting these
three simplifications back into (A.9) yields

M: Z ! HQT] TJ 6)
and on using (A.10), M = M,_; in (4.5) becomes
M = HMJ Ull é 1quﬂ 7‘] (v, B)
- 2101
zvllnar](rj)‘| [H(a_rjﬁ) P(Oé,ﬁ)
j=1 j=1
A.2. Simplification of N. To simplify
-2
(A.12) —UgﬂHuJ [HMJ (var — v33)* A
j=1 j=1
+U25H#J 0—U2 Z(HNJ)
Jj=1 =1 Jj#i

where Ny = a(voAp—1+v3Ap)+ B(vaAr—o —v3Ap_1 —v4Ap) and p; = (158 — ) qr, (15),
we this time break apart every instance of P into four pieces:

(A.13) PA) = MAp+ X A 4+ M2 4,5+ P(N).
Leaving aside the product vo3 (H =1 MJ) at the beginning of the expression for N and

focusing on the quantity inside the square brackets, we now simplify the coefficients
of the Ay, Ar—1, Ay—2 and P(N)-terms.

The Aj-term.

M= vy N2 —2 I NI
3 gﬂi (Q_Eﬂ) +6 gﬂi (Ea—gﬁ)—vzﬁ ;7’1‘ Huz

i#j
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Defining s=171 +7r9 +---+71p_9 and 6 = Zl<i<j<672 rir; we note that vz/vy = —§
and v4 /vy = 0. From these notations and the definition of the p;, we have

) £=2
03 [ (=1 2 (a+38)* [[(a = 18)ar, (rj) + (=1)*B(=5a — 08) [ [ (@ = 7 B, (r5)
j=1 J=1
-2 -
e > (T )
) £=2
= (-] @, () | (® +5aB8+ (3= 0)8%) [[(a« = 38)
j=1 Jj=1
-2
o—r;f3
o ()

JF#i
-2
= B2 @, () - o,
j=1

where we used the identity (A.5) to obtain the last equality.
The Ay_1-term.

-2 —2 -2
2 U3 2 0—1
U2ﬂ[Hui-<a—Eﬁ)—U26 ZTJ- H,U*Z‘|
=1 j:1 i=1
i£]
We use again the fact that § = —v3/ve to rewrite this expression as

-2 -2 -2
(wwmnm—wm244nm}

i=1 =t =

i#]

(A.14) v

A similar analysis as in the simplification of the Ay-coefficient in case 1, using (A.4),
simplifies (A.14) to

2 Z 2
vy (— HQT] TJ ﬂ

The Ay_o-term.

U252 HMZ _UZBZré ZHMZ .

L#J

The simplification of this term is completely analogous to the treatment of the coef-
ficient of Ay,_1 in case 1. We obtain

2(_1)t-2 o232
vy (— quj ;) B
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The P(\)-term. Substituting for the y; and factoring out all the gy, (r;) terms
leads to

£—2 R £—2 £—2 £—2 R £—2 a—r ﬁ
—030 >\ Pl) [T mi ) = o312 ][ @, (i) - 57 3 PCra) | (ﬁ) ’
j=1 = j=1 i=1 i=t N r
i#£j e

which by the Lagrange interpolation formula simplifies to

-2
3=, () - B°Pla, B).

Jj=1

Bringing these four simplifications all together we have

-2 2 o2
N =wy U2HqArj(7“j) 6H(a_rjﬁ)'P(avﬁ)'
j=1 j=1
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