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1. INTRODUCTION

This note is a complement to the paper [Tr2], where super real closed rings are introduced
and studied. A super real closed ring A is a commutative unital ring A together with an
operation F4 : A" — A for every continuous map F : R” — IR, n € IN, so that all term
equalities between the F’s remain valid for the F4’s. For example if C'(X) is the ring of real
valued continuous functions on a topological space X, then C'(X) carries a natural super real
closed ring structure, where Fi(x) is composition with F'. Super real closed rings provide a
natural framework for the algebra and model theory of rings of continuous functions.

A bounded super real closed ring A is a commutative unital ring A together with an
operation Fq : A" — A for every bounded continuous map F : R" — IR, n € IN, so that
all term equalities between the F’s remain valid for the Fa’s (cf. (2.7) below).

In particular every super real closed ring is a bounded super real closed ring by forgetting
the operation of the unbounded functions. An example of a bounded super real closed ring,
which is not a super real closed ring, is the ring CP°!(IR™) of all polynomially bounded
continuous functions IR" — 1R.

We show that
e bounded super real closed rings are precisely the classical localizations of super real closed

rings (cf. (3.6)).

e bounded super real closed rings are precisely the convex subrings of super real closed rings

(ctf. (4.6)).

e there is an idempotent mono-reflector A +— A from the category of bounded super real
closed rings to the category of super real closed rings (cf. (5.12)). This means that every
bounded super real closed ring A has a super real closed hull fl, A is minimal and uniquely

—

determined up to a unique A-isomorphism. For example CP°(IR") = C'(IR")

e Inside every bounded super real closed ring A there is a largest super real closed ring
AT (cf. (6.2)). For example (CP°/(IR"))Y = C*(IR") (=the ring of bounded continuous
functions R" — IR).

2000 Mathematics Subject Classification: Primary 03C60; Secondary 46E25, 54C05, 03E15
Keywords and Phrases: real closed rings, rings of continuous functions, model theory.
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The motivation for writing this note is as follows: If A is a ring of continuous functions say
A = C(IR"™), then the Zariski sheaf Spec A is in general not a sheaf of rings of continuous
functions. It is indeed not a super real closed ring in a natural way. On the other hand by
the localization theorem (3.6) below, Spec A is always a sheaf of bounded super real closed
rings and this is also true if we start with a bounded super real closed ring A.

Hence it is desirable to extend the commutative algebra of super real closed rings to the
bounded case. In order not to repeat arguments, we develop tools which allow the use of
the reflector A — A to explain what’s going on in A. For example, forming reside rings and
classical localizations behave well with respect to the reflector, cf. (5.11) and (5.13). The
close relation of the ideals of A and A is worked out in (5.8) and in (5.9).

The results mentioned above can be used to transfer most of the commutative algebra,
developed in [Tr2] sections 11, 12 and 13 (with the appropriate adaptions) to bounded super
real closed rings. It would be tedious to elaborate this here, instead we present instruments
which allow such a transfer easily, whenever it is needed in subsequent work.

The results in section 6 are not of this instrumental style. As stated above, we prove the
existence of a largest super real closed ring inside every bounded super real closed ring and
we state two explicit descriptions of this ring.

2. DEFINITION OF BOUNDED SUPER REAL CLOSED RINGS

We shall make use of the theory of real closed ring introduced by N. Schwartz (cf. [Schw]).
However we will use it in the way explained in [Tr2], section 2. We recall this briefly. Let C,,
be the set of all continuous maps IR” — IR which are O-definable in the field IR; in other
words whose graph is a boolean combination of subsets of IR" x IR defined by polynomial
inequalities P(Z,y) > 0 with P(Z,y) € Z[Z,y]. A ring A is real closed if there is a collection
of functions (f4 : A" — A | n € N, f € C,), such that
1. If f € C, is constant 0 or constant 1, then f4 is constant 0 or constant 1; if f: IR — IR
is the identity, then fq : A — A is the identity; if f : IR® — IR is addition or
multiplication in IR, respectively, then f4 : A2 — A is addition or multiplication in A,
respectively.

2. f felCy keNand f; €Cr (1 <i<mn), then

[fo(fi,o fu)la= fao(fr,a,. fr,A)

(2.1) FACT. Ewvery real closed ring is reduced ([Tr2], (2.2)) and
(i) For every real closed ring there is a unique collection of functions as in the definition
above. This is [Tr2], (2.13), where the functions fa are explicitly constructed from the
pure ring A.
(ii) Every ring-homomorphism A — B between real closed rings respects the new functions
fa and fp ([Tr2], (2.16)).
O

Because of (2.1) we may identify a real closed ring with its underlying pure ring.

(2.2) FACT. Let A be a real closed ring. The relation f < g < 3h € A: f—g=h? defines
a partial order on A and A together with < is a lattice ordered ring. The supremum of f
and —f is denoted by |f|. A subring B of A is convex if f < h < g and f,g € B implies
h € B. By [Tr2], (10.5) we have
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(i) There is a smallest convex subring Hol(A) of A, called the holomorphy ring, namely
Hol(A) ={f € A||f| <N for some N € IN}.

(ii) The convex subrings of A are precisely the subrings of A containing Hol A and all these
subrings are real closed.
(iii) If B is a convex subring of A, then A = S~1.B is the localization of B at S = AX N B.
(iv) There is a largest real closed ring C having A as a convex subring. C is called the
convex closure of A (c¢f. [Tr2]:(11.2)). If C = A, then A is called convexly closed.
For example, real closed fields are convezly closed.
O

For a topological space X let C'(X), C*(X) denote the continuous functions, the bounded
continuous functions X — IR, respectively.

(2.3) DEFINITION. A function F' : R" — IR is called polynomially bounded if there is
some polynomial P € R[X}, ..., X,,] with

|F(z)| < P(x) (x € R").
Let CP°/(IR™) be the ring of polynomially bounded continuous functions IR" — IR.

