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A POSTERIORI ERROR BOUNDS FOR DISCRETE BALANCED
TRUNCATION*

YOUNES CHAHLAOQUIf

Abstract. Balanced truncation of discrete linear time-invariant systems is an automatic method
once an error tolerance is specified and yields an a priori error bound, which is why it is widely used
in engineering for simulation and control. We present some new insight into this method. We derive
a discrete version of Antoulas’s Ha-norm error formula [1, p.218] and show how to adapt it to some
special cases. This error bound is an a posteriori computable upper bound for the Hz-norm of the
error system defined as the system whose transfer function corresponds to the difference between the
transfer function of the original system and the transfer function of the reduced system. The main
advantage of our results is that we use the information already available in the balanced truncation
algorithm in order to compute the Ha-norm instead of computing one gramian of the corresponding
error system. There is always a computational restriction on solving high-dimensional Stein equations
for gramians. The a posteriori bound gives insight into the quality of the reduced system and can
be used to solve many problems accompanying the order reduction operation.
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1. Introduction. Modeling real world physical processes gives rise to mathe-
matical systems of increasing complexity. Good mathematical models have to repro-
duce the original process as precisely as possible but the computing time and the
storage resources needed to simulate the mathematical model are limited. As a con-
sequence, there must be a tradeoff between accuracy and computational constraints.
One often has to deal with systems that have an unacceptably high level of complex-
ity. It is then desirable to approximate such systems by systems of lower complexity.
This is the model reduction problem.

Balanced truncation is one of the best known method for model reduction of lin-
ear systems [4, 7, 8, 9]. It is characterized by the principle of projection of dynamics.
Balanced truncation is widely used in practice for three main reasons. First, for a
reasonably small system order, say a few hundred, it gives a satisfactory approxi-
mation in the majority of cases without having to solve a complicated minimization
problem or having to choose a set of essential system parameters first. Second, this
approximation can be obtained at relatively reasonable computational cost. Third, an
a priori upper bound for the error between the original plant and the reduced-order
model exists for the Hoo-norm, the preferred measure of approximation accuracy in
engineering. Recently, an a posteriori error bound for balanced truncation was pre-
sented by Antoulas [1]. Here we will derive a discrete version of this error bound and
show how to adapt it to some special cases. This error bound is a computable up-
per bound for the Hy-norm of the error system defined as the system whose transfer
function corresponds to the difference between the transfer function of the original
system and the transfer function of the reduced system. The main advantage of our
results is that we use the information already available in the balanced truncation
algorithm in order to compute the Hs-norm instead of computing one gramian of the
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2 Y. Chahlaoui

corresponding error system. There is always a computational restriction on solving
high-dimensional Lyapounov equations for gramians.

The a posteriori bound gives insight into the quality of the reduced system and
can be used to solve many problems accompanying the order reduction operation. For
example in the problem of choosing the reduced order, the purpose of the model de-
termines the “acceptable” order reduction in an implicit way; an explicit criterion for
acceptable reduced order is hard to give, as we need to analyze a priori the dynamics
involved in order to obtain some sort of dynamics ranking. For systems of reasonable
orders (in general a few hundred), this analysis can be done at a reasonable cost,
including the problem of finding an appropriate value of the reduced order by the
use of the Hankel singular values [1]. But for large-scale models this pre-treatment
is prohibitive. Our error formulas and bounds could be implemented into the loop of
the model order-reduction method in order to check if the chosen reduced order is the
best choice or needs to be modified before stopping the reduction algorithm.

For large scale problems one has to use iterative methods to find an adequate ap-
proximation. In this respect, ideas based on balanced reduction methods are interest-
ing since they offer the possibility to perform order selection during the computation
of the projection spaces and not in advance. However, serious drawbacks of balanced
truncation (and all direct methods in general) are that it ignores any sparsity of the
system, and that it is not easy to parallelize (note however the work of Benner and al.
[2, 3] who parallelize some traditional model reduction methods). Its use is therefore
limited if large, sparse systems have to be reduced.

In this paper we consider discrete-time systems

S { Expyy Axy + Buy

(1.1)

ye = Cuxi

with input u;, € R™, state z € RY and output yx € RP, and m,p < N. The input
sequence is assumed to be square-summable, i.e., u, € [5* [10], and we assume that
the matrices A, B, and C are of appropriate dimensions. We will assume also the
system (1.1) to be stable (i.e., all eigenvalues of the matrix A are strictly inside the
unit circle). The transfer function corresponding to the system S is

H(z)=C(2I — A)~'B.

