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DETECTING AND SOLVING HYPERBOLIC QUADRATIC
EIGENVALUE PROBLEMS*

CHUN-HUA GUOT, NICHOLAS J. HIGHAM!, AND FRANCOISE TISSEUR#

Abstract. Hyperbolic quadratic matrix polynomials Q(\) = A2A + AB + C are an important
class of Hermitian matrix polynomials with real eigenvalues, among which the overdamped quadratics
are those with nonpositive eigenvalues. Neither the definition of overdamped nor any of the standard
characterizations provides an efficient way to test if a given @ has this property. We show that
a quadratically convergent matrix iteration based on cyclic reduction, previously studied by Guo
and Lancaster, provides necessary and sufficient conditions for @ to be overdamped. For weakly
overdamped @ the iteration is shown to be generically linearly convergent with constant at worst
1/2, which implies that the convergence of the iteration is reasonably fast in almost all cases of
practical interest. We show that the matrix iteration can be implemented in such a way that when
overdamping is detected a scalar p < 0 is provided that lies in the gap between the n largest and
n smallest eigenvalues of the n X n quadratic eigenvalue problem (QEP) Q(X)z = 0. Once such a
w is known, the QEP can be solved by linearizing to a definite pencil that can be reduced, using
already available Cholesky factorizations, to a standard Hermitian eigenproblem. By incorporating
an initial preprocessing stage that shifts a hyperbolic @ so that it is overdamped, we obtain an
efficient algorithm that identifies and solves a hyperbolic or overdamped QEP maintaining symmetry
throughout and guaranteeing real computed eigenvalues.
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rithm
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1. Introduction. The quadratic eigenvalue problem (QEP) is to find scalars A
and nonzero vectors x and y satisfying Q(A)xz = 0 and y*Q(\) = 0, where

(1.1) Q) =MNA+A\B+C, A B,CeC™"

is a quadratic matrix polynomial. The vectors z and y are right and left eigenvec-
tors, respectively, corresponding to the eigenvalue A. The many applications of the
QEP, as well as its theory and algorithms for solving it, are surveyed by Tisseur and
Meerbergen [27].

Our interest in this work is in Hermitian quadratic matrix polynomials—those
with Hermitian A, B, and C—and more specifically those that are hyperbolic. Hyper-
bolic quadratics, and the subclass of overdamped quadratics, are defined as follows.
For Hermitian X and Y we write X > Y (X > Y) if X — Y is positive definite
(positive semidefinite).
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1594 C.-H. GUO, N. J. HIGHAM, AND F. TISSEUR

DEFINITION 1.1. Q()) is hyperbolic if A, B, and C' are Hermitian, A > 0, and
(1.2) (z*Bx)? > 4(x*Ax)(2*Cx)  for all nonzero x € C™.

DEFINITION 1.2. Q()) is overdamped if it is hyperbolic with B > 0 and C > 0.

Overdamped quadratics arise in overdamped systems in structural mechanics [22,
section 7.6].

Any eigenpair of ) satisfies z*@Q(\)x = 0 and hence

—2* Bz + /(2*Bx)? — 4(2*Ax)(2*Cx)
20*Ax

(1.3) A= :
Therefore the eigenvalues of a hyperbolic @ are real and those of an overdamped Q
are real and nonpositive. Both classes of quadratics have other important spectral
properties, which we summarize in section 2.

We have two aims. The first is to devise an efficient and reliable numerical test
for hyperbolicity or overdamping of a given Hermitian quadratic. The second aim is
to build upon an affirmative test result an efficient algorithm for solving the QEP that
exploits hyperbolicity and in particular that guarantees real computed eigenvalues in
floating point arithmetic.

Part of the motivation for testing overdamping concerns the stability of gyro-
scopic systems. It is known that a gyroscopic system G(A) = A4, + AB, + C,
with Ay, Cy > 0 and B, Hermitian indefinite and nonsingular is stable whenever the
quadratic Q4(\) = A?A4, + A\|B,| + C, is overdamped [9]. Here |By| is the Hermitian
positive definite square root of Bs (i.e., the Hermitian polar factor of the Hermitian
matrix By) [12].

Checking the hyperbolicity condition (1.2) is a nontrivial task, and plausible suf-
ficient conditions for hyperbolicity may be incorrect. For example, it is claimed in
[21] that when A = I, B > 0, and C' > 0, Q is hyperbolic if B > 2C'/2. That this
claim is false has been shown by Barkwell and Lancaster [1].

Guo and Lancaster [9] propose testing overdamping by using a matrix iteration
based on cyclic reduction to compute two solvents (solutions) of the quadratic matrix
equation

(1.4) QX)=AX?*+BX+C=0

and then computing an extremal eigenvalue of each solvent. A definiteness test on @
evaluated at the average of the two extremal eigenvalues finally determines whether
Q@ is overdamped. We show that the same iteration can be used to test overdamping
in a much more efficient way that does not necessarily require the iteration to be run
to convergence, even for a positive test result. Our test is based on a more complete
understanding of the behavior of the matrix iteration, developed in section 3.

In section 4 we extend the convergence analysis to weakly overdamped quadratics,
for which the strict inequality in (1.2) is replaced by a weak inequality (>). The key
idea is to use an interpretation of the matrix iteration as a doubling algorithm. We
show that for weakly overdamped @ with equality in (1.2) for some nonzero z, the
iteration is linearly convergent with constant at worst 1/2 in the generic case. A
reasonable speed of convergence can therefore be expected in almost all practically
important cases.

In section 5 we turn to algorithmic matters. We first show how a hyperbolic ) can
be shifted to make it overdamped. Then we specify our test for overdamping, which
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HYPERBOLIC QUADRATIC EIGENVALUE PROBLEMS 1595

requires only the building blocks of Cholesky factorization, matrix multiplication,
and the solution of triangular systems. We then show how after a successful test the
eigensystem of an overdamped @ can be efficiently computed in a way that exploits
the symmetry and definiteness and guarantees real computed eigenvalues.

Veselié¢ [28] and Higham, Tisseur, and Van Dooren [19] have previously shown that
every hyperbolic quadratic can be reformulated as a definite pencil L(\) = AX 4+Y of
twice the dimension, and this connection is explored in detail and in more generality
by Higham, Mackey, and Tisseur [16]. However, the algorithm developed here is the
first practical procedure for arranging that X or Y is a definite matrix and hence
allowing symmetry and definiteness to be fully exploited.

Section 6 concludes the paper with a numerical experiment that provides further
insight into the theory and algorithms.

2. Preliminaries. We first recall the definition of a definite pencil.

DEFINITION 2.1. A Hermitian pencil L(A) = AX +Y is definite (or, equivalently,
the matrices X,Y form a definite pair) if (2*X2)? + (2*Y2)? > 0 for all nonzero
zeCnm.

Definite pairs have the desirable properties that they are simultaneously diag-
onalizable under congruence and, in the associated eigenproblem L(A)x = 0, the
eigenvalues are real and semisimple.’

The next result gives three conditions each equivalent to the condition (1.2) in
the definition of hyperbolic quadratic.

