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Abstract

For symplectic group actions which are not Hamiltonian there are two wageftoe reduction.
Firstly using the cylinder-valued momentum map and secondly lifting the atdi@my Hamiltonian
cover (such as the universal cover), and then performing sytipteduction in the usual way. We show
that provided the action is free and proper, and the Hamiltonian holonssocited to the action is
closed, the natural projection from the latter to the former is a symplectierc@ut the same time we
give a classification of all Hamiltonian covers of a given symplectic gretpn. The main properties
of the lifting of a group action to a cover are studied.

Keywords: lifted group action, symplectic reduction, universal covamitonian holonomy, momentum
map
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Introduction

There are many instances of symplectic group actions whiech@ Hamiltonian—ie, for which there is no
momentum map. These can occur both in applications [13] dsaw@ fundamental studies of symplectic
geometry [1, 2, 5]. In such cases it is possible to define arfdgk valued momentum map” [3], and
then perform symplectic reduction with respect to this mb§, [L7]. An alternative approach is to lift
to the universal cover, where the action is always Hamiétonand then to perform ordinary symplectic
reduction. The principal purpose of this study is to relagetivo procedures. In short, we show that under
suitable hypotheses, the reduced space obtained from iersed cover is a symplectic cover of the one
obtained from the cylinder valued momentum map.

In more detail, suppose a connected Lie gr@uacts on a connected manifdid, and letN be a cover
of M. Then it may not be possible to lift the action Gf but there is a natural lift to universal covers
giving an action ofG on M. This can then be used to define an actiorGadn the given coveN. This
general construction is well-known, but we were unable td ffis principal properties in the literature, and
consequently in Section 1 we establish the main resultstabese lifted actions. For example, sif¢ean
be written as a quotient &fl by a subgroup of the group of deck transformations, we usddtdetermine
exactly which subgroup db acts trivially onN. We show that if the action oM is free and proper, then
so is the appropriate lifted action &h Further details on such lifted actions (including norefeetions)
are available as notes [12].

In Section 2 we consider the case whbtés a symplectic manifold, an@ acts symplectically oM.

We consider the covers & for which the action is Hamiltonian. The “largest” Hamiltan cover ofM

is of course its universal covédt; we give an explicit expression for its momentum map (Prdjors2.3)
and we use it to define a subgroup of the fundamental grody whose corresponding set of subgroups
classifies the Hamiltonian covers (Corollary 2.8). Theralg&® a“minimal” such cover, denotedll and
which was first introduced in [15], where it is called theiversal covered spacef M; we give here a
different interpretation of it as a quotient of the univérsaver.

In Section 3, we consider the cylinder valued momentum m4dg]divhere it is defined in a different
manner, and called tHenoment &duit”). In Theorem 3.4 we see that reduction can be carried outan tw
equivalent ways. One can either redidavith respect to the cylinder valued momentum map or, alterna
tively, one can lift the action to the universal cowdr(or on any other Hamiltonian cover) and then carry
out (standard) symplectic reduction on it using its momentoap. The result is that the natural projection
of this reduced space (inherited from the covering projedtyields the original reduced space; that is,
both reduction schemes are equivalent up to the projedtidine original action is free and proper and its
Hamiltonian holonomy is closed then both reduced spacesyanplectic manifolds, and the projection is
in fact a symplectic cover. We also identify the deck transiation group of the cover.



We end both sections 2 and 3 with the general example of a gaotipg by left translations on its
cotangent bundle, with symplectic form equal to the sum efdhnonical one and a magnetic term con-
sisting of the pullback to the cotangent bundle of a lefanant 2-form on the group. In particular we
show that symplectic reduction via the cylinder-valued reatam map and Hamiltonian reduction via a
standard momentum map yield the same result.

1 Lifting group actions to covering spaces

1.1 The category of covering spaces

We begin by recalling a few facts about covering spaces. Mdilie details can be found in any intro-
ductory book on Algebraic Topology, for example Hatcher [t (M, z) be a connected manifold with a
chosen base poimp, and letqy : (M,Z) — (M, Z) be the universal cover. We realize the universal cover
as the set of homotopy classes of pathslimith base pointy. For definiteness, we take the base point in
M to be the homotopy clags 6f the trivial loop atzy. Throughout, ‘homotopic paths’ will mean homotopy
with fixed end-points, all paths will be parametrizedthy [0, 1], and for composition of patres« b means
first doa and therb. N

Any coverpy : (N,Yo) — (M, 2) has the same universal coydd, %) as(M, z), and the covering map
on : (M, Z5) — (N,yp) can be constructed as follows: Le€™M and letz(t) be a representative path i,
s0z(0) = z. By the path lifting property of the covering mag, z(t) can be lifted uniquely to a patfit)
in (N,yo). Thenan(2) = y(1).

Let ¢ be the category of all covers @1,zy). The morphisms are the covering maps. Since any element
(N,yo) € ¢ also share#! as universal cover, it sits in a diagram,

(M, 20) 2 (N,yo) 2 (M, z0).

Note that the map — M can be written both agy and asPyj-

It is well-known that this category is isomorphic to the ¢atey of subgroups of the fundamental group
™ (M, 20) of M, where the morphisms are the inclusion homomorphisms ajfrsuips. The isomorphism
is defined as follows. Lepy : (N,yo) — (M,zp) be a cover. Thefy := pn.«(Ta(N,Yo)) is the required
subgroup of” := (M, 7). 'y consists of the homotopy classes of closed path#flirgg) whose lift to
(N,yp) is also closed, and the number of sheets of the cpyeés equal to the indek : I'y. Note that since
M is simply connected;  is trivial.

The inverse of this isomorphism can be defined using deckfbamations. Lef =1 (M,2). Then
I" is the fibre ofgqy overzy, and it acts oM by deck transformations defined via the homotopy product:
if ye I andZe M theny= Z gives the action of on Z Then given; < I', defineN = M/Fl, and put
Yo = 1Zy. Then from the long exact sequence of homotopy, it folloved th(N,yo) ~ I'1. Furthermore,
if My <2< T then there is a well-defined morphism (covering mpp)Ny — Np, whereN; = I\W/l‘,—,
obtained from noting that arfy;-orbit is contained in a uniquez-orbit, so we putp(l12) =2

Let (Ni,y1) be a cover of(M,z) with groupl';, and letl; = y1y~1 be a subgroup conjugate to
1 (whereye ). ThenN, = M/I'; is diffeomorphic toN;, but the base point is noy, = MN7,. A
diffeomorphism is simply induced from the diffeomorphigm:- Z of M (which does not in general map
y1 toyz).

If Ty < (normal subgroup), then the cove,y;) is said to be anormal cover In this case thé -
action (by deck transformations) &h descends to an action dh(with kernelll1), andl" /T 1 is the group
of deck transformations of the covr— M. For a general cover, the group of deck transformations is
isomorphic toNr(I"1)/T1, whereNr (1) is the normalizer of 1 in I'. Only for normal covers does the
group of deck transformations act transitively on the sheéthe cover. See [7] for examples.

Let us emphasize here that we view= Ty (M, ) both as a group acting v by deck transformations,
and as a discrete subset\df—the fibre overzy. In particular, fory € I', yx Zy = y. In other wordszy'is the
identity element irf".