This paper is organized as follow. We introduce first in Section 2 the principle of
projection of dynamics. In Section 3, we review the balanced truncation method and
give some new insight into the principle behind it. Section 4 is the main contribution
of this paper. It is dedicated to the presentation of the new error formulas and some
new a posteriori bounds of the Hy norm of the error system corresponding to the
balanced truncation method. We also discuss some features of these formulas and
bounds. We end this section by the presentation of some special cases for which the
bounds are better. We finish with some further discussion and concluding remarks in
Section 5.

2. Projection of dynamics. Let T be a desired coordinate (similarity) trans-
formation of the system S and consider the following partition of the transformed
system matrices:

i | 11 Fi2 1 | Ann A inp_ | B1
T ET_[Ezl Em}7 T AT_{Azl A |7 T B= By |’
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CT = [ C1 Cs },
where F11, A1 € C"*™ By € C**™, C; € CP*™, and n < N. Then the system

IS {Elli'k-i-l = Ay + Biug,
w = Cid,

is an nth order truncation of S. The truncation is obtained by applying the projection

to the transformed system. The combination of applying a similarity transformation
and a subsequent truncation is often referred to as projection of dynamics (also known
as transform and truncate). Let I, 11, € CN*" satisfy I 11, = I,.' The projected

system S matrices are obtained as follows:
Ey =1JELL,., Ay =17Al,., By =1;B, C;=CII,.

Thus transformation by 7" and truncation by Il are merged in the projection pair
(I1;, I1,.) as follows:

HTZT[{”, m=[1, 0]T"

It can be verified easily that this definition satisfies II;II,, = I,, and hence IL.II; is a
projector.

A projection method is in fact a choice of two subspaces P,.,IP; ¢ C of dimension
n, so that z; € P, and the residual is orthogonal to P;. The columns of II, and II;
form bases for P, and P;, respectively:

Im(Il,) = P,, Im(I}) =P,.

If P; = P,., the projection is orthogonal, otherwise it is oblique. The choice of basis of
P, and IP; is not important in theory but unfortunately very important numerically.
If we take any two other bases of these subspaces, say P, and P;, then there exist two
invertible matrices X,Y € C"*" such that

I, =1I,X, I, =1ILY.
It is easy to see that for these two projector matrices we have:
H(z) := C, (210} ETL, — II} ATL,) "I} B = CII, (21T} ETI, — II; AIL,) " 'II} B =: H(z),
which means that the two reduced order models will be equivalent.

Indeed the main dilemma is how to find an adequate states transformation. This
transformation should rank and sort the states in order to truncate question that one
has to face in model reduction is how to choose these projection matrices. A special
case of projection of dynamics is balanced truncation.

IThe subscripts = and [ refer to right and left, respectively
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3. Balanced truncation. The method of balanced truncation of linear systems
is well established for model reduction. It is a special case of the transform and
truncate methods described above. It is a balancing then truncate method. It is based
on a balanced realization? {T~YAT,T~1B,CT} of the system. This realization has
some desirable sensitivity properties with respect to poles, zeros, truncation errors in
digital filter implementations, and so on [7, 10]. Tt is therefore recommended whenever
the choice of a realization is not specified by the user.

For linear time-invariant systems, the approach requires standard matrix compu-
tations, and has been successfully used in control systems design. The main idea is to
rewrite the system S, which we suppose stable, controllable and observable® [7, 10],
using a similarity transformation 7" called the balancing transformation and then use
a truncation to obtain the reduced model. In this coordinate system one has [5]

TG.T* =T *G,T~' =% = diag(o1, 09, ...,0N),

where the o; are the Hankel singular values of § and G, and G, are the controllabil-
ity and observability gramians of S [10]. These gramians are solutions of the Stein
equations

EG.ET — AG AT — BB =0, ETG,E—ATG,A—-CTC =0.