THEOREM 2.2. Let the n x n quadratic Q(\) = \2A+ AB + C be Hermitian with
A >0 and let
(2.1) v = HIrHlinl[(a:*Bx)2 — 4(z*Az)(z* Cx)].

x||2=
The following statements are equivalent:

(a) @ is hyperbolic.

(b) v > 0.

(¢) 2*Q(N)x = 0 has two distinct real zeros for all nonzero x € C™.

(d) Q(u) <0 for some p € R.

Proof. (a) < (b) & (c) is immediate. (¢) < (d) follows from Markus [25,
Lemma 31.15]. 0O

Hyperbolic quadratics have many interesting properties [25, section 31].

THEOREM 2.3. Let the n x n quadratic Q(\) = A\2A + \B + C be hyperbolic.

(a) The 2n eigenvalues of Q(X) are all real and semisimple.

(b) There is a gap between the n largest and n smallest eigenvalues, that is, the
eigenvalues can be ordered \y > --- > Ay > Apg1 > - > Aog.

(¢) Q(un) <0 for all p € (Ant1,An) and Q(u) > 0 for all p € (—00, Aap ) U (A1, 00).

(d) There are n linearly independent eigenvectors associated with the n largest
eigenvalues and likewise for the n smallest eigenvalues.

(e) The quadratic matriz equation Q(X) = 0 in (1.4) has a solvent SM) with
etgenvalues A1, ..., A\, and a solvent S@) with etgenvalues \p41,. .., Aayn. Moreover,

The n largest eigenvalues of a hyperbolic quadratic are called the primary eigen-
values and the n smallest eigenvalues are the secondary eigenvalues. The solvents

LAn eigenvalue of a matrix polynomial P(\) = Zi:o M Py is semisimple if it appears only in
1 x 1 Jordan blocks in a Jordan triple for P [7].
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1596 C.-H. GUO, N. J. HIGHAM, AND F. TISSEUR

S and S® having as their eigenvalues the primary eigenvalues and the secondary
eigenvalues, respectively, are referred to as the primary and secondary solvents.

Hyperbolicity can also be defined for matrix polynomials P of arbitrary degree
[25, section 31]. The notion has recently been extended in [16] by replacing the
assumption of a positive definite leading coefficient matrix with P(w) > 0 for some
w € RU{c0}.

The next result gives some characterizations of an overdamped quadratic. First,
we need a simple lemma.

LEMMA 2.4. Let Q(A) = NA + AB + C be Hermitian and let u > 0. Then
Q(—u) <0 if and only if B> puA+ u='C.

Proof. The proof is immediate from Q(—pu) = p2A—puB+C < 0 < pA—B+u~1C
< 0. O

THEOREM 2.5. Let Q(\) = AN2A + AB + C be Hermitian with A > 0. Then the
following statements are equivalent:

(a) Q(N) is overdamped.

(b) Q(N) is hyperbolic and all of its eigenvalues are real and nonpositive.

(c) B>0,C>0, and B> pA+ pu=1C for some u > 0.

Proof. (a) < (b) is proved in [9, Theorem 5]. (b) = (c¢): By Theorem 2.3(c),
Q(n) < 0 for some gz < 0; (c) follows on invoking Lemma 2.4. (c¢) = (a): B >
puA+p~tC with g > 0 implies Q(—u) < 0 by Lemma 2.4, which implies @ is hyperbolic
by Theorem 2.2(d) and hence overdamped since B > 0 and C > 0. |

It follows from (b) in Theorem 2.5 that if we know an upper bound, say, 6, on the
largest eigenvalue A; of a hyperbolic quadratic @) then, with A = p+ 6, the quadratic
Qg defined by

(2.2) Q) =Q(u+0) = p?A+ u(B+20A)+C + 6B +6%A

= u?Ag + puBg + Cy

=: Qo(p)
is overdamped. Thus any hyperbolic quadratic can be transformed into an over-
damped quadratic by an appropriate shifting of the eigenvalues. Hence for the pur-
poses of testing hyperbolicity and overdamping it suffices to consider overdamping.

We make this restriction in the next two sections and consider in section 5 how to
implement the shifting in practice.

3. An iteration for testing overdamping. Suppose we have a Hermitian
quadratic Q(\) = A2A+\B+C, where we assume throughout this section that A > 0,
B > 0, and C > 0. The challenge is how to test the hyperbolicity (or, equivalently,
the overdamping) condition (1.2) or, equivalently, condition (c¢) in Theorem 2.5.
The primary and secondary solvents S() and S® of an overdamped quadratic
can be found efficiently by applying an iteration based on cyclic reduction [2], [9].
The iteration is
So=B, Ag=A, By=B, Cy=C,
Skt1 = Sk — AxBy ' C,

(3.1) Aps1 = ApBj M Ay,
Biy1 = By — AyB, 'Oy — OB ' Ay,
Cky1 = CkB,jlck.

The next theorem summarizes properties of the iteration proved in [9, Lemma 6,
Theorem 7 and proof].
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THEOREM 3.1. Let Q(A) = AN2A + AB + C be an n x n overdamped quadratic
with eigenvalues A\ > -+ > Ay > Apg1 > -+ > Aoy Consider iteration (3.1) and any
matriz norm || - ||.

(a) The iterates satisfy Ay, > 0, Cy, >0, and By, > 0 for all k > 0.

(b) [[Ak|[|ICkll converges quadratically to zero with

A
limsup *V/[Ax[TCk] < == < 1.
k—oo n+1

(c) Sk converges quadratically to a nonsingular matriz S with

. — An
(3.2) limsup \/[|Sk — S| < <L
n+1

k—oo

(d) The primary and secondary solvents of Q(X), SM) and S, respectively, are
given by

(3.3) S =_5-1c, §@ = _4715*

The next lemma reveals a crucial property of iteration (3.1) for overdamped
quadratics. The “only if” part of the result is [9, Lemma 6].

LEMMA 3.2. Let u > 0 and assume A > 0 and Cy, > 0. In (3.1), By > u2kAk +
,u_Qk Cy if and only if Agy1 >0, Cry1 >0, and Bry1 > ,quHA;H_l + u‘QkHCkH.
Proof. “=": We have
By = By, — AkBk‘le — CkBk_lAk
= By, — (,U2kAk + /fzk Cr)B; ! (,U2kAk + lfzk Ck)
B A + 2 G B G
ey e

+

2k+1

>p? " ApBy A+

where we have used the fact that X —YX"'Y >Y —YY 'Y =0 when X > Y > 0.
Clearly, Ag41 >0 and Cyy1 > 0 since B, ' > 0.
“«<": As in the first part we have

(3.4) Bii1 = By — F By 'Fyy + Fip,

where F), = ,LLQkAk + ,u_zk Ck. Now if By41 > ﬂ2k+1Ak+1 + ,LL_ZkHCk_H = Fj41 then
(3.4) gives By — FkBk_le > (0. Note that By — FkBk_le is the Schur complement of
Bi > 0in

| By Fy
S

So we have T' > 0, and it follows that By — Fy, > 0 (for example, by looking at
the (1,1) block of the congruence [I_I]T[ ! OD. Therefore B, > Fj, = uzkAk

0TI —II
+ ,LL_Qka. d

In view of Theorem 2.5(c), Lemma 3.2 implies that @ is overdamped if and only
if any one of the quadratics

(3.5) Qr(A) = N2 Ay + ABy, + Cy,

Copyright © by STAM. Unauthorized reproduction of this article is prohibited.