1.2 Lifting the group action

Now letG be a connected Lie group acting on the connected marifolaind letpy : (N,yo) — (M,2) be
a cover. To define the lifted action & we first describe the lift td and then show it induces an action
onN, using the covegy : M — N. _

The action ofG onM does not in general lift to an action 6fon M but of the universal cove®, which
is also defined using homotopy classes of paths, with base {ha identity elemerg. The covering map
is denotedyg : G — G. So if§is represented by a padfit) thengs(9) = g(1). The product structure in
G is given by pointwise multiplication of paths: @ is represented by a path(t) andd by go(t), then
0102 is represented by the path- g;(t)ga(t).

Definition 1.1 Letd e G be represented by a pagft) (with g(0) = €), andZ€ M be represented by a path
Z(t) (with z(0) = zp). Then we defing- Z to bey'e M, wherey’is the homotopy class represented by the
patht — g(t)-z(t). Itis readily checked that the homotopy class of this patiedes only on the homotopy
classegyandZ

With this definition for the action of on M, it is clear that the following diagram commutes:
GxM — M
! ! (1.1)
GxM — M

where the vertical arrows agg x gy andqy respectively, and the horizontal arrows are the group @astio
In particular,
¥y=0-72 = y=g-z 1.2)

where forZe M we denote its projection tdl by z, and similarly with elements ob.

Remark 1.2 A second approach to defining the action@bn M is as follows. The action o& gives
rise to an ‘action’ of the Lie algebra That is, to eacl € g there is associated an infinitesimal generator
vector fieldéyy onM. LetN — M be any cover. The covering map is a local diffeomorphismhesovector
fields&w can be lifted to vector fieldgy on N. Because this covering map is a local diffeomorphism, this
gives rise to an ‘action’ off on N. Now g is the Lie algebra of a unique simply connected Lie gr@up
To see that the vector fields dhare complete, so defining an action@fone needs to compare the local
actions orM andN. It is not hard to see that the two definitions of action§&adre equivalent.

Proposition 1.3 The action ofG onM commutes with the deck transformations. Furthermoregfwh
g € m(G,e) the homotopy class(D) - g lies in the centre ofty (M, zp).

PrROOFE  First note that ifg(t) is a path inG with g(0) = e, andz(t) a path inM with z(0) = zy and
z(1) = 7, then the following three paths are homotopic:

9t)-z(t), [9(t)-20]*[9(1)-2(1)], () *[g(t)-z]. 1.3)

Now letg € G, 5 € I andZc M with qu(2) =y € M. We want to show thag- (5-%) = 5- (- ). By
(1.3) applied withy = 6+ Z, we haveg- (8-2) = [0 27« [J- Y], while again by (1.3) applied with= Z we
haved- (§-Z) = 0« [2x(§-y)]. The result follows from the associativity of the homotopgduct.

Finally letg € Ty (G, e) andd € I'. We want to show thd§- 2] « 6 = 6% [ Zy], wherez is the constant
loop atx. By (1.3),0x [0 %] =J-6=[§- %] = 6 (sinceg(1) = e), as required. O

‘Applying this to the left action o6 on itself gives the well-known fact that; (G, e) lies in the centre
of G. Consequently the following is a central extension:
1—-m(Ge —G-Xc-1 (1.4)

Now we are in a position to define the action@bn an arbitrary covefN,yo) of (M, z). As in §1.1,
let My = pns(Ta(N,¥o)) <T. So,N=~M/Iy. Thatis, a point irN can be identified with &y-orbit of
points inM.



Definition 1.4 TheG-action onN is defined simply by
g~ erii FN(g' 2)

This is well-defined as the actions Gfand I commute, by Proposition 1.3. It is clear too that the
analogues of (1.1) and (1.2) hold within place ofM.

Proposition 1.5 Let py : (N,yo) — (M, 2) be a covering map. ThE&-orbits on N are the connected
components of the inverse images undeopthe orbits on M. More precisely, ifey pﬁl(z) CN thené-y

is the connected component qﬁ()G -Z) containing y. In particular if the G-orbits in M are closed) oo
are theG-orbits in N.

PROOF  LetZ c M be any submanifold. Thed := pﬁl(Z) is a submanifold ofN and the projection

Pnlz 1 Z' — Zis a cover, and iZ is closed so too iZ'. Moreover, ifZ is G-invariant (henc&-invariant),
then by the equivariance gdy so isZ’, and if Z is a single orbit, thelZ’ is a discrete union of orbits:
discrete becausgy is a cover. Sinc& is connected, the orbits are the connected compone’s of 0

1.3 The kernel of the lifted action

The natural action o6 on M described above need not be effective, even if the actidd @ M is, and
the kernel is a subgroup ofi (G, e) which we describe in this section.

Let g € m(G,e) be represented by a padjit), with g(1) = e. The pathg(t) determines an element
[9(t) - Z0] in the centre oft (M, zy). Moreover, homotopic loops iB give rise to homotopic loops ill, so
this induces a well-defined homomorphism

3z, 1 (G, e) — (M, 2), (1.5)
whose image lies in the centrewf(M, zp), by Proposition 1.3.

Proposition 1.6 (i) The kernel K< 1 (G, e) of &, is independent ofpzand acts trivially onM and hence
on every cover of M.

(i) If (N,yo) is a cover of(M,z), with associated subgroupy of (M, z), then Ky := a;ol(FN) is
independent of the choice of base poigntryN, and acts trivially on N.

(i) If G acts effectively on M thenya= é/ Kn acts effectively on N.

Note that since the domain ef, is Ty (G, e) which is in the centre of, it follows thatKy is a normal
subgroup ofG. And with the notation of the propositionk = K sincel y is trivial. We will write
G := G/K for the group acting oM.

In particular, ifay, is trivial thenK = 14 (G, e) and theG-action onM lifts to an action ofG onM. That
i, 8z, is the obstruction to lifting th&-action. A particular case is where the actiorGbn M has a fixed
point. If zg is such a fixed point thea,, = 0. More generally this is true if any (and hence eveByrbit
in M is contractible inM, since in that case tam, is trivial. See also Remark 1.8

PROOFE (i) Letzy,z; € M and letn be any path fronz to z; (recall we are assumind is a connected
manifold), and le € Ty (G, e) with a representative patt). For T € [0,1] defineg' (t) = g(Tt) (for
t €[0,1]), sog" € G. Then varyingT defines a homotopy from to (g" - Zo) * (g(T)(n)) * ((g")~1Z). In
particular, puttingl = 1 shows thar) is homotopic tcay, (§) = n * azl(g“—l), or equivalently that

n s azl(g_l) *N = azO(g_l),

wheren is the reverse of the patfp. This composition of paths defines the standard isomorphism
m(M,z) — m(M,z). We have shown therefore that, = n. oa, , and so both have the same kernel.



ThatK acts trivially onM follows from the definition oby,: letZe M andg € K, theng-z=§- (Zox2) =
az,(0) xZ=Z (using (1.3)).

(ii) Letyo,y1 € N, letz; = pn(yj) € M and let{ be any path fronyg to y1, with n its projection toM. The
result follows from the fact that the following diagram comi@s (with P(Nyj), written pj, ):

(M, z) m(N,y1)
ay, *
(G, e) N« '@
k pl
T[l(M7ZO) - T[].(Nayo)

Writing N = M /Iy, if § € a;ol(FN) theng € KI'y and,glryZz ¢ F'yKZ = T'yZ so g acts trivially (using
Proposition 1.3 and part (i)).