(2.4) OBSERVATION. Since every polynomial from R[X7, ..., X,] is bounded by a power of
the polynomial 2 + X2 + ... + X2, a function F : R" — TR is polynomially bounded if and
only if if there is some p € IN such that

|F ()] n
<1 R").
2+ a2 +...+a2)p — (z€R™)

(2.5) PROPOSITION.
(i) CP°YIR™) is a convex subring of C(IR™)
(ii) CPHIR™) = C*(R")[x1, ..., Tn]
(iii) CP°H(R™) = S~1.C*(R"), where
S={FeC*(R") | thereis Q€ R[Xy,..,X,] with F-Q >1 on R"}.
(iv) CP°H(IR™) = C*(IR")p, where C*(IR™) denotes the ring of bounded continuous functions
IR" — R and P is the polynomial 2 + X? + ... + X2.

PROOF. This is obvious from (2.4). O

(2.6) DEFINITION. Recall from [Tr1], 5.1 the following notation:
YT :={s:IR — IR | s is continuous and s~*(0) = {0}}.

We define
TPol .= v N CPY(R).

(2.7) DEFINITION.

(a) Let Zypa be the first order language extending the language {4, —,- ,0,1} of rings,
which has in addition an n-ary function symbol F for every polynomially bounded con-
tinuous function F : IR" — TR and every n € INg.

(b) Let Typor be the Lypar-theory which extends the theory of real closed rings and which
has the following additional axioms:

1. The axioms of a commutative unital ring (with 1) in the language {+,—,-,0,1}.
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2. The axiom Vay (+(z,y) =z +y A :(z,y) =z-yAid(z) =z A =(x) = —x Al(z) =
1A0Q(z) = 1). Hence the symbols from the language of rings have the same meaning as
the corresponding symbols when reintroduced in Zypo1 as symbols, naming continuous
functions.

3. All the sentences
VE F(f(Z), . [, (2)) = F 0 (f1, s fu) () (F € CP(R™), f1, o0y fr € CPOU(RT)).
The models of Typa are called bounded super real closed rings.

Observe that the Null ring is also considered as a bounded super real closed ring. Moreover,
since all semi-algebraic functions IR™ — IR are polynomially bounded, it is clear that every
bounded super real closed ring is real closed.

(2.8) DEFINITION. A homomorphism between Zypo-structures is called a bounded super
homomorphism. An Zypa-substructure of an Zypo-structure is called a bounded super
substructure.

(2.9) REMINDER. If we drop the super script “P°” everywhere in (2.7) and (2.8) we get the
definition of the language %, the definition of a super real closed ring (cf. [Tr2], (5.1)) and
the definition of a super homomorphism.

An Y-radical ideal of a super real closed ring A is an ideal I of A, which is closed under
T (by which we mean closed under all the functions s4, s € Y). Those are precisely the
kernels of super homomorphism (cf. [Tr2]:(6.3)).

If A is super real closed, then Hol A is a super real closed subring of A, as follows imme-
diately from [Tr2]:(9.2)(i).

Bounded super real closed rings arise naturally from super real closed rings as convex sub-
rings:

(2.10) LEMMA. If B is bounded super real closed (e.g. if B is super real closed) and A is a
conver subring of B, then A is a bounded super real closed subring of B.

ProOF. Take F' € CP°(R™) and ay, ...,a,, € A. We have to show Fg(ay,...,a,) € A. Since
F is polynomially bounded, there is some P € IR[X},...,X,] with |F| < P on IR". Let
X : IR — IR be defined by x(x) = —z, if z < 0 and x(z) = 0 if z > 0. Then |F| < P reads
as xo (P —|F|) =0 on IR". Since B is bounded super real closed, also (xo (P —|F]))p = 0.
By definition, this means xpo (P —|F|)p = 0. Since B is real closed xp(b) = 0 is equivalent
tob>01in B (b € B). Hence we have (P — |F|)g(a1,...,an) > 0. In the bounded super
real closed ring B, this means |Fg(a1,...,a,)| < P(ay,...,a,) € A. Since A is convex in B,
FB(al,...,an) € A. O

3. LOCALIZATION OF BOUNDED SUPER REAL CLOSED RINGS

First recall how we can localize super real closed rings:

(3.1) THEOREM. (cf. [Tr2]:(7.4))

Let A be a super real closed ring and let 1 € S C A be closed under multiplication and Y.
Then there is a unique expansion of the localization S™'A to a super real closed ring such
that the localization map A — S™1A is a super homomorphism.



Localization of bounded super real closed rings 5

The operation of F € C(IR™) on (S~1A)" is given as follows: There are t € T and a
continuous function G € C(IR" x R) with

F(zy,...,zn) t(y) = G(x1-y, ..., zn-y,y) ((Z,y) € R" x R).
Then for f1,....fn € Aand g€ S

h

FS—lA(;,.. )= Galfiso fnr9)

g ta(g)

(3.2) LEMMA. Let F,G € C(IR") such that {G = 0} C int{F = 0}, the interior of the zero
set of F. Then there is a unique H € C(IR") with F = H-G such that H =0 on {G = 0}.

If there are a bounded subset B of R" and some ¢ € IR, € > 0 such that |G|gn\B| > €,
then |H| < c-|F| for some c € R, ¢ > 0.

ProOF. Existence and uniqueness of H is clear. Assume there are B, e as stated. Then
K := B\ int{F = 0} is compact and G does not have zeroes on K. Let ¢ € IR, such that
¢ > L and 1 <|G|k|. Then for every z € R" we have |H(z)| < c-|F(z)|: this holds true
if F(z) =0, since FF = H-G and H vanishes on {G = 0}. If F(z) # 0, then ¢ B or
x € K = B\ int{F = 0}. In both cases we get the assertion by the choice of c. (]

(3.3) COROLLARY. Let A be bounded super real closed. Let r € R , Fy, Fy € CPY(IR") and
a1, ..., ap € A be such that |a;] <r (1 <i<mn) and such that F\(z) = Fs(x) for all x € R"
with || <r+ 1.
Then
FLA(al, ) an) = F27A(CL1, ...,an).