1598 C.-H. GUO, N. J. HIGHAM, AND F. TISSEUR

generated during the iteration is overdamped, assuming that Ay > 0 and Cj > 0 for
all k. Note that the latter assumption holds if By > 0 for all .

COROLLARY 3.3. Let Q be a Hermitian quadratic with A, B > 0 and C > 0. For
iteration (3.1) and any fited m >0, if B, >0 fork=1:m—1 and

(3.6) By > 12 A+ 072 Cr

for some >0, then B > pA+ p=1C and Q is overdamped.
Intuitively, we can think of the scalars 2" and u‘zm in (3.6) as trying to balance

Ay, and Cy,. This suggests that (3.6) could be replaced by B, > A,, + C,, if the
iteration is scaled so that A,, and C,, are balanced. Normwise balancing is included
in the following scaled version of (3.1), introduced in [9]; it generates iterates Ay, By

(unchanged from (3.1)), and Cj, according to

ao =/ [|CII/[|All,
Ay =apA, By=B, Co=aj'C,
Apt1 = AkalzlAvka

(3.7) Bjs1 = By — AyB;'C), — Cy, By M Ay,
Cry1 = 51@314_151@,
r1 = VN Crp |/ Akt

T ~ -1
Apt1 = g1 Ak+1,  Ckp1 = a1 Ckya.

Here we have assumed that C # 0 (the overdamping condition holds for the trivial
case C' =0 by (1.2)); thus ag > 0 for each k > 0. The scaling procedure ensures that
[Akll = |Ck|l and [|Ax[[|Cxll = [[Ak|l [|Ck]l-

The next result describes the behavior of the scaled iteration.

THEOREM 3.4. A Hermitian quadratic Q with A,B > 0 and 0 # C > 0 is
overdamped if and only if in (3.7)

(3.8) By >0 for allk,  lim Ap =0, Jim Cp =0, Jim By >0,

and in this case

o e A 1/2
(3.9) lim sup ||Ag|| = lim sup ICk] < <)\ n ) ,
k—o0 k—oo n+1
‘ — A
(3.10) limsup 2\/|| By, — B| < ,
k—oco >\n+l

with B = A(S® — §2)).

Proof. Assume that the conditions in (3.8) hold. Then B,, > ﬁm + 5m for some
m > 0. It is easy to see that the iterates Ak and CN'k defined in (3.7) are related to Ay
and Cy in (3.1) by

~ ok ok—1 ~ ko _gk—1

2 2 —2 |
Ap=af o ... ook, Ci=o05" o coapgtiap Cp, k>0

So By > Apm + Con implies B, > p?" Ay 4+ p= 2" C,, with p = aoa%_la%_2. a2,
which implies @ is overdamped by Corollary 3.3.
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TABLE 3.1
Number of iterations m to verify that the quadratic defined by (3.11) is overdamped.

B | 1 062 061 0.53 0.52 0.5197 0.519616 0.51961525 0.5196152423
m | 0 0 1 1 2 3 5 8 12
TABLE 3.2

Number of iterations m to verify that the quadratic defined by (3.11) is not overdamped.

8 | 0.36 047 050 0.51 0.5196 0.519615 0.51961524  0.5196152422
m| 1 2 3 4 8 11 15 17

Now assume the QEP is overdamped. Then, from Theorem 3.1(a), By > 0 for
each k > 0, while, since |Ax|| = ||Ckll = (| A&ll|Cx]))?/2, Theorem 3.1(b) implies
lim ﬁk = lim 51: = 0 and that (3.9) holds. To show the convergence of By, we note
that from (3.1), Bk+1 = Bk - (Sk - Sk—i—l) — (Sk — Sk-‘rl)*a which implies

Bk:Bo—(So—Sk)—(So—Sk)*:—B—I—Sk—FSZ.

In view of (3.2), (3.3), and By > 0, (3.10) holds with B=-B+5+8" = A(SM —
S2)) > 0. Since the sequence {||B; ||} is known to be bounded (see the proof of [9,
Theorem 7)), we have B > 0. O

The next result confirms that p can be removed from (3.6) for the scaled iteration.
It follows readily from Theorem 3.4 and its proof.

COROLLARY 3.5. A Hermitian quadratic Q with A, B > 0 and 0 # C > 0 is
overdamped if and only if, for some m > 0, By > 0 for k = 1:m — 1 in (3.7) and
B, > ﬁm + 5m.

The corollary is important for two reasons. First, it provides a basis for an elegant,
practical test for overdamping, as definiteness of a matrix is easily tested numerically.
Second, in the case of an affirmative test result a p with Q(—u) < 0 can be identified,
and such a p is very useful when we go on to solve the QEP, as we will show in
section 5.

From a numerical point of view it is preferable to work with the original data
as much as possible. The following variant of Corollary 3.5 tests the overdamping
condition using the original quadratic Q and will be the basis of the algorithm in
section 5. It follows readily from Corollary 3.3 and Theorem 3.4 and its proof.

COROLLARY 3.6. A Hermitian quadratic Q with A, B > 0 and 0 # C > 0 is
overdamped if and only if, for some m > 0, By > 0 for k = 1:m — 1 in (3.7) and
Q(—ptm) < 0, where pim = aga? a2 ...a% " >0 and the oy are defined in (3.7).

Usually, only a few iterations of the cyclic reduction algorithm (3.7) will be nec-
essary. To illustrate, we consider a quadratic Q(A) of dimension n = 100 defined by

20 -10

—~10 30
(311) A=1, B=§ O =

15 =5
-5 15

... .'. _5 ’
30 -10 5 15
~10 20

where 8 > 0 is a real parameter. This example, which comes from a damped mass-
spring system, is used in [13] with 8 = 1. We use the l-norm in (3.7). Tables 3.1
and 3.2 report the number of iterations required to demonstrate that @ is over-
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damped, through verification of the conditions in Corollary 3.6, or that it is not
overdamped, through generation of a non-positive definite iterate B,,. Note that
when @Q is “strongly” overdamped and when @ is far from being overdamped, the
overdamping condition is shown to hold or not after just a few iterations.

4. Convergence analysis for weakly overdamped quadratics. For the ex-
ample at the end of section 3 and some §y € (0.5196152422,0.5196152423), the in-
equality (1.2) holds as a weak inequality with equality attained for some nonzero z.
We have seen that the overdamping test requires a very small number of iterations
when £ is not close to Bg. When (8 =~ 3y, the number of iterations increases but is still
under 20 in our experiments. The purpose of this section is to explain this behavior
by showing that the convergence of iteration (3.1) is reasonably fast even when the
QEP is weakly overdamped in the sense defined as follows.

DEFINITION 4.1. Q()) is weakly hyperbolic if A, B, and C are Hermitian, A > 0,
and

(4.1) v = min [(z*Bx)? — 4(z*Az)(z*Cz)] > 0.

llzll2=1

DEFINITION 4.2. Q(\) is weakly overdamped if it is weakly hyperbolic with B > 0
and C > 0.

The eigenvalues of a weakly hyperbolic () are real and those of a weakly over-
damped @ are real and nonpositive. The following result collects further properties
of a weakly overdamped quadratic [25, section 31].