A natural question now arises: what is the use of balancing, i.e., diagonalizing
G. and G,7 This can be explained using energy functions. The controllability and
observability gramians measure to what degree each state is excited by an input, and
each state excites future outputs, respectively. Given a stable linear system S, it well
known that for any state x

ee(z) = (276 10)%,  eo(a) = (27Gon)?

are respectively the smallest amount of energy needed to steer the system from 0 to x,
and the largest amount of energy obtained by observing the output of the free system
with the initial condition z. If we define the energy storage efficiency by

z5GoT
€(wo) = T*ngl;o, (3.1)
0 C

then the maximization of e(xo) with respect to zq yields the generalized eigenproblem
Gowo = G te(wo)zo-

And so e(xg) takes an extremal value for 2y an eigenvector of G.G, (or equivalently
a generalized eigenvector of the pair (G,,G.')). The extremal value of ¢(xq) corre-
sponds thus to the maximal eigenvalue of G.G, and hence to the square of the largest
Hankel singular value o1 of the considered system. Another interpretation is that the
transformation 7" solves the minimization problem

min trace(TG.T* + T *G,T ™).
T

2In the system theory context refers to a state space model implementing a given input-output
behavior. For a linear time-invariant system specified by a transfer matrix, H(z), a realization is any
quadruple of matrices (A, B, C, D) such that C(2] — A)"'B + D = H(z).

3This means essentially that the gramians are full rank.
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The minimum of this expression is 2 Zi\il oi, and a balancing transformation turns
out to provide a minimizing similarity transformation 7' [1].

The balancing transformation 7' ensures that each state is as controllable as it is
observable in the new coordinate system. It is also shown in [7] that for non-minimal
systems the controllable subspace and the unobservable subspace are the image and
the kernel of G, and G,, respectively. And so, T transforms the observability and
controllability ellipsoids to an identical ellipsoid aligned with principal axes along the
coordinate axes as shown in Figure 3.1.

Fic. 3.1. The effect of a balancing transformation T on the controllability and observability
ellipsoids.

After balancing the system, a reduced model is obtained by truncating the new
state © = (z1,...,2n)7 to & = (21,...,2,)T, where n < N. The truncated states
are the least controllable and observable states, corresponding to the smallest Hankel
singular values and having little effect on the input/output behavior. This truncation
is equivalent to projecting the system with a rank n projection II := II.II}. The so-
called truncation matrices II, and II; can be obtained from the Cholesky factorizations

G.=95"S, G,=R"R,

where G, and G, are related to the gramians by G. = G, and G, = E*G,FE. Compute
the singular value decomposition

* % E1 0 *
SER:[U1|U2}[O 22}[V1|V2] (3.2)

where X1 = diag(o1,...,0,), Yo = diag(op+1,.-.,0n) and define
I, = B* R Vi%; Y2, 10, = s*uy 3y VA (3.3)

We can easily see that II7II, = I,, (i.e., Il = ILII} is a projector) and 117 G.G,11, = X3
It follows that the singular values o; of SE*R* are the (nonzero) Hankel singular values
[10].

By this approach the gramians G. and G, (or equivalently the matrices G, and
G,) are not needed to construct the projector II = IL.II}, but only the factors S and
R, which can be obtained e.g. using Hammarling’s method [6]. One then obtains the
reduced model for the system S := {E, A, B,C} as S = {n}En,, 7 An,, nB,Cr,}.

We summarize the procedure in the following algorithm.
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Algorithm 1 Balanced truncation

Input the original system S = {F, A, B,C} and a reduced order n.
e Solve the Stein equations

EG.ET — AG AT — BBT =0, ETG,FE—ATG,A—-CTC=0

for S and R where G. = S*S and G, = R*R are Cholesky factorizations.
e Compute the SVD SE*R* =UXV*.
e The projection matrices are given by

I, = E*R*V, 2, Y%, 1, = §*U,%;'/?,

where U,, =U(:;,1:n), V, =V(;,1:n)and X, =%(1:n,1:n).
e And the reduced order model is given by the matrices

E =1 EN,, A=II}All,, B=II[B, C=CII,.

An a priori error bound in the induced 2-norm can be given for the error between
the original and the reduced system [10]

Oni1 < I8 = Sl < 2(0ng1 4+ + o). (3-4)

This result says that the Ho.-norm of the error system is bounded above by twice the
sum of the neglected Hankel singular values.