(ii) Suppose € G acts trivially onN, so for ally € N, §-y=y. Projecting tdM, this implies thag(1)-z=z
(forall ze M) sog(1) € NzxemG; = {e}. Thusg € m(G,e).

To prove the statement, we first consider the ¢dseM. If § ¢ K thenay,(§) # Z € Tu(M, 20). Since
™ (M, 2p) acts effectively (by deck transformations) on the fiq,(*;é(zo) ~ 1 (M,2) C M it follows that
az,(0) acts non-trivially, which is in contradiction with the assption thatg acts trivially.

Now supposed] € G acts trivially onN. We haveglyZp = 'y 2, so thatg € T'yK = az—ol(FN) as
required. O

Proposition 1.7 Let N be any cover of M. If the action of G on M is free and propentso is the action
of Gy on N.

PROOF.  First supposés acts freely orM, and lety =T'yZ € pgl(zo) C N. We need to show that the
isotropy groupéy for the G action onN is equal toKy. Now, §-y = aI'nZ = gl nY2o, for somey e T, asl
acts transitively on the fibre oveg in M. Sog-y =y if and only if, g nYyZo = M'nyZo. However, the action
of § commutes with that of so this reduces ta,(g) € 'y as required for the freeness of Bg-action.

To show theGy-action is proper, we need to show that the action gp Gy x N — N x N is closed
and has compact fibres. The fibbﬁl(x, y)={(g,y) € Gn x N| g-x=y}. Ifthisis non-empty, anti-x=y
then®y(x,y) =~ h(Gn)x, which is a single element @y as the action is free.

To see that the action map is closed, consider a sequgneg in Gy x N for which (g; - x,%) con-
verges tay,z). Then of course; — z. We claim that; - z— y. This is because,

d(gi-zy) <d(Gi-zg %) +d(gx,Y) =d(zx)+d(gi-%,Y),

whered is theGy-invariant metric orN defined above. Both terms on the right tend to 0 sodgt z,y) —
0 as required.

Now, by Proposition 1.5 th&y-orbits inN are closed and hence there isgga Gy with y = g-z That
iS,0i-z— g-z Consequentlygi(Gn)z — 9(Gn)zin Gn/(Gn)z. By taking a slice to the propé6Gy )-action
on G, this can be rewritten agh; — gin Gy, for some sequende € (Gn);. Since(Gy)z is compact(h;)
has a convergent subsequengg— h. Theng;, — ghL. It follows therefore thatgi,, x, ) — (gh™1,2)
and®y(gh™t,2) = (y,2). a

Remark 1.8 D. Gottlieb [6] considered the imagesin(M, zy) of “cyclic homotopies” of a space, which
includes the image ai, as a particular case. He showed in particular that irfegglies in the subgroup
P(M,z) of Ty (M,z) consisting of those loops which act trivially on all homogogroups (M, 2p).
Furthermore, he showed thatM is homotopic to a compact polyhedron, and the Euler chaiatite
X(M) # 0, then imagéa;,) = 0, which implies by what we proved above that every groupaatn such a
space lifts (as an action @) to its universal cover.



1.4 Orbit spaces and covers for free actions

It will be useful for Section 3 to compare the orbit spabe4s andM /G (or M /G’ whereG' = G/K) when
the G-action is free and proper, and more generally WthGy whenN is a normal cover oM.

Let N be a normal cover df1 (see the end of §1.1), with associated growp Then there is an action
of Gy x I onN (the action of” by deck transformations factors through oné ¢F \, and commutes with
the Gy-action, by Proposition 1.3).

Proposition 1.9 Let G act freely and properly on M. Then the natural mgp :qﬁ/G’ — M/Gis a
covering map, with deck transformation group equatder(a,) acting transitively on the fibres.

More generally, if g : N — M is a normal cover thenyp: N/Gy — M/G is a normal cover with deck
transformation grougoker(a,,)/M'n ~ I/(imaggaz)'n).

PROOFE  SinceG acts freely and properly od thenGy acts freely and properly oN, so bothM /G and
N/Gy are smooth manifolds. Moreover, sinds a normal cover oM, it follows thatAy ;=T /'y acts
freely and transitively on the fibres of the covering map, sofl ~ N/Ay.

Consider the following commutative diagram:

M -, N P owm
"Ml T[NJ( an (1.6)
i PN

M/G —— N/Gy —— M/G

Since the coversyy and py are local diffeomorphisms, it follows that slices to tBeactions can be
chosen inM, N andM in a way compatible with the covers. Consequently, the Idweizontal maps in
the diagram are also covers (the same is true if the dduemot normal).

First consider the covat,, : M/G' — M/G. Since the action of on M commutes with the action of

G, it descends to an action &/G'. Moreover, sincévl /I ~ M, so
(M/G)/T ~M/(G' xT)~M/G.

(All diffeomorphisms= are natural.) Furthermore, sinfeacts transitively on the fibres o — M, so it
does on the fibres /G’ — M/G. B
We claim that the isotropy subgroup of the actionlofor any point inM/G’ is I'" = imag€gay,).

Indeed, for the action o0& x I on M the isotropy subgroup ofis
H={@vy g vy-X=X%}.

Clearly then,(g,y) € H implies in particulaig € m (G, e), and for suctg, (0,Y) - X = a5 (§) * y*X and so
(@,y) € H iff a5, (d) =y % Thusye I acts trivially onM /G’ if and only if 3§ € G’ such thaiy, (§ 1) =y,
as required for the claim. Consequently, for the cajgrthe deck transformation groupligimageay,) =
cokel(az,), and this acts transitively on the fibres.

The same argument as above can be used for the more generall maverpy : N — M, with G/
replaced byGy andl™ by ' /T . O

Remark 1.10 If N is a cover ofM but not a normal cover, then as pointed out in the phég® is still a
cover ofM/G. Moreover, the fibre still has cardinality cokesy,)/I'n, but the latter is not in this case a

group.

Notice that ass acts freely and properly oM, thenM/G’ is a connected and simply connected mani-
fold (simply connected becau&® is connected). Consequenth,/G’ is the (a) universal cover &l /G.



2 Hamiltonian covers

For the remainder of the paper, we assume the manifold endowed with a symplectic forw and the
Lie groupG acts by symplectomorphisms. Notice that any cquer N — M of M is also symplectic with
form wy := py,w and that, moreover, the lifted action Gf(or Gy) on N is also symplectic. It follows that
the category of all symplectic covers@fl, w) coincides with the category of all coversMf Furthermore,
the deck transformations vl are also symplectic.

Symplectic Lie group actions are linked at a very fundanidetel with the existence afhomentum
maps Let g be the Lie algebra o6 andg* its dual. We recall that a momentum map M — g* for
the symplectidG-action on(M, w) is defined by the condition that its componedis= (J,&), & € g, are
Hamiltonian functions for the infinitesimal generator \@dteldsy (m) := %|t:0expt£-m. The existence
of a momentum map for the action is by no means guaranteedsveowit could be that the lifted action to
a cover has this feature. For example, if the cover is simphnected (as iM), the action necessarily has
a momentum map associated. This remark leads us to the fotia¥efinitions.