Proor. Let G € C(IR™) be the distance function to the ball with radius r around 0. By
assumption, {G = 0} C int{Fy — F» = 0}. By (3.2), there is some H € C(R") with
Fy, — F» = H-G and since G > 1 outside {|z| < r+ 1} we know that |H| < ¢-|F} — F3| for
some ¢ € R. Since Fy, F» are polynomially bounded, also H € CP°'(IR™). Thus

Fia(ar,...;an) — Fo alar,...,an) = Ha(a1,...,an)-Galas, ..., an).
Since |a;| < r for each ¢ we know that G 4(aq,...,a,) = 0, which implies the corollary. O

(3.4) PROPOSITION AND DEFINITION. Let A be a bounded super real closed ring. The
holomorphy ring Hol A is a bounded super real closed subring of A and there is a unique
super real closed ring structure on Hol A, which expands the bounded super real closed ring
structure.

For F € C(R") and ax, ..., a,, € Hol(A) we have

() Fuora(at, ...,an) = Guor a(a1, ..., ar)

whenever G € CP°Y(IR™) is such that for some r € IN with |a;| < r we have F(z) = G(z)
(xeR", |z|<r+1).

PRrROOF. Hol A is a bounded super real closed subring of A, since for all aq,...,a, € Hol A
and each F' € CP°Y(IR"™), there are r € IR with |a;| < r and a bounded F* € C*(IR™) such
that F(z) = F*(z) (Jz| < r+ 1); hence by (3.3), Fa(a1,...,an) = F}(a,...,a,) € Hol A.

By (3.3), we may use (1) to define an Zy-structure on Hol(A) which by definition expands
the bounded super real closed ring structure on Hol A. It is straightforward (using (3.3)) to
check that this defines the unique super real closed ring structure on Hol A which expands
the bounded super real closed ring structure. (Il
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(3.5) THEOREM. Let F € CP°(IR") and P(T) € R[T], T = (T, ...,T,,) of total degree d
with |F| <|P| on R"™. Then there is a unique continuous function G € C(IR" x IR) with

(*) F(xla A3 xn)'yd+l = G(xl'yv a‘rnyvy) ((jay) € R" x ]R‘)
Moreover G is polynomially bounded.

PRrROOF. Existence is given by [Ir2]:(7.2)(ii). Uniqueness holds, since G(z1,...,Zn,y) is
uniquely determined by (x) for all (z,y) € R"™ x R with y # 0. Moreover the proof of
[Tr2]:(7.2)(ii) shows that G is again polynomially bounded (by a polynomial of total degree
d. O

(3.6) THEOREM. Let A be a bounded super real closed ring and let 1 € S C A be multiplica-
tively closed. Then there is a unique expansion of the localization S™'A to a bounded super
real closed ring such that the localization map A — S™'A is a bounded super homomor-
phism.

The operation of F € CP°Y(R™) on (S™1A)" is given as follows: Pick d € Ny such that
F is bounded by a polynomial of total degree d and take a polynomially bounded continuous
function G € C(R"™ x R) with

F(x1,.,zn)y ™ = Glzr-y, o zn-y,y) (Z,y) € R™ x R).
Such functions exist by (3.5). Then for f1,....fn € Aand g€ S

fl ' & _ GA(f17~"7fnvg)

-1
7 g)._ pres e STHA.

Fga(—

PROOF. The proof is parallel to the proof of the localization theorem [Tr2]:(7.4), using (3.5)
instead of [Tr2]:(7.2)(i). O

(3.7) COROLLARY. Let ¢ : A — B be a super homomorphism between bounded super real
closed rings and let 1 € S C A be multiplicatively closed such that ¢(S) C B*. Then the
natural map S~'A — B is a super homomorphism, too.

PrOOF. This follows immediately from the explicit definition of the bounded super real
closed structure on S~ A in (3.6). O

4. THE SUPER REAL CLOSED HULL

For a bounded super real closed ring A, we shall now define the smallest super real closed
ring containing A as a bounded super real closed subring.

(4.1) THEOREM AND DEFINITION. Let A be a bounded super real closed ring. Let
A= 5"1.Hol A,

where S is the closure of A* NHol A under multiplication and Y (recall: this means “closed
under all the functions suo1 4, s € Y7); here we consider Hol(A) equipped with the super real
closed ring structure defined in (3.4). Then there is a unique Ly -structure on A such that
A is a super real closed ring having A as a bounded super real closed subring. A is called the
super real closed hull of A.

PROOF. Firstly, as AX NHol A C S we have A = (A* NHol A)~1-Hol A C S~!.Hol A = A.
By (3.4), Hol(A) is a bounded super real closed subring of A and there is a unique expansion
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of this structure to a super real closed ring. By definition, .S is closed under multiplication
and T. By (3.1), there is a unique #y-structure on A such that A is a super real closed
ring having Hol 4 as a super real closed subring. Since A is also the localization of A at S,
(3.6) implies that A is a bounded super real closed subring of A.