THEOREM 4.3. Let Q(\) = N> A+AB+C be a weakly overdamped n xn quadratic.

(a) If v = 0 in (4.1), then Q(N\) has 2n real eigenvalues that can be ordered
AL > 2 A = A1 = - > Ao The partial multiplicities® of A\, are at most 2,
and the eigenvalues other than A, are semisimple.

(b) Q(\n) < 0.

(¢) The quadratic matriz equation Q(X) = 0 in (1.4) has a solvent S with
etgenvalues A1, ..., A\, and a solvent S with etgenvalues Ap11,. .., Aap.

In the overdamped case considered in the previous section, convergence results
for the iteration (3.1) are established using matrix identities obtained from the cyclic
reduction method. Those identities do not contain enough information about (3.1) to
allow a proof of convergence for weakly overdamped quadratics with v = 0, for which
An41 = An. We now study this critical case and thereby obtain a better understanding
of the convergence of the iteration for overdamped QEPs with A, &= A, 1. The next
lemma shows that (3.1) remains well defined in the critical case, which is the setting
for the rest of this section.

LEMMA 4.4. For a weakly overdamped quadratic Q(\) = AN2A + AB + C with
v =0 in (4.1), there is a positive real number p such that for the iteration (3.1)

(4.2) A, >0, Cp>0, Bp> ,uzkAk + ,LL_Qka

for all k > 0.

Proof. We have A\, < \; <0. If A\,, = 0 then, from Theorem 4.3, C = Q()\,,) < 0.
Since C' > 0 we must have C' = 0. However, v > 0 for the trivial case C = 0.
Therefore A, < 0 since v = 0. It then follows from Q()\,) < 0 that B > puA + u~'C

2The partial multiplicities of an eigenvalue of @ are the sizes of the Jordan blocks in which it
appears in a Jordan triple for Q [7].
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for p = =X, > 0. The inequalities in (4.2) are then proved inductively using the
technique from the proof of the first part of Lemma 3.2. O

Lin and Xu [24] recently showed that Meini’s iterations based on cyclic reduction
for the matrix equation X + A*X 1A = @ [26] can also be derived from a structure-
preserving doubling algorithm. Following their approach we show that the iteration
(3.1) is related to a doubling algorithm, and we use this observation to study the
convergence of (3.1) for weakly overdamped quadratics. The rate of convergence will
be shown to be at least linear with constant 1/2 in the generic case, which is the
case where A\, = A\, is a multiple eigenvalue with partial multiplicities all equal to
2 (that is, A, occurs only in 2 x 2 Jordan blocks). This rate and constant are to be
expected in view of the results of Guo in [8].

LEMMA 4.5. Let X = [fl %] andY = [g o] be block 2 x 2 matrices with n x n

blocks. When H + G is nonsingular there exist 2n X 2n matrices X and Y such that
(a) XY =YX and (b) XX, YY have the same zero and identity blocks as X and Y,
respectively.

Proof. Applying block row permutations and block Gaussian elimination to [

v]
yieldsP[X}:[g],whereU:[ ¢ I} and

Y

Y G+H O
0 0 I 0
p_[Pu P2]_ |0 I I 0
| Pa Pe| | I -AG+H)T'|-AG+H)TY 0

0 C(G+H)™ | C(G+H)™ -~I

Since [le P22] Hf] = 0, the required equality Y X = XY is satisfied with X := — Py

and Y = P51. Furthermore,

XX = [Hf(g(zf)H;AlA —OI} ,  YY= [Gé(?ff JI:FI@;C é} -0
Lemma 4.5 and its proof suggest the recurrence

(4.3) Xpp1 = XpXp, Yipr =ViYe, k>0,

with

(4.4) X = [I‘j’; _OI}, Y, = {g: é]

and

% — [ Ar (G, +Hk)‘_1 0} ¥, — [I —Ar(Gy +Hk)_—1}
—Cy(Gx + Hg)™ ' I|° 0 Ck(Gy+Hp) L |7

which leads to

Ak+1 = Ak(Gk + Hk)_lAk,

(4.5) Gry1 = Gy, — Ag(Gy + Hy) "' Oy,
Hyy1 = Hy, — Ck(Gk + Hk)ilAk,
Cri1 = Cr(Gy, + Hy,) *Cy.

With
(4.6) Ag=A, Co=C, Go=0, Hy=hB,
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the iteration (3.1) is recovered from (4.5) by letting By, = Gy + Hy and Sy, = H;. By
Lemma 4.4, By, > 0 for all k > 0. Therefore with the starting matrices (4.6), iteration
(4.5) is well defined. Note that X}, in (4.4) is nonsingular for all k£ > 0 and, from (4.3)
and the property that )Z'kYk = ?ka,

(4.7) XY = (X Xn)T'VaYs = X, X 1VY, = XY XY, = (X 1Y)2
It follows from (4.7) that for all k > 0,

k
(4.8) X7 = (X))

The identity (4.8) is what we need to prove the convergence of (4.5) with (4.6) and
hence the convergence of (3.1).

The next result describes the convergence behavior in the generic case.

THEOREM 4.6. Let Q(X) be weakly overdamped with eigenvalues \y > -+ > A, =
Angl = -0 > Aon, and assume that the partial multiplicities of \,, are all equal to 2.
Let SU) and S® be the primary and secondary solvents of Q(X) = 0, respectively,
and assume that A, is a semisimple eigenvalue of S and S®). Then the iterates
Gy, Hy, Ag, and Cy, defined by (4.5) and (4.6) satisfy

—_

limsup /|Gy — ASM|| < =, limsup /|| Hx + AS@®)| <

k—oco 2 k—o0

N =

. : 1
limsup /| Ax[|[|Cel| < 7-
k—oo

Proof. We start by making the change of variables (or Scaling) A = pb, where
0 = || >0 (see the proof of Lemma 4.4) so that pn = pny1 = —1, and we
define Q( ) = 12 A+ uB + C with (A B C) (A, B,6~1C). For this triple denote
the iterates of (4.5) by Ak, Gk, Hk, and Ck It is easy to see that for all & > 0,
Gk = Gy, Hk = Hy, Ak = 6? Ak, and Ck =92 Ok so that || Ag|] |\Ck|| = ||AkH ||OkH
The primary and secondary solvents of A52 +BS+C =0are SO = p-150) and
5@ = g-15( 2) | respectively. Note that ASD = 480 , © =1,2. To avoid notational
clutter, we omit the hats on matrices in the rest of the proof.

We now consider the iterations for the block 2 x 2 matrices X and Yy in (4.4).
With AO = A, C() = O, GO = 0, and H() = B, the pencil

A 0 0 I,
(4.9) MXO‘FYO-M[B _In}—i—[c 0]

is a linearization of Q(y) [7]. Hence —X; 'Y, and Q(u) have the same eigenvalues, with
the same partial multiplicities. Suppose there are r 2 x 2 Jordan blocks associated
with eigenvalues equal to p, = —1, where » > 1 by assumption. Rearranging the
Jordan canonical form of X 1Y0 appropriately yields

1 DQ@I O@Ir .

(4.10) VUXTLY,)V = [ ; Dl@Ir] —: Dy,
-1 | D21, 0 .