Definition 2.1 Let (M, z9,w) be a connected symplectic manifold endowed with an actidineofonnected
Lie groupG. We say that the smooth covex : (N,yo) — (M,2) of (M, z) is aHamiltonian coverof
(M, 2y, w) if N is connected and the lifted actionéf(orGN) on(N,wy) has a momentum maly : N — g*
associated.

Note that we keep the base points in the notation as the chbroementum map depends on the base
point.

If the G-action onM is already Hamiltonian, then every cover is naturally a Haomian cover, so the
interesting case is where the symplectic actiovbis not Hamiltonian.

The connectedness hypothesidassumed in the previous definition implies that any two mdman
maps of theGy-action onN differ by a constant element igi'. We will assume thaly is chosen so that
JIn(Yo) = 0. (This choice should perhaps be denalggl,, but we will refrain from the temptation!)

Definition 2.2 Let (M, zy,w) be a connected symplectic manifold &Ba Lie group acting symplectically
thereon. Let) be the category whose objects (@) are the pairs

(pN : (N7y07(*)N) - (M,Z(),(JO), JN);

where py is a Hamiltonian cover ofM,z,w) andJy : N — g* is the momentum map for the lifted
G- (or Gn-) action onN satisfyingJn(Yo) = 0, and whose morphisms Mg@§) are the smooth maps
p: (N1,y1,1) — (N2, y2,0p) that satisfy the following properties:

() pis aé—equivariant symplectic covering map

(ii) the following diagram commutes:

g*
JMl/ \NZ
p

(N1,y1) (N2,Y2)
DIN\ %Nz

We will refer to$ as the category dflamiltonian coversf (M, zy, w).

(M, 29)



It should be clear that the ingrediendg andJy are both uniquely determined Iy : (N, yo) — (M, 29)
(given the symplectic form o), so$) is in fact a (full) subcategory of the category of all covefr$M, zy).

The category of the Hamiltonian covers of a symplectic n@dificted upon symplectically by a Lie
algebra was studied in [15]. We will now use the developméntSection 1 to recover those results in
the context of group actions. The study that we carry out infthlowing paragraphs sheds light on the
universal covered spadetroduced in [15] and additionally will be of much use in 8ec 3 where we will
spell out in detail the interplay between Hamiltonian cevend symplectic reduction.

2.1 The momentum map on the universal cover

We now start by giving an expression for the momentum mapcéssal to theG-action on the universal
coverM of M. As far as this momentum map is concerned, it does not méttee consider theS or
the G’ action (defined after Proposition 1.6) since both have theedaie algebra and the momentum map
depends only on the infinitesimal part of the action. Retait theChu map¥ : M — Z2(g) is defined by

Y(2)(E n) = w(2) Em(2), Nm(2). (2.1)
for&,neg.

Proposition 2.3 Let (M, w) be a connected symplectic manifold acted upon symplelgtioglthe con-
nected Lie group G. Then, ti@-action on(M,® := gj;w) has a momentum map associatedM — g*

that can be expressed as follows: realMeas the set of homotopy classes of paths in M with base point
7. LetXxe M and Xt) an element in the homotopy classThen, for any, € g

(I, &) = / “(igyy / w(x(1)) (Em ((1)), X(1)) d. (2.2)

If Xe m(M,2) andy e M thenx+y € M and
IR#Y) = IF) + (). 2.3)

The non-equivariance cocyats : G— g* of Jis given by

1
(©:(9).8) = [ Wlzo)(& no dt. (2.4)

forany& e g, g < G, and dt) a curve in the homotopy class gf where; = Adg<t)—lE andn; =
(TeLg(t))flg(t), andW¥ is the Chu map defined in (2.1) above.

The non-equivariance cocycle is used to define an affineracfi® on g* with respect to which the
momentum map is equivariant, namely

g u=Adg 11+ 03(9). (2.5)

Momentum maps are only defined up to a constant; the one ini€rdrmalized to vanish on the trivial
homotopy clasg atzy. The expression (2.2) is closely related to the one in [1d{fe momentum map of
the action of a grouf on the fundamental groupoid of a symplecBiananifold; see Remark 2.5 below.

PROOR  Leta :=ig,w. Since this 1-form oM is closed, it follows that/ x*a depends only on the
homotopy class (indeed homology classkpthat is,J(X) is well-defined by (2.2).

To show that thad is a momentum map for thé-action onM, we use the PoincarLemma on the
closed formo. Cover the image of(t) in M by contractible well-chained open sets (opeMip U, ...,Up,
with x(0) = z5 € U1 andx(1) € U,. We can enumerate these sets consecutively along the xfijyand
letz; = x(t;) € UjNUj,1 lie on the curve and, = x(1).



On eachJ; we can writea = d¢; for some functiorp; (in fact a local momentum foy). Then on
UiNUj, W,j := @ — @; is constant. Now, with = [0,1] andl; = [tj,tj..1] we have

n-1
/lx*ﬂ = Z/I X'dey = > (95(Z+1) — 9§(7)) = t(z0) — ¢1(0) - Zluj+1.,i : (2.6)
[ J =

The covering mamy : M — M, X — x(1) identifies the tangent spadgM with TxyM. Letve =M
arbitrary andv = Tyqwu (V). Thus, differentiating (2.6) atinh the directiorv € TxM gives

d ( / x*a) (9) = dgn(x(1)) (V) = a(x(1)) (V) = (Ew. ) = B(Eg. 7).

as required. The identity (2.3) follows from a straightfard verification. _
We conclude by computing the non-equivariance cocggleBy definition, for anyg € G andg € g

03(@) = 3(@-X) — Ad;, 1I(%),

for anyX € M. TakeX = 7 and use (2.2). The formula far; then follows by recalling thal(Z) = 0 and
that theG-action onM is symplectic. O

Remark 2.4 If the Chu map vanishes at one point, thieis clearly coadjoint-equivariant. This happens if
there is an isotropic orbit iM (and hence iM).

Remark 2.5 Let (M) be the fundamental groupoid bf, which has a natural symplectic structure and
Hamiltonian action ofG derived from those oM, as described by Mikami and Weinstein, [11]. The
relationship between the momentum mapll(M) — g* defined in [11] and ours is as follows (we thank
Rui Loja Fernandes for explaining this to us). Given the lpasetz, € M there is a natural covéd x M —
M(M) (with fibre Ty (M, 20)). The momentum map lifts to one onM x M, and our momentum map is the
restriction of this lift to the first factoM x {Z}.
Conversely, given our momentum mapM — g*, the map:

MxM—g* (%) — I —I)

descends to the quotient Iy (M, z5) and yields the momentum map: M(M) — g*.

2.2 The Hamiltonian holonomy and Hamiltonian covers

Definition 2.6 Let (M, zy, w) be a connected symplectic manifold with symplectic actibthe connected
Lie groupG. LetJ: M — g* be the momentum map defined in Proposition 2.3. Flamiltonian holonomy
# of the G-action on(M, w) is defined as/ = J(I'), and for an arbitrary symplectic coveg : N — M,
the holonomy group isfy := J('n), wherel” = 4 (M, z9) andl'y = (pn)+ (Te (N, Yo)) (as in §1).