It remains to show that A with the .Zy-structure defined above is the unique super real
closed ring structure on A having A as a bounded super real closed subring. However, any
other super real closed ring B expanding the pure ring A having A as a bounded super real
closed subring, has Hol A as a super real closed subring (cf. [Tr2]:(9.2)(i)) and the underlying
bounded super real closed ring structure is the one induced from A. By (3.4), the super
real closed ring structures of B and A induced on Hol A are equal. From the uniqueness
property in (3.1) we know that B is the super real closed ring A. |

(4.2) COROLLARY. Let F,G € CP°'(IR"™).
(i) If {F = 0} C {G = 0}, then Typor F V2 F(2) =0 — G(z) = 0
(ii) If {F > 0} C {G > 0}, then Typa FVZ F(7) >0 — G(7) >0

PROOF. (i). Let A |= Typper. By [Tr2]:(5.5)(iv) the super real closed ring A is a model of
Vz F(z) =0— G(Z) =

Since A is a bounded super real closed subring of A (by (4.1)), also A is a model of this
sentence.

(ii) follows from (i), since in every real closed ring A, the formula x > 0 is equivalent to
pa(z) = 0, where p : IR — IR is the infimum of the identity function and the constant
function 0. O

(4.3) LEMMA. Let A be a bounded super real closed subring of the super real closed ring
B. There is a unique A-algebra homomorphism A — B and this homomorphism is an
embedding of super real closed rings.

PrOOF. We have Sy := A* NHol A C T := B* N Hol B. Since B is super real closed, T is
closed under Y: this follows from [Tr2]:(6.12), which says that all maximal ideal of B are
T-radical.

Since Hol A4 is a super real closed subring of Hol B by (3.4), TN Hol A is T-closed as well.
Thus the closure S of Sy under T and multiplication is contained in 7', too. Hence we get a
unique A-algebra homomorphism ¢ : A = $~1.Hol(4) — T~!-Hol(B) = B and this map
is injective. It remains to show that ¢ is a super homomorphism. This follows immediately
from the definition of the Zy-structure on both rings in (3.1). O

(4.4) COROLLARY. If A is a super real closed ring, then A (defined for the underlying
bounded super real closed ring) is equal to A. In particular, the Ly -structure of A is uniquely
determined by the Lyvo -structure. O

(4.5) COROLLARY. Let B be a super real closed ring and let A be a bounded super real closed
subring of A. Then B =4 A as (bounded) super real closed rings if and only if B is generated
by A as a super real closed ring.

PROOF. Let C' C A be the super real closed subring generated by A. By (4.3) there is
a super real A-algebra monomorphism A — C. Composing this map with the inclusion
C — A and using uniqueness shows that C' = A. Hence A is generated by A as a super
real closed ring.

Conversely suppose B is generated by A as a super real closed ring. By (4.3), we may
view A as a super real closed subring of B. Since B is generated by A we get B = A. O
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(4.6) PROPOSITION. Let A be a bounded super real closed ring. Then A is convex in A,
in other words A is a subring of the conver closure B of A. There is a unique super real
closed ring-structure on B extending the bounded super real closed ring structure on A. In
particular, every bounded super real closed ring which is convexly closed (e.g. a field) has a
unique expansion to a super real closed ring.

PrOOF. Since Hol(A) is convex in A, the convex closure B of Hol A contains A. By
[Tr2]:(11.2)(iii) we know that B is the localization of Hol A at the set T of all non zero-divisors
t of Hol A with the property that Hol A is convex in (Hol A);. It follows A* NHol A C T.
Since T is closed and closed under T by [Tr2]:(11.11), the closure S of A*NHol A is contained
in T. Hence A = S~'-Hol(A) C T~'-Hol(A) = B, in other words A is convex in A.

By [Tr2]:(11.12), there is a (unique) expansion of B to a super real closed ring having A
as super real closed subring. Since B is a localization of A we get the uniqueness statement
of the proposition from the uniqueness statement in (3.6) together with (4.4). O

(4.7) COROLLARY. Let A be a bounded super real closed subring of a super real closed ring
B. Then A is convex in the super real closed ring generated by A in B.

PRrROOF. By (4.5) and (4.6). O

5. SUPER REAL IDEALS

(5.1) DEFINITION. An ideal I of a bounded super real closed ring A is called super real if
sa(I) C I for every s € TP°L. Observe that in this case I is a radical ideal, in particular I
is convex and satisfies a € I < |a| € I (a € A).

Certainly, every ideal I of A is contained in a smallest super real ideal of A, denoted by

VI

If A is a super real closed ring, then by [Tr2]:(6.10), the super real ideals are precisely the
Y-radical ideals (clearly TP°! is a set of generalized root functions as defined in [Tr2]:(5.5)).

(5.2) EXAMPLES. Let A be a bounded super real closed ring.

(i) If F € CP°(IR) is strictly positive everywhere, then in general F4(a) is not a unit for
every unit a € A. For example if A is the bounded super real closed ring CP°/(IR),
F=exp(—2?)anda=1+2%¢€ A.

(i) If @ € A is a unit, then in general, there is some s € TP°!| which is bounded away from
0 outside [—1,1] such that s4(a) is not a unit. For example if A is the bounded super
real closed ring CP°/(R), s = exp(—gl‘) and a = ﬁ € A.

Hence in this example, the ideal I = (s(a)) of A is proper, but the super real radical
of I is not proper. In particular, maximal ideals of bounded super real closed rings are
not super real in general. The example also shows that this is not resolved if we replace
TPl by the set of all s € YP°!, which are bounded away from 0 outside a neighborhood
of 0: or to replace YP°' by the set of all bounded s € Y such that $s does not have
zeroes different from 0 in the Stone-Cech compactification SIR of IR.