More recently, a new result was derived by Antoulas [1, p. 218] for the Hs norm.
It is a computable Hs norm of the error system which yields also a computable upper
bound for this norm. A convenient way to determine the Ho norm is to use the
formula:

IS|IZ,, = trace(B*G,B) = trace(CG.C"),

where G. and G, are respectively the controllability and observability gramians of the
system.

If the original system is of order* N and the reduced order is n, the order of the
error system will be NV 4+ n. To compute the Hy norm of the error system we have to
solve again another Lyapunov equation for one gramian of this error system, and so
the cost will be of the order of (N +n)? added to the cost of the model order reduction
method. With Antoulas’s formula, one needs only the gramian of the original system.
This gramian is supposed to be available already by the balanced truncation method.
So the cost will be only the cost of the double product of the gramian by the input
matrix (or equivalently the output matrix) and its transpose, and the computation of
the trace of that product.

In the following section we give a discrete-time version of this formula, and show
how to adapt it to some special cases. The discrete-time version present some inter-
esting features that we will discuss later.

4. Hs norm of the error system for balanced truncation. In this section
we derive a computable a posteriori upper bound for the Hy norm of the error system
for balanced truncation. For simplicity, let us assume henceforth that the matrix E

4 Also called the McMillan degree.
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is the identity (i.e., E = Iy ), which means that we have a simple state-space model
and the system S is already in balanced form, and partition the matrices A, B and
C as follows:

A11 A12 Bl
A= B = c=|C; C
|: A21 A22 :| ) |: :| ) [ 1 2 } )

where A = A, € Crxn, B = B; € C"™ and C' = C; € CPX™. Since the system S is
balanced its controllability and observability gramians are diagonal and equal

G.=G, =G = |: gol g02 :| , where G € R,
We have G, = diag(oy,...,0,) and Gy = diag(oy,41,...,0N), where o; are the Hankel

singular values. The unified gramian G then solves the Stein equations
AGA* -G+ BB* =0, A'GA-G+C*C=0. (4.1)

To obtain the result, we consider the error system S, defined as the system which has
the transfer function H,(z) := H(z) — H(z) = C(2I — A)"'B — Cy (2] — A1)~ ' By,
where H(z) is the transfer function of S and H(z) is the transfer function of S. A
realization of the system S, is given by

{[61 A?l}’{—%l}’[c Cl]}- (4.2)

The bound on the approximation error ||S — 8||3¢, = ||Se||n, is obtained directly
by bounding the Hs norm of S.. Let us first note that the controllability gramian G,
and the observability gramian G,_ of S, are given by

[ ¢ - [6¢ z
gCe_|:_Y* gc:|, gOc_|:Z* GO:|7

where g:c and G, are the controllability and observability gramians of the reduced
model S, respectively, which solve

AugAcATl — G+ BB} =0, AI160A11 —Go + CiCy =0, (4.3)

and where Z = [ gl ] and Y are solutions of
2

AY A}, =Y + BBy =0, A"ZAn—-Z+C*Ci=0. (4.4)

The Hz norm of the error system is given by

| . i[9 7] B
e (S A I

= trace (B*gB —2B*ZB; + BTQOBl)
— trace (B*gB —9BiZ\By — 2B ZsB, + B;QoBl). (4.5)

Now, from (4.1), we obtain

A11G1 A% + A19G2 AS, + B1B; = 0,
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and consequently
trace(—2B3 Z2B1) = trace(—2B1Bj Z5) = trace(2411G1 A5 Za + 2A12G2 A5, 75).
Substituting in (4.5) yields
IS, 112,, = trace(B*gB—zB;lel+2A11g1A;lzz+2A12g2A;222+B;GOBl).
From (4.4), we have
AT Z1 A1+ AS Zo A1 — Z1+ CTCL =0,
and consequently

trace(2A11g1A§1 Zg) = trace(2glA§1 Z2A11)
= trace(—2G1 A7, Z1 A1 + 2G1 21 — 2G:C Cy).

Combining this with the definition of the Hs norm of S and S,
|83, = trace(B*GB) = trace(CGC™),
and
HSH%Z = trace(BfGoBl) = trace(Cl_C';cCi‘),

gives

el13,, = trace (241265 43,75 + C202C5 — C1GiCf + C1G.C ) +

trace(—2B1 B Z1 — 2A11G1 AT, Z1 + 2G1 7).
The (1, 1) block of (4.1) gives
AnGiAY + A12Go ATy — Gi + B1By =0,

from which it follows that

trace(—2B1 By Z1 — 2A11G1 AT, Z1 + 2G1 Z1) = trace(2A412G2 A5 7).