Proposition 2.7 The symplectic covenp: (N,yo) — (M, Z) is Hamiltonian if and only if#y = 0.

PROOF  If the G-action onN is Hamiltonian, then the momentum map is well-defined. Theans that
if yis any closed loop iiN, thenJ(y) = 0, wherey € Ty (M, 29) is the image undefpy).. of the homotopy
class ofy. Conversely, if#y = 0 then the mag : M — g* descends to a majy : M/I'y — g7, and as
described in 81N ~ M/I'y as covers oM. O

Let us emphasize that gy : (N,yo) — (M, 2) is a Hamiltonian cover, then the momentum niagp:
N — g* is defined uniquely by the following diagram.

~ J «
——— g
QNl

l: (2.7)



As we pointed out in Section 1, the subgroups of the fundaahgmoupl” = 14 (M, 75) classify the
covers ofM. In a similar vein, the following result shows that the suhgys of the subgroupg of I' play
the samedle with respect to the Hamiltonian covers of the symple@timanifold (M, w).

Define,

Mo :=37Y(0) Nay*(0) < (M, 20); (2.8)
thatis,lo = ker(J). : T — g*). It follows thatFo <T.

Corollary 2.8 The symplectic coverny: (N,Yo) — (M, Zg) is Hamiltonian if and only ifly < 'g. Conse-
quently,$y is isomorphic to the category of subgroupslaf

Recall that the categorg (") of subgroups of a group is the category whose objects are the sub-
groups, and whose morphisms are the inclusions of one supgnto another. We have therefore shown
that$ ~ S(Ip). Explicitly, the isomorphism is given by

H — 6(ro)
(Pn: (NLYo) = (M 20), ) — T = (pr)s (Ta(N,Y0))- (2.9)

2.3 The universal Hamiltonian covering and covered spaces

As it was shown in the previous section, the Hamiltonian ce@we a symplecticG-manifold (M, w) are
characterized by the subgroupslaf. The cover associated to the smallest possible subgroapjsth
the trivial group, is obviously the simply connected unaarcoverM of M. It is easy to check that this
object satisfies in the categofy of Hamiltonian covers, the same universality property thaatisfies in
the general category of covering spaces, thafds,: M — M, J) € Ob($) and for any other Hamiltonian
cover(py : N — M,Jy) of (M,w) there exists a morphisiy : (M,®) — (N, wy) in Mor($)). Moreover,
any other element in Qi) that has this universality property is isomorphiq fg; : M — M,J) (we have
suppressed the dependence on base prjns,  in this discussion; if they are included the morphisms
become unigue—see Remark 2.10 below).

A difference between the general category of covering spand the category of Hamiltonian covers
arises when we look at the cover associated to the biggestbi®subgroup of g, that is, g itself.
Unlike the situation found for general covers, where theybgg possible subgroup that one considers is
the fundamental group and it is associated to the trivial (identity) cover, the @oassociated tdg is
non-trivial (unlesM is already Hamiltonian) and has an interesting universplibperty that is “dual” to
the one exhibited by the universal cover. Defiie= M/Fo; it follows from the corollary above that this
Hamiltonian cover igminimal It was first introduced under a different guise in [15], whéris called
theuniversal covered spaad (M, w), and defined using a holonomy bundle associated to g'fladlued
connection. Recall from 81.1 that a cowér— M is said to be normal if \ is a normal subgroup df.
Sincerl g is the kernel of a homomorphism— 7, it follows thatM is a normal cover of1. By Proposition
1.6, the groups := G/ a;ol(ro) acts effectively oM (as always, we assume thatacts effectively orvl).

Proposition 2.9 M is a Hamiltonian normal cover of M with the universal propethat for any given
Hamiltonian cover R : N — M of M there is a Hamiltonian covey : N — M.

PROOF.  Since we have shown théit~ &(To), this property oM in § follows from the corresponding
property ofl g in &(Ip); namely that for every subgroudp of I'g there is an inclusiofi; < [g. O

Remark 2.10 (M, %) and (M, %) are initial and final objects in the category of Hamiltoniavers of
(M, 2p) with base points; this of course corresponds to the factlttzadrl o are initial and final objects in
the categons (o).

2.4 The connection inM x g* and a model for the universal covered space

The universal covered spaﬁawas introduced in [15] (though there it is denotdd using a connection
in M x g* proposed in [3]. Here we briefly review that definition, andwstthat it is equivalent to the one
given above.
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Let (M,w) be a connected paracompact symplectic manifold an@ le¢ a connected Lie group that
acts symplectically oM. Consider the Cartesian proditx g* and letrt: M x g* — M be the projection
onto M. Considermt as the bundle map of the trivial principal fiber bundM x g*,M, 1, g*) that has
(g*,+) as Abelian structure group. The gro(y'’,+) acts onM x g* by v (z ) := (z u—V). Leta €
QY(M x g*; g*) be the connection one-form defined by

(@(Z W) (V2 V), &) = (g, 0) (D) (V2) — (v, &), (2.10)

where(z, ) € M x g%, (Vz,v) € T,M x g%, (-,-) denotes the natural pairing betwggnandg, and§y is the
infinitesimal generator vector field associated to g

The connectiom is flat. For(z,0) € M x g*, letM’ := (M x g*) (2o, 0) be the holonomy bundle through
(20,0) and let# (z,0) be the holonomy group af with reference pointz, 0) (which is an Abelian zero
dimensional Lie subgroup af* by the flatness of); in other wordsM’ is the maximal integral leaf of
the horizontal distribution associated dothat contains the pointz,0) and it is hence endowed with a
natural initial submanifold structure with respectMox g*. See for example Kobayashi and Nomizu [8]
for standard definitions and properties of flat connectiomstelonomy bundles.

The principal bundlgM’,M, p, #( ) := (M’,M,n|(MXg*)(ZOA0),5{(zo,O)) is a reduction of the principal
bundle(M x g*, M, T, g*). A straightforward verification shows thaf (z,0) coincides with the Hamilto-
nian holonomys introduced in Definition 2.6. In this sense, the momentum thapl — g* establishes
a relationship between the deck transformation groupsefttiversal cover oM and of the holonomy
bundlep: M’ — M. Moreover, the holonomy bundM’ can be expressed usida@s

M’ = {(am(%),J(X)) | X € M}. (2.12)

This expression allows one to check easily th‘at’, M, B, # ) is actually a Hamiltonian cover dfl with

the symplectic form’ := p*w. TheGy;,-action onM’ is symplectic and is induced by ti@action onM’
given by
g- (%W = (9-%,3(g-%)) = (9-X,04(9) +Ady1I(X)), (2.12)

where(x, ) e M/, g = Ps(0), andX is such thatpg (X) = x, andJ(X) = . The Gy, -action onM’ has a
momentum mag : M’ — g* given byj(x, M) = WL

Proposition 2.11 The universal covered spatﬁe: M/Fo is symplectomorphic .

PROOFE.  The required symplectomorphism is implemented by the map

O: M/Fo — M/
X — (X(1),3().