(5.3) REMARK. If A C B is an extension of rings and I is an ideal of A, then I-B denotes
the ideal generated by I in B. Recall that for a convex subring A of a real closed ring B
and every radical ideal I of A we have I-B = {a-b | a € I, b € B} and this ideal is again
radical.
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Our first goal in this section is to show that (5.3) remains valid in the bounded super real
closed context. That is, whenever A C B is a convex extension of bounded super real closed
rings and [ is a super real ideal of A, then I-B is a super real ideal of B (cf. (5.7)). In order
to prove this we show that for every s € TP°! there are t € TP and F € CP°/(IR?) with
s(z-y) = t(x)-F(x,y). This is achieved in (5.6) below. First two preparational lemmas from
elementary analysis:

(5.4) LEMMA. Let A CIR? be compact with projection [a,b] onto the first coordinate. Let C
be the convex hull of A. Then C is again compact and the function f : [a,b] — IR defined
by f(x) = max Cy is continuous, convex and satisfies f(a) = max A,, f(b) = max A,. Here
C, denotes the set {y € R | (z,y) € C} and similarly for A, Ap.

Moreover, if A is the graph of a strictly increasing function [a,b] — TR, then also f is
strictly increasing.

ProoF. C'is compact by classical convex geometry (hint: C is the union of 3-simplices
with vertices in A, now use compactness of A). Hence f is well-defined. Since C is convex,
the function f is clearly convex, i.e. satisfies f(Az + (1 — XN)y) > Af(z) + (1 — ) f(y) for all
0 < XA < 1. We have f(a) = max A, since for every y > max A,, there is obviously a convex
set containing A but not containing the point (a,y). Similarly f(b) = max Ap.

Suppose f is not continuous. Take a point x € [a,b], some £ > 0 and a sequence (x,) C
[a, b] converging to x such that |f(x,) — f(x)| > e. Since C is compact we may assume that
(f(zy)) converges as well, say with limit y. Then (z,y) € C, hence by definition of f(z),
y < f(x) and by choice of € and the x,, we have y+¢ < f(z). Hence there are x,,, arbitrary
close to x such that f(z,)+ § < f(x). But this contradicts the convexity inequality for f.

Finally assume that A is the graph of a strictly increasing function g : [a,b] — IR. For
a <z <y<bweshow f(x) < f(y). Since g is increasing, C is contained in [a, b] x[g(a), g(b)]
and so f < g(b) everywhere with f(b) = g(b).

If f(x) < g(b), then by convexity of f, f(y) > f(x). On the other hand f(x) = g(b) is not
possible, since C' is the union of the convex hulls of finite subsets of A =Graph(g): no such
set contains (z, g(b)) as g is strictly increasing. O

(5.5) LEMMA. Let s, € T (n € IN). Then there is somet € T, 0 < t < 1, symmetric (i.e.
t(—z) = t(z)), non-decreasing and convex in [0,00) such that for every n € IN there is some
0 > 0 with

t(x) = [sn(2)] (Jz] < 0).

Proor. We may replace s, (z) by
| + max{[sx ()| | [y < |z|, 1 <k <n}.

Then the new s, is symmetric (i.e. s,(z) = s,(—x)), continuous, its restriction to [0, c0) is
a strictly increasing homeomorphism [0, c0) — [0, 00) and we have 51 < s < ...
~1(1

Let p, := s, (%), where s;' denotes the compositional inverse of s, [ [0,00). Then
-1

pn < s7'(2), otherwise L = s1(s7' (1)) < s1(pn) < sn(pn) = L, a contradiction. Since
lim,, o0 81_1(%) =0 also lim,,_, o0 pr, = 0.

Moreover p,y1 < pn, otherwise % = sn(sgl(%)) = 5n(pn) < $n(pn+1) < Snt+1(pnt1) = %H’

a contradiction.

Hence (p,,) is a strictly decreasing sequence with lim, . p,, = 0 and we define a function
7:(0,p1] — IR as follows: Given z € (0, p1] there is a unique n € IN such that p,11 < z <
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pn- Take the unique A € (0, 1] with © = Ap,, + (1 — A)pn41 and define

1 1
7(z) = max{s,(z), /\ﬁ +(1- )\)n T 1}.
Then 7(p,) = 1 (n € IN) and
lm_7(e) = max{s, (o) ) = 85 (i) < S (pusr) =
T Prg1,2>Pnt1 n+1 n+1 n+1

Hence 7 is continuous. For & € (py41, pn] we have 7(z) < max{s,(p,), -} = 1, which shows
that lim, 0 7(z) = 0 and 7 has a continuous extension to [0, p1] via 7(0) = 0.

Since each s, is strictly increasing, the function 7 is increasing in each interval [pn41, pn]-

Since 7(pp) = % we get that 7 is a strictly increasing homeomorphism [0, p1] — [0, 1].

We now define a function ¢ : [0, p1] — [0,1]. Let C be the convex hull of the graph of 7
and let
t(z) :==supC, (0 <z < py),

where Cy := {y € R | (z,y) € C}. By (5.4), ¢ is a strictly increasing and convex homeomor-
phism [0, p1] — [0,1]. We extend ¢ to IR via t(x) =1 if > p; and ¢(x) = t(—z) if z < 0.
Then ¢ is symmetric, 0 < ¢ < 1 and it is straightforward to check that ¢ is still convex in
[0, 00).
It remains to show that for n € IN, there is some § > 0 with t(z) > s, (z) (|z] < J):

We take § = p,, and we may assume that = € (0,9). Pick m > n with pp,41 < 2 < pp,. By
definition of 7, 7(z) > s (x), thus 7(z) > sp(z) as s, > s,. By definition of ¢ we have
t(z) > 7(x) which shows the claim. O

(5.6) PROPOSITION. Let s € Y. There aret € T with 0 <t < 1, ¢ € R and F € C(IR?)
such that

dmw=wmfmw>mdF@wMéoQ+u+ywwme«awemﬂ

PROOF. Let so(x) = 2 and for n > 0, s,(x) := max),|<, n-|s(y-z)|. Then s, € T and from
(5.5) we get some t € T, symmetric with 0 < ¢ < 1, non-decreasing and convex in [0, c0)
such that for every n € INy there is some § > 0 with

t(x) = |sn()] (|z] < 9).
By definition of s, for n > 1 this means

(%) t(x) = n-ls(yx)| (lz] <[yl <n).