Finally, we obtain

* 5 * * * Z
HSB|‘$_{2 = trace(C’ngCQ + Ol(gc — g1)01 + 2A12g2 [ A12 A22 } |: Z; :|>

= trace(C2G2C5 ) + trace (Cl (Ge — Ql)Cf) + 2trace(A12G2 [ A7y A3, | Z)

THEOREM 4.1. Let § = {[ ﬁ; ﬁ;z ] , { g; ] ,[ Cy Oy ]} be a balanced

system and S = {A11, B1,C1} be the n-truncated model. The Ha norm of the error
system is given either by

Sell, = trace(C2GaCy) + trace(C1(Ge = G1)CT ) + 2trace(A1xGa [ A7y A3, ] 2)
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or
|Sel[3,, = trace(B3G2Ba) + trace(Bik (Go — Ql)Bl> + 2trace(A12G2 [ A7y A3, |Y)

where Gy is the (N —n) x (N —n) trailing principal submatriz of the unified gramian
of S, Gc and G, are respectively the controllability and the observability gramians of
S, and Z and Y are the solutions of the Stein equations

A*ZAy —Z+C*Cy =0, AY AT, —Y + BB =0,

The second formula is obtained if we used the C matrices instead of the B matrices
in the definition of the Hs norm of the error system (4.5).
From the Cauchy—-Schwarz inequality we obtain

ltrace(C2G2C3)| < onp1||Call3,  where o1 = [|Ga2,

trace(C1(Ge = G1)C )| < 9. — Gull2llC1l3,

|trace(2412G24%5 Z)| < 20m 41| Arzl2]| A2 |[2]| Z][2.
As Z is the solution of the Stein equation (4.4), it has the form

Z =Y (A")C*Cy(An),
i=0

K2

and so

1Z)12 < IC13 D 1A 2]l (A1) l2-

=0

Moreover, the difference F := _C';c — G satisfies the Stein equation

A} EA1 — E+4 A5GoAs =0, (4.6)
which yields the formula
E=G.—G = Z(Aikl)iAgngAzl(Au)i-
i=0

Finally, we have
1Ge = Gilla < i1 Y [1(A1n) 3] Azaf3.
=0

This analysis yields the following result.
LEMMA 4.2. The Ha norm of the error system satisfies the a posteriori bound

o1 < [Sellfey = IS = Sullf, < conia[ICI3
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where

c=1+3[AI3> 1A 2l (A11) |-

=0

Another bound could be obtained as follows. Reconsider the Stein equations (4.4)
and (4.6)

A*ZAH —Z+ C*Cl = 0, AT1EA11 —F+ A;192A21 = 0,

and let A = UDU!, and A;; = U1D1U1_1 be the eigenvalue decompositions of A
and Aj1. The Stein equations can be rewritten as

DU 'ZU,Dy —U'ZU, + U *C*C U, =0,
and
DU 'EU\Dy — Uy 'EUy + Ut A5 Go Ao Uy = 0.
From this, it can be easily seen that

ony1llA21l3
[E|lz < =72

€113
s <
H ||2—1 2 = 1—[)(1411)2,

= p(A)p(A1r)’
where p(-) denotes the spectral radius. We have
p(A) = max |disl,  p(A1r) = max |Czu|;

where D = (dij)zj'\)[jzl and D1 = (dij)?,j:y
LEMMA 4.3. The Ha norm of the error system satisfies the a posteriori bound

Ons1 < ISele, = 118 = Sullds, < c10ms1||CI3
where
14|13
= 1 37.
ATy

Proof. Recall that

||Se|\${2 = trace(C2G2C3) + trace(Ol(Gc - gl)Of) + 2trace(A12G2 A% 7)
< [|C2|1311G2ll2 + IIC1 I3 Ell2 + 2|| A12l2]|G2l2]| Asll2]| Z |2

And using the bounds (4.7) we have

1.3 < 1CoI3lomsl + 10 BT 4 o4 Gl Al 12—
2 1—p(A11)? 1= p(A)p(An)
A2 €113
< 2 2% 2 —2
< NClallonstllz + ICl3 1— p(A)2 +2[Allzllon+ 1—p(A)?