This map is well defined since by (2.3), the smooth rBapd — M’ given by X +— (X(1),3(X)) isTo
invariant and hence it drops to the smooth n@aprhe map® is an immersion since for ang € TyM such
that 0= TgB - vy = (T]DM -V, TgJ-vg), we have thallzpy; - vx = 0 and hencey = 0, necessarily. Given
thatg is a discrete group, the projectidh — M /g is a local diffeomorphism and hen@is also an
immersion. Additionally, by (2.11), the map is also surjective. We conclude by showing tigais
injective. LetX,y € M be such tha®([x]) = ©([y]). This implies that

x(1) =y(1) andthat J(X)=J(y). (2.13)

The first equality in (2.13) implies th&txy ¢ ™ (M, %), wherey is the homotopy class associated to the
reverse patly of y. Moreover, by the second equality in (2.13), it is easy tockh@atJ(X+y) = 0, and
hencexxy € Io. Since(X*y) xy = Xwe can conclude thd&] = [y], as required. Consequent,being a
smooth bijective immersion, it is necessarily a diffeonfosm. A straightforward verification shows that
© € Mor($), which concludes the proof. O
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2.5 Example

We apply the ideas developed in this section to the left aaifa Lie groupG on its cotangent bundle, but
with a modified symplectic form.

Let G be a connected Lie group, and Betg — g* be a symplectic cocycle which is not a coboundary,
so it represents a non-zero elementdf(g, g*) (the subscript meaningymplecticcocycles; that is@ is
skew-symmetric — see [18] for details). One can also \@eas a real-valued 2-cocycke: g x g — R by
putting%(€,n) := (6(£), ). Indeed H?(g, R) = Hi(g, g").

Letg(t) (t € [0,1]) be a differentiable path i and define,

0(0()) = [ Adyy, 10(a)9(0) (2.14)

Itis well-known (and easy to check) thatdepends only on the homotopy class of the gth (relative to
the end points), so by restricting ¢90) = e, © defines a ma@ : G— g*. Moreover, one can also check
that® is a 1-cocycle o6, and so defines a well-defined elemenbkf}f(@,g*).

Let Mo < Tu(G, e) be the kernel of the restriction @ to the subgroupu (G, e) of G. Then for any
subgroup'; < Iy, © descends to a 1-cocyc®; € H(Gy, g*), whereG; = é/rl. In particular, write
G = G/Io. (The notatiorT g is justified in the corollary below.)

Now consider the action d& on T*G by lifting left multiplication. Given the 2-cocycl& associated
to 6, define a closed differential 2-forBy on G to be the left-invariant 2-form whose valueeds >. Write
1. T*G — G, and onM = T*G consider the symplectic form

Qe - Qcanon - T[*Be (215)

whereQcanonis the canonical cotangent bundle symplectic form.
We claim that the action o on M is symplectic, and is Hamiltonian if and only Iifp = ™ (G, €).
More generally, we claim that whenever < I'g the lift of the action taTl *G; is Hamiltonian.

Proposition 2.12 The action oG onM =T*G =G x g* with symplectic form given by (2.15) is Hamilto-
nian, with momentum map given by

PG =Ad; 11+ ©(9),

where g=g(1), and we have identified the Lie algebras of G &dThe non-equivariance cocycle of this
momentum map is simp®.

If 8 = dv for somev € g* (ie O represents zero iH'(g, g*)), then the action off *G is Hamiltonian
with momentum mag(g, ) = Ada,l M4V,

PrROOF.  The action is symplectic becauBg is left-invariant. For the momentum map, the first term of
the right-hand side in (2.15) is the standard expressiona@@,,on For the second term, one needs to
check that
—IEMTﬁBe =(d©,g).
Each side of this is an invariant function, so it suffices teaththe equality at the identity element. Now,
lg; 70 Bo = 155 B and at the identity this ig>. On the other hangd©(e)(n),&) = (6(n),&) = —Z(&,n).
For the non-equivariance cocyakes H(G, g*),

o(h) = 3°(h- (e,0)) — Ad; 1 3°(e,0) = °(h,0) — 0= O(h). 0
Notice thatJe(e, 0) = 0, so this choice of momentum map agrees with the one of Pitapo8.3 if we

takezg = (e,0) as base point.

Corollary 2.13 The grouply < ™ (G, e) defined in (2.8) coincides with the grolip defined above in
terms of©. Consequently, given any subgroip< 14 (G, €), the action of G on T*G; is Hamiltonian if
and only ifl1 < Ip.

12



PrROOFE  Following the notation of §2.2, we can take= (e,0) € M = T*G, andgu = qg x id on
M =T*G~ G x g*. Thenqy'(z0) = Tu(G, €) x {0} and

-1
Foi=(3%) " (ON(ru(G.e)x {0}) =0 1(0) Nm(G.e),
as required. The rest of the statement follows from Corplba8. O

Notice that withG = G/Fo, T*G is the universal covered space for the given symplectioadif G,
and it depends on the choice t@f

Example 2.14 Let G = T = T9 = R%/Z¢ be ad-dimensional torus, s& = RY andm (G,e) = Z9, and

g = RY can be identified wittG. For this caseHl(t, t*) is the space of all skew-symmetric linear maps
t — t*. Let® be such a map. The®: G — t* can be identified witl®, and the subgroupg < Z4 is

Mo =ker(8)NZY. In particular, if8 : t — t* is invertible ther o = 0 and the only Hamiltonian cover is the
universal coveRY. The same occurs if kéris “sufficiently irrational”. If, on the other hand, k@rcontains
some but not all points of the integer lattice, tf@mill be a cylinder; that is a produd’ x R9-" for some

r with 1 <r < d - 1. The Hamiltonian holonomy i& = B(Zd) C t*, which may or may not be closed in
t*, depending on the “irrationality” of k& In all cases, the momentum map on the cav&RY is given

by J(u,p) = p+ O(u).

Example 2.15 Consider the grouf that is a central extension & by St with cocycle%m. That is, as
setsG = St x R?, with multiplication

(o, u)(B,V) = (0 + B+ 3@(U, V), u+V), (2.16)

wherewis the standard symplectic form &, and%ﬁ(u,v) = %m(u,v) mod 1€ St =R/Z. The universal

cover of G is the Heisenberg grouid, with the same multiplication rule but witto in place ofw. We
identify g with R x R?, and correspondingly* ~ R* x (R?)*. One finds that

w@a)={(_or 5)

Now fix any non-zero suctr and let be the corresponding elementlét (g, g*). The integral o® onH

given by (2.14) is,
_ o(u)
O(a,u) = (—a o— %o(u)luw) ’

Note that® does not descend to a function @h The momentum map oh*H is given by

J ((a,u), (iJ)) :Ad?G7U)*1 (l\lj) +0(a,u) = (v—ac—w($ i(gzj(u))luw> ’

The Hamiltonian holonomy is therefore

s = 3(2,0) = <Z°U> ,

which is closed. The cylinder-valued momentum maféG takes values i€ = g*/# ~R xR x S'.

ocL(R? R*)}.