We first show that the function S(m’)), defined on (IR \ {0}) x IR has a continuous extension

t(z
F' through 0 on IR x 1R:
Pick b € IR. For n € IN we have to find some § > 0 with |st((g;y))| < Lforallz € (-94,6), z #
0 and all y with |b — y| < 0. Enlarge n if necessary such that |b| < n and take 6 > 0 with
|| +d < n such that (%) holds. Let 0 < |z| < ¢ and |b — y| < §. Then |y| < |b] + 6 < n.
Thus |s(zy)| < 1t(x), as desired.

—_n

It remains to find ¢ € IR such that for all (z,y) € R?, 2 # 0 we have

(h S < e (o st
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By choice of ¢ there is some ¢ > 0 such that t(z) > |s(x)| and ¢(x) > |z| for all z with |z| < é.
It is enough to find an element ¢ satisfying () separately on each of the the following four
subsets of IR?, covering IR%:

Case 1. |z] > 6.
Then t(z) = t(Jz|) > t(J) > 0 since ¢ is symmetric and increasing in [0, 00). Hence |St(gy))| <

‘st((?)” and we may choose ¢ := ﬁ'

Case 2. |z| < d and |y| < 1.

As F is continuous we may choose ¢ as the maximum of |F'| on the rectangle [—d, 6] x [—1, 1].
Case 3. |z|] <d and |y| > 1 and |z-y| > 0.

Then by the choice of § we have t(z) = ¢(|z|) > |z|, hence \St((l;"))| < |S(§'y)| <ly- S(?’) |, since
ﬁ < |4| by assumption in case 3. Hence we may choose ¢ = %.

Case 4. |z|] <d and |y| > 1 and |z-y| < 4.
Since ¢ is convex in [0, c0) and ﬁ <1 we have t(z) = t(|z]) = t(ﬁ|xy|) > Lot(lzey|) =

lyl
ﬁt(zy) Since |z-y| < ¢ we have t(z-y) > |s(z-y)| by the choice of §. Hence
s(z-y) tz-y)
| | < [yl = |yl
t(x) t(z-y)
and we may choose ¢ = 1. O

(5.7) PROPOSITION. Let A be a convex subring of a bounded super real closed ring B. If I
1s a super real ideal of A then I-B is super real, too.

PrOOF. Fora € I, b € B and s € TP°! we have to show that sg(a-b) € I-B. By (5.6) there
are t € TP ¢ > 0 and F € C(IR?) with

s(ay) = t(z)-F(z,y) ((z,9) € R?)

such that |F(z,y)| < ¢ <1 +(1+ y|)|s(:vy)> everywhere. Since s is polynomially bounded

also F is polynomially bounded. Hence sg(a-b) = tg(a)-Fp(a,b). Since tp(a) =ta(a) € T
we get the claim. O

If A is a super real closed ring and I is an ideal of A, then there is a largest super real ideal
I* of A contained in I and IT ={a €I |sa(a) €I forall s € T}. (cf. [Tr2]:(6.7)).
With the aid of (5.7), this can be extended to bounded super real closed rings:

(5.8) PROPOSITION AND DEFINITION. Let A be a bounded super real closed ring. If I is an
ideal of A, then there is a largest super real ideal I contained in I. We have

IT={aecl|sala)el forallse TP} = (INHolA)T A.

PROOF. Let J := (INHol A)T. By (5.7) we know that J-A is super real. Moreover it is clear
that every super real ideal of A contained in I has to be contained in K :={a € I | s4(a) €
I for all s € TPOI}. In particular J-A C K and it remains to show that K C J-A.

Pick a € K. Since ﬁ, 1127 € Hol A we have Tz €1N Hol A and it remains to show
that 7> € (I N Hol A)T. Tt suffices to show sa(liaz|) € I for every strictly increasing
s € Y and indeed by [Tr2]:(6.7) it suffices to take s € YTP°L. Since |12z < |a| we have
Vsallirazl) < Vsallal) € I by our choice of a in K. Now the convexity condition for
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real closed rings (*) implies that /s ,(|a|) divides sa(l135=]) in A. Hence sa(|37%2]) € I as
desired. (]

(5.9) THEOREM. Let I be an ideal of a bounded super real closed ring A. Then

VI-A= VI-Aand YT= VI-An A.

PROOF. The inclusion VT A - Y\/ I-A follows from VI - Y\/ I-A and the inclusion
VI-AD V/I-A holds, since by (5.7), ¥/I-A is super real.
Clearly ( VI /1) N A contains VT and it remains to show that

(VI-AynAac VI

We may assume that I = V/I. Take b € (I/l) N A. In order to show b € I we may replace b

by b2, hence we may assume that b > 0. Since 1+5? is a unit in A we have H% e (I A)nA.
Since b = 14-%'(1 + b?) we may replace b with H% and we may assume that 0 < b < 1.

Since b € I-A, there are a € T and ¢ € A with b = a-c. Asb >0, b = |b| = |¢|-|a| and
we may assume that a,c > 0, too (observe that I is radical, hence |a| € I). By (4.5), A is
generated by A as a super real closed ring. Thus there are F' € C(IR") and ay,...,a, € 4
with ¢ = Fj(ai, ..., an).

Pick ¢ : [0,00) — [1,00) continuous and strictly increasing with |F(Z)| < ¢(|Z|) (& €
IR™). Define ¢ : IR — IR by

y .
t(y)z{% 70

0 ify=0.
Using [Tr2]:(7.2)(i) with s(z) = x we get t € T and some G € C(IR" x IR) with

(*) F(xlv ,In)t(y) = G(Ilya EE) ‘Tnyvy) on R" x IR.