which gives the result. O
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4.1. Discussion. First, notice that in Lemmas 4.2 and 4.3, the term ||C||3 could
be replaced by || B||3 as a result of Theorem 4.1. Moreover, as {A, B, C'} is balanced
we have

ASAT -2+ BBT =0, ATsA-2+CTC =0,

where ¥ is diagonal. We can see easily that BBT = CTC and so || B2 = ||C||2. The
discussion will focus then on the results with C.
In Theorem 4.1, the first term trace(C2G2C5) is the Ha-norm of the neglected sub-

system of the original system; the second term trace (01 (GC - G1)Cy ) is the difference

between the Ha-norms of the reduced order system and the dominant subsystem of
the original system; finally the third term trace(A12G2A%7) is the inner product of
the non-dominant block of the gramian with the Z (non square matrix) weighted by
non-dominant submatrices of A. G5 is diagonal and its spectral norm is supposed to
be negligible compared to the spectral norm of G;. Then as the first and last terms are
proportional to Gy, they will be very small; the mid-term has the major contribution
to the value of the norm. As E = QC — Gy is solution of the Stein equation

AsflEAll —F+ A§1g2A21 = 07

if either the non dominant gramian G, or the off-diagonal block of A are small (zero),
then F will be small (zero). As a conclusion, the quality of the reduced model will be
function of the smallness of the off-diagonal blocks of A and the smallness of 0,41,
the largest neglected Hankel singular value. The last dependence is known but the
first one is quite unusual. It can be interpreted as follow. The reduced order model
will be a very good approximation of the original system if and only if firstly there is a
gap between the kept Hankel singular values of the original system and the neglected
ones and secondly if the truncated states have no major contribution to the dynamics
of the other states.
In Lemmas 4.2 and 4.3, if the matrix A is close to normal we will have

JAll> ~ p(4) % p(Aur) <1, Jim ||l =0,

The two constants ¢ and ¢y should be of the same order in this case. Note that
usually the matrix A results from the finite-element method applied to a partial
differential equation, which yields in general a matrix that is close to being normal
or symmetric. In Lemma 4.2, the matrix Z is a non square matrix solution of a Stein
equation. As Z is not symmetric, in some of our numerical tests, the trace of the term
involving Z shows an imaginary term nevertheless neglectable. Moreover, the term

trace (Cl (Ge — G1)CY ) even very small could be negative sign. This is related to the

still open problem of over-approximation and under-approximation of the gramians.

We end this discussion by discussing the utility of these formulas and bounds, and
even more specifically the utility of the discrete case. First, a relationship between the
discrete and continuous time H2 norms can be derived by introducing the relationship
between discrete and continuous time gramians. One obtains

1
2 2
1521, = ISl
where S, is a continuous system, Sy its discretization corresponding to the sampling
time At. As a result of this formula, the discrete time Hs norm does not converge to
the continuous time Hy norm when the sampling time approaches zero.
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One key utility of the discrete case is that the spectral radii of the matrices A
and Ap; are smaller than 1. This is resulting from the stability of both systems: the
original and the reduced. If A is close to be normal, this property will make both
coefficients ¢ and ¢; in Lemmas 4.2 and 4.3 reasonably small. For ¢, notice that the
terms || A%||2 and ||A%,||2 will vanish very quickly as A has its spectral radius smaller
than 1 and Aj; is a sub matrix of A. Both coefficients ¢ and ¢; are only functions of
A and Aq1. Moreover we can bound ¢ as follows:

e < L+3]AI5 Y 14°)5:
=0

This leads to the conclusion that our error bounds are only functions of o,,1, the
matrix A (its 2-norm and spectral radius) and the matrix C. Contrary to the con-
tinuous case [1] where one has to consider another residual system and computes its
Hoo-norm. Moreover, the quality of the bound will be only function of the smallness
of 0,41 as the term ¢||C||2 is constant and not function of the reduced order system.

Our formula in 4.1 is (like the Antoulas’s formula) computable. We use the data
already available from balanced truncation and solve a Stein equation for a thin matrix
which is still much less expensive than evaluating directly the Ho-norm. The direct
evaluation of the Ho-norm, as for example the function normh2 of MATLAB’s Control
System Toolbox, means that one has to compute the error system, find a realization
of this error system, then solve a Lyapunov or a Stein equation for one gramian in
order to evaluate the Ho-norm.