We continue these examples at the end of the next sectiomewdeeconsider symplectic reduction for
such actions.
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3 Symplectic reduction and Hamiltonian covers

Symplectic reduction is a well studied process that prbesrhow to construct symplectic quotients out of
the orbit spaces associated to the symplectic symmetrizgiven symplectic manifold. Even though itis
known how to carry this out for fully general symplectic act$ [16], the implementation of this procedure
is particularly convenient in the presence of a standard emum map, that is, when the Hamiltonian
holonomy is trivial (this is the so called symplectic or Meydarsden-Weinstein reduction [10, 9]). Unlike
the situation encountered in the general case with a neiatilamiltonian holonomy, the existence of
a standard momentum map implies the existence of a uniqueniath symplectic reduced space. In
the light of this remark the notion of Hamiltonian cover appeas an interesting and useful object for
reduction. More specifically, one may ask whether, givenragctic action on a symplectic manifold
with non-trivial holonomy and with respect to which we waatreduce, we could lift the action to a
Hamiltonian cover, perform reduction there with respeca &tandard momentum map, and then project
down the resulting space. How would this compare with theaqiidlly complicated reduction in the
original manifold? The main result in this section shows thdeed both processes yield essentially the
same result. Furthermore, we show that this projection devarcover.

3.1 The cylinder valued momentum map

Recall the definition of the holonomy of a symplectic actidrGoon M given in Definition 2.6: namely,
7 =J(I'), where as alway$, = 4 (M, z). Using this definition, equation (2.3) can be expressed pinga
thatJ is equivariant with respect 0 acting as deck transformations bhand as translations by elements
of # ong*. It follows thatJ descends to another map with valuegirisr . However, in general this is a
difficult object to use asf is not necessarily alosedsubgroup ofg*. To circumvent this, we proceed as
follows. o o

Let # be the closure off in g*. Sinces is a closed subgroup ¢§*,+), the quotienC :=g*/# isa
cylinder (that is, it is isomorphic to the Abelian Lie groB@ x TP for somea,b € N). LetTc : g* — o/ H
be the projection. Defink : M — C to be the map that makes the following diagram commutative:

M2 g

qu lm (3.1)
M5 c= g*/ﬁ

In other wordsK is defined byK (z) = c(J(2)), whereZe M is any path with endpoire. We will refer
toK: M — g*/ﬁ as acylinder valued momentum magsociated to the symplect@&action on(M, w).
This object was introduced in [3] using the connection dbscrin §2.4, where it is called tHenoment
réduit”.

Any other choice of Hamiltonian cover in place iif would render the same Hamiltonian holonomy
group# and the same cylinder valued momentum map. If one choseeaaetitfbase poirg; € M in place
of zg the holonomy group would remain the same, but the cylindereechmomentum map would differ
from K by a constant i* /s .

Elementary properties. The cylinder valued momentum map is a strict generalizatiotne standard
(Kostant-Souriau) momentum map since Baction has a standard momentum map if and only if the
holonomy group# is trivial. In such a case the cylinder valued momentum maa &andard mo-
mentum map. The cylinder valued momentum map satisfies Nogtfheorem; that is, for ang-
invariant functiorh € C°°(M)G, the flowR of its associated Hamiltonian vector field satisfies the identity
Kok = K|pomr)- Additionally, using the diagram (3.1) and identifyiigM andT;M via Tzqu, one has
that for anyv, € T,M, T,K(v;) = TyTic(v), wherep = J(2) € g* andv = T:J(v;) € g*.

ConsequentlyT;K (v;) = 0 is equivalent talzJ(v;) € Lie(# ) C 7, or equivalentlyiy,w € Lie(# ), so
that

w

kerT,K = [(Lie(?)) . z}
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Here Lig# ) C g* is the Lie algebra off, and Lig# )° its annihilator ing, and the upper index denotes
the w-orthogonal complement of the set in question. The notdtiomfor any subspacec g has the usual
meaning: namely the vector subspacegfl formed by evaluating all infinitesimal generatayg at the

pointze M for all n € €. Furthermore, rangd,K ) = Tumc ((g2)°) (the Bifurcation Lemma).

Equivariance properties of the cylinder valued momentum m@. There is aG-action ong*/# with
respect to which the cylinder valued momentum map-isquivariant. This action is constructed by notic-
ing first that sinces is connected it follows (see [16]) that the Hamiltonian malmy # is pointwise fixed
by the coadjoint action, that is, %dlh = h, for anyg € G and anyh € # . Hence, the coadjoint action on

g* descends to a well defined actiam* on g*/E defined so that for ang € G, ﬂdg,l oTe =TC oAdS,l.
With this in mind, we defin@x : Gx M — g*/sf by

0k (9,2 :=K(g-2) —,qd;_lK(z).

SinceM is connected by hypothesis, it can be shown thatloes not depend on the point M and hence
it defines a mawg : G — g*/# which is a group valued one-cocycle: for agyh € G, it satisfies the
equalityok (gh) = ok (9) + ﬂd;,loK (h). This guarantees that the map

®: Gxg'/H — gt/
@) — adi(re(W)+ok(g),

defines a-action ong* /E with respect to which the cylinder valued momentum rais G-equivariant;
that is, for anyg € G, ze M, we have

K(g-2) = ®(g,K(2)).

We will refer took : G — g*/ﬁ as thenon-equivariance one-cocyctd the cylinder valued momentum
mapK : M — g* /4 and to® as theaffine G-actioron g" /4 induced byok . The infinitesimal generators
of the affineG-action ong* /4 are given by the expression

& (Te(W) = —Tue (PR)(E, ), (3.2)

for any€ € g, whereK (2) = T (W), and¥ : M — Z2(g) is the Chu map defined in (2.1).
The non-equivariance cocyclesg : G — g* andok : G — g*/# are related by

TicoO0j =0k o(G- (3.3)

Proposition 3.1 If the action of G has an isotropic orbit then the cylinderwedl momentum map for this
action can be chosen coadjoint equivariant.

PROOF.  This follows from Remark 2.4. Letp € M be a point in the isotropic orbit and construct a
universal coveM of M by taking homotopies of curves with a fixed endpoint staréitgy. LetJ : M — g*

be the momentum map for ti@action onM introduced in Proposition 2.3. Since tBeorbit containing

Zp is isotropic, the integrand in (2.4) is identically zero drehcec; = 0 (see Remark 2.4). Therefore by
(3.3) the non-equivariance cocyag satisfiesk ogg =Tco0; =0. O

Remark 3.2 For any Hamiltonian covepy : N — M of (M, w) there exists a momentum mag : N — g*

for the G (and alsoGy) action onN such thatly o qy = J and gy, = 03, whereqy : M — N is the G-
equivariant cover such thady o gy = gu. Consequently, there is a commutative diagram analogous to
(3.1) withN andJy in place ofM andJ.
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3.2 Reductions

The following result establishes a crucial relationshimien the deck transformation groupopf : M —
M, thatis,I" := 14 (M, 2), and the deck transformation group@f M — M, thatis# ~T /T.

Proposition 3.3 Let G be a connected Lie group acting symplectically on tiepsgctic manifold M, w)
with Hamiltonian holonomys and letJ : M — M be the momentum map for the lifted action (&, Z)
defined in Proposition 2.3. Then, for anyy*

Oy (am (1)) =3 Hu+ ). (3.4)

More generally, for any Hamiltonian coveryp (N,yo) — (M,2) of (M,z,w), let Jy : N — g* be the
momentum map discussed in Remark 3.2. Then, for any*‘u

Put (PNON' () = IN" (e 21). (3.5)
PROOFE  Sincel acts transitively on the fibres of,, (3.4) is equivalent to
It a) =T-37H(W).