Since ¢ is strictly increasing and > 1 everywhere it is straightforward to see that t]j.o) :

[0.00) — [0.00) is an homeomorphism which is polynomially bounded and whose compo-

sitional inverse is polynomially bounded, too. Hence ¢ € YP°! and there is some t; € YP°!

with toti(y) =t10t(y) =y forall y > 0. Asa >0 we get a =1t4(t1,4(a)) from (4.2)(ii).
Since [ is a super real ideal, also ag :=t1 4(a) € I. From (x) we then get

b=ca=Fja,..,an)t;(a0) = Gj(ai-ao,...,an-ag, ap).
Let H := (G Vv 0)A1l. Then in IR we have

v('i‘/y) : 0 < G(xlyv 7xnyuy> < 1= G(‘lev 7xny7y) = H(x1y7 7xny7y)
Since this sentence is also valid in A and 0 <b <1 we get
b= H ;(ai-ag,...,an-ag,aop).

Since H is bounded it follows b = Ha(aq-ag, ..., an-ao,ap). As H(0) = G(0) = 0, there is
some s € YPO! with H(21, ..., 2p+1) < s(2 + ... + 22, ) for all 21,..., 2,41 € IR: choose s so
that s(t) > max{H(z) | >.22 <t} (t >0).

It follows 0 < b= H4(a1-ag, ..., an-ag, ag) < sa((arag)? + ... + (anao)* + a3). Since ag € I
and [ is super real, we get b € I as desired. (]

Note that in general for a proper ideal I of a bounded super real closed ring A, the ideal
IY. A is properly contained in (I-A)Y (e.g. if I-A = A, cf. (5.2)(ii))

) The convexity condition says: 0 < a < b= b|a2.
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(5.10) ScHOLIUM. Let A be bounded super real closed ring. An ideal of A is super real if
and only if I is the kernel of a bounded super homomorphism A — B into a bounded super
real closed ring.

Proor. If ¢ : A — B is such a homomorphism and a € I, then s4(a) € I, since
olsa(@) = s5(p(a)) = 55(0) = 0. A

Conversely suppose I is super real. By (5.7), I-A is super real, too. Together with (5.9)
it follows that I-A is a super real ideal of A lying over I. By [Tr2]:(6.3), super real ideals of
A are kernels of super homomorphisms. Hence we can compose A — AwithA— A /1 A
and we get that I is the kernel of a bounded super homomorphism. O

(5.11) COROLLARY. Let A be bounded super real closed and let I C A be a super real ideal.
There is a unique Lypor-structure on A/I such that A/I is a bounded super real closed ring
and the residue map A — A/I ‘s a bounded super real homomorphism.

Moreover, there is a unique A-algebra homomorphism A— Z/\I and this homomorphism
18 super real with kernel I-A. In particular, there is a unique A-algebra isomorphism of super
real closed rings

~

AJ(I-A) = AJI

PrOOF. By (5.7) we know that I-Ais a super real ideal of A lying over I. Since super
real ideals are kernels of super homomorphisms by (5.10), we can compose A — A with
A—s /1/ I-A and get that I is the kernel of a bounded super homomorphism. The image is
A/I and it is clear that the Zypa-structure on A/I is uniquely determined by saying that
the residue map A — A/I is a bounded super real homomorphism.

We get an embedding of rings A/T — 121/ I-A, which is a bounded super real homomor-
phism. By (4.3), we may view A/I as a super real closed subring of /1/[/1 Since A is
generated by A as a super real closed ring, also fl/ I-Ais generated by A/I as a super real
closed ring, thus A/I/l = Z/\I Hence we have a super real homomorphism ¢ : A — Z/\I

with kernel I-A. There can only be one such A-algebra homomorphism, since A is the

localization of A at (A)* N A. O

(5.12) THEOREM. If ¢ : A — B is a bounded super homomorphism between bounded super
real closed rings A and B, then there is a unique extension of ¢ to a ring homomorphism
Q: A — B and this extension is super real.

The functor F' from bounded super real closed rings to super real closed rings, which maps
Ato A and @ to ¢ is an idempotent mono-reflector. This means: F is left adjoint to the
inclusion from the category of super real closed rings into the category of bounded super real
closed rings, F o F' = F and the adjoint morphism A — Aisa monomorphism.

PROOF. First we prove the assertion about ¢. Uniqueness again follows from the fact that
A is the localization of A at (A)* N A. Existence of ¢ follows from (5.11) and (4.3).

Hence the functor F is well defined. By (4.4), F'o F' = F, which also shows that F' is a
reflector. F is a mono-reflector, since A — A is a monomorphism. O

We conclude this section by showing that the reflector A — A is also well-behaved with
respect to localization:

(5.13) PROPOSITION. Let A be a bounded super real closed ring, let 1 € S C A be multiplica-
tively closed and let T' be the closure of S in A under multiplication and Y. Recall from (3.1)
that there is a unique super real closed ring structure on T—! - A such that the localization
map A—T 1 A4isa super homomorphism.



14 Marcus TRESSL

The natural morphism ¢ : A — S=T.A induced by the localization map ¢ : A — S™1. A,
sends T into (S~1-A)* and the induced map

T-1A 514
is an A-algebra isomorphism of super real closed rings.

PROOF. Since p(S) consists of units of S~1-A also $(S) consists of units of S~1A.

Since T is the closure of S under multiplication and Y, ¢(7T') is the closure of ¢(S) under
multiplication and Y. Since S=T A is super real closed, every maximal ideal of ST A is
super real (cf. [Tr2]:(6.12)), hence for every for every s € T and each element b € S71A b
is a unit in S~1-A if and only if s(b) is a unit in S=1.A. This proves that indeed ¢(T) C
(S~L-A)*.