(4.11) WX Y)W = [ ol Dl@lr] —: Dy,

where V' and W are nonsingular, D; and Ds are (n — r) X (n — r) diagonal matrices
containing the (semisimple) eigenvalues less than 1 and greater than 1 in modulus,
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respectively, and M & N denotes [ ¥]. Now partition V' and W as block 2 x 2
matrices with n x n blocks

Vi W | W1 W3
V‘[Vz VJ’ W‘{Wz WJ’

and note from (4.10)—(4.11) that

412)  X;', [m - Wj (De@ 1), Xo'Y, [%ﬂ - [%ﬂ (D1 & L,).

By Theorem 4.3 and our assumption on S and S there exist nonsingular U; and
Us such that

(4.13) SO v (Do L)UTY, 8P =U,(Dy® I)U; L.

Since S, i = 1,2, is a solution of Q(X) = 0, from (4.9) we obtain
—1 In _ In 7 s
Xo Y [_As(i)] = [—AS(i)] (=80)y, i=1,2.
On comparing with the invariant subspaces in (4.12) and using (4.13) we deduce that
wi_[ ], Wil _[ o ],
Va| | —ASPU, | 7Y Wi | -ASWU | 7%

with Z; and Zs nonsingular, where we have also used the fact that there are exactly
r eigenvectors of X 1Y, corresponding to the eigenvalue 1. Hence V; and Wy are
nonsingular and

(4.14) —AS®D = vt —AsM = w, it
By (4.8)-(4.11) we have V~Y(X; 'V;)V = D and W1(X; 'V;)W = D%, so that
4.15 ViV = X, VDY, YW = X, WD

14 w

On equating blocks using (4.4) this yields

(4.16)  GyVi+ Vo= AVi(DS & 1),

(417)  GpVa+Vi= A4Vi(002) + A Va(D @ 1),

(4.18) CuVi = (HpVi — Vo) (D2 @ 1),

(4.19) CyVs = (HVi — Vi) (0@ 28 L,) + (Hy, Vs — Vi)(D? & I,.)

(4.20)  GRWy + Wy = AWi (D3 @ 1) + A Ws(0 @ 2¢1,),

(4.21)  GpWs + W,y = AW3(D¥ & 1,),

(4.22) CeWy = (HeWy — Wo)(D2" @ 1) + (HuWs — W) (0 @ 2F 1),
(4.23) CeWs = (HeWs — W) (D2 @ I,).
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By (4.22) and (4.23) we have
(4.24)  Cr(Ws—W1(0927%1,)) = (HyWs—W4)(D2 @0)— (H W1 —Wa) (0827 F1,.).
By (4.18) we have
(4.25) Hy = VoV '+ CoVa(D; 2 @ IV
Inserting (4.25) in (4.24) we obtain
Ch (W3 —Wi(0®27F L) —Vi(D; % @ L)V (Ws(D? @0) — Wi (0@ 2—’%)))
= (VoV "W = Wa)(DF @ 0) — (Vo' Wy = Wa)(0 @ 275 1,),

from which it follows, since Dy and D5 are diagonal with diagonal elements of mag-
nitude less than 1 and greater than 1, respectively, that

(4.26) Cr = 0(27%);

the latter notation means that ||Ck|| = O(27%). Tt then follows from (4.25) and (4.14)
that

(4.27) Hj + AS® = H,, — Vvt = 0(27F).
By (4.20) and (4.21),
(4.28) GWs+Wy— (GuWi +Wa)(0827F1,) = A, (W3(D @0)— Wi (0©27"1,)).
By (4.16),
(4.29) A = (GoVi + Vo) (D2 @ L)V
Inserting (4.29) in (4.28) we obtain

G W3 + Wy — (GeWy + W) (0 @ 277,) = (G Vi + Va) My,
with M, = O(27%). Thus

—Gr (W3 = Wi(0®27",) — ViIMy,) = Wy — Wa(0 @ 277 1,) — VoM.

It follows from (4.14) that
(4.30) G — ASW = G + W, W5t = 0(27h).
Postmultiplying (4.16) by D§2k @ 0 gives
(4.31) (GxVi +Va)(D3? @ 0) = A Vi (I, ©0),
while postmultiplying (4.17) by 0 @ 271, gives
(4.32) GV + Vi) (0@ 27", = AVi(0 @ I,) + Ay Vs(0@ 275 1),
Adding (4.31) and (4.32) we get

AV + V50 ®27F1,)) = (GeVa + VR) (D3 % @ 0) + (G Va + Vi) (0@ 27 1,.).
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It follows that
(4.33) A, =0(27%),

since {G}} has been shown to be bounded. Equations (4.26), (4.27), (4.30), and (4.33)
yield the required convergence results. d
For Sy and By in iteration (3.1) we obtain the following convergence result.
COROLLARY 4.7. Under the conditions of Theorem 4.6, the iterates Sy and By

in (3.1) satisfy
limsup /|| Sk — S| <

k—oo

~ 1
, lim sup 1y |IBr — B| < 3

k—o0

DN | =

where § = —S®" A is nonsingular and B = A(SM — S >0 is singular.

Proof. The convergence results f(ﬂlow from Theorem 4.6 by notAing By = Hip. + Gy,
and S = Hj. By (4.27) and (4.30), B = A(SM — S®)). We have B > 0 since By, >0
for each k, by Lemma 4.4. We now show that B is singular. Using (4.9) it is easy to
check that

. I I I I D o
(4.34) (—X(Yp) _AS(™M _AS(Q)] = |:_A3(1) _AS®@ (SW e s,

and S @ S? is diagonalizable. Now -X, 1Y0 is not diagonalizable, by assumption,
since it has at least one eigenvalue of partial multiplicity 2. Thus (4.34) can only
hold if [, Jo) _,Js] is singular. Thus the Schur complement B = A(S™ — §®)) is
singular. g

In the generic case for a weakly overdamped @ with v = 0, in which all of the
partial multiplicities of A\, are 2, ) is in some sense irreducible or coupled. The next
example shows that this condition is necessary for the conclusions in Theorem 4.6 and
Corollary 4.7 (and at the same time answers an open question from [9, section 4]).
Consider

Q(/\)=>\2A+)\B+O:/\2[(1) (1)]4—/\[3 ?}Jr[g 8}

It is easy to see that v = 0, so Q(\) is weakly overdamped with eigenvalues {0, —1, —1,
—2} with A2 = A3 = —1 semisimple. In (3.1) and (4.5), (4.6),

. 00 . . 10
klinéoA’“_{o 1]’ am B =Tz, khliloc’“_{o 0]’
. ~1 0 . 2 0
klinéoG’“_[o 0]’ JE&H’“_[O 1]'

Neither Ay nor C}, converges to zero. We also note that the convergence is quadratic
for By, Gk, and Hy. Moreover, By converges to a nonsingular matrix. This does not
come as a surprise, since Q(\) can be decomposed into the direct sum of two scalar
quadratics

Qi) =X +30+2, Qa(N) =N+ A\

It is readily seen that @ is overdamped with eigenvalues —1,—2 and that Qg is
overdamped with eigenvalues 0, —1. Thus the convergence of By, to a positive definite
matrix is guaranteed by Theorem 3.4 applied to each component of the direct sum.
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5. Algorithm for the detection and numerical solution. Let Q(\) = \2A+
AB + C be Hermitian with A > 0. We develop in this section an efficient algorithm
that checks if @ is hyperbolic and, if it is, computes some or all of the eigenvalues
and associated eigenvectors, exploiting the symmetry and hyperbolicity and thereby
preserving the spectral properties.