By Proposition 2.3, ifl(2) = pandy € I thenJ(y-2) = p+V for somev € 4 ; thatis,y-Z€ I~ (u+ #).
Conversely, givew € # there is ay € I' for which J(y- Z) = u+ v so proving the statement.

In order to prove (3.5) letiy : M — N be theé—equivariant cover such thagly ogy = gu. This
equality and the surjectivity afy imply that for any seA C N, pn(A) = agu (qgl(A)). Now, the relations
Inogn =J and (3.4) imply thatw (an (In* (1+20))) = am (A (In' (1)) and hencen (It (H+21)) =
pn(INE(W), as required. 0

The main result of this section shows that when the Hamatohiolonomy is closed reduction behaves
well with respect to the lifting of the action to any Hamiltan cover. More explicitly, we show that in order
to carry out reduction one can either stay in the originalifieéthand use the cylinder valued momentum
map or one can lift the action to a Hamiltonian cover, perfantinary symplectic (Marsden-Weinstein)
reduction there and then project the resulting quotiente o strategies yield closely related results.
Notice that if the Hamiltonian holonomy of the action is not closed irg*, the reduced spaces obtained
via the cylinder valued momentum map are in general not sgatiglbut Poisson manifolds [16].

For the remainder of this section we assume the Hamiltoraéoniomy 7/ to be a closed subset gf,
and we writeg - 1 for the modifiedcoadjoint action of’ or G on g*, and similarlyg- [y for the inherited
action ong*/# . We also writdl " := imag€ay, ), whereay, is defined in (1.5).

Let N be any Hamiltonian cover dfl, and consider the diagram fbt analogous to (3.1); of course
particular cases of interest ake= M andN = M. As 7/ is closed, the image afiy (U4 #0) underpy is
preciselyK ~1([u]), by the definition oK. Reduction of each defines a map

(pN)u: Nll — M[H]'

In the case thall = M, we denote the projection iy )y : My — M-
For eachu € g* define B
Mu=rNJ"(ou(G))

whereoy, : G — g is the 1-cocycleoy, = 03+ o and dl(g) = du(g) = Ad;,l U — W is the coboundary
associated tp. Note that for allpe g*, " < I',.. Indeed, giverg € Tu(G,e), J(§- %) = 6(9) = ou(0) as
required; the last equality holds becausegar ™ (G, e), op(g) = 0.

Furthermore, we have thf, O g = J=1(0)NT. Since bott ' andl g are normal subgroups &f(and
hence of",), with " being in the centre, it follows that, for glle g*, the product

o<l (3.6)
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Theorem 3.4 Suppose the action of G ¢M, w) is free and proper, and the holonomy grogpis closed.
Then the maggm ), : My — My is a cover, with transitive deck transformation group isepidc to

ruvred = ru/r/

More generally, if N is a normal Hamiltonian cover of M thépn), is a normal cover, with the deck
transformation group

Fu/ (TNFY).
PrROOF  We approach this from the point of view of orbit reductiomatis we consider
My =K 4G [W)/GCcM/G, and M,=J"%G-p/GcM/G.

In both cases, thé or G actions are the coadjoint action modified by the cocyeandaoj, respectively.
It is well-known that for proper actions, point and orbit vetions are equivalent (for a proof, see Theorem
6.4.1 of [14]), and the equivalence respects the projesiiotuced byM — M.

Consider then the following commutative diagrams:

G — . M, MM M/
qml lq’m C qu qu\ll (3.7)
KY(G- 1) —— My M —™ . M/G

The maps in the left-hand diagram are just restrictions @éetin the right-hand one.

First we claim thatyy : J~1(G- ) — K~1(G-[u]) is a cover whose group of covering transformations is
I, defined above. The result then follows from Proposition @ with I replaced by, sincel’ < T,

To prove the claim, we know from Proposition 3.3 tagt (K ~1([1])) = J~(u+ # ). Saturating byG,
we have

O (KHG- W) =I7HG (u+21)),

and this is a cover with group (that of the coveM — M).

Now letz € M be such thak (z) = [1] (so in particulaz € K—1(G- [W])), and letZ = g;}(2) be the fibre
overz If ze ZthenZ =T -Z andJ(T - 2) = u+ #{, so we choose &€ Z such thatl(2) = .

We now show thaZ NJ~ (G- ) = My-Z Tothis end, legg € Z. Thendy € I such thay =y-Z so

I(Z1) =D +I(y) = u+I(V)-
Thenp+J(y) € G- pif and only if 3§ € G such that
H+I(Y) =G -pu=Ad, 1 1+0(9),
so thatJ(y) = du(g) + 0(09) = ou(9); thatis,y € 'y, as required.
The proof of the second part of the theorem, with a generahabcoverN, is identical, given that

N=M/ly. 0

Corollary 3.5 The coveﬂ\ﬁlJl — My has cover transformation groupy,/Iol"’. This is trivial if J(T'’) =

# Nay(G), in which case the cover is a symplectomorphism.
Remark 3.6 If the Hamiltonian holonomy is not closed but the action i 8ee and proper, the reduced

spaceMy andl\'/Ivu are Poisson manifolds [16], and the natural npap l\ﬁLl — My is a surjective Poisson
submersion.
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3.3 Example

We continue the example @ acting onT*G with symplectic form modified by a cocycl as discussed
in 82.5. In this casd, = m (G, e) anda,, : (G, e) — I is the identity, sd"" =" and it follows thaf", =T
for all pe g*. B

Write M = T*G andM = T*G and assume that the Hamiltonian holonomiy= ©(I") C g* is closed.
It follows from Theorem 3.4 that the projectidﬁ“ — My is a cover with trivial (and transitive) deck
transformation group, so is in fact a symplectomorphisndegd the same is true for any intermediate
cover G for which the action onT*G; is Hamiltonian. In particular, we find that for the left actiof
G on T*G with modified symplectic form, Hamiltonian reduction for ailtonian lift and symplectic
reduction via the cylinder valued momentum map yield theesegsult.

The well-known statement that the symplectic reduced spfwethe canonical left action @ on g*
coincide with the coadjoint orbits [9] remains true whenhaibite symplectic structure and the actiongin
are modified by a cocycl® (see for example [14]). The statement above shows thateémains true for
cylinder valued momentum maps, where the orbits are tho&imf* rather than those @ in C.

Example 3.7 Returning to Example 2.14 on the torus, givia HZ (t,t*) the orbits of the modified coad-
joint action of RY are the affine subspaces parallel to im@ye- t*, and so the reduced spaces for this
action are symplectomorphic to these affine subspacéssi¢hosen so that the holonomy is closed ¢kg,
is even and is invertible) then the same is true of the reduced spaceséaaction ofT9 on T*T9 via the
cylinder valued momentum map.

Example 3.8 Returning now to Example 2.15, the symplectic reduced spamethe Heisenberg group
with the symplectic structur@canon+ TBx on T*H are the orbits for the modified coadjoint action. Cal-
culations show these to be the level sets of the Casimir iomdt(y,v) = %lpz —w (a,v), which are
parabolic cylinders. Since the Hamiltonian holonomayis closed, it follows from the results above that
the same is true for reduction via the cylinder valued mommannap onl *G.
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