In order to show that the induced map 7! A— ST Aisan isomorphism it now suffices
to verlfy the universal condition defining 7!+ A in the e category of super real closed rings
for S—1- - A, more precisely for the morphism A ST A Let P A — B be a super
homomorphism into a super real closed ring B with ¢(T) C B*. Then¢ | A: A — Bisa
super homomorphism with 1| 4(S) € B* and by (3.7) there is a unique super homomorphism
h:S™' A — B such that ¢|4 = ho . By (5.12), h:S1.A — B is the unique super
homomorphism extending h with ¢ = ho P. a

6. THE SUPER REAL CORE

(6.1) PROPOSITION. Let Ag be a convex subring of the super real closed ring A. Then there
18 a largest super real closed subring of A that is contained in Ag.

ProoF. By [Tr2]:(9.2)(i), the convex hull of a super real closed subring of A is itself a
super real closed subring of A. Hence, by using Zorn, it is enough to show for convex super
real closed subrings B,C of A, that the ring D generated by B and C' in A is again a
super real closed subring of A. By [Tr2]:(10.5) we know that D is a convex subring of A
and by [Tr2]:(9.2)(i), it is enough to show that D is closed under Y: Let by,...,b, € B
and ¢q,...,¢, € C. Pick s € T. It is enough to show |sa(bic1 + ... + bpc,)| < d for some
d € D. We may certainly assume that s is symmetric (i.e. s(—z) = s(z)) and strictly
increasing on (0, 00). The Cauchy-Schwarz inequality implies s(x1y1 + ... + Zoyn) < s(|z||y|)
for all z = (21, ..., 2n),y = (Y1, ..., yn) € R", where |z|, |y| denote the euclidean norm of z,y
respectively. Since s(|z||y|) < s(|z|?) + s(|y|?) we get s(x1y1 + ... + Tpyn) < s(|z|?) + s(|y|?)
on R" xIR™. Thus sa(bici+...+bncn) < sa(b3+...+b2)+54(3+...+c2) € D as desired.[]

(6.2) COROLLARY AND DEFINITION. For any bounded super real closed ring A there is a

largest bounded super real closed subring, denoted by AT with the property AT = AT, We
call AT the super real core of A.

PROOF. By (6.1), AT is the largest super real closed subring of A, which is contained in A.
O

Observe that AT is convex in A, since HolA C AY. For a proper ideal I of A we know
I = (INHol A)Y-A from (5.8). Hence I = (INAY)T-A as well.

On the other hand /T N AY in general properly contains 1N AY (e.g. if VI = A).
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(6.3) COROLLARY. For any bounded super real closed ring A we have
AT ={a€ A|sj(a) € A for all s € T}.

PROOF. Since AY is a super real closed subring of A we have “C”. Conversely take a € A
with s4(a) € Aforall s € T. Let B be the super real closed subring generated by a in
A. Thus B = {F4(a) | F € C(R)}. Certainly every element of B is bounded in absolute
value by some s 4(a) for some s € T. Hence by choice of a, the convex hull C' of B in Ais
contained in A. C is a super real closed subring of B by [Tr2]:(9.2)(i). Hence a € C C AT.0J

(6.4) OBSERVATION. If B is a real closed ring and A C B is a convex subring, then A is a
domain if and only if B is a domain, and A is local if and only if B is local (as follows from
the Gelfand-Kolmogorov Theorem). In particular for every bounded super real closed ring A
we have

(i) Aisadomain < A isa domain < AY is a domain < Hol A is a domain.

(ii) A islocal < A islocal < AY islocal < Hol A is local.

(6.5) EXAMPLES. Let
A:={f € C(IR?) | f is polynomially bounded in the second coordinate}.

Hence f € A if and only if for every z € IR, the function f(z,_): IR — IR is polynomially
bounded. Clearly A is a convex subring of C (IRQ), hence A is a bounded super real closed
subring of C'(IR?). We have A = C(IR?) and

AY = {f € C(R?) | f is bounded in the second coordinate}.

Here a super real closed ring properly between C*(IR) and C(IR): Take
A={feCR)| fis bounded on (0,00)}.

Also note that there are many super real closed ring properly between C*([0,00)) and
C([0,00)), e.g
A={feCR) | f is bounded on IN}

has this property since z-distw(z) € A\ C*(IR).

The formation of the super real core is functorial: If ¢ : A — B is a bounded super
homomorphism between bounded super real closed rings, then ¢|4x is a super homomor-
phism AT — BY: since ¢ respects the Zy-structure on A by (5.12), p(AY) is a super real
closed subring of B contained in B, i.e. ¢(AT) C BY. Hence the assignment A — AT
is functorial, by sending ¢ to ¢|4r. We shall not make use of this here. Instead, we state
another description of the super real core.

Since HolA C AT C A, there are subsets S of Hol A with AT = S—1.Hol A. We can
compute the largest such set upon input A:

(6.6) PROPOSITION. For any bounded super real closed ring A, the largest multiplicatively
closed subset S of Hol A satisfying AY = S~1.-Hol A is

S ={acHolA | sgoala) € A* for all s € T}.
PROOF. The super real closed subrings of A contained in A are all of the form 7~ Hol A,

where T C A* NHol A. Since AY is the largest super real closed subring of A contained in
A, the set T := (AT)* N Hol A is the largest among all of them. It remains to show 7' = S.
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If a € T, then a is a unit in AT and since AT is super real closed, all elements s 4 (a) are
units of AT as well. Since (AT)* C A we get a € S.

Conversely let a € S. The set Tp := {spo1a(a) | s € T} is closed under multiplication and
T (note that s1,s2 € Y implies s1(z)-s2(x) € T and s; 0 55 € Y). Therefore T, *-Hol A has
a unique super real closed ring structure (induced from /1) Since a € S we know Ty C A%
and therefore TO_1 -Hol A C A. So by the choice of T" we obtain Ty C T'. Thus a € Ty C T.

O
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