Our algorithm consists of three steps:

1. Preprocessing. This step forms Qg(\) = QA+ 0) = N2 A4y + A\By + Cp with
0 such that By > 0 and Cy > 0 or concludes that @ is not hyperbolic and
terminates the algorithm.

2. Owverdamping test. This step checks the overdamping condition for Qg. If Qg
is overdamped, a p € R such that Qg(n) = Q(u + 6) < 0 is also computed;
otherwise the algorithm terminates.

3. Solution. The quadratic Qg is converted into a definite pencil AX + Y €
C?>2" with X > 0 or Y > 0. The eigenvalues and eigenvectors of Q(\) are
then obtained from the eigendecomposition of a 2n x 2n Hermitian matrix
obtained by transforming AX + Y and exploiting the definiteness of X or Y
and the block structure of X and Y.

We now detail each of these three steps and compare the cost and stability of
our solution process with that of three alternative ways of solving the QEP: The QZ
algorithm applied to a linearization of Q(\), the J-orthogonal Jacobi algorithm [28]
also applied to a linearization of Q(\), and the method of computing the eigenpairs
of the primary and secondary solvents obtained via the cyclic reduction method [9].

At different stages our algorithm needs to test the (semi)definiteness of a ma-
trix. This is done by attempting a Cholesky factorization, with complete pivoting
in the case of semidefinitiness: Completion of the factorization means the matrix is
(semi)definite. This is a numerically stable test, as shown in [10].

5.1. Preprocessing step. The preprocessing step aims to eliminate, by sim-
ple tests, quadratics that are not hyperbolic and to produce, if possible, a shifted
quadratic Qp(A) = Q(A+6) (with 6 = 0 is possible) for which the necessary condition

(5.1) B>0, C>0

for overdamping is satisfied.

If B is singular then, by (1.2), @ cannot be hyperbolic. Assume now that B is
nonsingular but not positive definite or C' is not positive semidefinite. Since A > 0,
for 6 > 0 large enough the matrices

Bg=B+20A, Cy=C+0B+0*A

defining the shifted quadratic Qp(\) = Q(A+0) with Ag = A (see (2.2)) satisfy (5.1).
To avoid numerical instability in the formation of By and Cy (due to the possibly
large variation in || A, ||B]|, and ||C||) we would ideally like to choose 6 close to

Oopt = inf{f €ER: B+20A >0, C+60B+6°A>0}.

Rather than solving this optimization problem we choose 6 to be an upper bound
on the modulus of A1, the right-most eigenvalue of ). With such a shift, all of the
eigenvalues of @y lie in the left half plane. When @ is hyperbolic, Qy is also hyperbolic
with real and nonpositive eigenvalues. Thus By > 0 and Cy > 0 by Theorem 2.5.
Therefore if By # 0 or Cy # 0 we can conclude that @ is not hyperbolic. If By > 0
and Cyp > 0 we proceed to step 2.
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TABLE 5.1
Operation count for the preprocessing step. Matrices are assumed real and of dimension n.

Operations Cost (flops)
Cholesky factorization of B and C' to check definiteness. 2n3 /3 or less
Computation of # when B and/or C not positive definite:

Cholesky factorization of A. n3/3

[JA~1|| (1-norm estimation [11, section 15.3], typically 4 solves). 4n?
Form Bg = B+ 20A, Cg = C + 0B + 6% A. 6n?
Cholesky factorizations of By and Cy. 2n3/3 or less

Total  5n3/3 or less

To construct the shift 8 we use the following strategy: let
a=|[lAll, b=|Bl, c=]Cl,

where || - || is any consistent matrix norm. Then, from [18, Lemmas 3.1 and 4.1], for
every eigenvalue A of () we have

1
(5.2) A< 1A (b + VI 4/TAT) = o,

(5.3) Al < (14 A7) max(ct/?,b) =: 0.

We take the l-norm and set ¢ = min(oy,02). Since o must greatly overestimate
[A1] when |A,| > |A1], we carry on one step further and form the shifted quadratic
Q_o/2(A) = Q(X — 0/2) for which (5.2)-(5.3) give two new bounds 7; and 7> (and
A is unchanged, so [|A7!|| can be reused). We then take § = min(o,7 — £0), where
T = min(7, 72).

As shown by Theorem 3.4, the speed of convergence of iteration (3.7) for over-
damped @ depends on the ratio A,, /A, +1. An unnecessarily large shift of the spectrum
to the left can make this ratio very close to 1, potentially causing slow convergence
of the iteration. However, we showed in section 4 that for the generic case of weakly
overdamped @ with A\, = .41 the convergence is at least linear with constant 1/2,
so convergence of the iteration cannot be unduly delayed by a conservative choice of
shift.

Table 5.1 details the computations and their cost. (Costs of all the operations
used here are summarized in [12, Appendix C].) Preprocessing requires at most §n3
flops.

5.2. Overdamping test. The following algorithm is based on Corollary 3.6. It
runs the scaled iteration (3.7) until either a non-positive definite By or a negative
definite Q(uk) is detected, signaling that @ is not overdamped or is overdamped, re-
spectively. The algorithm terminates on one of these conditions or because of possible
nonconvergence of the iteration for a non-overdamped Q. It is intended to be applied
to Qg from the preprocessing step.

ALGORITHM 5.1 (overdamping test). This algorithm tests whether a quadratic
Q(\) = N2A+ AB+ C with A,B > 0 and 0 # C > 0 is overdamped and, if it is,
computes p < 0 such that Q(u) < 0. Input parameters are the mazimum number of
iterations kmax and a convergence tolerance € > 0.

1 SetAozA, BQZB, C():C.

2 Set ap = HCQH]/”AQ”]_, Mo = —01(1)/2, k=0.

3 if Q(uo) < 0, Q(N) is (hyperbolic and hence) overdamped, pu = g, quit, end
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4 while k < kmax

5 By =B, — A.B.'C, — C, B, ' A,

6 if | Bk+1 — Bill1/||Br+1ll1 < €, goto line 15, end
7 if Bry1 # 0, @ is not overdamped, quit, end

8 Apy1 = apA B 1A,

9 Ci1 = a;, 'C,B; ' C,,

10 k1 = [|Crl|1/ | A+l
k+2
11 HE+1 = HEQG
12 if Q(pr+1) <0, Q is overdamped, u = pg41, quit, end
13 k=k+1
14 end

15 @ is not overdamped. % See the discussion below.

Note that the crucial definiteness test on line 12 of Algorithm 5.1 is carried out
on @ and not on Qg in (3.5). Hence a positive test can be interpreted irrespective
of rounding errors in the iteration: The only errors are in forming Q(uk+1) and in
computing its Cholesky factor. For a non-overdamped @, it is possible that By >
0 for all k£ (see the example at the end of section 4). However, if convergence of
the By is detected on line 6 then @ is declared not overdamped because by this
point an overdamped @ would have been detected, while if ky,.x is large enough (say,
kmax = 20) and this iteration limit is reached then @ can reasonably be declared not
overdamped in view of the fast (quadratic) convergence of (3.7) for an overdamped Q.