4.2. A special case: square system. For square systems (m = p) one can
define the cross gramian X of S as the solution of the Stein equation

AXA—-X+BC=0. (4.8)
The Hz norm of the system S is given in this case by
[S13,, = trace(CX B).

In this case, the H2 norm of the error system S, (4.2) is

1512, :trace([ c ol { > e ] [ _]]331 D (4.9)

where Y and Z are solutions of the Stein equations
AYA1 - Y +BC, =0, AnZA—-7 - BC =0, (4.10)

and X is the cross gramian of the n reduced system by balanced truncation S. X is
also solution of a Stein equations given by

A XAy - X+ BiCy =0. (4.11)
THEOREM 4.4. The Ha norm of the error system is given by

||S€||%_(2 = tI’aCQ(CQXQQBQ) —i—trace(Cl (X — Xll)Bl) +tI’aC6(A12 [ Xo1 Xoo ] AY)

X12
—t A ZA .
race( 21 |: X22 ])
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Proof. To show this result we need to expand the formula (4.9) as
|Sell3, = trace(CiX11B1 + C2X21 By + C1Z1 By + C1 X12B5 + C2X22Bo)
+trace(ClZng —CYYiB) — CoYa By + ClXBl) (4.12)
From the (1,2) and (2,1) blocks of (4.8) we have respectively
ByC1Z3 = (Xo1 — A1 X11A11 — A2 Xo1 A1 — A2 X122 — Az XooAor) Zo,
and
B1CyYs = (X12 — A11 X11A12 — A12Xo1 A1g — A1 X12Aze — A12 X920 A22) Ya.
Then from the second blocks of the equations (4.10) we have
(A11 X242 — X19) Yo = —X12A401Y1 A1 — X12BoCh,
and
(Xo1 — A2 Xo1A11) Z2 = X1 A11 Z1 A1z — X21B1Cs.

Collecting all this in the formula (4.12) we get

HSe”%-(z = trace(chllBl + C1Z1B1 + C3X99Bs — C1Y1 By + ClXBl

—trace(Ao1 X11411 22 — A1 X12A21 72y — Apa X9 Ao1 Zo + A11 X11A12Y2) (4.13)
+trace(Ai12X21A19Ys + A19 X200 A20Ys — X19A21Y1 A1 + Xo1 A1 Z1 Ava).

From the (1,1) block of (4.8) we have
Bi1Cr = X1 — AnXuiAn — A Xo1 A — AnnXi2Aor — A12 X920 A42
Injecting this in (4.13) and using the first leading blocks of (4.10), i.e.,
Z1 — AnZ1An — AnZaAs = —B1Ch,
and
Y1+ AnY1An + ApYeAn = —BiCh,

we get finally

[Sell3, = tl"ace(—chllBl + C2X22By + C1X By — A1 X12A01 21 — A12X22A2121)

+trace(A12X21A11Y1 + A19 X929 A01 Y1 — As1 X12A21 25 — A2a X2 A2125)
+trace(Ai12X21 A12Ys + A19 X020 A20Y5)

= trace(cl (X — X11)B1 + CoXa9By — Aoy Zy A1 X 12 — A21Z1A12X22)

—trace(Ag1 ZoAs1 X2 — A21 Z2A20 X099 + A12 X021 A1 Y1 + A12 X204 Y7)
+trace(Ai12X21 A12Ys + A19 X020 A20Y5)

= trace( C1(X — X11)B1 + C2 X9 By — Agy [ 72 25 ] [ Ay Agp } [ X2 })

A21 A22 X22
A A Y
+trace(A12 [ Xo1 Xz | [ A; A;z } [ Y; D
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which proves the result. O

In this theorem, the first term is the Hs-norm of the neglected subsystem of
the original system; the second term is the difference between the Ho-norms of the
reduced order system and the dominant subsystem of the original system; finally the
third term is the difference of the inner product of the second block row of the cross
gramian with Y and that of Z with the second block column of the cross gramian
(each term weighted by the block off-diagonal terms of A and A).