The implementation details of Algorithm 5.1 and the cost per iteration are de-
scribed in Table 5.2. The total cost for m iterations is %n3 flops for m = 0 and roughly
Dmn® flops for m > 1.

Guo and Lancaster’s test for overdamping is based on iteration (3.1), scaled as in
(3.7). For the computation of §, %én?’ flops are required, where ¢ is the number of
iterations for convergence of (3.1). An extra 5n® flops is needed to form the two sol-
vents S(1) and S(?) (which are nonsymmetric in general) via (3.3). Then the smallest
eigenvalue X\, of S and the largest eigenvalue A,41 of S need to be computed
and the definiteness of Q((A, + An+1)/2) tested. The total cost is (£2¢+ 18)n® flops
plus the cost of finding A\, and A, 11. Since m < £, Algorithm 5.1 is clearly the more
efficient, possibly significantly so.

We mention two alternative ways to test hyperbolicity. Both are based on the
fact that a Hermitian @ with A > 0 is hyperbolic if and only if a certain 2n x 2n pair

TABLE 5.2
Operation count per complete iteration of Algorithm 5.1. Matrices are assumed real and of
dimension n.

Operations Cost (flops)

Cholesky factorization of By = LkLZ
available from previous step.

Form V;, = L;lAk. n3
Form W, = L;lck. n3
Compute AkBk_lclC = VkTWk. 2n3
Cholesky of By 1. n3/3
Compute AkBglAk = VkTVk. n3
Compute Cy B, ' Cy, = W' W, n3
Cholesky of —Q(pk+1)- n3/3

Total  20n3/3
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(A, B) is definite [19, Theorem 3.6]. The first approach is to apply the J-orthogonal
Jacobi algorithm of Veseli¢ [28] to (A, B), since the algorithm breaks down when
applied to an indefinite pair. Drawbacks of this approach are that the algorithm uses
hyperbolic transformations, and so is potentially unstable, and that it must be run
to completion to check whether the problem is overdamped, though of course upon
completion it has computed the eigenvalues. It requires an initial %n?’ flops followed
by 12sn3 flops, where s is the number of sweeps performed. The second approach is
to apply to (A, B) an algorithm of Crawford and Moon [4] for detecting definiteness
of Hermitian matrix pairs. Although only linearly convergent, this algorithm usually
terminates within 30 iterations with a message of “definite,” “indefinite,” or “fail”
(denoting failure of the algorithm to make a determination). The number 30 here
is for difficult problems, for which our algorithm may also need 20 iterations. For
easy problems, the Crawford—Moon algorithm needs about 3 iterations, while our
algorithm needs 0 or 1 iterations. Since the Crawford—Moon algorithm requires one

Cholesky factorization per iteration, here of a 2n x 2n matrix, it needs §n3 flops per

iteration, and this can be reduced to %n?’ flops per iteration by working directly with
the n x n quadratic @Q through the use of a congruence transformation, as given in
the proof of [19, Theorem 3.6], for example. Since our algorithm needs %nﬁ flops per
iteration, it is often more efficient than the Crawford—Moon algorithm applied to the
pair (A, B) and is often less efficient than the Crawford—Moon algorithm working on
Q@ via the congruence. However, the Crawford—-Moon algorithm with or without the
congruence is numerically unreliable, as we now explain.

We use a MATLAB translation of the Fortran code PDFIND from [3] and also
modify it so that it exploits the congruence to work only with the quadratic Q. For
the quadratic (3.11), we found that for § € (0.5196152422,0.5196152423) (which is a
small interval in which @ changes from being not overdamped to overdamped—see
Tables 3.1 and 3.2) both codes often return with a “fail” message when Algorithm 5.1
correctly diagnoses (non) overdamping. We then considered a scaling of the problem
A — o?A, B « aB, with a > 0, which has no effect on the overdamping or on
Algorithm 5.1. However, as « decreases, PDFIND becomes more unreliable, due to
the increasing ill conditioning of the congruence transformation with decreasing «.
To be more specific, we take & = 10~7. First, consider § = 0.5157:0.0001: 0.5197. For
B = 0.5197 our algorithm detects overdamping in 3 iterations, and for other values our
algorithm detects nonoverdamping in at most 8 iterations. PDFIND, using the con-
gruence, incorrectly detects nonoverdamping for 8 = 0.5197 and fails for 8 = 0.5157,
0.5177-0.5181, 0.5188, 0.5189, 0.5194. Next, we take 5 = 0.51965:0.00001: 0.51971.
Our algorithm detects overdamping in at most 5 iterations. PDFIND without the con-
gruence incorrectly detects nonoverdamping for 0.51965, 0.51967, 0.51968 and fails for
0.51966, 0.51969, 0.51970. The conclusion is that PDFIND is numerically unreliable
whether the congruence is used or not, and when it gives the wrong answer there is
no warning. The poor performance of PDFIND when working with the pair is due
to the fact that the ill-conditioned congruence transformation is implicitly present in
the equivalence between @ being hyperbolic and (A, B) being definite.

For our algorithm, instability could potentially arise if By, is ill-conditioned. How-
ever, we know from [2, p. 40, line 10] that By, is well-conditioned if By = B is well-
conditioned (which is verifiable right from the beginning) and if A\, /A,+1 is not too
close to 1. When A,,/A,41 is extremely close to 1, By is known to be ill-conditioned
for large k. However, By, appears in our algorithm only in terms like AkBlle’k, and
Ay and C converge to 0, so the ill-conditioning of By has only a limited effect on our
algorithm. Indeed, instability has not been observed in any of our tests.
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TABLE 5.3
Operation count for the eigenvalue computation, with reference to (5.4).

Operations Cost (flops)

Cholesky factorizations of A = L AL£
and —C = Lch already available.

Form R= —(L,'L¢o)T. n3/3

Form G = L;'BL,". 3n3/2
Tridiagonalization of [7}% }g] < 4(2n)3/3
Eigenvalues via (e.g.) QR iteration. O(n?)

Total = 13n3

5.3. Solving hyperbolic QEPs via definite linearizations. Recall that the
scalar p computed by Algorithm 5.1 applied to Qg is such that Q(u+0) = Q¢(u) < 0.
Hence with w = pu + 6 we have

Q) =Q(t+w) =t?A+t(B+2wA) + C +wB + w’A
=1?A+tB+C,

with C' = Q(w) < 0 and A = A > 0. The pencils

Ll()\):/\[g _%]%g g] Ly(A) = L% é]*{_og (%}

are both Hermitian definite linearizations of @ with a positive definite leading coef-
ficient of Ly and a negative definite trailing coefficient of L. They share the same
eigenvalues as @), and the eigenvectors of ) are easy to recover from those of L; or
Ly. The sensitivity and stability of these linearizations have recently been studied
n [14], [15], [17]. It is shown therein that the scaling of Fan, Lin and Van Dooren
[6] should be applied to Q before linearizing. The choice between L; and Ls should
be guided by the fact that, in terms of conditioning and backward error, they favor
large and small eigenvalues, respectively. However, if C' or A is well-conditioned and
IBII/(IA]|ICI)*/? is not much bigger than 1 then L; or Ls, respectively, can safely
be used to stably obtain all of the eigenpairs. For more details on conditioning and
backward error for Ly and Lo, see [14], [15], [17].

Using Cholesky factorizations A = L4 L% and —C = Lo LL, the definite general-
ized eigenvalue problem Li(A)z = 0 or La(A)z = 0 is transformed to a Hermitian (or
real symmetric) standard eigenvalue problem [5]. For example, L;1(A) reduces to

-1p7-T -1

(5.4) M | T ij‘T Lale]

—L&Ly 0

As Table 5.3 explains, this phase requires about 13n3 flops, giving a grand total of
(2m +13)n? flops.

Guo and Lancaster’s solution algorithm has a total cost of (3¢ + 25)n® flops,
assuming the eigenvalues of S(1) and S (which are the eigenvalues of Q) are com-
puted by the QR algorithm. In practice this is significantly more than the cost of our
algorithm given that m < £ is usually small.
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The most common way of solving the QEP is to apply the QZ algorithm or a
Krylov method to a linearization L of ). The QZ algorithm applied to the 2n x 2n
L costs 240n> flops for the computation of the eigenvalues.

Our algorithm has two important advantages over that of Guo and Lancaster
and QZ applied to a linearization, besides its more favorable operation count. First,
it works entirely with symmetric matrices, which reduces the storage requirement.
Second, it guarantees to produce real eigenvalues in floating point arithmetic; the
other two approaches cannot do so because they invoke the QZ algorithm and the
nonsymmetric QR algorithm.

6. Numerical experiment. We describe an experiment that illustrates the be-
havior of our algorithm for testing overdamping. More extensive testing of this algo-
rithm, and of the preprocessing and solving procedures described in section 5, will be
presented in a future publication. Our experiments were performed in MATLAB 7.4
(R2007a), for which the unit roundoff is u = 27°% ~ 1.1 x 10715, We took kmax = 30
and € = u in Algorithm 5.1.

We first describe a useful technique for generating symmetric quadratic matrix
polynomials with prescribed eigenvalues and eigenvectors and positive definite coeffi-
cient matrices.

Let (Ag,vi), k= 1:2n, be a set of given real eigenpairs such that, with

A= diag()\l,. ..,)\Qn) =: A1 @AQ, Al,AQ S Rnxn’
Vi=lv,.v,] = [V V2], Vi, Vo € R™*™,

V1 and V5 are nonsingular, and
(6.1) vl =WV, ViA VE — VoA VE =: T is nonsingular.
Then the symmetric quadratic polynomial defined by the matrices

(6.2a) A=T"' B=-AWVAVI - VA2V )A,
(6.2b) C=—-AWVIA3VT — VA3V )A + BI'B

has eigenpairs (A\g, vg), k = 1: 2n (see [23] for example). We now show how to generate
a potentially overdamped quadratic.
LEMMA 6.1. Assume that 0 > Ay > --+ > XAy > A1 > -+ > Aap. Then T s
nonsingular and the matrices generated by (6.2) satisfy A >0, B > 0, and C > 0.
Proof. Tt follows from Weyl’s theorem [20, p. 181] that I' > 0 and hence that
A > 0. All matrices V5 that satisfy the first constraint in (6.1) can be written as ViU
for some orthogonal U. Hence we can write

B=—AVi(A? —UANUTYWVTA=—-AVi(H? — H)VT A,
where H; = A and Hy = UA,UT | and again Weyl’s theorem guarantees that B > 0.
It is known that (V, A, PVT), where P = diag([l,,, —I,,), forms a self-adjoint triple
for Q(X) [7, section 10.2]. Since @ has no zero eigenvalues, C' is nonsingular and a

formula for its inverse is easily obtained from the resolvent form of Q(A): For A # A;,

QN =V(My, —A)IPVT,
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TABLE 6.1
Minimum, average, and mazimum number of iterations performed by Algorithm 5.1 and per-
centage of overdamped problems, for each n and matriz type.

n | type 1 | type 2 | type 3

5 0.0, 2.4, 6.0 100% | 0.0, 0.8, 3.0 100% | 0.0,2.4,5.0 25%
10 0.0, 3.6, 10.0  100% | 0.0, 0.5, 3.0 100% | 2.0, 2.7, 4.0 5%
50 0.0, 4.2,11.0 100% | 0.0, 2.1, 4.0 100% | 2.0, 2.1, 3.0 0%
100 | 3.0, 6.2,10.0 100% | 0.0, 2.6, 4.0 100% | 2.0, 2.0, 2.0 0%
250 | 2.0, 6.0, 11.0 100% | 2.0, 3.0, 4.0 100% | 2.0, 2.0, 2.0 0%
500 | 3.0, 7.5, 11.0 100% | 2.0, 3.0, 4.0 100% | 2.0, 2.0, 2.0 0%

Setting A = 0 in the above expression gives
C'=-VAT'PVT = —Vi(H; ' — Hy )V,

and once again Weyl’s theorem guarantees that C~!, and therefore also C, is positive
definite. O
We use the following eigenvalue distributions:
type 1: g, k = 1: 2n, is uniformly distributed in [—100, —1].
type 2: )y is uniformly distributed in [—~100, —6] for & = n + 1:2n and [-5, —1] for
k=1:n.
type 3: \j is uniformly distributed in [-100,20]. B and C are then shifted as in
(2.2) with @ = 1.1); to ensure that the eigenvalues are all negative.
We took Vi = U; and Vo = V4Us, where U; and U; are random orthogonal matrices
from the Haar distribution [11, section 28.3]. For types 1 and 2, A, B, and C are all
positive definite by construction; for type 3 nothing can be said about the definiteness
of A, B, and C. Table 6.1 shows the minimum, average, and maximum number of
iterations for Algorithm 5.1 over 20 quadratics for each of several values of n, along
with the percentage of @ found to be overdamped for each n and matrix type. In
all cases where (Q was deemed overdamped, the computed p was verified to lie in
()‘nJrla /\n)'
We make several observations:

e For all three eigenvalue distributions, Algorithm 5.1 is quick to terminate,
especially for types 2 and 3, with only very occasional need for more than 10
iterations. The gap between A, and A,y is larger for type 2 than type 1,
which explains the greater number of iterations for type 1.

e With V; orthogonal the coefficients matrices A, B, and C' are well-conditioned,
with 2-norm condition numbers of order 102. If instead we take V; as a ran-
dom matrix with 2-norm condition number 10* (computed in MATLAB as
gallery(’randsvd’,n,le4,...), the condition numbers of A, B, and C are
of order 10% and the number of iterations of the algorithm increases, though
only slightly: The maximum number of iterations over all tests is 13, and
the largest average over all n rises to 7.8, 3.1, and 3.2 for types 1, 2, and 3,
respectively.

e After detecting overdamping an average of 6-9 more iterations are needed for
convergence of the block cyclic iteration. Recall that the algorithm of Guo and
Lancaster [9] needs to iterate to convergence in order to show overdamping.
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