Notice that the difference X — X 11 satisfies the Stein equation

A (X1 — X) A — (X1 — X) + A19 X1 Apy + Ay Xi2 Ao + A1a XogAgy = 0,

if the cross gramian is block diagonal, i.e., X15 = 0 and X5; = 0. The first consequence
of this assumption is that X1, = X , hence the second term vanishes. As for the last
term it becomes A1 X990 As.Y — A1 ZA.5X92. The previous theorem becomes

COROLLARY 4.5. If the cross gramian is block diagonal, the Ho norm of the error
system is given by

HSEH%Q = trace(Cngng)-i-trace(Cl (X — X11)31)+traCe(A12X22A2;Y - Agle;ngg).

Using the same analysis as the previous section (for Lemmas 4.2 and 4.3) we
obtain the following results.

LEMMA 4.6. The Ha norm of the error system satisfies the following a posteriori
bound

Tni1 < [Sellte, = IS = Sllt, < conal|Cll2l| Bl

where

e =143 A3 Y 142l (Aur) .

i=0

LEMMA 4.7. The Ha norm of the error system satisfies the following a posteriori
bound

Oni1 < ||Sell3y, = 1IS — Sull3y, < c10m+1[Cll2]| B2

o (143 NAIB
' 1—p(A)?)

Here also our error bounds are only functions of the matrix A (its 2-norm and spectral
radius) and the matrices B and C. We will illustrate later all this discussion in the
numerical examples.

where

5. Concluding remarks. We have reviewed the most used projection based
method in model reduction of linear time-invariant dynamical systems, balanced trun-
cation. Moreover, we have presented computable error formulas and bounds for the
response approximation. The advantage of these results is that we are using the al-
ready given results by balanced truncation and we don’t need anything else. This has
the feature that it can be included into the order reduction loop in order to improve
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the quality of the reduced order model by choosing the optimal reduced order before
ending the model reduction algorithm.

Many open questions remain. Particularly, what will be the expression for the
error bounds if instead of balanced truncation method we use some other projection
method? In other words, given two projection matrices II,., II; € RV X", with Hfﬂr =
I,,, the reduced-order system is given by {HfAHT, HfB ,CTI,.} and can we substitute
Ajqs by HlTAf[T, Gs by fIngHT, and so on, in all presented formulas, where 11, and I,
are defined from II; and IIL,.7
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tions of Nick Higham and Frangoise Tisseur which significantly improved the presen-
tation of this paper.

REFERENCES

[1] AnTouras, A. C. Approzimation of Large-Scale Dynamical Systems. SIAM, Philadelphia,
USA, 2005.

[2] BENNER, P., CASTILLO, M., QUINTANA-ORTi, E. S., AND HERNANDEZ, V. Parallel partial
stabilizing algorithms for large linear control systems. J. Supercomput. 615, 2 (2000),
193-206.

[3] BENNER, P., QUINTANA-ORTI, E. S., AND QUINTANA-ORTI, G. Parallel Algorithms for Model
Reduction of Discrete-Time Systems. International Journal of System Sciences 34, 5
(2003), 319-333.

[4] Enns, D. F. Model reduction with balanced realizations: An error bound and frequency
weighted generalization. Proc. of the IEEE Conference on Decision and Control (1981),
127-132.

[5] GLOVER, K. All optimal Hankel norm approximations of linear multivariable systems and their
L>-error bounds. Internat. J. Control 39 (1984), 1115-1193.

[6] HAMMARLING, S. J. Numerical solution of the stable, non-negative definite Lyapunov equation.
Eds. R. V. Patel, A. J. Laub, and P. Van Dooren, Numerical Linear Algebra Techniques
for Systems and Control, IEEE Press, New York, NY, USA (1994), 500-516.

[7] MooORE, B. C. Principal component analysis in linear systems: controllability, observability,
and model reduction. IEEE Trans. Automat. Control 26 (1981), 17-31.

[8] PERNEBO, L., AND SILVERMAN, L. M. Model reduction via balanced state space representations.
IEEE Trans. Automat. Control 27, 2 (1982), 382-387.

[9] SaronNov, M. G., AND CHIANG, R. Y. A Schur method for balanced-truncation model reduction.
IEEE Trans. Automat. Control 34(7) (1989), 729-733.

[10] Zuou, K., DoYLE, J. C., AND GLOVER, K. Robust and optimal control. Prentice Hall, 1995.



